
The size of maximal almost disjoint familiesJ. D. MonkSeptember 20, 2003We 
onsider in detail the size of families of maximal almost disjoint subsets of in�nite
ardinals �. The size � of the individual sets, and the required stri
t upper bound � on thesize of their pairwise interse
tions, are arbitrary. We are interested in the possible sizes ofsu
h families and the relationships between those sizes as the parameters �; �; � 
hange.There has been a 
onsiderable amount of work done on this subje
t. Many of the mainresults are found in Baumgartner [76℄, where results are given on almost disjoint subsetswhi
h have many impli
ations for maximal almost disjoint subsets. Another general sour
eof results is Milner, Prikry [87℄. Theorems of a more spe
ialized nature 
an be found inBlass [93℄, Erd�os, He
hler [75℄, Wage [79℄, Kojman, Kubi�s, Shelah [1℄, and Monk [96b℄and [01℄.Almost disjoint sets have been studied in many other papers. We are 
on
entratinghere on the size of almost disjoint families.The purpose of these notes is to survey all of the results on this topi
, giving proofs formany of them. In the 
ourse of doing this we indi
ate some generalizations of 
onsisten
yresults of Baumgartner and of Blass. Some open problems will be mentioned.The notes are divided into two parts. The �rst part, entitled ZFC results, is mainly asurvey of known results, with, however, some new fa
ts and proofs; several problems arementioned here. The se
ond part, entitled Consisten
y Results, begins with a statementof what is known and what is proved in these notes, and then in four se
tions givessome detailed 
onsisten
y results. These results are more-or-less straightforward extensionsof theorems of Baumgartner and Blass. Se
tion 6 shows that a 
omplete des
riptionof possibilities is obtained if one assumes GCH (impli
itly this is due to Baumgartner).Se
tions 7 through 9 give the indi
ated 
onsisten
y proofs, des
ribed more thoroughly inthe introdu
tion to the se
ond part. These proofs are given in rather full detail.NotationUnless otherwise mentioned, throughout these notes �; �; � are in�nite 
ardinals. Forordinals � < �, we write (�; �)
ard for the 
olle
tion of all 
ardinal numbers � su
h that� < � < �; similarly for other intervals. Denumerable means 
ountably in�nite.Sets A and B are �-almost disjoint (�-ad) if jA \ Bj < �. A family A of sets is�-almost disjoint, for brevity �-ad, if any two distin
t members of A are �-ad. Now letF be a family of sets ea
h of size at least �. We say that A is F ; � almost disjoint(for brevity F ; �-ad) if A � F and it is �-ad. Furthermore, A is F ; � maximal almostdisjoint (for brevity F ; �-mad), if in addition it is maximal among subsets of F whi
h are�-ad. Equivalently, A is F ; �-maximal almost disjoint if A � F , it is �-ad, and for ea
hX 2 F there is a Y 2 A su
h that jX \ Y j � �. Instead of [�℄�; �-mad we say �-mad or�-maximal almost disjoint.If � and � are sets of ordinals, we write � � � if every member of � is � than somemember of �. And we write � w � if every member of � is � some member of �.1



The basi
 de�nitions of the 
on
epts we will be working with are as follows. Assumethat � � � � �.AD(�; �; �) = fjA j : A � [�℄� and A is �-adg;AD(�) = AD(�; �; �);MAD(�; �; �) = fjA j : A is [�℄�; �-madg;MAD(�) = MAD(�; �; �);MAD1(�; �; �; �) = fjA j : there is a partition D of � into � sets of size �su
h that D \A = 0 and D [A is [�℄�; �-madg;MAD1(�) = MAD1(�; �; �; �);MAD2(�; �; �) = fjA j : A � [�� �℄� and 8� < �(f�g � � =2 A ) andA [ ff�g � � : � < �g is [�� �℄�; �-madg;a��� = min(MAD(�; �; �) \ [
f�;1));a� = a���;a����1 = min(MAD1(�; �; �; �));a�1 = a����1;Some results below 
larify these de�nitions. The last de�nitions, 
on
erning a, are validiff the minimums apply to nonempty sets. MAD2 turns out to 
oin
ide with a spe
ial 
aseof MAD1, so we do not have extensive notation for it. The interse
