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We give a detailed exposition of the equivalence of several notions of real numbers used in
set theory: the standard used in analysis, “2, and “w. We show in particular that these
notions coincide for the cardinal characteristics add, cov, non, and cof (defined below) for
the meager and null ideals.

The irrationals and “w

Theorem 1. “w under the product topology is homeomorphic to the irrationals.

Proof. Let a = (ag, a1, ...) be an infinite sequence of integers such that a; > 0 for all
1 > 0. We want to give a precise definition of the continued fraction

1
CLO+

ay +
az +
CL3—|—

1
a4+...

To start with, we assume that a is a sequence of positive real numbers with domain either
w or some positive integer. We define [ao, . .., ;] for each | < dmn(a) by recursion:

lag] = aop;

1
lag, ..., g1l =ap + —————
[CLl, ey ak+1]

We want to be very explicit as to how these approximations can be written as certain
fractions. To this end we make the following recursive definitions:

p(av()) = Go; Q(CL?O) = 1;
p(av 1) = apay + 1; Q(av 1) =aj.

For k > 2:

p(CL, k) = akp(av k— 1) +p(a7 k— 2)7

(1) q(a, k) = apqla, k — 1) + qla, k — 2).

Note that p(a,k) > 0 and ¢(a,k) > 0 for all k£ > 0. Also, let a’ = (ay,as,...). Now we
claim that for all i € w,

pla,i+1) =agp(d, i)+ q(da’,i);
q(a,i+1) = p(d’,i).
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We prove these equations by induction on ¢. For ¢ = 0 we have

p(a,1) = apas + 1 = agp(a’,0) + q(a’, 0);
Q(av 1) =a1 = p(a,7 0)7

as desired. For i =1,

p(a,2) = asp(a, 1) + p(a,0)
= apaia2 + a2 + ap
=ap(araz + 1)+ as
= agp(a’, 1) + q(d’, 1);

q(a,2) = azq(a, 1) + q(a,0)
=ajaz +1
= p(ala 1)7

as desired. Now we do the inductive step for ¢ > 2:

pla,i+1) =a;11p(a,i) +pla,i —1)
= a;11(agp(a’,i—1) +q(a’,i— 1)) + agp(a’,i — 2) + q(a’,i — 2)
=ag(a;11p(a’,i—1)+pla',i—2)) + aip1q(a’,i — 1) + q(a’,i — 2)
= aop(d’, i) + q(a’, i);

qa,i+1) =a;119(a,i) +q(a,i—1)
= a;1p(a’,i — 1)+ p(d',i —2)
= p(d, 1),

as desired. So the above equations hold.
Note by an easy induction that p(a, k), g(a, k) > 0 for all k. Now we claim:

(2) lag, ..., ax] =

as desired. For k = 1, we have

1 aopa; +1 p(CL, 1)
ag,a1] = ag + — = = ,
| 1 ai ai q(a, 1)




as desired. Inductively, for k > 2,

[a07~-~aak]:a0+m

q(a’, k—1)
pla’,k—1)
_app(a’,k—1)+q(a’,k —1)
a p(ala k — 1)

:a0+

as desired.
From now on we shall write pg, gx in place of p(a, k), q(a, k) if a is understood. We
also define p_; = 1 and g_; = 0. Then the equations (1) also hold for k£ = 1, since

aipo +p—1 =apa; +1=p; and
aiqo +9—1 =a1 =q.

Next we claim that for & > 1,
(3) QkPr—1 — PrQk—1 = —(qr—1Pk—2 — Pk—1qk—2)-

In fact, multiply the equations (1) by gx—1 and pg_1 respectively:

PkQk—1 = OkPk—19k—1 + Pk—24k—1;
QkPk—1 = QkqQk—1Pk—1 + qk—2Pk—1-

Subtracting the first of these equations from the second gives (3).
Now gop—1 — pog—1 = 1, so by (3) and induction we get, for k > 0,

(4) akpr—1 — prar—1 = (—1)F.
Hence for £ > 1 we have

(5) pect_ pe_ (C1)F

-1 Qe Qqe—1

Next, for any £ > 1,

(6) QePr—2 — Prqr—2 = (—1)" tay .

To see this, multiply the equations (1) by gx_2 and pg_o respectively:

PkQk—2 = QkPk—19k—2 + Pk—24k—2;
QkPk—2 = QkqQLk—1Pk—2 + qk—2Pk—2-
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Now subtract the first from the second and use (4): (6) follows.

From (6):
P2 P (1) lay
@ L LY
dk—2 4k drqk—2
Hence:
P2k : : .
(8) <— ke w> is an increasing sequence;
a2k
(9) <p2k+1 ke w> is an decreasing sequence;
q2k+1
Next we claim
(10) D2k 2L g0 all iyl € w
q2k q2i+1

In fact, let m = max(k,!). Then

@2k 2m
< P2mtl e (5)
do2m+1
< D2i4+1 b 9)
q21+1
So (10) holds. Next we claim:
(11) Pi < pr+1 and qx41 < qr+2  for all k£ € w.

In fact, this is clear from the recursive definitions.

Now we assume that our sequence a is infinite, and all a; are positive integers. It
follows from (8), (9), (10), (11), and (5) that the approximations L converge, and by
definition the limit is the value of the infinite continued fraction described at the beginning.
For a( a negative integer but all a; positive integers for ¢ > 0, we define o’ = (1, a1, as,...)
and define the continued fraction to be

B . pld, k)
ao — 1+ khjgo q(a’, k)

Now we want to see how to represent any real number as a finite or infinite continued
fraction. We make a recursive definition for any real number a@ > 1. Let r(a,0) = a.
Suppose that we have defined r(a,7) > 1. Write r(a, i) = a(a, i) + s(a, i+ 1) with a(a, i) a
positive integer and s(a, 7+ 1) a nonnegative real < 1. If s(a, i+ 1) = 0, the construction
stops. Otherwise we define r(a, 7+ 1) = m This finishes the construction. Let I(«)
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be the index i such that s(a,i+1) =0, or [(a) = w if there is no such index. We need the
following technical fact.
(12) If @« > 1 and I(a)) > 1, then I(r(a, 1)) = () — 1, and for each j < I(a) — 1 we have
r(r(a,1),j) = r(e,j+1) and a(r(a, 1), 7) = a(e, j + 1).
By induction on j we prove that r(r(a,1),7) is defined and equals r(«,j + 1) for each
j <l(a)—1. For j = 0 we have r(r(a, 1),0) defined and it equals r(a, 1), as desired. Now
assume our result for j, with j + 1 < I(«) — 1. Then
r(r(a,1),j) =r(e,j+1) =ale,j+ 1)+ s(a, j + 2).
Now j + 2 < I(a), so s(a,j + 2) > 0, and hence by definition, r(«a, j + 2) =
r(r(a,1),7+ 1). This completes the inductive proof.
Now if 7 <l(a) — 1, then
r(r(e,1),7) = a(r(a),1),4) + s(r(a, 1),7 + 1);
r(e,j+1) =alo,j+1) + s(a, j +2);

71 =
s(a,j+2)

so a(r(a,1),j) = a(a,j + 1). Finally, if j = [(«), then r(a,j) = a(a,j), and hence
r(r(e,1),7—1) =r(a,j) = ala, j) and so I(r(a, 1)) = 7 — 1, as desired in (12).

(13) If @« > 1 and n < [(«), then a = [a(«,0),a(c, 1),...,a(a,n — 1), r(a,n)].

We prove this by induction on n. For n = 0, [r(«,0)] = o. Assume that our condition is
true for n, and n + 1 < I(«). Then

l[a(a,0),a(a, 1),...,a(a,n), r(a,n+ 1)]

1
= LD, (@ 2), - alan), e nt 1)
1
= (e 0+ o D 0atr (@ 10, D), alr(e Don = 1, (r (e, 1,70
1
= a(a,0) + (o 1)
= CL(Oé, 0) + S(Oé, 1)

completing the inductive proof.

(14) If o > 1 is rational, then the above definition of 7(«, 7)’s terminates after finitely many
steps.

In fact, it suffices to show that if r(«, i) = g with b, ¢ positive integers and g.c.d(b,c) =1,
and r(a,i+ 1) is defined, then r(«,i + 1) has the form g, with d and e positive integers
with e < ¢. To prove this, recall that r(a,i) = a(a,i) + s(a,i + 1), with s(a, i+ 1) a

nonnegative real < 1, and r(«,i+ 1) = m Thus

b
- =r(ayi) =ala,i) + s(a,i+ 1) and hence
c

(15) b= ca(a,i)+cs(a,i+1);
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Hence

) 1
rla,i+1) = s(a,i+1)
B 1
N r(a, 1) — ala, i)
B 1
a % - a(a,z)
c

= by (15
cs(a,i+1) y (15),
and cs(a, i+ 1) is a positive integer < ¢, as desired.
(16) If « is rational, then there exist integers ag, a, ..., a, with a; > 0 for all ¢ > 0 such

that a = [ag, a1, ..., an,].

In fact, let m be an integer such that o +m > 1; if @« > 1, let m = 0. By (14),

n % [(ac +m) is finite. We then have r(a +m,n) = a(a + m,n). Hence by (13) we have
a+m=[a(a+m,0),...,a(a+ m,n)], and the desired conclusion follows.

(17) If (ap,a1,...) is a sequence of rational numbers each greater than 0, then also
lag, a1, ..., ay] is rational for each n.

This is clear from the basic definition, by induction.

(18) Let a > 1 be irrational. Then by (17), the sequence

b (a(a,0),a(a, 1),...)

never terminates. We claim that for each positive integer n,

o= p(b,n — 1)r(a,n) + p(b,n — 2)
(.n—Dr(a,m) + qlb.n—2)

We prove by induction that for every positive integer n, this holds for all irrationals o > 1.
First, the case n = 1:

I
<
o

|
L



as desired. Now we assume our statement for n. In fact, we apply it to r(«, 1) rather than
a. Note that r(«, 1) > 1, and it is irrational by (17) and (13). Let

c=(a(a,1),a(c,2),...)
= (a(r(e, 1),0),a(r(a,1),1),...),

by (12). Hence, starting with the inductive hypothesis,

r(a 1):p( — Dr(r(a,1),n) +ple,n —2)
’ q(e;n = r(r(a,1),n) + q(e,n — 2)
pe,n — 1)r(a, n+1)+p(cn—2)

(c, )r(a,

Hence, using the equations following (1),

a=r(x,0)
=a(a,0) + s(a, 1)
1
= al@0)+ r(a,1)
— alo q(e,n—Dr(a,n+1) 4+ q(e,n —2)
= a(a,0) + ple,n —Dr(a,n+ 1)+ p(e,n — 2)

a(a,0)p(e,n— Dr(a,n+ 1) + a(e, 0)p(e,n — 2) + qg(c,n — )r(a,n+ 1) + g(e,n — 2)
ple,n— Dr(a,n+1) 4+ p(e,n —2)

p(b,n)r(a,n+1) +p(b,n —1)

q(b,n)r(a,n+ 1)+ q(by,n—1)’

which finishes the inductive proof of (18).
We now omit the parameter b, as it is understood in what follows.

(19) Let o > 1 be irrational. Then for every positive integer n,

. Zﬁ (pn71Qn72 - anlpan)(rn - an)

dn B (anlrn + an2)(Qn71an + an2) ‘

To prove this, first note by (18) and (1) that

}ﬁ _ Pn—1Tn — Pn—2 B Pn—1Gn +pnf2
dn dn—1Tn + dn—2 dn—10an + dn—2

(20) a—
Now we have

(pnflrn - pan)(anlan + an2) - (pnflan + pan)(anlrn + an2)
= Pn-19n-10nTn + Pn—19n—2Tn + Pn—2Qn_10n + Pn_2qn_2
— Pn—14n—1anTn — Pn—19n—20n — Pn—24n—1Tn — Pn—24n—2

= (pn71Qn72 - anlpan)(rn - an)-



Hence from (20) we get (19).

