1 0 0 21
0 4 0 3 6
. Find det(A) where A= {0 9 7 0 3
0O -1 0 0 0
0 -2 -3 0 0
0 0 2 1
0 4 0 6
The only nonzero pattern P comes from selecting entries: | 0 9 7 0 . This
0 0 0 0
0 -2 0 0
pattern has four inversions, so sgn(P) = 1 and prod(P) = (1)(—1)(—3)(3)(3) = 27, so det(A) =
27.
01 1 2
. 0 3 2 4
. Find det(A) where A = 13 5 70"
00 2 0
0 12
The only nonzero patterns P; and P, come from selecting the entries 3 2 as Py
3 5 7
0 0 0
0 1 1
and ? i as Py. We compute sgn(P;) = (—1)% = —1, prod(P;) = 1%1%2x4 = 8,
0 0 0
sgn(Pp) = (—=1)* =1, and prod(Py) = 1 * 3% 2% 2 = 12. Thus, det(4) = -8 + 12 = 4.
1 3 4
Let A = 5 6 ! and let P be the pattern indicated (by the boxed entries).
9 10 12
14 15 16

Find sgn(P) and prod(P).
This pattern has four inversions, so sgn(P) = (—1)* = 1 and prod(P) = (2)(8)(11)(13) = 2288.

1 2 3 4 5
02 1 3 9

. Find det(A) where A= {0 0 -1 3 6.
00 0 2 11
00 0 0 3

For a triangular matrix, the determinant is the product of the diagonal entries: det(A4) =

MER)(=D2)B) = —12.

1 2 4 3
. 001 5

. Find det(A) where A = 01 2 3|
1 1 11
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11.

12.

Use our row-reducing strategy (or any other method you may know) to show that det(A) = —6.

Let A be an n x n matrix. Find det(kA) in terms of det(A).
For each pattern P in the determinant of A, the corresponding pattern P’ of kA satisfies
sgn(P’) = sgn(P) and prod(P’) = k™prod(P), so that det(kA) = k™ det(A).

Let A be an orthogonal n x n matrix. What are the possible values of det(A)?

We know that ATA = I,,, so taking determinants of both sides gives det(ATA) = det(I,).
Then, since det(ATA) = det(AT) det(A) = det(A4)? and det(l,,) = 1, we have that det(A4) =
+1.

Let A be an n x n matrix. Let ¢ be an eigenvector of A with eigenvalue A. Is ¥ an eigenvector
of A% + 3A? If so, what is its eigenvalue?

Observe that (A? + 34)7 = A% + 3AT = A(MD) + 3(A\T) = (A2 + 3\)¥, so ¥ is an eigenvector
of A? 4+ 3A with eigenvalue A2 + 3\.

Find all 2 x 2 matrices for which [H is an eigenvector with eigenvalue 3.

Consider the equation [i Z] [ﬂ =3 [ﬂ Solving, we see b = 3 —a and d = 3 — ¢, so all

matrices of the form Z ??)) : ﬂ will have eigenvector ﬂ with eigenvalue 3.

Let A be a 2 x 2 matrix with tr(A) = 6 and det(A) = 5. Find the eigenvalues of A.

Since this is 2 x 2, we can use the information given to completely determine the characteristic
polynomial (as opposed to the case in which the dimension is higher, in which case we can
only find some of the coefficients from this information). Indeed, f4(A\) = A% — 6\ + 5 and
factoring shows that the eigenvalues of A are 1 and 5.

Let A be the matrix of an orthogonal projection onto a plane V in R3. Arguing geometrically,
find all real eigenvectors and eigenvalues of A and find an eigenbasis if possible. (If not possible,
explain why not.)

Any vector in the plane V will map to itself and so is an eigenvector with eigenvalue 1. Any
vector on the line V- (it’s a line since we're in a 3-dimensional space) will map to 0 and so
is an eigenvector with eigenvalue 0. We can find an eigenbasis by picking two noncollinear
vectors from V' and one vector from V*. See also Example 1 of Section 7.3 on page 320.

Let A be the matrix of a vertical shear in R%. Arguing geometrically, find all real eigenvectors
and eigenvalues of A and find an eigenbasis if possible. (If not possible, explain why not.)

A shear changes one coordinate of the vector (unless we are in the trivial case of a shear of
strength k£ = 0, in which case A = Iy and all vectors are eigenvectors) but not the other, so a
vector will be a scalar multiple of itself if and only if it is unchanged by the shear. Thus, the
vectors on the y-axis are eigenvectors with eigenvalue 1. Since we can find only one linearly
independent eigenvector, we will not have an eigenbasis.