tion in the de�nitionof a��� is there to make the fun
tion non-trivial, as we shall see.Baumgartner's notation A(�; �; �; �) 
orresponds to � 2 AD(�; �; �), and his notationA(�; �; �) to � 2 AD(�; �; �). ZFC results1. Simple fa
tsIn this se
tion we give very elementary fa
ts about the notions.Proposition 1.1. Assume that � � � � �. Then:(i) MAD(�; �; �) \ [�;1) 6= 0. Hen
e the de�nition of a��� always makes sense.(ii) If � < �, then MAD(�; �; �) � [�;1) and hen
e a��� � �. Hen
e the interse
tionin the de�nition of a��� is super
uous if � < �.(iii) If � < �, then [1; �) � MAD(�; �; �).(iv) [1; 
f�) � MAD(�).(v) If � � � � � � �, then MAD(�; �; �) � MAD(�; �; �).(vi) If � � � � � � �, then MAD(�; �; �) � MAD(�; �; �).Proof. For (i), one 
an take a partition of size � of � into sets of size � and extendit to a [�℄�; �-mad set.(ii) is 
lear. 2



For (iii), for any � 2 [1; �), let A be a partition of � into � parts, ea
h of size �. ThenA is [�℄�; �-mad, as desired. In fa
t, suppose that B 2 [�℄�. If jB \Aj < � for all A 2 A ,then B = SA2A (B \ A) would have size at most � � � < �, 
ontradi
tion.(iv): let � 2 [1; 
f�). Let A be a partition of � into � sets, ea
h of size �. Clearly ifB 2 [�℄� then jB \ Aj = � for some A 2 A .For (v), let � 2 MAD(�; �; �). Say � = jA j, where A is [�℄�; �-mad. Then A is �-ad,and so 
an be extended to a set whi
h is [�℄�; �-mad, as desired.Finally, for (vi), suppose that A is [�℄�; �-mad. Then A � [�℄� and it is �-ad, so it
an be extended to a set B whi
h is [�℄�; �-mad.The following is the �rst part of Theorem 2.2(b) of Baumgartner [76℄.Proposition 1.2. Suppose that � � � � �, �0 � �0 � �0, � � �0, � � �0, and �0 � �.Then AD(�; �; �) � AD(�0; �0; �0).Proof. Suppose that F � [�℄� is �-ad. For every X 2 F 
hoose YX 2 [X℄�0 . Then Yis one-one, and fYX : X 2 Fg � [�0℄�0 is �0-ad. So jF j 2 AD(�0; �0; �0).This result is similar to the se
ond part of Theorem 2.2(b) of Baumgartner [76℄, whi
h saysthat if � � � � �, �0 � �0 � �0, � � �0, �0 � �, and �0 � �, then from � 2 AD(�; �; �) itfollows that �0 2 AD(�0; �0; �0). However, this result is not 
orre
t, at least under CH. Infa
t, take � = �0 = !1, � = �0 = !2, � = !1, and �0 = !. Assume CH. By Theorem 2.8of Baumgartner [76℄, !2 2 AD(!1; !1; !1). By 2.7 of Baumgartner [76℄, !2 2 AD(!1; !; !)would imply that !2 � !!1 , 
ontradi
ting CH.Proposition 1.3. AD(�; �; �) � MAD(�; �; �).In addition to the general notion MAD(�; �; �), the following spe
ial 
ases are of indepen-dent interest:(1) MAD(�), for � regular.(2) MAD(�).(3) MAD(�; �; �).(4) MAD(�; �; �). 2. Fundamental resultsIn this se
tion we give several results whose proofs are not straightforward and whi
hestablish some of the fundamental fa
ts about our notions. This will enable us to des
ribemore 
oherently the spe
ial 
ases above.First we give a general \de
reasing" theorem of Baumgartner, whi
h depends on thefollowing interesting 
ombinatorial lemma (Theorem 3.1 of Baumgartner [76℄).Proposition 2.1. Suppose that � � � � �, F � [�℄�, jF j = �, 
f� 6= 
f� 6= 
f�.Then there is an � < � su
h that jfX 2 F : jX \ �j = �gj = �.Proof. Sin
e � � � and 
f� 6= 
f�, we have � < �. Next, note:(1) For every X 2 F there is an �X < � su
h that jX \ �X j = �.3



For, let h�� : � < �i enumerate X in in
reasing order (� an ordinal). Thus � < � sin
e� < �. If � < �, then �� is as desired. If � = �, note then that X is not 
o�nal in �, sin
e
f� 6= 
f�. Hen
e supX is as desired.(2) There is an � < � su
h that jfX 2 F : �X � �gj = �.For, suppose not. Thus for all � < �, jfX 2 F : �X � �gj < �. Note that F = S�<�fX 2F : �X � �g. Let �� " � for � < 
f�, � 
ontinuous, �0 = 0. (If � is regular, we 
an simplytake �� = � for all � < �.) Then F = S�<
f�fX 2 F : �X � ��g. Sin
e 
f� 6= 
f� andjF j = �, we get(3) 
f� < 
f�.Now for all � < � there is a � 2 (�; �) su
h that fX 2 F : �X � �g � fX 2 F : �X � �g.Now de�ne � : 
f� ! 
