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A large list of mostly known small cardinal characteristics of Boolean algebras is given and relationships between
them (mostly known) are described. Many open problems are formulated.
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Many of the cardinal numbers defined for ℘(ω)/fin have been generalized to Boolean algebras. Besides standard
ones as treated, e.g., in [2], others have been considered. Most of the functions which we discuss here have been
treated with references to original papers in [19]. We discuss the relationships between these functions for the
class of all Boolean algebras. We also describe what is known for ℘(ω)/fin. Besides appealing to known results
we also give some new theorems. Most of the functions considered here are small, in the sense that they involve
taking the minimum of a set of cardinals.

Our set theory terminology follows [10] and the Boolean algebra notation follows [9]. We mention now however
some notation which may not be familiar. The basic operations of a Boolean algebra are denoted by +, ·, − rather
than, e.g., ∨, ∧, ′. The set of nonzero elements of a set X in a Boolean algebra is denoted by X+. The subalgebra
of A generated by a set X is denoted by 〈X〉. A subset X of A is pairwise disjoint if and only if x · y = 0 for all
distinct x, y ∈ X . For any Boolean algebra A, π(A) is the least size of a dense subset of A, where X ⊆ A+ is
dense if and only if ∀a ∈ A+∃x ∈ X [x ≤ a]. If a ∈ A, then A | a = {x ∈ A : x ≤ a}; this is a Boolean algebra
under +, ·, −′, where −′x = a · −x ; 0 is the smallest element, and a the largest element. If 〈Ai : i ∈ I 〉 is a system
of Boolean algebras, the weak product

∏w
i∈I Ai is the subalgebra of the full product

∏
i∈I Ai consisting of those

x such that {i ∈ I : xi �= 0} is finite or {i ∈ I : xi �= 1} is finite. If A is generated by a set X , a monomial over X
is a finite product x0 · . . . · xn where for each i , xi ∈ X or −xi ∈ X . A Boolean algebra A is (κ,∞)-distributive if
and only if every set of at most κ partitions of unity has a common refinement.

We begin by defining some notions entering into the definitions of our cardinal functions.
A set S ⊆ A splits A if and only if for all a ∈ A+ there is an s ∈ S such that a · s �= 0 �= a · −s. A tower in A

is a subset T of A well-ordered by the Boolean ordering in a limit ordinal type and with sum 1. A set X is weakly
dense in A if and only if for all a ∈ A there is an x ∈ X+ such that x ≤ a or x ≤ −a. The set X is quasi-dense
in A if and only if 0, 1 /∈ X and for all a ∈ A there is an x ∈ X such that x ≤ a or a ≤ x . A weak partition of A
is a system 〈bξ : ξ < α〉 of pairwise disjoint elements with sum 1; it is not assumed that all bξ are nonzero. For
any integer m with 2 ≤ m, a set X ⊆ A is m-dense if and only if for any weak partition 〈bi : i < m〉 of A there
exist an x ∈ X and i < m such that x ≤ bi . The set X ⊆ A is independent if and only if for all F, G ∈ [X ]<ω, if
F ∩ G = ∅, then

∏
x∈F x · ∏

x∈G −x �= 0; it is irredundant if and only if for all x ∈ X , we have x /∈ 〈X\{x}〉; it
is ideal independent if and only if for all x ∈ X and F ∈ [X\{x}]<ω, we have that x �≤ ∑

y∈F y. For 2 ≤ n < ω,
a set X ⊆ A+ is n-independent if and only if

∀R ∈ [X ]<ω∀ε∈R2

[∏
x∈R

xε(x) = 0 → ∃R′ ∈ [R]≤n
[
ε[R′] = {1} and

∏
R′ = 0

]]
.
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A set X ⊆ A+ is ω-independent if and only if

∀R ∈ [X ]<ω∀ε∈R2

[ ∏
x∈R

xε(x) = 0 → ∃R′ ⊆ R

[
ε[R′] = {1} and

∏
R′ = 0

]]
.

A free sequence on a Boolean algebra A is a sequence 〈aξ : ξ < α〉 of elements of A, with α an ordinal, such
that for all F, G ∈ [α]<ω with F < G we have

∏
ξ∈F aξ · ∏

ξ∈G −aξ �= 0. Here [α]<ω is the collection of all finite
subsets of α. We write F < G to mean that ξ < η for all ξ ∈ F and η ∈ G. We allow F = ∅ or G = ∅. A
free sequence is maximal if and only if there is no b ∈ A such that 〈aξ : ξ < α〉
〈b〉 is a free sequence, where
〈aξ : ξ < α〉
〈b〉 is the result of adjoining b at the end of the sequence 〈aξ : ξ < α〉. A set X ⊆ A+ is dense in
an ultrafilter D of A if and only if for all a ∈ D there is an x ∈ X such that x ≤ a. It is not assumed that X ⊆ D.
An h-cof sequence is a sequence 〈aξ : ξ < α〉 of elements different from 1 which is well-founded in the Boolean
order, and is such that rank(aξ ) ≤ rank(aη) whenever ξ < η. A tree is a partially ordered set T such that for each
t ∈ T the set {s ∈ T : s < t} is well-ordered. A tree in a Boolean algebra A is a subset of A which is a tree in the
Boolean order. The tree T is maximal if and only if 1 /∈ T and there is no tree T ′ such that T ⊂ T ′ ⊆ A, 1 /∈ T ′,
and for all t ∈ T and all s ∈ T ′, if s ≤ t , then s ∈ T .