(21) For irrational a > 1 we have

a = [a(a,0),a(a,1),..].

n

In fact, note from (4) that p,_1¢n—2 — ¢u_1Pn_2 = (—1)""1, while by definition we have

r(a,n) —a(a,n) = s(a,n + 1) < 1. Hence by (19),

1 1
a—@< <

dn o (Qn—lrn + Qn—2)(Qn—1an + Qn—2) %21_2

Y

and hence (21) follows from (11).
Now for any irrational o > 1, define

f(a) = (a(a,0),a(a,1),...).

Then by the above results, f is a one-to-one function mapping the set A/ of irrationals >
1 onto the set “(w\1). The latter set is clearly homeomorphic to “w.

(22) The set of irrationals > 1 is homeomorphic to the entire set of irrationals.

To see this, define g by setting, for each irrational x > 1,

(ﬁ):{x%—m if0<m<ax<m+1withm e w,
g z+3m+1 if —m<zx<-—-m-+1withm € w.

Then g maps (m, m + 1);;; one-one onto (2m,2m + 1), for each positive integer m, and
(—=m, —m + 1);;; one-one onto (2m + 1,2m + 2);,, for each m € w. Clearly g is the desired
homeomorphism.

Thus to finish the proof of Theorem 1 it suffices to show that f, defined above, is a
homeomorphism. To do this, we need the following fact.

(23) Suppose that ag, ..., an,bg, .. .,b,_1 are positive integers and r is a real number > 1.
Assume that

[ag, ... an—1] <[bo,...,bp—1,7] <lag,...,a,] if nis odd

[ag, ... an—1] > [bo, ..., bp—1,7] > |ag,...,a,] if nis even

Then a; = b; for all i < n. Cf here (2), (8), (9), (10).

We prove (23) by induction on n. For n = 1 the assumption is that ag < by + % < ag+ é
So clearly ag = by. Now assume (23) for an odd n; we prove it for n + 1 and n + 2. So,
first suppose that

[ag, ... an] > [boy .- bn, 7] > [ag, ..., ani1].

Thus
1

>a0t —
[a1, ..., Qny1]

[bl,...,bn,T]



and it follows that ag = by and
[a1,...,an] <[b1,...,bn,7] <[a1,...,¢ni1];

then the inductive hypothesis yields a; = b; for all i = 1, ..., n, which proves our statement
for n + 1.

The inductive step to n + 2 is clearly similar. So (23) holds.

Now to show that f is continuous, suppose that s € ™(w\1); we want to show that
f71O(s)] is open. We may assume that n = 2m + 1 for some natural number m. Let
a € f71Os). Define a; = a(a,i) for all i. Thus ag = s, ...,a2m = S2m. By (2) and
(8)—(10) we have [ag, ..., a2m| < a < [ag, ..., a2m+1]. Choose € so that [ag, ..., a2m] +€ <
a<a+te<ag,...,a2m1+1]. We claim:

(24) For every irrational 8 > 1, if |o — 8] < ¢, then 8 € f~1[O(s)].

This will prove continuity of f. To prove (24), assume its hypothesis, and let b; = b(8,1)
for all <.

Case 1. B < a. Thus a — 8 < €. Hence |ag, ..., a2m] < [a0, ... ,02m] +e < a < [ +e¢,
so [ag,...,a2,] < B. If [ag,...,a2m+1] < B, then by (8)—(10), a < 3, contradiction. So
0 < [ao,...,a2m+1]. Now (8 = [bo,...,bgm,T2m+1] by (13), so by (23), a; = b; for all
1 < 2m, as desired.

Case 2. a < (. Thus B —a <e,so < a-+e. Hence

[ao,...,agm] <Oé<ﬁ<0&+€<[a0,...,(l2m+1],

and the argument is finished as in Case 1.
So (24) holds, and f is continuous.
(25) f is an open mapping.
For, suppose that a > 1 is irrational, and ¢ is a positive real number; we want to show
that f[Sc(«)] is open. Let b € f[S:(«)]; we want to find a finite sequence s such that
be O(s) C f[Se(a)]. Say b= f(B) with § € Sc(a). So | — ] < . Choose m such that
1

q(b,2m)q(b,2m + 1)
This is possible by (11). Let s = (b, ..., bam+1). So b € O(s). Now suppose that ¢ € O(s).
Then

<e—l|a-—p|.

(00, - -y bam]| = [co, - - cam] < [c] <lco,-..,coms1] = [bo,---,bam+1]
by (8)—(10). Also,
(b0, - - -, bam] = [co, - -+, cam] < B <|co, .-, cam+1] = [bo, - - -, b2m+1]
by (8)—(10). Now
p(b,2m+1)  p(b,2m)

[b07 .- '7b2m+1] - [b()?' . 'vme] = Q(b, om + 1) - Q(b, 2m) by (2>
B 1
~ q(b,2m)q(b,2m + 1)
<e—|a—p|.
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Hence
le] —al <|lc] =8|+ [8—al <,

and so ¢ = f([c]) € f[Se(a)], as desired.
The basic ideals

Let I be an ideal on a set A.

add(I) = min{f@ :3JE € [I]° [UE ¢ I}};

cov(l) = min{n :3dE € [I)° [A = UE]},

non(/) = min{x : 3X € [A]"[X ¢ I}

cof(I) = min{r : 3X € [[]"VA € I3B € X[A C B|}.

Two notions of meager

Let Z be any topological space. A set X C Z is meager; iff it is a countable union of
nowhere dense sets; X C Z is meager, iff it is a countable union of closed nowhere dense
sets. Every closed nowhere dense set is nowhere dense, so meager, C meager;. If A is
meager,, say A = (J,,c,, Bn With each B, nowhere dense, and let A* = J, ., B,. So
A* € meager,.

ncw

Lemma 2. add(meager,) = add(meager, ).

Proof. First let k = add(meager;), and let X C meager; be such that | X| = x and
UX ¢ meager;. Then VA € X[A C A* € meager,]. Suppose that |J, .y A € C €
meager,. Then |JX C C € meager,, contradiction. It follows that add(meagery) < k.

Second, let k = add(meager,), and let X C meager, be such that | X| =x and JX ¢
meager,. Then X C meager;. Suppose that | JX € meager;. Then JX C (JX)* €
meager,, contradiction. Hence | J X ¢ meager;. It follows that add(meager;) < k. ]

Lemma 3. cov(meager;) = cov(meager,).

Proof. First let K = cov(meager; ), and let X € [meager;]|® be such that Z = J X.
Then Z = UX C Uyex A% 50 Z = Uyex A" We have [{A* : A € X}| < &, so
cov(meager,) < cov(meager, ).

Second let k = cov(meager,), and let X € [meager,]” be such that Z = |JX. since
X € [meager,|", it follows that cov(meager;) < cov(meager,).

Lemma 4. non(meager,) = non(meager,).

Proof. First let kK = non(meager,), and let X € [Z]" be such that X ¢ meager;.
Then = ¢ meager,, so non(meager,) < non(meager, ).

Second let k = non(meager,), and let X € [Z]" be such that X ¢ meager,. Sup-
pose that X € meager;. Then X* € meager, and X C X7*, contradiction. Hence
non(meager; ) < non(meagers). ]
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Lemma 5. cof(meager;) = cof(meager,).

Proof. First let k = cof(meager,), and let X € [meag;]® be such that VA €
meag;3B € X[A C B]. Then for all A € meag, there is a B € X such that A C B,
hence A C B*. So {B* : B € X} has size < k, and for all A € meag, there is a
C € {B*: B € X} such that A C C. So cof(meager,) < k.

Second let k = cof(meager,), and let X € [meag,]” be such that VA € meag,3B €
X[A C B]. Then X € [meag,;]" and for all A € meag,; we have A* € meag, and hence
there is a B € X such that A C A* C B. So cof(meager;) < k. OJ

Meager for R and (0, 1).

Proposition 6. R is homeomorphic to (0,1).

Proof. For each z € (0,1) let f(z) = —2 + 2. Then if z < y we have

y 1 1 11
1< —<= —=<-=
x y T x y
1—=x 1 1
—y<-m l-y<l-z 1< ; <
y '1:7 y '1:7 1 _ y 9 1 — 1 _ y?
f(@) < f(y).
In particular, f is one-one. Also, lim, o f(z) = —oo and lim,_; f(z) = oo. So the
proposition follows. ]

Proposition 7. (i) add(meagerg) = add(meager 1));
(i) cov(meagery) = cov(meager g 1y);
(i4i) non(meagery) = non(meager(o,l));
(iv) cof(meagery) = cof(meager(oyl)). D

Meager for (0,1) and [0, 1]

Proposition 8. If A C (0, 1) is nowhere dense in (0, 1), then A is nowhere dense in [0, 1].

Proof. Suppose that A C (0,1) is nowhere dense in (0,1). Take any a < b with
(a,b) N [0,1] # 0; we want to show that (a,b) N[0,1]\A # 0. Clearly (a,b) N (0,1) # 0, so
(a,b) N (0,1)\A # 0. So (a,b) N[0,1]\A # 0. O

Corollary 9. If A C (0,1) is meager in (0,1), then A is meager in [0, 1]. O

Proposition 10. If A C [0,1] is nowhere dense in [0,1], then AN (0,1) is nowhere dense
in (0,1).

Proof. Suppose that A C [0, 1] is nowhere dense in [0,1]. Take any a < b with
(a,b)N(0,1) # 0; we want to show that (a, b)N(0,1)\(AN(0,1)) # @. Clearly (a,b)N[0,1] #
0, so (a,b) N [0,1]\A # 0. So (a,b) N (0,1)\(AN(0,1)) # 0. O
Corollary 11. If A C [0, 1] is meager in [0,1], then AN (0, 1) is meager in (0,1). O
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Proposition 12. (i) add(meagery, ;;) = add(meagerq 1));
(ii) cov(meagery, 1)) = cov(meager g 1);
(i4i) non(meagery, 1)) = non(meager 1));
(iv) cof(meagery, ;;) = cof(meager g 1)).

Proof. (i): First let x = add(meager, ;) and suppose that E € [add(meagery 1)]"

with (JE ¢ add(meagery, ;). Then by Corollary 11, B = {AN(0,1) : A € E} C
& (meager g 1y). If J £’ € add(meager g 1)), then clearly

UE - UE/ U {0, 1} € add(meagery 1)),

contradiction.

Second let k = add(meager q ;) and suppose that E' € [add(meager g 1)]" with J E ¢
add(meager (g 1y). Then by Corollary 9, £ C & (meagery, 1)). If [JE € add(meagery, 1;),
then by Corollary 11, JE = (U £) N (0,1) € add(meager g 1)), contradiction.

(ii): First let x = cov(meager}y 1)) and suppose that E € [add(meagery, ;;)]" with
[0,1] = U E. Then by Corollary 11, E' = {AN (0,1) : A € E} C & (meagerq ;)). Hence
(0,1)=UFE".

Second let © = cov(meager( ;)) and suppose that £ € [add(meager( 1))]" with
(0,1) = J £. Then by Corollary 9, £ C & (meagery, ;;). Now [0,1] = JE U {0,1}.

(iii): First let & = non(meagery, ;;) and X € [[0, 1]]* with X ¢ non(meager, ;7). Then
X\{0,1} € [(0,1)]" and X\{0, 1} ¢ non(meager, 1)) by Corollary 9.

Second let k = non(meager g 1)) and X € [(0,1)]" with X ¢ non(meagerq ;)). Then
X €[(0,1)]" with X ¢ non(meagery, ;;) by Corollary 11.

(iv): First let k = cof(meager ;) and X € [cof(meager),))]™ such that VA €
cof(meagery, 1))3B € X[A C B]. Let X" ={BN(0,1): B € X}. Then

X' € P(cof(meager g 1))
by Corollary 11. Suppose that A € cof(meagerq 1)). Then by Corollary 9,
A € cof(meagery 1))

So there is a B € X such that A C B. Hence A C BN (0,1).
Second let £ = non(meager, 1)) and X € [cof(meager g ;))]" such that

VA € cof(meagery 1))3B € X[A C BJ.