f� by: �(0) = 0, �(
 + 1) minimum su
h that fX 2 F : �X ���(
)g � fX 2 F : �X � ��(
+1)g, �(
) = SÆ<
 �(Æ) for 
 limit. Then 
hoose X
 2 F su
hthat ��(
) < �X
 � ��(
+1). Thus X is a one-one fun
tion from 
f� into F , so 
f� � �.Hen
e � is singular by (3). Let 
� " � for � < 
f�, the 
�'s 
ardinals. Then(4) For every � < 
f� there is an �� < 
f� su
h that jfX 2 F : �X � ���gj � 
�.For, otherwise there is a � < 
f� su
h that for all � < 
f� we have jfX 2 F : �X � ��j < 
�.Hen
e jF j = ������ [�<
f�fX 2 F : �X � ��g������ � 
f� � 
� < �;
ontradi
tion. so (4) holds.Sin
e 
f� < 
f�, we have � def= sup�<
f� �� < 
f�. Hen
e jfX 2 F : �X � ��gj = �,
ontradi
ting the \suppose not" for (2).This 
ontradi
tion shows that (2) holds. Hen
e jfX 2 F : jX \ �j = �gj = �, asdesired.Corollary 2.2. Suppose that � � � < � � �, 
f� 6= 
f� 6= 
f�, and � 2 AD(�; �; �).Then there is a 
ardinal � with � � � < � su
h that � 2 AD(�; �; �).Corollary 2.3. Suppose that � is a limit ordinal, m 2 !, ! � � � �� < ��+m < �,� is regular, and � 2 AD(��+m;��; �). Then � 2 AD(��;��; �).The following result is due to Tarski; see Baumgartner [76℄, Theorem 2.7.Proposition 2.4. AD(�; �; �) � [1; �� ℄.Proof. Suppose that A � [�℄� is �-ad. For all X 2 A 
hoose f(X) 2 [X℄�. Then fis a one-one fun
tion from A into [�℄� , so jA j � �� .As a 
orollary, we mention some trivial 
ases. For any in�nite 
ardinal � and any m 2 !,�+m is the m-th 
ardinal su

essor of �.Proposition 2.5. Suppose that ! � � � � � � < (2�)+m, with m 2 !. Then:(i) MAD((2�)+m; �; �) = f(2�)+mg.(ii) MAD((2�)+m; (2�)+m; �) = [1; (2�)+m℄.4



The following result 
omes from the proof of 2.8 of Baumgartner [76℄:Proposition 2.6. If � is regular, A � [�℄�, jA j = �, and A is �-ad, then it is not�-mad. So � =2 MAD(�). Hen
e �+ 2 AD(�), MAD(�) \ (�;1) 6= 0, and � < a�.Proof. Let A = fA� : � < �g. By indu
tion de�nex� 2 A�n0�[�<�A� [ fx� : � < �g1A ;Then jfx� : � < �g \A�j < � for all � < �.The following is part of 2.2(
) of Baumgartner [76℄:Proposition 2.7. If �� 2 AD(�; �; �) for all � < �, where � � �, then P�<� �� 2AD(�; �; �).Proof. Let � = S�<� ��, ea
h �� of size � and the ��'s pairwise disjoint. LetA� � [��℄� be of size �� and �-ad. Then B def= S�<�A� is as desired.The following is Theorem 2.10 of Baumgartner [76℄:Proposition 2.8. Suppose that �; �; �; �; � are 
ardinals, and � � � � � � � � �.Suppose that � 2 AD(�; �; �), and for all � < �, �� 2 AD(�; �; �). Then P�<� �� 2AD(�; �; �).Proof. Let A be [�℄�; �-ad with jA j = �. Let hX� : � < �i enumerate A withoutrepetitions. For ea
h � < � let B� be [X�℄�; �-ad, with jB�j = ��. Then S�<�B� is[�℄�; �-ad and has size P�<� ��.Corollary 2.9. If � is an in�nite 
ardinal, � 2 AD(�), and � � �� 2 AD(�) for all� < �, then P�<� �� 2 AD(�).3. Con
erning AD(�;�;�)Proposition 3.1. Suppose that ! � � < �, � singular, and f� < � : � 2 AD(�; �; �)gis unbounded in �. Then � 2 AD(�; �; �).Proof. Let h�� : � < 
f�i be a stri
tly in
reasing sequen
e of 
ardinals with limit� su
h that �� 2 AD(�; �; �) for all � < 
f�. Let A � [�℄� be �-ad, jA j = 
f�. LethX� : � < �i be a one-one enumeration of A . For all � < �, let A� � [X�℄� be of size ��and be �-ad. Then S�<�A� is as desired.Proposition 3.2. If � � �, �+ < �, and � 2 AD(�+; �+; �), then � 2 AD(�; �; �).Proof. First we prove the spe