Algebraically, this comes from the fact that the matrix ﬁ ﬂ is not diagonalizable when

k#0.
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0 -1 0
Let A= |1 0 O0f. It can be shown that A is the matrix of a 90° counterclockwise rotation
0 0 1

about the z-axis in R? as viewed from the positive z-axis. Arguing geometrically, find all real
eigenvectors and eigenvalues of A and find an eigenbasis if possible. (If not possible, explain
why not.)

Any vector whose = and y coordinates are nonzero will be rotated by 90° in the (z,y)-plane
and so its rotation will not be a scalar multiple of itself. Thus, the only eigenvectors are
the vectors on the z-axis, with eigenvalue 1. Since we can only find one linearly independent
eigenvector, we will not have an eigenbasis.

3 4 1 1 1 1
Let A= {4 3} It so happens that A [J =7 [J and A [1] = - [1]

Let a(t + 1) = 3a(t) + 4b(t) and b(t + 1) = 4a(t) + 3b(¢) and suppose a(0) = 6 and b(0) = 2.
Find closed formulas for a(t) and b(t).

Let Z(t) = [Zgﬂ . This problem gives you the eigenvalues and eigenvectors, so we just need
to find the coordinates of our initial condition 2y = #(0) in terms of the eigenbasis {v1, v3} =

{{1] , [ 1 }} and use the formula from Section 7.1. We find (by inspection, or from Section

117 |-1
3.4 techniques) that p = 407 + 203, so Z(t) = 4(7") B] +2(-1)* {11] . Thus,
a(t) = 4(7") +2(-1)"
b(t) = 4(7") — 2(—1)"
Let A= 31 g} . Find all real eigenvalues of A and their algebraic multiplicities.
fa(\) = A2 — 5+ 12. From the quadratic formula, we see that A has no real eigenvalues.
(1 2 3 4 5
02 1 3 9
Let A= |0 0 —1 3 6 |. Find all real eigenvalues of A and their algebraic multiplicities.
00 0 2 11
00 0 0 3

A is triangular, so the eigenvalues are the diagonal entries: 1, 2 with algebraic multiplicity 2,
-1, and 3.

Let A be a 2 x 2 matrix with eigenvalues 1 and 5. Find the characteristic polynomial of A.
The characteristic polynomial is the polynomial whose roots are the eigenvalues of A (repeated
according to algebraic multiplicity). Since A is 2 X 2, 1 and 5 are the only eigenvalues of A
and each must have algebraic multiplicity 1, so that fa(A) = (1 —A)(5 — A).

Let A be a 3 x 3 matrix with eigenvalue 0 with algebraic multiplicity 3. Find the characteristic
polynomial of A.
As above. fa(A) = (0—\)3 = —\3.
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Let A be a 2 x 2 matrix with tr(4) = 5 and det(A4) = 11. Find the characteristic polynomial
of A.

Since A is 2 x 2, this is enough information to find all of the coefficients of f4()\). See Theorem
7.2.5 on page 311. fa(A) = A% — 55X + 11.

Find the characteristic polynomial of the n x n matrix

[0 0 0 0 ap |
1 00 0 a
01 0 0 ao
A =
00 0 ... 0 ap_2
0 0 0 1 an_1]
(That is, A is the matrix whose jth column is €1 for j = 1,...,n—1 and whose last column
has the arbitrary entries ag, ..., a,—1.)
We want to calculate the determinant of
A 0 0 0 ag |
1 =X 0 0 ay
0 1 —A 0 as
A—- )\, = .
0 0 0 ... =X Ap—2
| 0 0 0 ... 1 ap_1—2A

Check that if you pick any entry from the last column, there is precisely one nonzero pat-
tern that contains that entry (for example, the only nonzero pattern containing ag is the one
containing all of the 1’s directly below the diagonal in the first n — 1 columns and contain-
ing ag in the nth column). Since every pattern contains some entry from the last column,
this means there are only n nonzero patterns in the matrix. Let P, be the pattern con-
taining ay (or a,_; — A in the case of P,,_1). We compute that sgn(P;) = (—=1)""17* and
prod(Py) = (=A)k(1)"27*q;, = (—=1)kN\kay, for k #n — 1 and prod(P,_1) = (—=\)""Y(a,_1 —
A) = (=1)"A\" + (=1)""ta, 1 A"~L. Thus, sgn(Py)prod(Py) = (—1)"tapAF for k # n —1 and
sgn(P,_1)prod(P,_1) = (=1)"A" + (=1)""ta,,_1A"~!. Summing (and factoring (—1)" from
each term to simplify the notation), we see that

faQ) = (=1)" (A" —an_1 A" = —a;d —ag) .

