
Math 6250: Homework 5

1. (17.2) Prove that if R is local, then every finitely generated projective module is free.

2. (18.3) Let F be a field, and

bn = {b ∈Mn(F) | bji = 0, 1 ≤ i < j ≤ n} ⊆Mn(F).

Show that bnMn(F) is an injective envelope of bnbn.

3. (19.7) Let RM and M∗ = HomR(M,R).

(a) Show that M ⊗Z M
∗ is a left R⊗Z R

op-module.

(b) If RP is finitely generated projective, then R⊗ZRop(P ⊗Z P
∗) is finite generated pro-

jective.

(c) If RG is a generator, then R⊗ZRop(G⊗Z G
∗) is a generator.

4. (20.3) Let R, S be rings and φ : R→ S a homomorphism. Define a functor Tφ : Smod→
Rmod by

R× Tφ(SM) −→ Tφ(SM)
(r,m) 7→ φ(r)m

and
HomS(M,N) −→ HomR(Tφ(M), Tφ(N))

θ 7→ Tφ(θ) : Tφ(M)→Tφ(N)
m 7→ θ(m).

We may similarly define Tφ : modS →modR, written as MS 7→ (MSTφ).

(a) Show that the functors Tφ(S)⊗S · ∼= Tφ ∼= HomS((STφ), ·).
(b) Show ((STφ)⊗R ·) ◦ Tφ ∼= 1 ∼= HomR(Tφ(S), ·) ◦ Tφ if φ is surjective.

5. Let G ⊆ H be finite groups with a surjective homomorphism π : H → G.

(a) Find CHWCG ⊆ CH explicitly so that

InfCHCG (CGN) ∼= W ⊗CG N.

(b) Find CGMCH ⊆ CH explicitly so that

InfCHCG (CGN) ∼= HomCG(M,N).

(c) Give the isomorphism W ⊗CG N ∼= HomCG(M,N).