ial 
ase of the proposition in whi
h �+ < 
f�.Let A � [�+℄�+ be �-ad, with jA j = �. For every X 2 A there is an �X < �+ su
hthat jX \ �X j = �. In fa
t, one 
an enumerate X as hx� : � < �+i in in
reasing order,and then let �X = x�. Now A = [�<�+fX 2 A : �X = �g;5



so there exist an � < �+ and an A 0 2 [A ℄� su
h that �X = � for all X 2 A 0. ThenfX \ � : X 2 A 0g is as desired (sin
e j�j = �).This �nishes the proof of the spe
ial 
ase.In the general 
ase, we may assume that 
f� � �+. If � is regular and �+ < � < �,then � 2 AD(�+; �+; �). So by the spe
ial 
ase, � 2 AD(�; �; �). It follows by 3.1 that� 2 AD(�; �; �).Corollary 3.3. If m 2 !, � � �, �+m < �, and � 2 AD(�+m; �+m; �), then� 2 AD(�; �; �).Part of the proof of Theorem 3.7 of Baumgartner [76℄ 
an be generalized to give thefollowing.Proposition 3.4. Suppose that 
f� > � > �, 
f� > !, � is a limit 
ardinal, and� 2 AD(�; �; �). Then f� : � is a 
ardinal, � 2 (�; �); � 2 AD(�; �; �)g is unbounded in �.Proof. Suppose that Æ < �, Æ a 
ardinal; we want to �nd a � as above in the interval(Æ; �). Let A � [�℄� be �-ad and of size �.(1) For every X 2 A there is an ordinal �X 2 (max(�; Æ); �) su
h that jX \ �X j = j�X j.For, enumerate X as h�� : � < �i in in
reasing order. Choose �0 < � su
h that max(�; Æ) <�0. De�ne �i+1 = ��i + 1 for all i < !, and let �! = supi<! �i. Thus �! < � sin
e
f� > !. For all � < �! let f(�) = ��. For any su
h � 
hoose i < ! su
h that � < �i.Then �� < ��i < �i+1 � �!. Thus f(�) 2 X \ �!. Sin
e f is 
learly one-one, it followsthat j�!j � jX \ �!j, and (1) follows.By (1), A = S�2(max(�;Æ);�)fX 2 A : �X = �g, so sin
e 
f� > �, there is a � 2(max(�; Æ); �) su
h that fX 2 A : �X = �g has size �. Hen
e fX \ � : X 2 A g � [�℄j�jis �-ad and of size �.Another part of the proof of Theorem 3.7 in Baumgartner [76℄ generalizes to give thefollowing.Proposition 3.5. Suppose that �; �; � are in�nite 
ardinals, 
f� > � > �, 
f� = !,� 6= ��, � is a limit 
ardinal, and � 2 AD(�; �; �). Then f� : � is a 
ardinal, � 2 (�; �),� 2 AD(�; �; �)g is unbounded in �.Proof. Let an ordinal Æ < � be given. From the assumption � 6= �� we get:(1) there is an un
ountable regular 
ardinal � 2 (max(Æ; �); �) su
h that � < ��.Thus by 1.2, � 2 AD(�; �; �). Let � be minimum su
h that � � � and � 2 AD(�; �; �).Suppose that � 6= �. By 2.2, 
f� = 
f� or 
f� = �. Sin
e 
f� > � � �, we have 
f� 6= 
f�.So 
f� = � > !. Say � = ��. Then 
f� = 
f� = �, so � � �, and �� � �� = � � �,
ontradi
tion.Proposition 3.6. Suppose that 
f� > � > � and � 2 AD(�; �; �). Then there is a� < � su
h that �� � �.Proof. Choose � 2 [�; �) su
h that 
f� 6= 
f�. (If � is regular, let � = �. If � issingular, let � = �+ if �+ 6= 
f�, and � = �++ otherwise.) Then � 2 AD(�; �; �) by 1.2.6



Let � be minimum su
h that � 2 AD(�; �; �). Then by 2.2, 
f� = 
f� or 
f� = 
f�. Sin
e
f� > � � �, we have 
f� 6= 
f�. Hen
e 
f� = 
f�. By the 
hoi
e of � we then have � < �.And � � �� by 2.4.Proposition 3.7. Suppose that � > � > �, � is a limit 
ardinal, � 6= ��,and� 2 AD(�; �; �). Then f� : � is a 
ardinal, � 2 (�; �); � 2 AD(�; �; �)g is unbounded in �.Proof. For � regular the result follows by 3.4 and 3.5. Now suppose that � is singular.It suÆ
es to show that � 2 AD(�; �; �) for any regular � 2 [�; �) su
h that � < ��. By3.1 it suÆ