Let X' = {BU{0,1} : B € X}. Clearly X' € [cof(meagery, ;;)]". Suppose that A €
cof(meagery, 1)). Then AN (0,1) € cof(meagerq 1)) by Corollary 11. Choose B € X such
that AN (0,1) C B. Then A C BU{0,1}. O

Meager for irrat and R
Lemma 13. Suppose that S C R. If A C S, then A is closed nowhere dense in S iff
A is closed in S and Va,b € Rla < b — Je,d € R[c < d and (a,b)s N (¢,d)s # O and
(c,d)sNA=10.
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Proof. =: Suppose that A is closed nowhere dense in S, a,b € R, and a < b. Then
(a,b)s\A # 0. Since S\ A is open, there exist ¢, d as indicated.

<: Assume the indicated condition. Suppose that a,b € R and a < b. Choose ¢, d as
indicated. Then (a,b)s\A # 0. So A is closed nowhere dense in S.

Corollary 14. If S C R and A is closed nowhere dense in S, then A is closed nowhere
dense in R. 0

Corollary 15. If A is closed nowhere dense in R, then A Nirrat is closed nowhere dense
i irrat. ]

Corollary 16. If A is meagerp, then A Nirrat is meager in irrat. ]

Corollary 17. Let S C R. Suppose that X is meagerg, say X =J
closed nowhere dense in S. Let X* =

new Bn, with each By,
B,,. Then X* is meagery. O

ncw

Lemma 18. add(meagery) = add(meager;, . )-

Proof. First let k = add(meager;,,,;), and let E C meag;,,. be such that |E| = k
and |JE ¢ meag;,,,,. For each A € Elet A =J,., Bna with each B, 4 closed nowhere
dense in irrat. Let A* = J, ., B,4. So by Corollary 17, A* is meagerg. Suppose that
Uaep A* C C with C meagerg. Then JE = (Jycp4®) Nirrat € C Nirrat, and by
Corollary 16, C' Nirrat is meager in irrat, contradiction.

Seconnd, let k = add(meagerg), and let E C meagery be such that |E| = x and
UE ¢ meagery. Since rat € meagerp, we also have ((|JF) Nirrat) ¢ meagerg. Now
VA € E[AnNirrat € meager;,,,,| by Corollary 16. Suppose that |J,cp(A Nirrat) € C €
meagery, ... Say C = J,,c,, Bn with each B, nowhere dense in irrat. Let C' = J, ., Bn.
By Corollary 17, C' € meagery. Now

<<U E) N irrat) = AOE(A Nirrat) C C C " € meagerg,

contradiction. N

Lemma 19. cov(meagery) = cov(meager;, . )-

Proof. First let k = cov(meagery), and let E' € [meagery|” be such that R = | J E. For
each A € E we have ANirrat € meager;,,,; by Corollary 16. Moreover, | . 5(ANirrat) =
irrat. So cov(meager;, ;) < K.

Second let kK = cov(meager;,,.;), and let E € [meager;,,,.|” be such that irrat = (J E.
For each A € E write A = Unew B, 4 with each B, 4 closed nowhere dense in irrat. Let

A* = U,;e, Bna. Then by Corollary 17, A* is meagerp. We have irrat = [ JE C (J o5 A,
so R = Jecp A% Urat, so cov(meagerg) < k. ]

irrat

Lemma 20. non(meagery) = non(meager;,.; )-

13



Proof. First let kK = cov(meagery), and let X € [R]” such that X ¢ meagerg.
Now rat € meagerp, so X Nrat € meagerg. Hence X Nirrat ¢ meagery. Suppose that
X Nirrat € meager;,, ;. Say X Nirrat = (J,,c,, Bn With each B,, closed and nowhere dense
in irrat. Let X* =, c,, B,,. Then X* € meagery by Corollary 17. Now X Nirrat C X*,
so X Nirrat € meagery, contradiction.

Second let xk = cov(meager;,,,;), and let X € [irrat]® such that X ¢ meager; ... By
Corollary 16, X ¢ meagery. Hence non(meagerg) < k. O

Lemma 21. cof(meagery) = cof(meager;, ... )-

Proof. First let k = cof(meagery), and let X € [meagp|® be such that VA €
meagr3B € X[A C B|. Given A € meag;,. ., form A* as in Corollary 17. So A* € meagy.
Choose B € X such that A* C B. By Corollary 8, B N irrat € meager; .- We have

A C A*nirrat € B Nirrat. So X' % {BnNirrat : B € X satisfies VA € meag;,.,3B’ €
X'[A C BJ. Hence cof(meager;,..) < k.

Second let k = cof(meager;,,,;), with X € [meag;,...]" so that VA € meag;,..,3B €
X[A C B]. For each B € X form B* as in Corollary 17, and let X' = {B* Urat: B € X}.
Note that for each B € X, B* Urat € meagerg. Suppose that A € meagery. Then
AnNirrat € meager;,..,; by Corollary 8, so Anirrat C B € X for some B. Hence A C B*Urat.

L

The Cantor set and “2.
Let

C:{xe[o,l]:ﬂte‘“\l{o,% [a:zié—]}

i=1

f([a,b])z{[a a+3(b—a)} | [Hg(b_a),b]}.

Define A with domain w recursively by

For a < b let

Ao = {[0,1]};
n+1 U f
XeA,

Lemma 22. For every positive integer n and every set Y, Y € A, iff there is a t :
(n+ 1)\1 — {0,2} such that

arEeg]

Proof. For n = 1 we have A; = f([0,1]) = {[0,1],[2,1]}. With t; = 0 we have

>, %72?:1 é— 3%] = [0, %], and with ¢; = 2 we have [Z? . é,Z? L ; :,%] [2 1],
as desired.

14



Now assume the equivalence for n > 1. First suppose that Y € A, 1. Then there is
an X € A, such that Y € f(X). By the inductive hypothesis choose ¢ : (n+1)\1 — {0, 2}

such that
"t o=t 1

Note that X has size 3%
Case 1.

n n

ey

i + 3n+1] .
Li=1 =1

Let s [ (n+1)\1) =t [ (n+1)\1) and s(n+ 1) = 0. Then

m+1 n+1
g SSEDEE
Li=1 =1

Case 2.

t;

.

w

n n

t; 2 t; 1
Y = - . R - . - .
3 + 3n+1’ ' RY + 3n]

i=1 =1
Let s [ (n+1)\1) =t ] ((n+1)\1) and s(n+ 1) = 2. Then (x) holds.
Second, suppose that (%) holds. Let t = s | ((n+ 1)\1). If s(n+ 1) =0, then

1
Z 31 Qi 3n+1] )

If s(n+1) =1, then

n n

t; 2 t; 1
V=gt ) 3—+3—]

1=1 =1

g
=1

1
[Zgz _+3_n

by the inductive hypothesis. Hence Y € An+1- O

Hence in either case,

<.

and

€A,

Theorem 23. C' =, .., (UAn).

Proof. Suppose that x € C' and n € w. Choose s € “’\1{0, 2} such that @ = >"77, 35
Let t =s | ((n+1)\1). Then

xelzgz —+3in]
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since > oo ., % < 5. Thus by Lemma 1, z € |J A4,.

i=n+1 3¢
Now suppose that x ¢ C. If x ¢ |0, 1] clearly = ¢ (),,c., (UAn). So suppose that
x € [0,1], and choose ¢ € “\'3 such that = = S L 3. Choose n minimal such that ¢, = 1.
Suppose z € | J A,. By Lemma 14, choose s € (»TD\1{( 1} such that
n n 1

2323 x < 32+3—n

i=1 i=1
We claim that ¢ | n = s [ n. Otherwise there is a least m < n such that t,, # s,,. If
tm < Sm, then t,, = 0 since t,, € {0,2} because m < n. Hence

Ooti _“ tz' t i 1 mSi " S
T=) =Gt Z 3 = 7+3—m<2§32§§x
i=1 i=1 i=1

i=1 = i=m+1
contradiction. If s,, < t,,, then s,,, =0 and ¢,,, = 2, and
= 1 &Kt
+3n S Z Z Z T <D ST
i=1 i= m+1 i=1
contradiction.

Sos[n=t]|n
Case 1. s, = 2. Then
= tz u_“ > ti ti 1 S;
PRI SUIES SUUIES oE SRR o o
=1 =1 1=m-+1
It follows that t; = 2 for all @ > m + 1, and hence x = (¢ | n)"(2,0,0,0,...) € C,

contradiction.
Case 2. s, = 0. Then

t

N

.

OO

-
I
H
-
I
H

3

i 1 "t
Tt oLy

since z = .2, £, it follows that ¢; = 0 for all i > n; hence z = (t | n)7(0,2,2,2,...) € C,
contradiction. ]

Theorem 24. C is homeomorphic to “2.

Proof. For each t € “2 let

s =y 2=t

i=1
Clearly f maps onto C. It is one-one; for suppose that s,t € “2 with s # t. Let n be
minimum such that s,, # t,. Say s, =0 and ¢,, = 1. Then

Z 2837;Z 1 _ Z 28Z 1 i 285;1

=1 i=n+1
n n 0

2 2 281 1 282'_1 2 2ti—1
Z 31 + Z 32 Z 31 + 3n = 3¢ = ().
=1 1=n+1 i=1 i=1
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So f is one-one. Now f is continuous. For, suppose that U is open in R and t € f~1[U].
Say (f(t) —e, f(t)+¢e) CU. Choose nsothat 37" <e. Let V={se€“2:s [ n=t]n}.
For any s € V we have

f - si=| Y DD s 2 L
n+1<i n+1<i

Thus V C f~1[U]. So f is continuous. By Engelking Theorem 3.1.13, f is a homeomor-
phism. ]

Q and “2.

Ifz€“2let 2° =Y o2 (2,-127%). Forz € [0,1) let 2’ € “2besuch that z = Y .2 (2/_,27"),
with 2’ not eventually 1. Let Q@ = {z € “2: x is not eventually 1 and = # (0,0,0,...)}.
For each m € w and each f € ™2 let Wy ={z €“2: f Cz}and W; ={z € Q: f C x}.
Let M = {z € “2: z is eventually 1 or z = (0,0,0,...)}.

Lemma 25. If z,y € “2 and neither x nor y is eventually 1, and if x # y, then
D (im127) # 3500 (yim1277).

Proof. Suppose that z,y € “2 and neither is eventually 1, and x # y. Let j be
minimum such that z; # y;. Wlog z; = 0 and y; = 1. Choose k > j such that z; = 0.
Then

k 0o k 0o
xr = Z(.Ii,127i) —+ Z xi,127i S Z(wzfﬂ Z) + Z 27"
i=1 i=k+2 i=1 i=k+2
k k 0o
=Y (@ia27 )27 <y (@27 + Y 2
i=1 i=1 i=k-+1
= Z(%‘fﬂﬂ) +27F < Z(%Qiz),
i=1 =1
50 D ooy (2ic127") # 32 (Wie127Y). U
Lemma 26. (i) If x € “2 is not eventually 1, then x° = x.
(ii) If x € [0,1), then x'° = x.
Proof. (i): Suppose that z € “2 is not eventually 1. Now z* = 2/, where z° =

oo (21_12") with 2’ not eventualy 1; but also z° = > .2 (2;-12"). So by Lemma 20,
x=2z.
(ii): obvious. ]

Lemma 27. Q) is dense in “2.

Proof. Givenm e wand f € ™2, let x € VV]’c be such that x is not eventually 1. ]
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Lemma 28. If X C “2 is closed nowhere dense in “2, then X N} is closed nowhere dense
in §2.

Proof. Suppose that X C “2 is closed nowhere dense in “2. Clearly X N is closed
in 2. Now suppose that WJ’C is given. Now “2\X is dense in “2, so W;\X # 0. Since
“2\X is open, there is a g with W, N X = () and W; N W, # (. Choose x € W; N W, N K.
Then z € Q\(2N X). This shows that X N is closed nowhere dense in (. O

Corollary 29. If X C “2 is meager in “2, then X N is meager in €. L

Lemma 30. If X C Q is nowhere dense in €2, then X is nowhere dense in “2.

Proof. Suppose that X C € is nowhere dense in 2, We want to show that for any
f e =92, Wy\X # 0. Choose g so that Wi N W/ # () and W; N X = (). This shows that
X is nowhere dense in “2. ]

Corollary 31. If X C ) is meager in €2, then X is meager in “2. ]

Lemma 32. add(meager.,) = add(meagerq,).