Aside: This matrix is (sometimes) an example of a Rational Canonical Form, which you’ll see
if you take more advanced courses in algebra. Among other things, it’s useful for answering
questions about similarity. It’s also a useful way of finding a matrix with a given characteristic
polynomial. Note that this also shows us that every polynomial is the characteristic polynomial
for some matrix.

Using what you learned in the previous problem, find a 6 x 6 matrix A such that the charac-
teristic polynomial of A is fa(A) = A6 — A5 +3\2 — 7.
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Since (—1)% = 1, the previous problem tells us that we can do this by taking ag = 7,a; =

00 0o0O0 7
10 00 0 O
01 00 0 =3| .

0,a2 = =3,a3 = a4 =0, and a5 = 1, so that A = 00100 0 will work.
00010 O
0000 1 1

1 k] L. : :
Let A= AL Find all scalars k so that 1 is an eigenvalue of A.

The characteristic polynomial is f4(\) = A? — 3\ +2 — k?. 1 is an eigenvalue if and only if
fa(1) =0, or in other words, if 1 —3+2 —k* =0, so k = 0.

1 k] L. : :
Let A= k9l Find all scalars k so that 2 is an eigenvalue of A.
Proceed as above. Again, it so happens that 2 is an eigenvalue of A if and only if k& = 0.
Let A = g g . Find all real eigenvalues and eigenvectors of A and find an eigenbasis for A
if possible. (If not, explain why not.)

As A is upper-triangular, we see that the eigenvalues are A = 2, 3.

0 6 1 -1 6 6 . .
Ey = ker ({O 1]) = span{ [0}} and E3 = ker <[ 0 O]) = span{ [J }, so a basis of Es is
{ [(1)] } and a basis of E5 is { [(13] }. The eigenvectors of A are ¢ [(1)] and d [ﬂ where ¢ and d are

nonzero scalars. An eigenbasis of A is { (1) , 6] }.

1 1 1
Let A= |0 1 0f. Find all real eigenvalues and eigenvectors of A, and find an eigenbasis
0 00

for A if possible. (If not, explain why not.)
As A is upper-triangular, the eigenvalues are 1 (with algebraic multiplicity 2) and 0 (with
algebraic multiplicity 1).

0 1 1 1 1
FE; = ker 0 0 O =span{ |0|} and Ey = ker(A) = span{| 0 |}. The eigenvectors
00 -1 0 1
1 1
of A are ¢ |0| where ¢ 20 and d | 0 | where d # 0. Since the geometric multiplicity of the
0 -1

eigenvalue 1 is 1, which is less than its algebraic multiplicity (i.e., 2), there is no eigenbasis for

A.

1
Let A= |0
0

e e

0
0|. Find all real eigenvalues and eigenvectors of A, and find an eigenbasis
1

—_—

for A if possible. (If not, explain why not.)
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As A is upper-triangular, the only eigenvalue of A is 1 (with algebraic multiplicity 3).

0 1 0 1 0 1 0
Ei=ker| [0 0 O =span{ |0|, [0]}. The real eigenvectors of A are ¢; |0| + ¢35 [0
0 0 O 0 1 0 1

where not both of ¢; and ¢y are zero (geometrically, this is the xz-plane minus the origin).
There is not an eigenbasis for A, since the geometric multiplicity of the eigenvalue 1 (i.e., 2)
is strictly less than the algebraic multiplicity of the eigenvalue 1 (i.e., 3).

1 0 4
Diagonalize the matrix A = |0 2 1| if possible (that is, find an invertible matrix S and a
0 0 3

diagonal matrix D such that D = S™1AS.) If it’s not possible, explain why not.

0 2
, [1 , | 1|} (corresponding respectively to the

1
First, find an eigenbasis. For example, { |0
0 0 1
1 0 2 1 00
eigenvalues 1, 2, and 3). Then,let S= [0 1 1|,sothat D= |0 2 0
0 0 1 0 0 3
1 01
Diagonalize the matrix A = |0 1 1| if possible (that is, find an invertible matrix S and a
0 0 1

diagonal matrix D such that D = S71AS.) If it’s not possible, explain why not.
This is not possible. The geometric multiplicity of 1 is 2, while its algebraic multiplicity is 3,
so there is no eigenbasis.

For which constants k is the matrix A = diagonalizable?

o O =
O = O
o> O =

The eigenvalues are 1, 1, and k.