es to take any regular � 2 (�; �) and show that � 2 AD(�; �; �). We have� 2 AD(�; �; �) by 1.2. Let � be minimum su
h that � 2 AD(�; �; �). Suppose that � < � .By 2.2, 
f� = 
f� or 
f� = 
f�. Now � > � � � and � is regular, so 
f� 6= 
f�. Thus
f� = �. Say � = ��. Then � = 
f� = 
f�, so � � �. Hen
e �� � �� = � � �,
ontradi
tion.As an appli
ation, if �!+1 2 AD(�!;�!; !), then �!+1 2 AD(��;��; !) for some � < !,and hen
e by 3.3, �!+1 2 AD(!).Another useful fa
t about singular � is as follows.Proposition 3.8. Suppose that � is singular, h�� : � < 
f�i is an in
reasing sequen
eof in�nite 
ardinals with supremum �, and � is some 
ardinal � �. Suppose that � isregular, � � �0, � � 
f�. Assume that � 2 AD(��; ��; �) for all � < 
f�, and also� 2 AD(
f�; 
f�; �). Then � 2 AD(�; �; �).Proof. Write � = S�<
f� ��, the ��'s pairwise disjoint, j��j = ��. For ea
h � < 
f�let A� be a one-one fun
tion from � onto a subset of [��℄�� whi
h is �-ad, and let B be aone-one fun
tion from � onto a subset of [
f�℄
f� whi
h is �-ad. For ea
h � < �, letC� = [�2B� A��:Clearly fC� : � < �g is the desired family.The following result shows that Proposition 3.5 
annot be generalized by merely droppingthe hypothesis \� 6= ��".Example 3.9. There is a singular 
ardinal � su
h that 
f� = !, � = ��, �! 2AD(�; �; !), and there is no � 2 (!; �)
ard su
h that �! 2 AD(�; �; !).Proof. We de�ne, by re
ursion, �0 = ! and, for any m 2 !,�m+1 = ��!m+1:Let � = supm2! �m. Clearly � is singular with 
o�nality !. Suppose that � < ��. Choose� < � su
h that � < ��. Say � < �m. then� < �� < ��m < �m+1 < �;
ontradi
tion. Thus � = ��. 7



Now a standard 
onstru
tion yields a family hA� : � < �!i of denumerable subsetsof � su
h that any two have a �nite interse
tion. Write � = S�<� ��, where the ��'s arepairwise disjoint and of size �. For ea
h � < � let f� be a bije
tion from � onto �� . Nowwe set for ea
h � < �! B� = [�2A� f�[A�℄:So ea
h B� is a subset of � of size �. If �; 
 < �! and � 6= 
, thenB� \ B
 =0� [�2A� f� [A�℄1A \0� [�2A
 f� [A
℄1A= [�2A�\A
 f� [A� \ A
 ℄;and this set is �nite, as desired.Now suppose that � 2 (!; �) and �! 2 AD(�; �; !). Then by Proposition 2.4 we have�! � �!. Sin
e � < �, 
hoose m 2 ! su
h that � < �m. Then�! � �!m � ��!m < �m+1 < � � �!;
ontradi
tion.Con
erning all these results we mention two problems. 3.7 and 3.9 suggestProblem 1. If � > � > �, � is a limit 
ardinal, � = ��, � � �� for some � < �, and� 2 AD(�; �; �), is there a � 2 (�; �) su
h that � 2 AD(�; �; �)?3.1 suggestsProblem 2. Suppose that ! � � < �, � is weakly ina

essible, and f� < � : � 2AD(�; �; �)g is unbounded in �. Does it follow that � 2 AD(�; �; �)?4. On MAD(�) and MAD(�;�;�)Theorem 2.9 of Baumgartner [76℄ gives:Proposition 4.1. Suppose that � is singular, � � �, and 
f� � 
f�. Then(i) If A � [�℄
f� is 
f�-ad and jA j > �, then there is a B � [�℄� of size jA j whi
h is�-ad.(ii) MAD(�; 
f�; 
f�) \ (�;1) � MAD(�; �; �).Proof. Without loss of generality, ea
h member of A has order type 
f�. For all� � � let F� = fX 2 A : supX = �g. So A = S��� F�, and the F�'s are pairwisedisjoint. By Proposition 2.7, it is enough to show that jF�j 2 AD(�; �; �) for all � � �with F� 6= 0. Fix � with F� 6= 0. Let �� " � for � < 
f�, and let h�� : � < 
f�i be a
ontinuous stri
tly in
reasing sequen