Proof. First let x = add(meager.,) and suppose that E € [meager.,]” with |JE ¢
meager.,. Let B/ = {ANQ : A € E}. Then by Corollary 11, E/ C meagerq, and
|E'| < k. Suppose that |JE’ € meagery. Then by Corollary 26, | JE' € meager.,.
Now M is countable, and |JE C |JE' U M, so |JE € meager.,, contradiction. Thus
add(meagerg) < add(meager.,).

Second let k = add(meager,) and suppose that E' € [meagerq|® with | J E ¢ meagerq,.
By Corollary 26, E € [meager.,|®. Suppose that | JE € meager.,. By Corollary 24,
UE = (UFE)NQ € meagerg, contradiction. O

Lemma 33. cov(meager.,) = cov(meagerg,).

Proof. First let kK = cov(meager.,) and suppose that E € [meager.,|* with |JE =
“2. Let B/ = {ANQ: A€ E}. Then by Corollary 24, E' C & (meagerg,), and |E’'| < k.
Clearly |JE' = Q. So cov(meagerq) < k.

Second let k = cov(meagery) and suppose that E € [meagerg|® with (JE = Q.
By Corollary 26, E € [meager“2]®. Then M U|JE = “2. Hence cov(meager.,) =
cov(meagerg, ). O

Lemma 34. non(meager.,) = non(meagerq,).

Proof. First let kK = non(meager..,) and suppose that X € [“2]* with X ¢ meager.,.
Then |X N Q| < k. Suppose that X N Q € non(meagerg). Then by Corollary 26, X N Q2 €
non(meager.,) so X C (X NQ)U M € meager.,, contradiction.

Second let x = non(meager,) and suppose that X € [Q]* with X ¢ meagerg,. Then
X € [“2]® and by Corollary 24 X ¢ meager.,. O

Lemma 35. cof(meager.,) = cof(meagerg,).

18



Proof. First let k = cof(meager.,) and suppose that X € [meager.,|* is such that
VA € meager.,3B € X[AC B]. Let X' ={ANQ: Aec X}. So|X| <k, and by Corollary
11, X’ C P (meagerg). Suppose that A € meagerg,. Then by Corollary 26, A € meager.,,
so there is a B € X such that A C B. Then A C BN Q € X'. Hence cof(meagerg,) < k.

Second let K = cof(meagery) and suppose that X € [meagerq|® is such that VA €
meagerndB € X[A C B]. Let X' = {AUM : A € X}. So |X'| < k. Suppose that
A € meager.,. Then by Corollary 24, A N ) € meagerg, so there is a B € X such that
ANQ C B. Then AC BUM € X'. Hence cof(meager.,) = cof(meagerg,). O

(0,1) and Q

Lemma 36. If h € “2 is not eventually 1 and h,, = 0, then

[&.9] m

D (hica27) <Y (hia27) 27

i=1 =1

Proof. Assume that h € “2 is not eventually 1 and h,, = 0. Choose n > m so that
h, = 0. Then

[e’e] n+1
Z(hi,ﬂ*i) SZ i—127" Z 27"
=1 =1 i=n-+2
n+1
=) (his27)+27!
o

< Z(hi7127i) + 277171 + 277172

i=1
2. 2

i=m-+2

IN
[
=
N

@
Il
—

(hi27%) + 2™~ 1, O

I
,Ms

@
Il
—

Lemma 37. If 0 < a < b < 1, then there is an f such that OWJ’c C (a,b).

Proof. Assume that 0 < @ < b < 1. Let m be minimum such that a;, # b),. If
a;, =1 and b, =0, then
b= (0427 <

=1

Ms

(b)_,27% 221

1 1=m-+2

-
I

m—+1

(bi_27) +27m 7 = Z (a;_127") < a,

1 =1

I
NE

.
I
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contradiction. Hence a}, =0 and b, =
Choose p > n > m such that a;, = a;, = 0. Let f = (a; :i <n)"(1) " (a; :n+1<i <

(3

p). We claim that OW]’c C (a,b). Take any g € W}; we want to show that a < g° < b, i.e.,

) S (a2 <z (127 < 30,2
i=1 i=1
We have

> (aj_,27" <Z @) 127 +27""1 by Lemma 31
=1

n+1 ‘ n+1 [e’s)
= Z(fz;ﬂ*’) = Z gi-12"" Z gi-127"
i=1 i=1 i=1
p+1 p+1 ‘
< (9127 Z 27 =) (9ia27) #2777
=1 1=p+2 =1
n+1
<Yl Y 2
=1 i=n+2
n—+1 . n '
=) (g2 ) +27" =D (a2 22
i=1 i=1
m ‘ o0 ‘ m-+1 ‘ [ee) '
<S> B 27 > 2T = 2y 2 O
i=1 i=m+1 i=1 i=1

Lemma 38. For any f € <“2 there exist a,b with 0 < a <b <1 and (a,b) C Wi

Proof. Say f € ™2. Let a = f7(1,0,0,0,...) and b = f(1,1,0,0,...). Clearly
0 < a® < b®° < 1. We claim that (a®,b°) C OW}. Suppose that a° < z < b°. In particular,
€ (0,1) and 2/ € Q. If a = 2/, then a® = 2’° = z, contradiction. So a # z’. Similarly
b # z'. Let n be minimum such that a,, # z/,. Suppose that n < m.
Subcase 1. a, =0, z/, = 1. Then

=3 o <Z D Sl AT FE ) YRR
=1 i=n-+2 =1 i—1
contradiction.

Subcase 2. a, =1, z, = 0. Then

N R S S AW UL E
=1 =1 =1 i=1

i=n-+2
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contradiction.
It follows that m < n, hence f C 2z’ and so 2’ € W} Thus z = 2/° € OVVJ.’». O

Lemma 39. If A C Q is nowhere dense, then °[A] is nowhere dense in (0,1).

Proof. Suppose that A C Q is nowhere dense, U is open, U N (0,1) # 0. We
want to show that U\°[A] # 0. Wlog U = (a,b) with 0 < a < b < 1. We want to find
0 < ¢ < d < 1suchthat (c,d)N°[A] = 0 and (a,b)N(c,d) # 0. By Lemma 32 choose f such
that °W; C (a,b). Now W}\Z # 0, so there is a g such that Wy NW, # 0 and W;NA = 0.
By Lemma 33 choose ¢ < d so that (c,d) C °Wy,,. Then (c,d) C °Wyyy C °Wy C (a,b),
so (a,b) N (c,d) # 0. Suppose that z € A and z2° € (c,d). Then z° € °W}  , so there is
ay € Wi, such that 2° = y°. Hence z = 2 =y* =y. Sox € ANW;, CANW,,
contradiction. O

Corollary 41. If A C Q is meager, then °[A] is meager in (0,1). O

Lemma 41. If A C (0,1) is nowhere dense in (0, 1), then '[A] is nowhere dense in €.

Proof. Assume that A C (0,1) is nowhere dense in (0,1) Let Wy be given; we want
to show that Wy N Q\'[A] # (). By Lemma 33 choose 0 < a < b < 1 so that (a,b) C W7.
Choose 0 < ¢ < d < 1 so that (a,b) N (¢,d) # () and (¢,d) N A = (). By Lemma 32 choose
g so that °W¢ C (a,b) N (c,d). Suppose that x € Wi, NQN'[A]. Say z = y' with
y € A. Then 2° = y'° = y. Hence y = 2° € °[Wy, ] C °[W(] C (a,b) N (c,d) and y € A,
contradiction. Thus Wy, NQ\'[A] # 0. O

Corollary 42. If A C (0,1) is meager in (0,1). then '[A] is meager in .

Lemma 43. add(meagerg) = add(meagerq 1))

Proof. First let k = add(meagery,) and suppose that F € [meagerg]” with |JE ¢
meagerg,. Let B’ = {°[A] : A € E}. So by Corollary 22, E' € &(meager(q ;)). Clearly
|E’| < k. Suppose that |JE’ € meager(, ;). By Corollary 37, '[J E'] € meager,. Take
any A € E. Then °[A] € E’, so °[A] C |JE’'. Hence °[A] C °[JE'], so by Lemma 21,
A CPCIUE'. Thus UE C°[UE'], so |JE € meagerg, contradiction.

Second let £ = add(meager(y 1)) and suppose that E € [meager 1)]" with JE ¢
meager  1y. Let E' = {/[A] : A € E'}. So by Corollary 37, E’ C & (meagerg,). Suppose
that | J £’ € meagerg,. By Corollary 35, °[J E'] € meager(, ;). If A € E, then '[A] € F,
so '[A] CUE', hence A ="[A] C°[JFE'],so | JE C °[JE'], contradiction. ]

Lemma 44. cov(meagerg) = cov(meagerq q))-

Proof. First let x = cov(meager,) and suppose that F € [meagerg]” with Q = J E.
Let £/ = {°[A] : A € E}. Then by Corollary 35, E' C &(meager(, 1)). If a € (0,1),
then a’ € Q, hence there is an A € F such that «’ € A. So a = d’° € °[A] € E’. Thus
(0,1) CUFE".

Seecond let x = cov(meager, 1)) and suppose that £/ € [meager ;)" with (0,1) =
UE. Let E' = {'[A] : A € E}. Then E' C #(meagery) by Corollary 37. Suppose that
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x € 2. Then z° € (0,1), so there is an A € E such that z° € A. Hence z = 2z € '[A] € E'.
This shows that | J £’ = . O

Lemma 45. non(meagerg) = non(meager 1))

Proof. First let k = non(meagerg) and suppose that X € [Q]" such that X ¢
meagerg. Suppose that °[X] is meager in (0,1). Then X ='° [X] is meager in by
Corollary 37, contradiction. It follows that non(meager 1)) < &.

Second let x = mnon(meager ;) and suppose that X € [(0,1)]" such that X ¢
meager 1y. Suppose that '[X] € meagery. Then X = ®'[X] € meager( ;) by Lemma
35, contradiction. Hence non(meagerg) = non(meager g ;). O

Lemma 46. cof(meager,) = cof(meagerq 1))

Proof. First let k = cof(meagerg) and suppose that X € [meagerg|® is such that
VA € meager,dB € X[A C B|. Let X' = {°[A] : A € X}. Then by Corollary 35,
X' C P(meager( ), and clearly |X| < k. Suppose that A € meager( ;). Then by
Corollary 37, '[A] € meagery. Hence there is a B € X such that '[A] € B. Then
A=Al C°[B] € X'. It follows that cof(meager )) < k.

Second let xk = cof(meagery 1)) and suppose that X € [meager(, 1)]" is such that
VA € meagery3B € X[A C B]. Let X’ = {A4] : A € X}. Then by Corollary 37, X' C
& (meager, ), and clearly | X'| < k. Suppose that A € meager,). Then °[A] € meager (g 1))
by Corollary 35, so there is a B € X such that °[A] C B. Then A ="°[A] C'[B] € X'. It
follows that cof(meagerq) = cof(meager g ;). O

measures

If A is a o-algebra of subsets of X, then a measure on A is a function p: A — [0, 00| such
that (@) = 0 and pu(U;e,, ai) = D ;e #(ai) if a € “A and a; Na; =0 for all ¢ # j. Note
that a; = () is possible for some i € w.

We give some important properties of measures:

Proposition 47. Suppose that p is a measure on a o-algebra A of subsets of X. Then:
(i) If Y, Z € AandY C Z, then u(Y) < u(2).
(ZZ) ]fY € wA? th@n M(Unew Yn) S Znew /’L(Yn)'
(iii) If Y € “A and Y,, C Yy 41 for alln € w, then u(U,,c., Yn) = sup,c., 1(Yn).

Proof. (i): We have u(Z) = p(Y) + n(Z\Y) > p(Y).
(ii): Let Z, = Yo\U,,cn Ym- By induction, Umgn T = Umgn Y,., and hence

Unnew Zm = Uppen, Y. Now
u(U Ym) =M<U Zm> =Y wZn) <D ulVin).