A fairly complete list of “small” functions on a Boolean algebra is as follows.

cell(A) = sup{|X | : X ⊆ A is pairwise disjoint};
πmin(A) = min{π(A | a) : a ∈ A+};

a(A) = min{|X | : X is an infinite partition of unity in A};
p(A) = min

{
|Y | :

∑
Y = 1 and

∑
F �= 1 for every finite F ⊆ Y

}
;

s(A) = min{|S| : S splits A};
tow(A) = min{|T | : T is a tower in A};

h(A) = min{κ : A is not (κ,∞)-distributive};
r(A) = min{|X | : X is weakly dense in A};

rm(A) = min{|X | : X is m-dense in A} for 2 ≤ m < ω;

q(A) = min{|X | : X is quasi-dense in A};
i(A) = min{|X | : X ⊆ A is maximal independent};
u(A) = min{|X | : X generates a nonprincipal ultrafilter on A};
l(A) = min{|X | : X is a maximal chain in A};

irrmm(A) = min{|X | : X is a maximal irredundant subset of A};
smm(A) = min{|X | : X is an infinite maximal ideal independent subset of A};

in(A) = min{|X | : X is maximal n-independent in A} for 2 ≤ n ≤ ω;

f(A) = min{|α| : there is a maximal free sequence of length α};
πχinf(A) = min{|X | : X is dense in some nonprincipal ultrafilter on A};
incmm(A) = min{|X | : X is a maximal incomparable set with 0, 1 /∈ X};
inctree

mm(A) = min{|T | : T is a maximal tree};
cf(A) = min{κ : there is a strictly increasing sequence of subalgebras of length κ with

union A};
alt(A) = min{κ : there is a strictly increasing sequence of filters of length κ whose union

is an ultrafilter};
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p-alt(A) = min{κ : there is an infinite homomorphic image of A with a nonprincipal ultrafilter

generated by κ elements};
cardH−(A) = min{|B| : B is an infinite homomorphic image of A};
hcofmm(A) = min{|α| : there is a maximal h-cof sequence of infinite length α};

hdid
mm(A) = min{|α| : there is a maximal strictly decreasing sequence of ideals of A of

infinite length α}.
Clearly h(A) and s(A) do not exist for some Boolean algebras. The value i(A) does not exist if A is superatomic.

Proposition 1 The number tow(A) does not exist for A = Finco(κ) when κ is an uncountable cardinal.

P r o o f . Suppose to the contrary that 〈aξ : ξ < α〉 is a tower in A, where α is a limit ordinal. A cofinite
set has only finitely many successors, so every aξ is finite. We have that

⋃
ξ<ω aξ is infinite, so α = ω. But then∑

ξ<α aξ is countable, and so is not equal to κ . �
Proposition 2 Let a ∈ A be an atom. Then

(i) {a} is weakly dense;
(ii) {a} is maximal independent;

(iii) if 0 < x < 1, then {x,−x} is maximal ideal independent;
(iv) if X ⊆ A is ideal independent, then 0 /∈ X;
(v) 〈a〉 is a maximal free sequence;

(vi) {0} is maximal incomparable;
(vii) {1} is maximal incomparable;

(viii) {a,−a} is maximal incomparable;
(ix) for 2 ≤ n ≤ ω, the set {a,−a} is maximal n-independent;
(x) πmin(A) = r(A) = i(A) = f(A) = 1;

(xi) incmm(A) = in(A) = 2;
(xii) if X is infinite and ideal independent, then 〈X〉id �= A.

P r o o f . Most of these assertions are trivial. For (viii), clearly {a,−a} is incomparable. Now suppose that
b ∈ A\{a,−a}. Then a ≤ b or a ≤ −b. If a ≤ −b, then b ≤ −a. So b is comparable to some member of {a,−a}.

For (ix), clearly {a,−a} is n-independent. If x /∈ {a,−a}, there are two cases.

Case 1. a ≤ x . Then a1 · x0 = 0 shows that {a,−a, x} is not n-independent.
Case 2. a ≤ −x Then (−a)0 · x1 = 0 shows that {a,−a, x} is not n-independent.

For (xii), if 〈X〉id = A, then
∑

F = 1 for some finite F ⊆ X , and then x ≤ ∑
F for x ∈ X\F . �

Proposition 3 (i) If a ∈ A, then {a} is not quasi-dense.
(ii) If a is an atom, then {a,−a} is quasi-dense.
(iii) If A is atomless, then q(A) = r(A).
(iv) If A has an atom, then q(A) = 2.

P r o o f . (i) Assume that a ∈ A. If a = 0 or a = 1, obviously {a} is not quasi-dense. Suppose that 0 �= a �= 1.
Then a �≤ −a and −a �≤ a.

(ii) Suppose that a is an atom. Take any b ∈ A. If a ≤ b, this is as desired. If a ≤ −b, then b ≤ −a, as desired.
(iii) Suppose that A is atomless, and first suppose that X is weakly dense, with |X | = r(A). Let Y = (X ∪ {a :

−a ∈ X})\{0, 1}. We claim that Y is quasi-dense. For, let a ∈ A. Choose x ∈ X+ such that x ≤ a or x ≤ −a.
Then x ≤ a or a ≤ −x . Hence ∃y ∈ Y [y ≤ a or a ≤ y].

Second suppose that Y is quasi-dense. Let X = Y ∪ {a : −a ∈ X}. We claim that Y is weakly dense. For, let
a ∈ A. Choose y ∈ Y such that a ≤ y or y ≤ a. Then y ≤ a or −y ≤ −a. Hence ∃x ∈ X [x ≤ a or x ≤ −a].

(iv) Cf. the proof of (iii). �
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Proposition 4 If A is infinite, then inctree
mm(A) is infinite.