e of ordinals with supremum �, and with �0 = 0. LethY� : � < �i be pairwise disjoint subsets of �, with jY�j = �� if �� � � < ��+1. For ea
hX 2 F� let X 0 = S�2X Y�. Then fX 0 : X 2 F�g is as desired.8



The following theorem generalizes a result of Erd�os and He
hler; see Milner, Prikry [87℄,Theorem 3.1.Theorem 4.2. Suppose that � � � 2 MAD(�; �; �), f maps � onto �, and h�� : � <�i 2 �MAD(�). Then P�<� �f(�) 2 MAD(�; �; �).Proof. Let A be [�℄�; �-mad with jA j = � , and let g be a one-one fun
tion from Aonto � . For ea
h A 2 A let BA be [A℄�; �-mad with jBAj = �f(g(A)). Let C = SA2A BA.Clearly jC j = P�<� �f(�). It is also 
lear that C is �-ad. Now suppose that X 2 [�℄�.Choose A 2 A su
h that jA \Xj = �. Then 
hoose Y 2 BA su
h that jA \X \ Y j = �.So jX \ Y j = �. Hen
e C is [�℄�; �-mad, as desired.Corollary 4.3. Suppose that � 2 MAD(�; �; �) and h�� : � < �i 2 �MAD(�). ThenP�<� �� 2 MAD(�; �; �).Corollary 4.4. If � 2 MAD(�; �; �) and � 2 MAD(�), then � � � 2 MAD(�; �; �).Corollary 4.5. Suppose that Æ is singular and is a limit of 
ardinals in MAD(�).Further, assume that [
fÆ; Æ) \MAD(�; �; �) 6= 0. Then Æ 2 MAD(�; �; �).Corollary 4.6. (Milner, Prikry [87℄, Theorem 3.1) If Æ is a singular 
ardinal whi
his a limit of members of MAD(�), then Æ 2 MAD(�).This 
orollary naturally leads to the following questions.Problem 3. If Æ is a regular limit 
ardinal whi
h is a limit of members of MAD(�),is also Æ 2 MAD(�)?Problem 4. If Æ is a limit 
ardinal whi
h is a limit of members of MAD(�; �; �), isalso Æ 2 MAD(�; �; �)?The following result generalizes Theorem 3.6 in Milner, Prikry [87℄, also due to Erd�os andHe
hler.Theorem 4.7. Let � be a singular 
ardinal. Suppose that � 2 MAD(
f�) and � 2MAD(�; �; �). Then � � � 2 MAD(�; �; �).Proof. Let A be [�℄�; �-mad, with jA j = �. For ea
h A 2 A , let hSA� : � < 
f�i bea partition of A into sets of size less than �, with hjSA� : � < 
f�i stri
tly in
reasing. LetB be 
f�-mad, with jBj = �. Then we de�neC = ( [�2B SA� : A 2 A ; B 2 B) :Clearly ea
h member of C has size �. Suppose that X;Y 2 C with X 6= Y . Say X =S�2B0 SA0� and Y = S�2B1 SA1� , with B0; B1 2 B and A0; A1 2 A . If A0 6= A1, thenX \ Y � A0 \ A1, and the latter has size less than �. If A0 = A1 and B0 6= B1, thenX \ Y = S�2B0\B1 SA0� , and jB0 \ B1j < 
f�, and hen
e jX \ Y j < �. Thus C is�-ad. Now suppose that X 2 [�℄�. Choose A 2 A su
h that jX \ Aj = �. Hen
e9



supfjX \ SA� j : � < 
f�g = �, so there is a stri
tly in
reasing sequen
e h�� : � < 
f�i ofordinals less than 
f� su
h that the sequen
e hjX \ SA�� j : � < 
f�i is stri
tly in
reasingwith supremum �. Let Y = f�� : � < 
f�g. Choose B 2 B su
h that jY \ Bj = 
f�.Clearly, then, ��X \S�2B SA� �� = �.Theorem 4.8. (Milner, Prikry [87℄, Theorem 3.6) MAD(
f�) � MAD(�).Re
all from 1.1(i) that MAD(�) \ [�;1) 6= 0. So the other in
lusion in 4.8 does not holdfor singular 
ardinals, at least in ZFC. Also, MAD(
f�) � [1; 
f�
f�℄ by Proposition 2.4.Thus the following problem is the natural \
onverse" of 4.8:Problem 5. If � is singular, does the in
lusion MAD(�)\ [1; 2
f�℄ � MAD(
f�) hold?In this 
onne
tion we mention some related results whi
h will not be proved here. InKunen [80℄ it is shown that(?) MA ` MAD(!) = f2!gIn Kojman, Kubi�s, Shelah [1℄ the following two results are shown:(??) MA + 2�0 > �! ` �! =2 MAD(�!)(? ? ?) (in ZFC) if � is singular and 2