(iii): Again let Z, = Y,\U Y. By induction, Y;, = Zm. Hence

m<n m<n

H(Un)=n(u)
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= Z M(Zn)

ncw

= le ZM(Zm)

m<n

= lim p U Lm
n—oo men

= lim /J/(Yn)
= sup /J/(Yn)' [

ncw

measure spaces and outer measures
A measure space is a triple (X, X, u) such that:
(1) X is a set
(2) X is a o-algebra of subsets of X.
(3) p is a measure on .
Given a measure space as above, a subset A of X is a u-null set iff there is an ¥ € ¥ such
that A C E and p(E) = 0.
Theorem 48. If (X, X, u) is a measure space, then the collection of p-null sets is a o-ideal
of subsets of X.

Proof. Let I be the collection of all u-null sets. Clearly ) € I, and B C A € I implies
that B € I. Now suppose that (A4; : i € w) is a system of members of I. For each i € w

choose E; € ¥ such that A; C E; and pu(E;) = 0. Then (J;c; Ai € U;e; Ei, and

7 (U E7,> SZM(EJZO- O

An outer measure on a set X is a function p : Z(X) — [0, o0] satisfying the following
conditions:

(1) u(®) = 0.
(2) If AC B C X, then pu(A) < u(B).
(3) For every A € “2(X), (U, e An) < 2 e H(An).

If 6 is an outer measure on a set X, then a subset F of X is 8-measurable iff for every
ACX,
0(A)=0(ANE)+0(A\E).

Note that every subset £ C X such that 8(F) = 0 is automatically #-measurable.
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Theorem 49. Let 6 be an outer measure on a set X. Let ¥ be the collection of all
0-measurable subsets of X. Then (X,%,0 [ X) is a measure space.

Proof. Note that ¥ is obviously closed under complementation. Obviously
(1) If A,E C X, then 0(A) <O(ANE)+0(A\E).

Clearly () € ¥ and X is closed under complements. Next we show that ¥ is closed under
U. Suppose that £, F € ¥ and A C X. Then

G(AN(EUF))+0(A\(EUF))=0((AN(EUF)NE))+6(AN(EUF)\E)))
+0(A\(EUF))

0(ANE) +0((A\E) N F) + 0((A\E)\F)

0(ANE) +0(A\E)

0(A).

This proves that £ U F € Y. Thus we have shown that X is a field of subsets of X.
Next we show that X is closed under countable unions. So, suppose that ' € ¥, and
let K =, ., E,. Forevery m € w let

G, = U E,,.

n<m

ncw

Then clearly each G, is in X. Now we define Fy = Gy, and for m > 0, F,,, = G, \Gp—1.
Then also each F, is in ¥. By induction, |, ,,, F» = Gm. Hence U, c, Fn = U,co, En-
Now temporarily fix a positive integer n and an A C X. Then

O0(ANG,) =0ANG,NGr_1)+0(ANG\Gn-1) =0(ANG,_1) +0(ANE,);

hence by induction 0(ANG,) =), ., 0(ANEFy,).
Now we unfix n. Now ANK =J,,c,(ANF,), so

ANK)< ) 0(ANF,) = lim Y 0(ANF,) = lim 0(ANGy).
new m<n

Also, note that if m < n then G,,, C G,,, hence X\G,, C X\G,,, and so

O(A\K) = 0 (A\ U Gn> =0 (ﬂ <A\Gn>> < inf 0(A\Gy) = lim (A\G.).

necw ncw

Hence

O(ANK) +0(A\K) = lim 6(ANG,)+ lim 0(A\Gy)

n—oo

= lim ((ANG,) +0(A\G,))

_ o)
<O(ANK)+ 0(A\K).
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This proves that K € X, so that X is closed under countable unions.

Finally, suppose that (F, : n € w) is a system of pairwise disjoint members of X.
Let K = |, ¢, Bn- By Lemma 2, 0(K) < > _ 0(FE,). Conversely, for each n € w let
Grn =U,<;, Em- Then

G(Gn-i-l) = G(Gn-i-l N En—i—l) + Q(Gn-f—l\En-i-l) = Q(En—i—l) + G(Gn)-

Hence by induction, 0(G,,) = >_ 0(E,,) for every n, and hence

m<n

and so O(K) > > . 0(FEy). O
measure on “2

Let x be an infinite cardinal. For each f € Fn(k,2,w) let Uy = {g € *2: f C g}. Hence
Up = "2. Note that the function taking f to Uy is one-one. For each f € Fn(k,2,w) let
00(Uy) = 1/214m0HDL Thus 0y (Uy) = 1. Let C = {Uy : f € Fn(x,2,w)}. Note that *2 € C.
For any A C "2 let

0(A) :inf{ZQo(Cn) :Ce“Cand AC | Cn}.

necw ncw

Proposition 60. 6 is an outer measure on 2.

Proof. For (1), for any m € w let f € Fn(k,2,w) have domain of size m. Then
0 C Uy and 6y(Uy) = . Hence 6(0) = 0.
For (2),if A C B C "2, then

{CE“’C:BQ UCH}Q{CE“’C:AQ UCn},

new ncw

and hence p(A) < u(B).

For (3), assume that A € “22("2). We may assume that ) _ 0(A,) < oo. Let
e > 0; we show that 0(, ¢, An) < X o 0(An) + €, and the arbitrariness of € then
gives the desired result. For each n € w choose C" € “C such that A, C |J,,c, Cn, and

S e 00(C) < 0(Ay) + & Then U, o, An € U, e, U, e, C™ and

; (U An> <Y e < YA +=

necw ncw ncw necw

as desired. 0
Let ¥ be the set of all -measurable subsets of “2.
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Proposition 61. Ifc € 2 and a < k, then {f € "2: f(a) = ¢} € %.

Proof. Let E = {f € "2 : f(a) = ¢}, and let X C *2; we want to show that
0(X) =0(XNE)+6(X\E). < holds by the definition of outer measure. Now suppose
that § > 0. Choose C' € “C such that X C |J,,,Cn and ) 00(Cy) < 0(X)+ 0. For
each n € w let C,, = Uy, with f, € Fn(k,2,w). For each n € w, if a ¢ dmn(f,), replace
C,, by U, and Uy, where g = f U {(a,0)} and h = f U {(«, 1)}; let the new sequence be
C"e“C. Then ), . 0(Cy) =3, ,0(C;) and X C |, Cy,- Then there is a partition
M, N of wsuch that X N E C |J,,c), C,, and X\E C |J,,c C;,- Hence
O(XNE)+0(X\E)< Y 0(C,)+ > 0(Cp)=> 0(Cp) < 0(X)+3.

neM neN new

Since § is arbitrary, it follows that (X ) = 0(X N E) + 0(X\E). O
For f:2 — R we define [ f = 1f(0)+ 3 f(1).

Proposition 62. If f,, : 2 — [0,00) for each n € w and Yt < 2[}°, ., fn(t) < 0], then
Znewff” < 00, and Znewffn = onew f”

Proof.
/anzézjfnm)%xfn(l):z(%m>+ fu1 ) > [t
ncw ncw ncw ncw ncw

Proposition 63. 0(%2) = 1.

Proof. It is obvious that "2 € ¥, and that 6("2) < 6p("2) = 1. Suppose that
0(*2) < 1. Choose C' € “C such that 2" =, ., Crand ) . 00(Cy) < 1. For each n € w
let C,, = Uy, , where f,, € Fn(k,2,w).

(1) Vg € Fn(k,2,w)3n € w[f, Cgor g C f].

In fact, let g € Fn(k,2,w). Let h € 2 with ¢ C h. Choose n such that h € C,,. Then
fn Ch.So fr, CgorgC fn.

(2) Let M ={n € w:Ym # n[fm € fu]}. Then "2 C e, U

For, given g € #2 choose n € w such that g € C,. Thus f,, C g. Let m € w with f,, C f,
and |dmn(f,,)| minimum. Then f,, C g and m € M, as desired.

(3) [M] > 2.

In fact, obviously M # (). Suppose that M = {n}. Since > _,,00(Cy) < 1, we have
fn # 0. Then *2 C Uy, , contradiction.
(4) M is infinite.

In fact, suppose that M is finite, and let m = sup{|dmn(f,)| : n € M}. Let g € Fn(k,2,w)
be such that |dmn(g)| = m + 1. Then by (1), f,, C g for all n € M. Because of (3), this
contradicts (2).

ncw
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Let J = U, cp dmn(fr).
(5) J is infinite.

For, suppose that J is finite. Now M = Jgc ;{n € M : dmn(f,) = G}, so thereisa G C J

such that {n € M : dmn(f,) = G} is infinite. But clearly |{n € M : dmn(f,) = G}| < 2/¢],
contradiction.

Let i : w — J be a bijection. For n,k € w let f/, be the restriction of f, to the
domain {a € dmn(f,) : Vj < kla # 4]}, and let

1
nk = Sldmn(f 00"

Now for n, k € w and t < 2 we define

an7k+1 if ik §é dmn(fn),
fak(t) = angy1 if i € dmn(f,) and f,, (i) = ¢,
0 otherwise.

(6) [ far = ang for all n, k € w.
In fact,

[ = 350+ 3 fur)

| kg if i, ¢ dmn(f,),
B %am/ﬁq if i, € dmn(fy,)
= Onk-

Now we define by induction elements ¢, € 2 and subsets My of M. Let My = M. Now
suppose that M and t¢; have been defined for all ¢ < k, so that Zne M, Onk < 1. Note
that this holds for £ = 0. Now

1> 3 aw= Y [fu by @)

neM; ne My

= Z fnk by Proposition 6.
ne My

It follows that there is a t;, < 2 such that (ZnGMk fnk) (tx) < 1. Let
Myy1 ={ne M :Vj <k+1[i; ¢ dmn(f,), or i; € dmn(f,) and f,(i;) = t,]}.
Ifne Mk+1, then fnk(tk) = Qn,k+1- Hence
Y k= > funtr) < ( > fm) (te) < 1.
nGMk+1 nGMk+1 ne My
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Also, Mj41 # 0. For, let g € ®2 such that g(i;) = t; for all j < k. Say g € C,, with n € M.
Then f,, C g. Hence i; ¢ dmn(f,), or i; € dmn(f,,) and f,(i;) =t;. Thus n € Mj4,.
This finishes the construction. Now let g € 2 be such that ¢(i;) = t; for all j € w.
Say g € C,, withn € M. Then f,, C g. The domain of f, is a finite subset of J. Choose
k € w so that dmn(f,) C {i; : j < k}. Then n € Mj. Hence f/, = () and so ay,,, = 1. This
contradicts ZmGMk O < 1. O

Let v be the tiny function with domain 2 which interchanges 0 and 1. For any f € "2 let
F(f)=vof.

Proposition 64.
(i) F is a permutation of "2.
(1i) For any f € Fu(k,2,w) we have F{U¢| = Uyos.
(iii) For any X C 2 we have 8(X) = §(F[X]).
(ZU) VE € Eo[F[E] S Eo]
Proof. (i): Clearly F' is one-one, and F(F(f)) = f for any f € 2. So (i) holds.
(ii): For any g € "2,

g € FlU] iff 3h e Uslg= F(h)]
iff Jhe”2[f Chand g=voh|
iff Jhe"2vofCrohand g=wvoh|
iff vofCyg
ift geUys
(iii): Clearly 0o(Uy) = 0o(F[Uy]) for any f € Fn(k,2,w). Also, A C |, ¢, Cn iff F[A] C

Ungw F[Cn] SO (111) hO]_dS.
(iv): Suppose that E € . Let X C *2. Then

O(X NFE]) +0(X\F[E]) =

Proposition 65. If a < k and € < 2, then 0(Uy(a,c)}) = %

Proof. By Proposition 8 we have 0(U{(a,c)}) = 0(Uf(a,1—¢)}), s0 the result follows
from Proposition 7. 0
Proposition 66. For each f € Fn(k,2,w) we have Uy € £y and §(Uy) = m

Proof. We have Uy = (Nyedamn(s) Ul(af(a))}- Note that if a € dmn(f), then
Uta,fa)r = 19 € "2 : gla) = f(a)}; hence Ug(q f(a))} € Xo by Proposition 5, and
so Uy € Sg. We prove that 0(Uy) = grmscr by induction on |[dmn(f)|. For [dmn(f)| = 1,
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this holds by Proposition 9. Now assume that it holds for |dmn(f)| = m. For any f
with |[dmn(f)] = m and o ¢ dmn(f) we have 27 ldm2(Nl = 9(U;) = O(Usru{(a,0}) +
O(Usu{(a,1)})- Since 0(Urug(a,e)y) < 0o(Uru{(ae)}) = 2 ldmn(f)I=1 for each e € 2, it follows
that 0(Usug(a,e))) = 2~ ldmn(f)I=1 for cach e € 2. O

Proposition 67. If F' is a finite subset of "2, then F € ¥y and 0(F) = 0.
Proof. This is obvious if |F| < 1, and then the general case follows. ]

measure on R

For any a,b € R let [a,b) = {x € R:a <z < b}. Note that if a > b, then [a,b) = (). Note
that if [a,b) = [¢,d), a < b, and ¢ < d, then a = ¢ and b = d. For any a,b € R we define

(0 if @ > b,
)\([a’b))_{b—a if a <b.