If k # 1, then 1 has algebraic multiplicity 2 and k has algebraic multiplicity 1. We find that

1 0 1
an eigenbasis is { [0, [1],| 0 |}, and so A is diagonalizable.
0 0 —1

If £ = 1, then 1 has algebraic multiplicity 3, but we calculate that it has geometric multiplicity
of only 2 and so there is no eigenbasis for A, and A is not diagonalizable.

1 4

Let A= {0 9

} . Find a formula for the entries of A® where t is a positive integer. Also, find

the vector A [ﬂ )

1 4(2%) -4

Diagonalize A and use the formula A* = SD!*S~! to compute that A* = [0 ok

-1

} . Then,
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Let k be a fixed scalar and consider the linear transformation T'(f(x)) = f(kx) from Ps to Ps.
Find all eigenvalues and eigenfunctions of T'. Is T' diagonalizable?

By inspection, we see that T'(cx™) = k™ (ca™) for any scalar ¢ and for m = 0,1,2. Thus, the
eigenfunctions are ¢ with eigenvalue 1, cx with eigenvalue k, and cx? with eigenvalue k% where
¢ is any nonzero scalar. (We know that this is all of the eigenfunctions, since dim(Pz) = 3.)

1 0 O
In particular, ® = {1,z, 2%} is an eigenbasis, so the D-matrix of T'is [0 k 0 |, so that T
0 0 k2

is diagonalizable.

Let V' = span(sinh z, cosh z) and consider the linear transformation 7'(f) = f’ from V to V.
Find all eigenvalues and eigenfunctions of 7. Is T' diagonalizable?

This one is (perhaps) more difficult to do by inspection, so let’s transfer this problem to R?:
note that 4l = {sinh z, cosh z} is a basis and we compute that the {l-matrix of T'is B = {(1) (1)} .
Note fg(A\) = A2 — 1 (either by computing the trace and determinant of B, or by finding the
determinant of B — AIy). Factoring fp, we see that the eigenvalues of B are 1 and -1. We

compute E; = ker { 11 _11} = span( [ﬂ) and E_; = ker E ﬂ = span([ 1 ]) Now, if we

Z , b ) = asinhx + bcosh z.
Applying this to our eigenspaces, we see that the eigenvalues of 7' are 1 with associated
eigenfunctions c¢(sinhx + coshx) and -1 with associated eigenfunctions ¢(—sinhz + cosh z)
(where ¢ # 0). An eigenbasis is ® = {sinh x+cosh z, —sinh z+cosh z} and T is diagonalizable,
as the ®-matrix of T is Ll) _OJ .

Aside: Recall that span(sinhz, coshz) = span(e®,e™®). Since (e*)’ = e and (e™*) = —e™ %,
this problem is perhaps simpler if we use the basis {e*,e™*}. But, we end up with the same
answer either way, since e* = sinhx + coshz and e~ = cosh x — sinh x.

let Ly (asinhz + beosha) = [ } then the inverse mapping is Ly ' ( “

Consider the linear transformation T'(f(z)) = f(x — 1) from Py to P2. Find all eigenvalues
and eigenfunctions of T'. Is T diagonalizable?
Let’s transfer this problem to R? using the basis U = {1, z, 22}. We compute that the Y-matrix

1 -1 1
of TisB= |0 1 —2|. The only eigenvalue of B is 1 (with algebraic multiplicity 3). We
0 0 1
0 -1 1 1 a
compute By =ker [0 0 —2| =span( [0]|). Going back to Py via Lg' (| b|) = a+br+ca?,
0 O 0 0 c

we see that the only eigenfunctions of T" are the nonzero constant polynomials with eigenvalue
1. In particular, we can only find one linearly independent eigenfunction, and so we cannot
find an eigenbasis for T' or diagonalize T

Let A and B be 2 x 2 matrices with det(A) = det(B) = —1 and tr(A) = tr(B) = 0. Is 4
necessarily similar to B? (Explain why it is or give a counter-example to show that it isn’t.)
Yes. The characteristic polynomials are fa(\) = fg(\) = A\? — 1, so the eigenvalues of A are
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1 and -1. As we have 2 distinct eigenvalues, A and B are both diagonalizable and similar to

Ll) _01] and so similar to each other by symmetry and transitivity.
Let A and B be 2 x 2 matrices with det(A) = det(B) = 1 and tr(4) = tr(B) = —-2. Is A
necessarily similar to B? (Explain why it is or give a counter-example to show that it isn’t.)
No. In this case, the characteristic polynomials are both A2 4+2A+1, so that the only eigenvalue
of each of A and B is —1 (with algebraic multiplicity 2). We can show that they need not
be similar by finding examples in which the geometric multiplicity of the eigenvalue differs.
It’s easiest to start with triangular matrices, as then we can easily ensure that the eigenvalues
are what they should be (as well as the conditions on the determinant and the trace). Doing

this, we find that A = _01 OJ ,B = [_01 11} is a counterexample (and in fact, A =

-1 0 -1 b,
[ 0 _1] ,B = [ 0 _1] is a counterexample for any b # 0).