f� < �, then � 2 MAD(�)Proposition 4.9. If � is singular and A � [�℄
f� is 
f�-ad with jA j = �, then it isnot mad. Hen
e � =2 MAD(�; 
f�; 
f�), 0 6= MAD(�; 
f�; 
f�) � (�;1), and � < a�
f�
f�.Proof. Say �� " � for � < 
f�. Let A = fA� : � < �g. For ea
h � < 
f� 
hoosex� 2 A�n0� [�<��A� [ fx� : � < �g1A :Let X = fx� : � < 
f�g.Proposition 4.10. If � < �, then MAD(�; �; �) w MAD(�) \ [�;1). Hen
e a� �a���.Proof. Note by Proposition 1.1(ii) that MAD(�; �; �) � [�;1). Fix a family Awhi
h is [�℄�; �-mad. Fix A 0 2 [A ℄�. Let � = SA2A 0 A, and let B = fX \ � : X 2A ; jX \ �j = �g. Thus j�j = �, B is �-ad, and � � jBj � jA j. Hen
e it suÆ
es to showthat B is [�℄�; �-mad. Suppose that Y 2 [�℄�. Sin
e A is [�℄�; �-mad, there is an X 2 Asu
h that jX \ Y j = �. Thus there is a Z 2 B su
h that jY \ Zj = �, as desired.For the next result we need a simple set-theoreti
 lemma.Lemma 4.11. Suppose that � < � are in�nite 
ardinals, � is an ordinal, and h�� :� < �i is a sequen
e of subsets of � su
h that if � < 
 < � then �� � �
. Further, assumethat ����nS�<� ����� < �. Then there is an � < � su
h that j��j � �.10



Proof. Suppose not: 8� < �(j��j < �). Then(1) 8� < �9
 2 (�; �)[�� � �
 ℄.For, otherwise we get an � < � su
h that �� = S
<� �
 . Hen
e ���S
<� �
 ��� = j��j < �and so ����nS
<� �
��� = �, 
ontradi
tion. So (1) holds.Now de�ne � 2 �� by setting �0 = 0, ��+1 minimum su
h that ��� � ���+1 , �
ontinuous. For ea
h � < � let �� be the least element of ���+1n��� . Now ���S
<� �
 ��� = �and j�
 j < � for all 
 < �, so � � �. Hen
e � < �. Now � � � is a one-one fun
tionmapping into ��� , so j��� j � �, 
ontradi
tion.Proposition 4.12. If ! � � < � < �, then MAD(�; �; �) w MAD(�; �; �) \ [�;1).Hen
e a��� � a���.Proof. Let A be [�℄�; �-mad. By 1.1(ii), jA j � �.(1) There is a � 2 [�℄� su
h that jfA 2 A : jA \ �j = �gj � �.To see this, let hA� : � < �i enumerate A without repetitions, and for ea
h � � � let�� = S�<�A�. Now sin
e (�n�� ) \ A� = 0 for all � < � and A is [�℄�; �-mad, we havej�n�� j < �. Hen
e by Lemma 4.11, there is an � � � su
h that j��j � �; 
hoose the leastsu
h �. If � = � + 1, then �� = �� [ A� , and j��j � j�� j + jA�j < �, 
ontradi
tion.So � is a limit ordinal. Let � = f� < � : �� � ��+1g. So �� = S�2�(��+1n��),and j��+1n��j � jA�j = �. Hen
e j�j � �. If j�j > �, then there is a � 2 � su
hthat jf� 2 � : � < �gj = �. Hen
e ��+1 = S �2���� ��+1n��, and ea
h ��+1n�� 6= 0.so j��+1j � �, 
ontradi
ting the minimality of �. So j�j = �, and hen
e j��j = � andjfA 2 A : jA \ ��j = �gj � jfA� : � 2 �gj � �. So (1) holds.Let B = fA \ � : A 2 A ; jA \ �j = �g. So � � jBj � jA j. We 
laim that B is[�℄�; �-mad. Clearly it is [�℄�; �-ad. Suppose that X 2 [�℄�. Then X 2 [�℄�, so 
hooseA 2 A su
h that jA \ Xj = �. So A \ � 2 B and jA \ � \ Xj = jA \ Xj = �, asdesired.The following is Theorem 3.2 in Milner, Prikry [87℄.Theorem 4.13. Suppose that � and � are in�nite 
ardinals, � is singular, and � < �.Then there is a Æ 2 MAD(�) su
h that � � Æ � �
f�.Proof. Let �� " � for � < 
f�, with �; 
f� < �0. Let hS�� : � < 
f�; � < �i be apartition of � su
h that jS��j = �� for all �; �. LetF = ff : f is a fun
tion, f � 
f�� �; jf j = 
f�g:Let B be a maximal 