A set of the form [a, b) is called a half-open interval.

Lemma 68. Suppose that I is a half-open interval, (J; : i € w) is a system of half-open
intervals, and I C J..., Ji. Then

AI) <> M),

Proof. If I = () this is obvious. So suppose that I # (). Then there exist real numbers
a < b such that I = [a,b). Let

A=< x€a,b :m—aSZ)\(Jjﬂ(—oo,m))

JEwW
Obviously a € A, and A is bounded above by b, so ¢ def sup(A) exists. Now

c—a=sup(r—a)
rx€A

< sup > A(J; N (=00, z))

xEAjEw
<> AN (—o0,0)).
JEwW
Hence ¢ € A. Now suppose that ¢ < b. Thus ¢ € [a,b), so there is a k € w such that ¢ € Jj.

Say Ji = [u,v). Then x o min(v, b) > ¢. Then A(J; N (—o0,¢)) < A(J; N (—o0,x)) for
each j, and A\(Ji N (—o0,z)) = A(J N (—00,¢)) + & — ¢. Hence

Z)\(Jjﬂ(—oo,m)) > Z)\(Jjﬂ(—oo,c))+m—c
JEW JEW
>c—a+r—c=x—a.
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Here we used the above inequality on ¢ — a. Thus we have shown that x € A. But
x > ¢ = sup(A), contradiction.
Hence ¢ = b, so b € A. O

Now for any A C R let

0'(A) = inf { Z A(L;) : (I : j € w) is a sequence of half-open intervals

JEw

such that A C U Ij}.

JEwW
Lemma 69. (i) 0’ is an outer measure on R.
(i) 0'(I) = X(I) for every half-open interval I.

Proof. (i): Clearly (1) and (2) hold. Now for (3), suppose that (A; : i € w) is a
sequence of subsets of X. Let B = (J;.,, Ai. For each i € w let (I;; : j € w) be a sequence

of half-open intervals such that A; C | jcw I;; and

DOMI) < 0'(4) + -
JEwW

Note that this holds even if §’(A;) = co. Let p: w — w X w be a bijection.

(1) B C U Tyst (p(my),2nd (p(m))

mew

In fact, if b € B, choose ¢ € I such that b € A;, and then choose j € w such that b € I;;.
Let m = p~1(i,j). Then

b € List(p(m)),2n4 (p(m))»

as desired in (1).

(2) Z A5t (p(m)), 274 (p(m))) < ZZA(IM)-

mew 1CEw JEW
In fact, let m € w, and set
n = max({1"(p(3)) : i < m} U{2"(p(i)) : § < m}).

Then

> Aty 2nipony) < DD AT) <> M),

i=0 i=0 j=0 i€w jew

and (2) follows.
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Hence using (1) we have

0 (U Ai) =0'(B)

1EW
< A 1wt (p(m)). 209 (p(m)))

mew

<D 0> Ay)
€W JEW

<> () +5)
1Ew

=30+ Y 5
S 1EW

= 0'(A) + 2.
1Cw

Hence (3) in the definition of outer measure holds.
Clearly ¢'(I) < A(I). The other inequality follows from Lemma 12. O

Corollary 70. For 0’ the explicit outer measure defined above on R, and with

¥ ={FE CR: for every A C X,
0'(A) =0 (ANE)+0(A\R)},

the system (R,31,0" | 1) is a measure space. O

Lemma 71. (—oo, ) is measurable for every x € R.
Proof. First we show
(1) MI) = XIN(—o00,2)) + A(I\(—00,z)) for every half-open interval I.

This is obvious if I C (—oo,z) or I C [x,00). So assume that neither of these cases hold.
Then with I = [a,b) we must have a < z < b. Then

AI N (=o00,2)) + AI\(—00,x)) = X[a, x)) + A([z, b))
= )\([CL, w)) + )\([33, b))

=xrx—a+b—=x

So (1) holds.
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Now for the proof of the lemma, let A C R and let ¢ > 0. We show that (A N
(—o0,x)) + 0'(A\(—00,x)) < 0'(A) + &, which will prove the lemma. By the definition
of 0', there is a sequence ([; : j € w) of half-open intervals such that A C J jew 1y and
Yjew MIj) < 0'(A) +e. Now ([; N (—o0,z) : j € w) and ([;\(—o0,z) : j € w) are
sequences of half-open intervals, A N (—o0,z) C U;¢,(I; N (—00,2)), and A\(—o0,z) C

Ujew(Ii\(=00,2)), so

MI; N (=00, @) + Y AL\ (=00, )

Jj=0

0'(AN (—o0,x)) + 0" (A\(—o0, 7)) <

M 10

<
I
o

Theorem 72. FEvery Borel subset of R is Lebesque measurable.

Proof. It suffices to show that every open set is Lebesgue measurable. It then suffices
to prove the following:

(1) If U is a nonempty open subset of R, then there is a family o/ of half-open intervals
with rational coefficients such that U = | <.

To prove (1), let o7 be the set of all half-open intervals contained in U. Now take any
x € U. Since U is open, there are real numbers y < z such that z € (y,z) C U. Choose
rational numbers 7, s such that y <r <z < s < z. Then z € [r,s) C U, as desired. ]

Corollary 73. Fvery Lebesque null set is Lebesgue measurable. Fvery singleton is a null
set, and every countable set is a null set. ]
Now we proceed to the case of R", n any positive integer. A subset A of R" is a half-open
interval iff there is a system ((a;, b;) : @ < n) of pairs of real numbers such that

A={ze€"R:q; <z; <b; for all i < n}.

Note that A = () if a; > b; for some ¢ < n; so the empty set is counted as a half-open
interval. If A is nonempty, then the indicated system is uniquely determined by A.

Now we define A\(()) = 0, while if A is a nonempty half-open interval, with notation as
above, then

<n

Lemma 74. If A is a half-open interval in R™ and (I; : i € w) is a sequence of half-open
intervals such that A C |J,.,, 1i, then

AA) <) AT).

1EW
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Proof. We use induction on n, and for this reason we denote the above function by
A, for this proof. The case n =1 is given by Lemma 1.

Now suppose the result is true for n, and A is a half-open interval in R”*!. Say
((ai,b;) 11 < n+1) is a sequence of pairs of real numbers such that

A={rc"R:a; <x; <b; foralli<n+1}.

Also assume for each j € w that ((ag‘j),bg‘j)) 14 < n+ 1) is a sequence of pairs of real
numbers such that

I ={ze"R: al(-j) <z < bz(-j) for all i <n + 1}.
We may assume that A # ), and hence that a; < b; for all i < n+41. Let ¢ =[], _,, (bi —a;).
Thus A\p11(A4) = ((b, — ay,). For each £ € R let He = {x € "T'R: z,, < £}. Define
B={¢teR:a, <{<byand ((€—an) < (14€)Y  Anp1(I; N He)
JEW

Obviously a,, € B and B C [ay, by]. Let v = sup(B). So v € [ay, by).

(1) y € B.
For,
C(y —an) = sup ¢(§ — an)
(eB
< (1+e)sup Y Any1(I; N He)
€EBjGW
<(1+2)> Ana(I;NH,y),
JEW

so (1) holds.
We claim that v = b,,. Suppose not. Let

C={zxe"R:a; <z;<b; foralli<n};
Dj={xe"R:a2"(y) € I;} foreachjecw.

Then C' C ¢, Dj. For, suppose that x € C. Then 27 (y) € A, and hence there is

a j € wsuch that 27(y) € I;. So x € Dj, as desired. It follows by the inductive

hypothesis that ¢ def A (C) < Zjew Ar(Dj). Clearly ¢ > 0, so there is an m € w such that

(<(1+e) ngm)‘n(Dj)- ' .
Now note that if D; # (), then agf) << bq(f). Let

¢ = min({b,} U {0 : D; # 0}).
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Thus & <. If D; # 0, then I; N He # 0, and

Ant1(Lj N He) = A (D;)(€ — an)
= An(Dj)(g — )+ )‘n(Dj)(V - an)
=M (D)€ =)+ A1 (I; NH,y).

So
(2) )‘n+1(Ij A HS) = )‘n(Dj)(g - '7) + )‘n+1(lj N H7)~

This also holds if D; = (). Hence

C(g'_ an) ::C(g'_'V)'+'C(7'_’an)
SA+)E=7 D MD)+ 1+ Aa(I; N H,)

= (140)(€ =) D Mn(Dy) + (1L€) D M (I; N Hy)
+(1+e¢) Z_ Ani1(I; N H,) _
=(1+¢)) Ap(I;NHe) by (2).

JEw

Hence ¢ € B, contradicting v < €.
Thus v = by, so b, € B by (1). Hence

Ant1(4) = ((bp —an) < (1 +¢) Z Ant1(L; M Hy,) < (1+¢) Z Ant1(L5).
JEW JEwW
since ¢ is arbitrary, it follows that A,11(A4) < >°.c, Ant1(l;), as desired. ]

Now we define what we will prove is outer measure on R™. For any A C "R,

0'(A) = inf { Z A(L;) : (I : j € w) is a sequence of half-open intervals

JEW

such that A C U Ij}.

JEw

Lemma 75. 0" is an outer measure on R™, and 0'(1) = X(I) for every half-open interval
I.

Proof. The proof is essentially the same as that of Lemma 13. L

Thus we obtain a o-field of subsets of R, and Lebesgue measure on R".
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Lemma 76. Suppose that i < n and § € R. Let Hig = {y € "R:y; < &}. Then Hie is
Lebesgue measurable.

Proof. Write H instead of H;¢. First we claim
(1) If I is a half-open interval in "R, then A\(1) = NI N H) + A(I\H).

For, if I C H or I N H = (), this is clear. So suppose this is not the case. In particular,
I # (), so there are real numbers (a; : j < n) and (b; : j < n) such that a; < b; for all
j<n, = Uj<n(aj,bj), and a; < £ < b;. Hence

AINH)+MI\H) = (£ = a;) [[(0; = a;) + (0: = O [[ (45 — a))

J#i J#i
= 110 - ay)
ji<n
= (),
as desired in (1).
Now the proof is finished as for Lemma 15. ]

It follows as in the one-dimensional case that every Borel set is measurable, and all null
sets are measurable.
We return to the one-dimensional case.

Lemma 77. Suppose that p is a measure and E, F,G are pu-measurable. Then

WEAF) < n(EAG) + u(GAF).

Proof.
W(EAF) = p(E\F) + u(F\E)
= p((E\F) N G) + p((E\F)\G) + p(F\E) N G) + p((F\E)\G)
< u(G\F) + p(E\G) + p(G\E) + p(F\G)
= w(EAG) + u(GAF). O

Lemma 78. If E is Lebesque measurable with finite measure, then for any € > 0 there is
an open set U D E such that §'(E) < 0'(U) < 0'(E)+¢e. Moreover, there is a system (K :
J <w) of open intervals such that U =J,_, K; and 0'(U) <>, 0'(K;) < 0'(E) +e.

Proof. By the basic definition of Lebesgue measure,

J<w

0=0(F)=inf { Z 0'(I;) : (I; : j € w) is a sequence of half-open intervals

JEW

such that A C U Ij}.

JEW
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Hence we can choose a sequence (I, : j € w) of half-open intervals such that £ C |

jEwlj
and

o (UL | <o) <o)+

€
5
JEW JEW

Write Ij = [CLJ’, b]) with a; < bj. Define

JjEw
o\ UK | <D 0(K)
JEW jEw

JEW JEwW
§%+9’(E)+%:9’(E)+5. O

Corollary 79. (i) If A is Lebesgue measurable and 0’ (A) is finite, then '(A) = inf{¢'(U) :
U open, A CU}.