True or false:

(a) Let A be a 3 x 3 matrix. Then there is a pattern in A with precisely 2 inversions.
True.

(b) Let A be a 3 x 3 matrix. Then there is a pattern in A with precisely 3 inversions.
True.

(c) Let A be a 3 x 3 matrix. Then there is a pattern in A with precisely 4 inversions.
False. We'll get the maximum number of inversions if we start in the bottom left entry
and move up one and right one for each successive entry (that is, along the off-diagonal).
In this case, we end up with only three inversions.

(d) Let A be a 4 x 4 matrix. Then all patterns of A have at most 5 inversions.
False. Again, we get the maximum by taking the pattern of all entries on the off-diagonal,
which has six inversions.

(e) Let A be an n x n matrix. Then det(AT) = det(A).

True.
(f) Let A be an invertible n x n matrix. Then det(A~!) = det(A).
False. A correct statement is det(A~!) = detl(A).

(g) Let B be an (n — 1) x (n — 1) matrix and A be the n x n block matrix (where

1 0
0 B
the 0 entries represent zero matrices of the appropriate size). Then det(A) = det(B).

True. The only nonzero patterns are the ones with the 1 selected in the upper-left, which

will have the same signatures and products as the corresponding patterns in B.

(h) Let A be an n x n matrix. If rank(A) # n, then 0 is an eigenvalue of A.
True. These are equivalent conditions for A not being invertible.

(i) Let A be the 2 x 2 matrix of a rotation by angle 6 where 6 is not a multiple of 7 radians.
Then A has no real eigenvalues.
True. An eigenvector can have its length changed by the matrix (or switch to the opposite
direction, which is a rotation by ), but it can’t rotate by angle 6.
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If a matrix has no real eigenvalues, then it has no real eigenvectors.
True.

Let A be an n X n matrix. Let €] be an eigenvector of A with eigenvalue 1. Then the
first column of A is €7.
True, since Aej = €7 is the first column of A.

Let E5 be an eigenspace of the matrix A. Let ¢ be a nonzero vector in Fs. Then Av = 2v.
True by definition of eigenspace.

Let A be an eigenvalue of the matrix A. Then dim(E)) > 1.
True.

Let A be a 4 x 4 matrix and let A be an eigenvalue of A with algebraic multiplicity 3.
Then the geometric multiplicity of A cannot be 2.

10 1 0

. 01 0 0

False. Counterexamples are not hard to find. For example, consider 00 1 0
0 0 0 O

Let A be a 4 x 4 matrix and let A be an eigenvalue of A with algebraic multiplicity 3.
Then the geometric multiplicity of A cannot be 4.
True. The geometric multiplicity is always less than or equal to the algebraic multiplicity.

If an n X n matrix has n distinct real eigenvalues, then it has an eigenbasis.
True.

Let A be an n x n matrix. If tr(A) = det(A), then A is invertible.
False. We’ve seen nothing that would suggest this is true and (except for coincidences)
it isn’t. For example, consider the zero matrix.

Let A be an n X n matrix. Then the eigenvalues of A are the diagonal entries of A.
False. This is true if A is a triangular matrix, but not in general.

Let A be a lower triangular matrix with all entries on the diagonal distinct. Then there
is an eigenbasis for A.
True, since in this case we have distinct eigenvalues.

Let A be an n X n matrix with eigenvalues A1, ..., A, (repeated according to algebraic
multiplicity). Then det(A) =X + -+ 4+ A,.

False. The sum of the eigenvalues is the trace; the determinant is the product of the
eigenvalues.

Let A be an n x n matrix with n distinct eigenvalues. If the largest of the absolute values

of the eigenvalues is 0.95, then tlim A% = 0 for every vector ¥ in R”".
—00

True. As we’ve seen, this happens whenever the largest of the absolute values of the
eigenvalues is < 1.

If A is similar to B, then tr(A) = tr(B) and det(A) = det(B).

True.

If tr(A) = tr(B) and det(A) = det(B), then A is similar to B.

False. See Section 7.4, #38 for a counterexample.