P r o o f . Suppose to the contrary that X is a finite maximal tree contained in A. Let C be the subalgebra
generated by X , and let 〈ai : i < m〉 list all of the atoms of C . Let J = {i < m : ai is not an atom of A}. Thus
J �= ∅.

Case 1. There exist a maximal element b of X and an i ∈ J such that b · ai = 0. Say 0 < x < ai . Let c = b + x .
If y ∈ X and c ≤ y, then b < y, contradiction. If y ∈ X and y ≤ c, then y · ai ≤ x ; hence y · ai = 0, so y ≤ b.
Thus X ∪ {c} is a tree, contradiction.

Case 2. For every maximal element b of X and every i ∈ J we have ai ≤ b. It follows that J �= m. We claim
that

∑
i /∈J ai is incomparable with each maximal element b of X , so that X ∪ {∑i /∈J ai } is a tree extending X ,

contradiction. For, if b is a maximal element of X then there is an i /∈ J such that b · ai = 0. This implies that∑
i /∈J ai �≤ b. Since J �= ∅ and ∀i ∈ J [ai ≤ b], we also have b �≤ ∑

i /∈J ai . �
Proposition 5 We have hdid

mm(A) = ω for any infinite Boolean algebra A.

P r o o f . Let 〈bn : n ∈ ω〉 be a partition in A. Define

In = {a ∈ A : ∀m < n[a · bm = 0]}.
Clearly In ⊇ Ip if n < p. Suppose that a ∈ ⋂

n∈ω In and a �= 0. Choose n ∈ ω so that a · bn �= 0. Then a · bn ∈
In+1, so a · bn = 0, contradiction. �

Proposition 6 We have hcofmm(A) = ω for any infinite Boolean algebra A.

P r o o f . First suppose that A is not atomic. Let b ∈ A be such that A | b is atomless, and let 〈ai : i ∈ ω〉 be a
system of pairwise disjoint nonzero elements of A | b, and for each i ∈ ω let 〈bi

j : j ∈ ω〉 be a system of pairwise
disjoint nonzero elements less than ai . We consider the following sequence

−a0,−a1,−a2, . . . (rank 0)
−a1 + b1

0,−a2 + b2
0,−a3 + b3

0 . . . (rank 1)
−a2 + b2

0 + b2
1,−a3 + b3

0 + b3
1,−a4 + b4

0 + b4
1 . . . (rank 2)

...

This gives an h-cof sequence of length ω2. Suppose that c is adjoined at the end. Then c has rank ω, so it includes
cofinally many sets −an . Since −an + −am = 1 for n �= m, it follows that c = 1, contradiction.

Second, suppose that A is atomic. Let 〈ai : i ∈ ω + 2〉 be a system of atoms of A. Consider the sequence

〈a0, a0 + a1, . . . ,−aω · −aω+1,−aω,−aω+1〉.
This is a maximal h-cof sequence. �

These propositions take care of rather trivial matters. We now indicate in two diagrams below the relationships
between the functions; one diagram for Boolean algebras in general, and another one for atomless Boolean
algebras. By Proposition 2, many of our functions are trivial if the Boolean algebra has an atom. For the diagrams,
we first indicate why the implications hold; references are not necessarily to the original places.

The implications given in the chain on the left of Figure 1 are proved in [19, Proposition 9.1]. Obviously
p-alt(A) ≤ u(A). It is clear that |A| is an upper bound for all of the functions considered. We have r(A) = 1 if A
has an atom, and that r(A) ≤ i(A) for atomless A is given as [19, Proposition 10.21]. That r(A) ≤ f(A) is part of
the proof of [17, Proposition 2.4]. That r(A) ≤ πχinf(A) is part of [19, Theorem 6.28].

Proposition 7 We have r(A) ≤ inctree
mm(A) for any infinite Boolean algebra A.

P r o o f . Let T be a maximal tree in A. We claim that (T ∪ {a : −a ∈ T })\{0} is weakly dense. For, let
b ∈ A. Then b is comparable with some element of T \{0}, and the desired conclusion follows. �

That r(A) ≤ in(A) for atomless A is given by [3, Corollary 6.8]. We have πχinf(A) ≤ f(A) for every infinite
Boolean algebra A by (the proof of) [19, Proposition 12.20]. Clearly πχinf(A) ≤ u(A). We have πχinf(A) ≤
smm(A) for any infinite A by (the proof of) [18, Proposition 2.1].

The following proposition and corollary are given as [4, Proposition 2.3]; we include a proof for completeness.
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Fig. 1 Boolean algebras in general. (Note that r = r2 ≤ r3 ≤ · · · ≤ πχinf ≤ r+
2 .)

Proposition 8 If B is an atomless Boolean algebra, X ⊆ B is incomparable, 0, 1 /∈ X, and |X | < πmin(B),
then there is an a ∈ B\X such that X ∪ {a} is incomparable.

P r o o f . Let C be the subalgebra of B generated by X ; then also |C | < πmin(B). Take any a ∈ X . Then
a �= 0, 1. Since |C | < π(B | −a), there is an x ≤ −a with x �= 0 such that no nonzero element of C is below x .
Similarly there is a y ≤ a with y �= 0 such that no nonzero element of C is below y. Let b = x + a · −y. Note
that a �≤ b, as otherwise a ≤ b · −x ≤ −y, hence y ≤ −a and so y = 0, contradiction. Also, b �≤ a, as otherwise
x ≤ a and so x = 0, contradiction. Suppose that c ∈ X and c ≤ b. Then c · −a ≤ x , c · −a ∈ C , and c · −a �= 0,
contradiction. Suppose that c ∈ X and b ≤ c. Then a · −y ≤ c, so a · −c ≤ y, again a contradiction. So b is
incomparable with each element of X . �

Corollary 9 We have πmin(A) ≤ incmm(A) for any atomless Boolean algebra A.