(ii) If A is Lebesgue measurable with finite measure, then 6'(A) = sup{¢'(C) : C
closed, C' C A}.

(iii) If A is measurable and 0'(A) = oo, then supy 6'(C) : C closed, C C A} = oo.

Proof. Only (iii) needs a proof. Let € > 0. For each n € w let

Qon = N;
bm1=:n-¥1;
aont1 = —n — 1;

b2n+1 = —n.

For each n € w let C,, be a closed subset of [a,, b,) N A such that
0/ ([an, by) N A\Cy) < zin
Then

0'(A) = 0'(Jan,bn) N A)

ncw
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= lim ' ([[ag, bo) N A] U ... U [[an, by) N 4])

n=0
zglym%ﬁwmAmeu”um%w@mAv%p+a«%un.uag
:ﬁ%eMwﬁwmAvm U [[an, ba) N ANCL]) + lim 6'(CoU...UC)

=c+ lim 0'(CoU...UC),

n—,oo

as desired.

The following is an elementary lemma concerning the topology of the reals.

Lemma 80. Suppose that U is a bounded open set.
(i) There is a collection </ of pairwise disjoint open intervals such that U = | </ .
(ii) There exist a countable subset C' of R and a collection A of pairwise disjoint open
intervals with rational endpoints such that U = CU|J % and C N|J B = 0.

Proof. (i): For x,y € R, define x = y iff one of the following conditions holds: (1)
x=1y; (2) x <yand [z,y] CU; (3) y <z and [y,z] C U. Clearly = is an equivalence
relation on R. If x < z < y and = = y, then obviously x = z. Thus each equivalence class
is convex. If C'is an equivalence class with more than one element, then it must be an open
interval (a,b), since if for example the left endpoint a is in C' then some real to the left
of a must be in C, contradiction. It follows now that the collection o7 of all equivalence
classes with more than one element is as desired in (i).

(ii): First note that the set </ of (i) must be countable. Now take any (a,b) € 7,
a<b Letc <c <+ < ¢y < --- be rational numbers in (a,b) which converge to
b, and cg = dy > d; > --- > d,, > --- rational numbers which converge to a. Then let
L§? = (ci,ciq1) and LY, = (diy1,d;) for all i € w. Let D = {¢; 1 i <w}U{d; : i <w}.
Define 8 = {L% : (a,b) € &,i < w} and C = Uap)er D%, Clearly this works for
(ii). O

Lemma 81. If E is Lebesgue measurable and € > 0, then there is an m € w and a sequence
(I; - i < m) of open intervals with rational endpoints such that 0’ (EAJ,_,, I;) < e.

Proof. By Lemma 1 let U 2 E be open such that 6'(E) < ¢'(U) < 0'(E) + 5. Then
choose C' and % as above. Let W = JZ. So 0'(W) = ;.0 (1). Then choose m € w
and (I; : i < m) elements of % such that ) ;_,0(I) — ZKm 0'(I;) < 5. Now ¢ (W)
Yorer? ) and 0"(U,; ., Li) = > cn 0’ (L) Let V =, ,, L. Thus 0’(W) —-6(V) <
Hence V C W C U, and

o ||

0 (EAV)

IA

O'(EAU)+ 0" (UAW) + 6 (WAV)

0'(U\E) +¢'(C) + 0/ (W\V)
O'(U)—0(E)+6'(W)—0(V)

+ - =c. ]

IN

) =
€. ¢
2" 2
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Connections between different measures

Here we follow Fremlin, Measure theory, vol. 2, 254K.

Lemma 82. If (X, 3, u) is a measure space and Y C X, then
Y, {AnY  :AeX},u{ANnY:AeX})

is a measure space. O
At this point we have two important measure spaces: (“2,Yg,6) and (R, 31, 6"). We now
define 3o ={ANQ: A€} and =0 | {ANQ: A€ Xy}. By Lemma 27 we have
Corollary 83. (92,3, 02) is a measure space. O
Let 23 = {Aﬂ[O,l] A€ El} and 03 =0 [{Aﬂ[O,l] A€ El}

Corollary 84. ([0, 1],X3,03) is a measure space. O

If (X, X, ) is a measure space, the A € ¥ is an atom iff u(A) > 0. and for all B € ¥ with
B C A, either B or A\B has measure 0.

Let A be the usual measure on “2 and p Lebesgue measure on [0, 1]. Consider the measure
spaces (“2, 3, \) and ([0, 1], 34, ). For each x € “2 let p(z) =Y ooy (27 1ay).

Theorem 85. There is a bijection ¢ : “2 — [0, 1] which is equal to ¢ except at countably
many points, and any such bijection is an isomorphism from (“2,%0, A) to ([0, 1], 31, u).
That is:

(a) VX C “2[X € ¥¢ iff p[X] € E4];

(b) ¥X C[0,1][X € B1 iff o1 [X] € Bo);

(¢) VX € So[AX) = pu(@[X])];

(d) VX € Bq[u(X) = Mo~ X])].

Proof. Let H = {z € “2: 3Im € w¥i > m[z; = xp]} and H' = {27k :n € w, k <
2"}, Then H and H’ are countable.

(1) ¢ | (“2\H) is a bijection from “2\ H onto [0, 1]\ H".

For, first we show that ¢ [ (“2\H) maps into [0, 1]\H’. Let x € (“2\H). Thus
(2) Ym € w3i > mlz; # xpm).

It follows that o(z) # 1, for by (2) there is a j such that z; = 0, and then

e 7j—1 j—1
o(z) = 2(2*"*133) 27"ty Z 21 Z )42 < 1.
i=0 i=0 i=j+1 i=0
Suppose that ¢(x) € H'. Thus there exist n € w and k < 2™ such that
(3) > (@ ta) =27k
i=0
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Since ¢(x) # 1, we can write 27"k = 2?2—01(24*1%) with each y; € 2. Thus by (3) we
have

() S ) = Y2 ).
1=0 =0

Now we claim that y C x. For, suppose not, and let j < n be minimum such that x; # y;.
Hence by (4) we have

> ) = S ).

Case 1. ; =0 and y; = 1. By (2) choose k > j so that x;, = 1 and choose | > k so
that z; = 0. Then

0o -1 -1
Z(zfiflx.) Z 2 i— 1 Z 9= 1—1 Z(Q*i*lxi)_'_zflfl
i=j i=j i=l+1 =7
7j—1
S 3 e <
=0 i=j5+1
contradiction.

Case 2. x; =1 and y; = 0. Then
n—1 ‘ 0o '
S e 30 e e 3 ma < ey,
i=J i=j+1 i=j+1 1=J

contradiction.
Thus y C z. Now by (2) there is a j > n such that x; = 1. Hence

0 n—1
> ey > ) @2 ),
i=j i=j

contradiction.

Thus ¢(x) ¢ H'.

To show that ¢ [ (¥*2\H) maps into [0, 1]\H’, let ¢t € [0,1]\H’. Since 1 € H’', we can
write t = Y o (277" ;) with z not eventually 1. We claim that = ¢ H. For, suppose that
x € H. Say m € w and Vi > m[z; = x,,]. Since x is not eventually 1, we have z,, = 0.
Since t ¢ H', we have t # 0, so x is not the all 0 sequence. Choose n maximum such that
T, #0. Thus t = Y (27" 'x;). Hence

2n+1t — 27744’1271.1:0 4 2n+1272$1 N Zo
= 2“330 + 2n713§‘1 —|— s —|— ZIo.
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Hence with k = 2"z9 + 2" '2; + --- + 29 we have k < 2"*! and t = 27" 'k € H',
contradiction. So x ¢ H. Clearly p(z) = t.

For ¢ | (“2\H) one-one, suppose that z,y € (“*2\H) and z #y. So Y= ,(27"tz;) =
Yoo o(2771y;). Let m be minimum such that z,, # y,,,. By symmetry, say x,, = 0 and
Ym = 1. Choose n > m so that x,, = 0; this is possible since ¢ H. Then

00 . n—1 00 . n—1 ' n—1 .
D) <Y @ e+ Y 27 =Y @ ) +2 <> (27 ).
1=0 1=0 1=n+1 1=0 1=0

This finishes the proof of (1).

Now H and H’ are countable and infinite. Hence there is an extension of ¢ [ (“2\H)
to a bijection of “2 onto [0, 1]. Let ¢ be any bijection of “2 onto [0, 1] which is equal to
¢ except for countably many points. Let M be the countable set {z € “2: ¢(x) # ¢(x)}
and let N be the countable set @[M]U @[M].

(5) VA C “2[p[A]Ag[A] C NJ.

In fact, if b € p[A]\P[A], then there is an x € A such that b = p(z). Since b ¢ @[A], we
have ( ) #b. Hence z € M, so b € o[M] C N. Now suppose that b € p[A]\p[A]. Say
b= @(x) with z € A. Smceb%gp[ |, we have p(z) #b. Soxz € M and b€ ¢p[M] C N. So
(5) holds.

(6) If ¢ € [0, 1], then A(@~'[{t}]) = 0 and hence NG [{t}]) = u({t}).

We have ¢~ t[{t}] = {&71 (1)}, so AM(@~L[{t}]) = 0 by Proposition 11. u({t}) = 0 by
Corollary 17.

(M Ifn€w, k<2 and E = [27"k,27"(k + 1)], then ¢~ ![E] € X and A(¢"![E]) =
u(E) = 27",

w(E) =2"" by Lemma 13. Further,

¢ E] = {a: €¥2:27"k <Y (27 ay) <27 (k + 1)} :
i=0
Let k = 2" 1yy + 272y, + -+ Yn—1 with each y; € 2. Then 27"k = 27 yo + 272y +
2y = Y ). |
Case 1. y,_1 = 0. Then k+1 = Z?;OQ(Qnﬂflyi) + 1 and so 27"(k + 1) =
S 2(27 Ly) + 27, Now suppose that z € o~ ![E].
(8) If x is not eventually 1, then Vi < n[z; = y;].

For, suppose that j < n is minimum such that z; # y;. Choose | > k > j with z; = x;, = 0.
Subcase 1.1. x; =0, y; = 1. Then

[ele) —1 o) -1
2(2—1—11,) 2(2 i—1 )+ Z 2—i—1 22(2 i—1 )_|_2 -1
=0 =0 i=l+1 =0

7j—1

(271'1 +2]1§2211 _an
=0 =0
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This contradicts x € p~1[E].
Subcase 1.2. x; =1, y; = 0. Then

n—2 oo
27Mk+1) =) (2 Ty +2 <) (27 ),
i=0 i=0

contradiction.
Thus (8) holds.

(9) If z € “2 and Vi < n[x; = y;], then x € p~![E].

In fact, assume that x € “2 and Vi < n[z; = y;]. Then

n—1 00
2N — Z 2 i— 1 Z 2 i— 1
1=0 =0
n—1 n—2
<> @ Z 27 =2 ) 27 =27k + 1),
1=0 i=n+1 1=0

This proves (9).
Case 2. yp—1 = 1 and there is a j < n — 1 such that y; = 0. Take the greatest such
j. Then k+1 = 2" 1yy + 27 2y; ... 4+ 2" Jy, 1 + 27971 and hence 27" (k + 1) =
S0 (277 1y) 427771, Now suppose that z € ¢~ ![E]. Again we claim that (8) and (9)
hold. For (8), suppose that x € ¢~ ![E], z is not eventually 1, and | < n is minimum such
that x; # y;. Choose t > s > [ with x; = x5 = 0.
Subcase 2.1. x; =0, y; = 1. Then

oo t—1 [ee) t—1
Z(Z_i_lﬂf') (2 i—1 )_|_ Z 9—i—1 22(2 i—1 )_|_2 t—1
1=0 1=0 i=t+1 =0

7j—1

< (27z’1 +2]1§2211 — 9"k
=0

7

I
o

This contradicts x € p~'[E].
Subcase 2.2. x; =1, y; = 0. Then [ < j, and

j—1 -1 Jj—1
27k +1) = 27 ) +27 T = 27 )+ Y (27 ) 270
=0 =0 1=l
-1 -1 00
< 2 i— 1 Z 9—i—1 Z(Q_i_lxi) + 9—i—1 < Z(Q_i_lxia
1=0 i=[+1 =0 1=0

contradiction.

Hence (8) holds.
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Now for (9), assume that = € “2 and Vi < n[z; = y;]. Then

n—1 00
2N — Z 2 i— 1 Z 2 i—1,
=0 =0
7j—1
22 o+ Z 27 =) 2y 2 =27 (k4 1),
1=j5+1 =0

So (9) holds. This finishes Case 2.

Case 3. Vi <n[y+i=1. Then k+1 = 2" and 27"k = 1. To check (8), suppose that
z € ¢ '[E], z is not eventually 1, and j is minimum such that z; # y;. Take s >t > j
with zy = 2; = 0. Then z; =0, and

oo . s—1 s—1 . n—1 .
Z(Q—Z—lx ) Z 2 11— 1 Z 9~ 1—1 Z 2 i—1 ) 4 9= s—1 S (2_2_1%),
1=0 1=0 1=s+1 =0 =0

contradiction. Thus (8) holds.

For (9), assume that x € “2 and Vi < n[z; = y;]. Clearly x € p~1[E].

So (8) and (9) hold in all cases.

Now let S = {x € “2 : x is eventually 1}. So S is countable. By (8) we have

HENS C{re“2:2 | n=y]|n}, and by (9) we have {z € “2:2 [ n=1y | n} C

o HE]. Let T=p ' E\{fre“2:zn=y|[n}. Now{r €“2:z|n=y|n}e
and A\{z € “2: 2 [ n =y | n}) = 27" by Proposition 10. Note that T' C S, so T is
countable. Since p [E] ={x €“2:2 [ n=y [ n}UT, it follows that o ![E] € ¥q and
MeTE]) = 27" Since ¢ [E] = (¢ HE]N M) U (¢~ [E]\M) and M is countable, it
follows that (o~ [E]\M) € ¢ and A\(¢ [E]\M) = 27", Clearly ¢~ [E]\M = ¢ [E]\M,
so (p7HE\M) € Xg and \(¢[E]\M) = 27". Hence ¢~ ![E] € X and A(p"1[E]) = 27"
This proves (7).

(10) If n € wand k <1 < 2" and E = [27"k,27"]], then E € Xy, and (¢ '[E]) =
27l = k) = u(E).

This is true by (7) since E' = (J,;,[27", 27" + 1)) u{27"(])}.

(11) Suppose that 0 <t < u <1 and E = [t,u). Then ¢~ 1[E]) € Xy, and (¢ L[E]) =
u—t=p(E).

In fact, for each n € w let k, = |2"t] and [, = |2"u|. Then k, < 2"t < k,, + 1 and
ln < 2"y < I, + 1. Tt follows that lim,, . (27"k,) = ¢ and lim, . (27"l,) = u. So
Unewlkns ln] = (t,u) or U, e, [kn, In] = (t,u]. Hence the indicated conclusion follows.

Now for each X C “2 define
A(X)=inf{\(F): X C E € ¥p}.
(12) For every X C “2 there is an F € ¥, such that X C F and A*(X) = A\(E).
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In fact, suppose that X C “2. For each n € w choose FE,, € ¥j such that X C F,, and

AE) < A*(X) + 2. Then E ¥ N, Ey € %o, X CE, and

ncw

N (X) < A(E) < inf A(E,) < M(X),

ncw

proving (12).

(13) If E € 31, then A* (¢ [E]) < u(F) and there is a V € ¥ such that $~1[E] C V and
AV) < u(E).

To prove (13), assume that F € 3. By the basic definition of Lebesgue measure,

w(E\{1}) = inf { Z wu(l :n € w) is a sequence of half-open

ncw

subintervals of [0, 1] such that £ C U In}

ncw

Hence for every ¢ > 0 there is a system (I,, : n € w) of half-open subintervals of [0, 1] such
that £ C (U, In and > . u(l,) < pu(E\{1}) + . Hence

eHE S {g {1 v [ ¢ I,

and hence

N (@7HE]) < A <U @1[1n]> <Y MG I = Y ulln) S u(E) +e.

ncw necw ncw

Since € > 0 is arbitrary, it follows that \*(p71[E]) < u(E). By (12) there is a V € %
such that ¢71[E] C V and \*(¢~L[E]) = A(V). So (13) holds.
)-

(14) If E € ¥y, then 3~ 1[E] € % and M@ [E]) = u(E

For, by symmetry with (13) there is a V’ € X such that ¢—1[[0,1]\E] C V' and (V') <
w1([0,1]\E). Then V UV’ =“2 and

AV) +A(V) < p(B) + ([0, 1\E) =1 <AV UV') S AV) + A(V').
It follows that A(V N V') = 0. In particular, VN V' N @~ [E] € ¥g. Now ¢~ 1[0, 1]\E] =
GH0, NG E] = (“2)\¢" ! [E] € V', 50 (“2)\V" € ¢! [E]. Hence $7'[E] = (*2)\V")U
(V' N@THE] = (“2\V) U (V' NV NG~ E]) € .
Now
METHED SAV) < p(B) and 1= N@E]) < AV) < 1—p(E),
so A(g7HE]) = u(E). Thus (14) holds.
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(5)Ifnew ee2 ¢t=35" (27" 1),and C ={z €“2:2 | (n+1) = ¢}, then
o[C] = [t,t+27"71].

For, first let x € C'. Then

n

t:iQZl izzl 211 22z1_t+2n1
=0 1=0

1=0 1=n—+1

Thus p(x) € [t,t + 2771,

Second, suppose that u € [¢,t + 2*”*1]

Case 1. £, =0. Let u =Y .2 (27" *x;), with = not eventually 1.
(16) 2 I (n+1) =

For, suppose that j is minimum such that x; # ;. Choose s >t > j such that x, = 2, = 0.
Subcase 2.1. x; =0 and €; = 1. Then

0o s—1
U:Z(Qiiilw') 2221 2221<2211 ,
=0 1=0 i=s+1

contradiction.
Subcase 2.2. x; =1 and €; = 0. Then

oo
t+2m <> (27 ) =,
=0

contradiction.

Thus (16) holds, as desired in Case 1.

Case 2. ¢ is the all 1 sequence, and u =t +2"""!. Then u = 1. Let z = (1 : i € w).
Then >~ (27" o) = 1.

Case 3. ¢ is the all 1 sequence, and u <t + 27" Let u =Y 2 (27" tz;), with =
not eventually 1. We claim that (16) holds again. Otherwise there is a 7 < n such that
z; =0. Then u=> 72, (27"1a;) < > 27"t = ¢, contradiction.

Case 4. €, = 1, € not the all 1 sequence, u < ¢t + 27" Let u =Y - (27" x;),
with x not eventually 1. We claim that (16) holds. Otherwise let j be minimum such that
T #Ej.

Subcase 4.1. x; =0 and €; = 1. Then

[e.9]

UZ211 <2221

1=0

contradiction.
Subcase 4.2. x; =1 and €; = 0. Then

n J

t_}_zfnfl:Z(zzl 277,1 2221 i(zzl ) u,

=0 1= =0



contradiction.
Case 5. €, = 1, € not the all 1 sequence, u =t +2"""!. Let x = ¢ (1:4 € w). Then
with 7 maximum such that e; = 0 we have

Jj—1 00
u=t4+2"""" =) 27 ey +270 7 =) (27 ).
=0 =0

This finishes the proof of (15).

A7) Inew ee2 t=35" (27 1),and C ={z € “2: 2 | (n+1) = &}, then
p(e[Cl) = MC) =271

This is clear from (15).

(18)Ifn€ew,ee™2 t=5" (27" 1g),and C ={z €“2:2 | (n+1) = &}, then
p(@[C]) = AC) =277,

Recall that M is countable, and N = p[M]U@[M] is countable. Clearly o[C]\N = @¢[C]\N.
Hence

(19)If F € [w]<®, h € 2, and C = {x € “2: h C z}, then pu(p[C]) = A\(C).

In fact, choose m € w such that FF C m. Then
C:U{{xe‘”Q:kgx}:kemQandhgk}.

For each k € ™2 such that h C k let Dy = {x € “2 : k C z}. Note that Dy N D; = 0

when k # 1. Let I = {k € ™2 : h C k} Note that [{k € ™2 : h C k}| = 2™ IFI. Now
M) = 27IFI by Proposition 10, and by (18),

u(@lC)) = p (U @[Du) =3 o = gmgmeIFl — o F,

kel kel

So (19) holds.
Now for each X C [0, 1] define

p (X)) =inf{u(E): X CE € X}
(20) For every X C [0, 1] there is an E' € ¥; such that X C E and p*(X) = u(E).
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In fact, suppose that X C [0,1]. For each n € w choose E,, € ¥; such that X C E, and
W(E) < p*(X) + 5. Then E€ N, . E, €%, X CE, and

ncw

pH(X) S ME) < inf p(En) < p*(X),

proving (20).

(21) If E € X, then pu*(@¢[E]) < A(F) and there is a V' € ¥; such that ¢[F] C V and
p(V) < AE).

To prove (16), assume that E € 3. By the basic definition of measure on “2,

:inf{Z@O(Ufn):Eg U Ufn}.

necw ncw

Hence for every € > 0 there is a system (f, : n € w) such that £ C J,., Uy, and
Y new AMUy,) < A(E) +¢e. Hence
lE] ¢ (| eluy.),
ncw
and hence
p(PE]) < p (U ¢lUy,] ) S w@Us,]) = > MUs) S ME) +e¢
new new necw

Since € > 0 is arbitrary, it follows that u*(@[E]) < A(E). By (15) there is a V' € ¥; such
that ¢[E] CV and p*(@[E]) = p(V). So (21) holds.
)=

(22) If E € 3, then ¢[E] € ¥1 and p(@[E]) = ME).
For, by symmetry with (16) there is a V/ € ¥; such that ¢[“2\E] C V' and u(V') <
(“’2\E) Then VUV’ =10,1] and

p(V) +p(V) SAME)+AF2\E) =1 < p(VU V') < (V) + p(V').

It follows that p(V N V') In particular, V N V' N @IE] € £;. Now ¢[“2\E] =
P[2[\P[E] = [ ]\@[E] C V', 50[0,1\V" C [E]. Hence p[E] = ([0, INV)U(V'NS[E]) =
[0, ]1\\IV/> (V'NVNg[E]) € %1

W(BIE) < AV) < ME) and 1— p(@[E)) < p(V') < 1- N(E),
so pu(@[E]) = A(E). Thus (17) holds. O
Lemma 86. If E C P (%), then ¢[UE] = cp @A) O
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Proposition 87. add(null.;) = add(nully q)).

Proof. First let © = add(nullvy), and let E € [nullus]® with |J E ¢ nulley. For each
A€ Elet A" = p[A], and let £/ = {A’: A € E}. Then by the theorem, E' C 2 (nully ).
Suppose that (J E” € null ). By the lemma,

7 UE|) = U e'ml= U e el =JEe s

BekFE’ AcE

contradiction.

Second let x = add(null 1)), and let £ € [nullj 17]® with (JE ¢ nully 4. For each
A€ Elet A = ¢ A]. Thus A’ € nullep by the theorem. Continue as in the first
case. ]

Proposition 88. cov(null.y) = cov(nully q7).

Proof. First let k = cov(nullus), and let E € [nullws]” with “2 = |J E.

0.1 =32 =¢|JE| = U 214l

AcE

and each ¢[A] € nully ).
The other direction is similar. O

Proposition 89. non(null.s) = non(nully q)).

Proof. First let k = non(nulluy), and let X € [“2]" such that X ¢ nulley. If
@[X] € nulljg 1}, this is a contradiction.
The other direction is similar. OJ

Proposition 90. cof(nullez) = cof(nully ;).

Proof. First let x = non(nulluy), and let X € [“2]* such that VA € null.,3B €
X[A C B]. Let X’ = {p[C] : C € X}. Take any A € null 1. Then ¢~'[A4] € nullwy, so
there is a B € X such that ¢7'[A] C B. Then ¢[¢~![A]] = A C ¢[B].

The other direction is similar. O
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