Note by this Corollary that incmm(℘(ω)/fin) = 2ω. We have p(A) ≤ u(A) by [14, Proposition 6], and p(A) ≤
a(A) by [19, Proposition 4.47(iii)]. Obviously πmin(A) ≤ π(A) and a(A) ≤ π(A). We have π(A) ≤ irrmm(A) by
[9, Proposition 4.23]. Clearly ω ≤ l(A) for any infinite Boolean algebra A; ω ≤ tow(A) for any atomless Boolean
algebra A;.
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Fig. 2 Atomless Boolean algebras. (Note that r = r2 ≤ r3 ≤ · · · ≤ πχinf ≤ r+
2 .)

Assume that A is atomless. We have ω ≤ r(A) by [14, Proposition 1] and p(A) ≤ f(A) by [19, Theorem
12.21]. That p(A) ≤ in(A) is given by [3, Theorem 6.4]. We have that tow(A), h, and s exist. That p(A) ≤ tow(A)
holds is given by [19, Proposition 4.47(iii)]. The fact tow(A) ≤ l(A) is obvious. We have tow(A) ≤ h(A) by [14,
Proposition 4] and h(A) ≤ s(A) by [14, Proposition 5].

Proposition 10 We have p(A) ≤ πmin(A) for any atomless Boolean algebra A.

P r o o f . Choose a ∈ A+ so that π(A | a) = πmin(A). Let X ⊆ A | a have size π(A | a) with X dense
in A | a. Let Y be an infinite partition of A | a and let X ′ = {x ∈ X : ∃y ∈ Y [x ≤ y]}. Clearly X ′ is dense in
A | a and |X ′| ≤ |X |. Let Z = X ′ ∪ {−a}. Then

∑
Z = 1 and

∑
F �= 1 for all finite F ⊆ Z . Hence p(A) ≤

πmin(A). �

Proposition 11 We have πχinf(A) ≤ πmin(A) for every atomless Boolean algebra A.

P r o o f . Let a ∈ A+ and let X be dense in A | a, with |X | = π(A | a) = πmin(A). Let F be an ultrafilter on
A | a and set G = {x ∈ A : x · a ∈ F}. Then G is an ultrafilter on A. Clearly X is dense in G. Thus πχ(G) ≤
πmin(A). �
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This finishes checking that the lines in the diagram are correct. Now we consider the possibility of additional
relationships among the functions. It suffices to consider just crucial pairs. For example, a Boolean algebra A with
cardH−(A) < incmm(A) automatically is an example with cf(A) < incmm(A).

Proposition 12 We have r(Fr(κ)) = κ for any infinite cardinal κ .

P r o o f . Suppose that X ⊆ Fr(κ) is weakly dense, with |X | < κ . Let x be a free generator not in the support
of any y ∈ X . Then y �≤ x and y �≤ −x for any y ∈ X , contradiction. �

Taking κ > 2ω here gives a Boolean algebra A such that r(A) > 2ω. [19, Theorem 4.60] gives a Boolean algebra
A such that 2ω < p(A). [19, Example 9.6] gives a Boolean algebra A such that cf(A) = ω, alt(A) = p-alt(A) = ω1,
and cardH−(A) = 2ω. Under ¬CH we then get p-alt(A) < cardH−(A). On the other hand, CH implies that
alt(B) = p-alt(B) = cardH−(B) for any infinite Boolean algebra B, by [19, Proposition 9.4]. The following two
old problems remain.

Problem 13 Is it consistent that there a Boolean algebra A such that alt(A) < p-alt(A)?

Problem 14 Is cf(A) ≤ ω1 for every infinite Boolean algebra A?

Turning to u we have the following result.

Proposition 15 If A is an atomless Boolean algebra with u(A) = ω, then A has a countably infinite homo-
morphic image.

P r o o f . Let D be an ultrafilter such that χ(D) = ω, Say D is generated by {xi : i ∈ ω}, where x0 > x1 > · · · .
For each i ∈ ω let Bi = (A(−xi )) ∪ {z ∈ A : xi ≤ z}. Clearly Bi is a subalgebra of A. Suppose that z ∈ Bi . If
z ≤ −xi , then xi+1 < xi ≤ −z, hence z ≤ −xi+1. If xi ≤ z, then xi+1 ≤ z. Thus Bi ⊆ Bi+1. We claim that⋃

i∈ω Bi = A. For, suppose that a ∈ A. If a ∈ D, choose i so that xi ≤ a; then a ∈ Bi . If −a ∈ D, choose i so
that xi ≤ −a; then a ≤ −xi , so a ∈ Bi .

Finally, we claim that D is not determined by any Bi . For, suppose that it is determined by Bi . Let E be an
ultrafilter on A such that ai · −ai+1 ∈ E . Now D ∩ Bi = {z ∈ A : xi ≤ z} = E ∩ Bi . Clearly E �= D. Now the
desired conclusion follows by [8, Theorem 3]. �

It is known that cardH−(A) ≤ 2ω for any infinite Boolean algebra A. Hence under CH, by Proposition 11 there
is no infinite Boolean algebra A such that u(A) < cardH−(A). It is consistent that u(℘(ω)/fin) < 2ω, and in ZFC,
cardH−(℘(ω)/fin) = 2ω. An atomless Boolean algebra A with u(A) < i(A) is given in [13, Theorem 5].

Problem 16 Is there a Boolean algebra A such that u(A) < f(A)?

Note concerning this problem that if u(A) = ω, then also f(A) = ω. In fact, if u(A) = ω, let D be a countably
generated nonprincipal ultrafilter on A. Then D is generated by a descending sequence, and this sequence is a
maximal free sequence by [17, Proposition 1.6]. Also note that p-alt(Fr(ω1)) = ω < f(Fr(ω1)) by [17, Theorem
1.3].

Example 17 Let A be the weak product of ω many copies of Fr(ω1). Then u(A) = ω by [14, Proposition 8],
while clearly πmin(A) = ω1.

Problem 18 Is there a Boolean algebra A such that u(A) < inctree
mm(A)?

By [16, Proposition 2.13] there is an atomless Boolean algebra A such that u(A) < smm(A).
For the next lemma and example we use the notation of [13, Theorem 5].

Lemma 19 If s = 〈s0s1 . . . sm〉 is a monomial over Y , then s ∈ I if and only if one of the following holds:

(i) ∃α < β < κ∃i, j ≤ m[si = xβ and s j = −xα].
(ii) ∃α ≤ β < κ∃γ < λ∃i, j ≤ m[si = xβ and s j = −yαγ ].

P r o o f . “⇐”: Obviously (i) implies the condition. Now assume (ii). Then

xβ · −yαγ = xβ · −xα · −yαγ + xβ · xα · −yαγ

≤ xβ · −xα + xα · −yαγ ∈ I.
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“⇒”: Suppose that s ∈ I . Then we can write

s ≤ xβ0 · −xα0 + · · · + xβm−1 · −xαm−1 + xγ0 · −yγ0δ0 + · · · + xγn−1 · −yγn−1δn−1 (1)

with each αi < βi ; possibly m = 0 or n = 0. We assume that m and n are minimal among all inequalities of this
kind.

If n > 0 then each yγi δi occurs positively or negatively in s. For, otherwise map yγi δi to 1, fixing all other
generators. We may assume that

if n > 0 then each yγi δi occurs negatively in s. (2)

Otherwise multiply (1) by yγi δi on both sides. We may also assume that

if n > 0 and xδ occurs positively in s, then γi > δ for all i < n. (3)

Otherwise (2) holds. We also have that

if n > 0, then the maximum element of {β0, . . . , βm−1, γ0, . . . , γn−1} is not one of the γi s. (4)

For, suppose not; let γi be maximum in {β0, . . . , βm−1, γ0, . . . , γn−1}. Then γi is greater than each α j . If xγi does
not occur positively or negatively in s, then mapping xγi to 0 and fixing other generators shortens the expression,
contradiction. So xγi occurs positively or negatively in s. If it occurs negatively in s, then multiplying the inequality
on both sides by −xγi shortens the expression, contradiction. So it occurs positively in s. But this contradicts (3).
So (4) holds. We have that

if βi is the maximum element of {β0, . . . , βm−1, γ0, . . . , γn−1}, then xβi occurs positively in s. (5)

For, if xβi does not occur positively or negatively in s, we can map xβi to 0 and fix other generators, shortening
(1). So xβi occurs positively or negatively in s. If it occurs negatively in s, then multiplying both sides of (1) by
−xβi shortens the expression. So xβi occurs positively in s.

From (5) and (3) it follows that n = 0. Furthermore,

if αi is the smallest element of {α0, . . . , αm−1. then xαi occurs negatively in s. (6)

For, if xαi does not occur positively or negatively in s, then mapping xαi to 1 and fixing other generators shortens
(1). So xαi occurs positively or negatively in s. If it occurs positively, then multiplying both sides of (1) by xαi

shortens (1). Hence xαi occurs negatively in s, and (6) holds.
Now (i) holds. �
Example 20 The algebra constructed in [13, Theorem 5] has u(A) = κ and in(A) = λ for any n ≥ 2, where

κ < λ are arbitrary regular cardinals. To show that in(A) = λ for this algebra, suppose that X ⊆ A is n-independent
with |X | < λ. Let M be a set of monomials over Y such that every member of X is a finite sum of elements [m]
with m ∈ M . Choose β so that y0β and −y0β are not in M . Then X ∪ {[−y0β ]} is clearly n-independent. Thus X
is not maximal.

By [14, Proposition 21] there is an atomless Boolean algebra A such that u(A) < a(A). [14, Example 20] gives
an atomless Boolean algebra A with u(A) < tow(A). If A = Fr(ω), then ω = i(A) < cf(A) by [14, Proposition
26].

Problem 21 Is there a Boolean algebra A such that i(A) < πχinf(A)?

Note that πχinf(A) ≤ i(A) if A is complete and atomless, by [1, Theorem 1.7]. For A = ωFr(ω1)w we have
i(A) = ω < ω1 = πmin(A), by [14, Proposition 9].

Problem 22 Is there a Boolean algebra A such that i(A) < inctree
mm(A)?

Problem 23 Is there a Boolean algebra A such that i(A) < in(A)?

By [14, Example 18] there is an atomless Boolean algebra A such that i(A) < p(A). By [17, Proposition 1.11]
we have f(℘(ω)) = ω. Thus f(A) < cf(A) for A = ℘(ω).

Problem 24 Is there an atomless Boolean algebra A such that f(A) < cf(A)?

www.mlq-journal.org C© 2018 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



344 J. D. Monk: A large list of small cardinal characteristics of Boolean algebras

[17, Example 2.6] describes an atomless Boolean algebra A such that f(A) < i(A). The algebra A
def= ω1 Fr(ω2)w

is such that f(A) = ω1, by [17, Proposition 1.15], while clearly πmin(A) = ω2.

Problem 25 Is there a Boolean algebra A such that f(A) < inctree
mm(A)?

By [16, 2.13] and [17, 1.6] there is an atomless Boolean algebra A such that f(A) < smm(A). By [17, Proposition
1.6], Example 17 is such that f(A) < in(A). By [17, Example 2.7] there is a Boolean algebra A such that
f(A) < tow(A). By a result of Scherer, incmm(A) = ω for A = Fr(ω). Thus incmm(A) < cf(A).

Problem 26 Is there a Boolean algebra A such that incmm(A) < i(A)?

Problem 27 Is there a Boolean algebra A such that incmm(A) < inctree
mm(A)?

Problem 28 Is there a Boolean algebra A such that incmm(A) < in(A)?

Problem 29 Is there a Boolean algebra A such that incmm(A) < p(A)?

Problem 30 Is there a Boolean algebra A such that incmm(A) < tow(A)?

Note that for A = Fr(ω) we have incmm(A) = ω and l(A) = 2ω.

Problem 31 Is there a Boolean algebra A such that inctree
mm(A) < cf(A)?

Let A = Fr(ω). If inctree
mm(A) = ω, this solves Problem 33. If inctree

mm(A) > ω, this solves Problem 29.

Problem 32 Is there a Boolean algebra A such that inctree
mm(A) < i(A)?

Problem 33 Is there a Boolean algebra A such that inctree
mm(A) < πχinf(A)?

Problem 34 Is there a Boolean algebra A such that inctree
mm(A) < p(A)?

Problem 35 Is there a Boolean algebra A such that inctree
mm(A) < in(A)?

Problem 36 Is there a Boolean algebra A such that inctree
mm(A) < l(A)?

Problem 37 Is there a Boolean algebra A such that irrmm(A) < cf(A)?

Problem 38 Is there a Boolean algebra A such that irrmm(A) < i(A)?

Problem 39 Is there a Boolean algebra A such that irrmm(A) < πχinf(A)?

Problem 40 Is there a Boolean algebra A such that irrmm(A) < incmm(A)?

Problem 41 Is there a Boolean algebra A such that irrmm(A) < inctree
mm(A)?

Problem 42 Is there a Boolean algebra A such that irrmm(A) < in(A)?

We describe a partial result relevant to Problem 44.

Proposition 43 If κ is an infinite cardinal, then in(Fr(κ)) = κ .

P r o o f . Suppose that X ⊆ Fr(κ) is n-independent, with |X | < κ . Let y be a free generator not in the support
of any element of X . Suppose that R ∈ [X ]<ω, ε ∈ R2, δ ∈ 2, and

∏
a∈R aε(a) · yδ = 0. Then

∏
a∈R aε(a) = 0, and

so there is an R′ ⊆ R with |R′| ≤ n such that ε[R′] = {1} and
∏

a∈R′ a = 0. �
Now by this proposition, the algebra A = Fr(ω1) is such that a(A) < in(A).

Problem 44 Is there a Boolean algebra A such that irrmm(A) < tow(A)?

Concerning the relationship between π and irrmm we mention three results. By an easy argument given as [16,
Proposition 1.2], if κ is an infinite cardinal and A is a subalgebra of ℘(κ) containing Intalg(κ), then irrmm(A) = κ .
Another result of [16] is that there is an atomless Boolean algebra A such that irrmm(A) = ω = π(A) < 2ω = |A|.
[11] showed under 2ℵ1 = ℵ2 that there is an atomic Boolean algebra A such that π(A) = ℵ1 < irrmm(A).

Problem 45 Is there a Boolean algebra A such that smm(A) < cf(A)?

Relevant to Problem 46 is the result of [20] that, under CH there is an atomless Boolean algebra A such that
smm(A) < u(A). In unpublished work, [5] showed that it is consistent that smm(℘(ω)/fin) < i(℘(ω)/fin).
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Problem 46 Can one construct in ZFC a Boolean algebra A such that smm(A) < i(A)?

Problem 47 Is there a Boolean algebra A such that smm(A) < f(A)?

Example 17 gives an atomless Boolean algebra A such that smm(A) < πmin(A), by [16, Proposition 2.6].

Problem 48 Is there a Boolean algebra A such that smm(A) < inctree
mm(A)?

Problem 49 Is there a Boolean algebra A such that smm(A) < in(A)?

By [16, Theorem 2.16] there is an atomless Boolean algebra A such that smm(A) < a(A). A very similar proof
gives an atomless Boolean algebra A such that smm(A) < tow(A).

Problem 50 Is there a relationship between im(A) and in(A) for m �= n?

We have in(Fr(ω)) = ω. In fact, let X be a maximal n-independent subset of Fr(ω) containing all the free
generators of Fr(ω). If y ∈ Fr(ω)\Fr(ω), then there is a monomial z such that z ≤ y. Then z · −y shows that
X ∪ {y} is not n-independent. This example gives an atomless Boolean algebra A such that in(A) < cf(A).

Problem 51 Is there an atomless Boolean algebra A such that in(A) < i(A)?

Problem 52 Is there an atomless Boolean algebra A such that in(A) < πχinf(A)?

For A = Fr(ω) we have in(A) < πmin(A); cf. above, after Problem 50.

Problem 53 Is there an atomless Boolean algebra A such that in(A) < inctree
mm(A)?

Problem 54 Is there an atomless Boolean algebra A such that in(A) < a(A)?

Problem 55 Is there an atomless Boolean algebra A such that in(A) < tow(A)?

Problem 56 Is there a Boolean algebra A such that l(A) < cf(A)?

For A = Fr(ω1) we have l(A) = ω < ω1 = r(A), by [14, Example 12].

Problem 57 Is there a Boolean algebra A such that l(A) < a(A)?

Problem 58 Is there a Boolean algebra A such that l(A) < h(A)?

For an atomless Boolean algebra A such that h(A) < s(A), cf. [14, Example 14]. Let A = Fr(ω1). Then
s(A) = ω < cf(A) by citean. The same example has r(A) = ω1. For an atomless Boolean algebra A such that
s(A) < a(A) cf. [13, Theorem 6].

Problem 59 Is there an atomless Boolean algebra A such that s(A) < l(A)?

Now we specialize these considerations to the Boolean algebra ℘(ω)/fin; cf. Figure 3. Here we add two
functions special for this situation. For functions f, g ∈ ωω we define f ≤∗ g if and only if ∃m∀n ≥ m[ f (m) ≤
g(m)]. A set X ⊆ ωω is dominating if and only if for every f ∈ ωω there is a g ∈ X such that f ≤∗ g. The set X
is bounded if and only if there is a f ∈ ωω such that g ≤∗ f for all g ∈ X . Then we let b be the smallest size of
an unbounded subset of ωω, and d the smallest size of a dominating subset of ωω.

Many of the relations indicated in the diagram are proved in [2], and references are given for many consistency
results. We indicate some additional facts. That p = t is proved in [12]. The relative consistency of smm < c is
proved in [16]; of in < c in [3]; of inctree

mm < c in [4] πχinf = r by [1]. We have inc = c by [4]; cf. Corollary 9.
That l = c is given by an argument of Scherer. Obviously πmin = c and cardH− = c. We have d ≤ smm by [5] and
ω1 = alt = p-alt by [6, 11.1 & 12.7].

It is relatively consistent that f < c. First, taking a countable model of CH, there is a P-point in this model, and
this ultrafilter is generated by a decreasing ω1-chain. In a countable support iteration of this model using Miller
forcing, the ultrafilter generates an ultrafilter in the extension. By [17, Proposition 1.6], f = ω1 in the extension.
The continuum is ℵ2 in the extension.

We now give a detailed relative consistency proof for f < c in which f = ω1 while the continuum is arbitrarily
large. The forcing we use is a version of Mathias-Přı́krý forcing. The following lemma is probably folklore.
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Fig. 3 ℘(ω)/fin

Lemma 60 Let M be a c.t.m. of ZFC, and suppose that I is an ideal in ℘(ω)M containing all singletons.
Define P = {(b, y) : b ∈ I, y ∈ [ω]<ω} and (b, y) ≤ (b′, y′) if and only if b ⊇ b′, y ⊇ y′, and y ∩ b′ ⊆ y′. Then
P is c.c.c. Let G be P-generic over M, and define d = ⋃

(b,y)∈G y. Then the following conditions hold:

(i) If c ⊆ ω and c /∈ I , then c ∩ d is infinite.
(ii) If c ⊆ ω and c /∈ I then c\d is infinite.

(iii) If b ∈ I , then b ∩ d is finite.

P r o o f . Assume the hypotheses. Clearly P is c.c.c. For (i) and (ii), suppose that c ⊆ ω and c /∈ I . For each
n ∈ ω let En := {(b, y) : ∃m > n[m ∈ c ∩ y}. To show that En is dense, let (b, y) ∈ P . Then c\b is infinite, as
otherwise c ⊆ b ∪ (c\b) ∈ I . Choose m > n with m ∈ c\b. Then (b, y ∪ {m}) ∈ En and (b, y ∪ {m}) ≤ (b, y),
showing that En is dense. The denseness of each set En clearly implies (i).

Next, define for any n ∈ ωHn := {(b, y) ∈ P : ∃m > n[m ∈ b ∩ c\y]}. To show that Hn is dense, let (b, y) ∈
P be given. Since every finite subset of ω is in I , the set c is infinite. Choose m ∈ c\y with m > n. Then
(b ∪ {m}, y) ∈ Hn and (b ∪ {m}, y) ≤ (b, y). This shows that Hn is dense.

Now given n ∈ ω, choose (b, y) ∈ Hn ∩ G, and then choose m > n such that m ∈ b ∩ c\y. We claim that m /∈
d. For, suppose that m ∈ d; say m ∈ y′ with (b′, y′) ∈ G. Choose (b′′, y′′) ∈ G such that (b′′, y′′) ≤ (b, y), (b′, y′).
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Thus y′′ ∩ b ⊆ y and y′′ ∩ b′ ⊆ y′. Now m ∈ y′, so m ∈ y′′; also m ∈ b, so m ∈ y, contradiction. This finishes
the proof of (ii).

For (iii), suppose that b ∈ I . Now the set {(c, y) ∈ P : b ⊆ c} is clearly dense, so choose (c, y) ∈ G such that
b ⊆ c. We claim that b ∩ d ⊆ y. In fact, suppose that m ∈ b ∩ d. Say (e, z) ∈ G with m ∈ z. Choose (u, v) ∈ G
such that (u, v) ≤ (c, y), (e, z). So v ∩ c ⊆ y and v ∩ e ⊆ z. Now m ∈ z ⊆ v, and m ∈ b ⊆ c, so m ∈ v ∩ c ⊆ y,
as desired; (iii) holds. �

Lemma 61 Let M be a c.t.m. of ZFC. Suppose that α is an infinite ordinal, and 〈aξ : ξ < α〉 is a system of
infinite subsets of ω such that 〈[aξ ] : ξ < α〉 is a free sequence in ℘(ω)/fin, where [aξ ] denotes the equivalence
class of aξ modulo the ideal fin.

Then there is a generic extension M [G] of M using a c.c.c. partial order such that in M [G] there exist infinite
d, e ⊆ ω with the following properties:

(i) 〈[aξ ] : ξ < α〉
〈[ω\d], [e]〉 is a free sequence.
(ii) If x ∈ (℘(ω) ∩ M)\({aξ : ξ < α} ∪ {ω\d, e}), then 〈[aξ ] : ξ < α〉
〈[ω\d], [e], [x ]〉 is not a free sequence.

P r o o f . For each ξ ≤ α, the set {[aη] : η < ξ} ∪ {−[aη] : ξ ≤ η < α} has the fip, by the free sequence
property, and we let Fξ be an ultrafilter on ℘(ω)/fin containing this set.

Let I = {x : −[x ] ∈ Fξ for all ξ ≤ α}. Clearly I is an ideal on ℘(ω) and {m} ∈ I for all m ∈ ω. We have that

if ξ < η < α, then [aη]I < [aξ ]I . (7)

In fact, suppose that ξ < η < α. If ν ≤ α and [aη] · −[aξ ] ∈ Fν , then η < ν, hence ξ < ν and so [aξ ] ∈ Fν ,
contradiction. Hence −([aη] · −[aξ ]) ∈ Fν for all ν ≤ α, and so [aη]I ≤ [aξ ]I . Now suppose that [aη]I = [aξ ].
Then aξ · −aη ∈ I , so in particular −[aξ ] + [aη] ∈ Fξ+1. Since also [aξ ] ∈ Fξ+1, it follows that [aη] ∈ Fξ+1. But
ξ < η, contradiction. So (7) holds.

[a0]I �= 1. This holds since −[a0] ∈ F0, and hence (ω\a0) /∈ I .
If α = β + 1, then [aβ ]I �= 0. This is true since [aβ ] ∈ Fα , and hence [aβ ] /∈ I .
Now let J be an ideal in ℘(ω) which is maximal subject to the following conditions: I ⊆ J . If ξ < η < α,

then aξ\aη /∈ J . ω\a0 /∈ J . If α = β + 1, then aβ /∈ J . Clearly then we have:

For any x ⊆ ω one of the following conditions holds. (8)

(a) x ∈ J.

(b) There exist ξ < η < α such that aξ · −aη · −x ∈ J.

(c) −a0 · −x ∈ J.

(d) α = β + 1 and aβ · −x ∈ J.

Also we have that

if F, K ∈ [α]<ω and F < K , then
⋂
ξ∈F

aξ ∩
⋂
η∈K

−aη /∈ J . (9)

Now we apply Lemma 60 to the ideal J to obtain a generic extension M [G] such that, with d = ⋃
(b,y)∈G y,

the following conditions hold:

if c ⊆ ω and c /∈ J, then c ∩ d is infinite;

if c ⊆ ω and c /∈ J then c\d is infinite; (10)

if b ∈ J, then b ∩ d is finite. (11)

Hence by (9) we get

(a) If F, K ∈ [α]<ω and F < K , then
⋂

ξ∈F aξ ∩ ⋂
η∈K −aη ∩ d is infinite.

(b) If F, K ∈ [α]<ω and F < K , then
⋂

ξ∈F aξ ∩ ⋂
η∈K −aη\d is infinite.
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Now let K be the ideal in ℘(ω)M [G] generated by J . If F is a finite subset of α, then
⋂

ξ∈F aξ ∩ (ω\d) /∈ K .
In fact, otherwise we get a c ∈ J such that

⋂
ξ∈F aξ ∩ (ω\d) ⊆ c, and so (

⋂
ξ∈F aξ\c) ∩ (ω\d) = ∅. But clearly

(
⋂

ξ∈F Aξ\c) /∈ J , so this contradicts (10). Similarly,

if F, L ∈ [α]<ω and F < L , then
⋂
ξ∈F

aξ ∩
⋂
η∈L

−aη ∩ d /∈ K . (12)

Now we apply Lemma 60 with I replaced by K to obtain a generic extension M [G][H ] and an infinite subset e of
ω such that 〈[aξ : ξ < α〉
〈[ω\d], [e]〉 is a free sequence and the following condition holds: if b ∈ K , then b ∩ e is
finite. If x ∈ (℘(ω) ∩ M)\({aξ : ξ < α} ∪ {ω\d, e}, then 〈[aξ ] : ξ < α〉
〈[ω\d], [e], [x ]〉 is not a free sequence.
To prove this, we consider cases.

Case 1. x ∈ K . Then x ∩ e is finite by (12), as desired.
Case 2. x /∈ K . Then x /∈ J , and so by (8) we have three subcases.
Subcase 2.1. There exist ξ < η < α such that aξ · −aη · −x ∈ J . Then by (11), aξ · −aη · −x · d is finite, as

desired.
Subcase 2.2. −a0 · −x ∈ J . Then by (11), −a0 · −x · d is finite, as desired.
Subcase 2.3. α = β + 1 and aβ · −x ∈ J . Then by (11), aβ · −x · d is finite, as desired. �
Theorem 62 It is consistent with 2ω > ω1 that f = ω1.

P r o o f . We start with a model M of 2ω > ω1 and a countable free sequence. Then we iterate ω1 steps, using
Lemma 61 at the successor steps. This builds a free sequence of length ω1 in the final model. It is maximal by
[10, VIII Lemma 5.14] and Lemma 61. �

References

[1] B. Balcar and P. Simon, On minimal π -character of points in extremally disconnected compact spaces, Topology Appl.
41, 133–145 (1991).

[2] A. Blass, Combinatorial cardinal characteristics of the continuum, in: Handbook of Set Theory, Volume 1, edited by M.
Foreman and A. Kanamori (Springer, 2010), pp. 395–489.

[3] C. Bruns, A simultaneous generalization of independence and disjointness in Boolean algebras, Order 30, 211–231
(2013).
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