f�-almost disjoint subset of F .(1) � � jBj � �
f�.In fa
t, 
learly jF j = �
f�, and so jBj � �
f�. Now suppose that jBj < �. For ea
h� < 
f� let f(�) be the smallest ordinal � su
h that � 6= g(�) for all g 2 B. Thusf(�) < � by supposition. So f 2 F , and f \ g = 0 for all g 2 B, 
ontradi
tion.11



For ea
h f 2 B let Xf = [(�;�)2f S�� ;and let A = fXf : f 2 Bg. We 
laim that A is �-mad, and X is one-one. ClearlyjXf j = � for all f 2 B. Suppose that f; g 2 B and f 6= g. ThenXf \Xg = [(�;�)2f\gS�� ;and this set has less than � elements.Finally, suppose that Y 2 [�℄�. Then(2) 8� < 
f�9� 2 [�; 
f�)9
 < �[jY \ S�
 j � ��℄.In fa
t, otherwise we get � < 
f� su
h that 8� 2 [�; 
f�)8
 < �[jY \ S�
 j < ��℄. SojY j = ������ [�<
f� [
<�(Y \ S�
)������= ������ [�<� [
<� Y \ S�
!������+ ������ [���<
f� [
<� Y \ S�
!������� ��;
ontradi
tion. So (2) holds.By (2), let h�� : � < 
f�i and h�� : � < 
f�i be su
h that h�� : � < 
f�i is stri
tlyin
reasing, and jY \ S���� j � ��. Let f = f(��; ��) : � < 
f�g. Thus f 2 F . Chooseg 2 B su
h that jf \ gj = 
f�. Then jY \Xgj = �, as desired.Corollary 4.14. If � is singular and 8� < �(�
f� < �), then � 2 MAD(�).Proof. By 4.13 and 4.6.Corollary 4.15. If � is strong limit singular, then � 2 MAD(�).In 
onne
tion with these 
orollaries, see the results of Kojman, Kubi�s, Shelah [1℄ men-tioned above.Here is a generalization of proposition 4.9.Proposition 4.16. Suppose that � is singular, � < �, and 
f� = 
f�. Supposethat A � [�℄� is �-ad and jA j = �. Then it is not mad. So � =2 MAD(�; �; �); hen
e0 6= MAD(�; �; �) � (�;1). Moreover, a��� > �.Proof. Assume the hypothesis. Say A = fX� : � < �g. By Proposition 4.9 we mayassume that � is singular. Let �� " � for � < 
f� and �� " � for � < 
f�. We now de�ne12



subsets Y� of � of size at most � for ea
h � < 
f�. Suppose that we have done this for all� < �. Then S�<�� X� [S�<� Y� has size less than �, so we 
an 
hooseY� � �n0� [�<��X� [ [�<�Y�1Aof size ��. Let Z = S�<
f� Y�. Then jZj = � and jZ \X�j < � for all � < �.As an spe
ial 
ase of Proposition 4.16 we have �!+! =2 MAD(�!+!;�!;�!).Corollary 4.17. If � is singular, then MAD(�) \ (�;1) 6= 0.Proof. By Propositions 1.1(i) and 4.9, MAD(�; 
f�; 
f�)\(�;1) 6= 0, so the 
orollaryfollows by 4.1.The next result is in Milner, Prikry [87℄, page 165.Proposition 4.18. Suppose that � is singular, A � [�℄� is �-ad, and jA j = 
f�.Then A is not mad. Hen
e 
f� =2 MAD(�), and so a� > 
f�.Proof. Assume the hypothesis; say A = fA� : � < 
f�g. Let �� " � for � < 
f�, with�0 = !. By indu
tion, for ea
h � < 
f� 
hooseB� � A�n0�[�<�A� [ [�<�B�1Aof size ��. Clearly S�<
f�B� has size � and its interse
tion with ea
h A� is of size lessthan �, for ea
h � < 
f�.The following is due to Tarski; see Baumgartner [76℄, Theorem 2.3.Proposition 4.19. Suppose that 1 < � � � � !, and let � be minimum su
h that� < ��. Then MAD(�; �; �) and MAD(�; 
f�; 
f�) both have members � ��.Proof. First statement: Let T = S�<� ��. Thus jT j � �. It suÆ
es to exhibit afamily F � [T ℄� whi
h is �-ad and of size ��. LetF = fff � � : � < �g : f 2 ��g:Se
ond statement: this follows from the �rst if � is regular. Suppose that � is singular,and let h�� : � < 
f�i be a stri
tly in
reasing sequen
e of 
ardinals with supremum �. LetT 0 = S�<
f� ���, and let F = fff � �� : � < 
f�g : f 2 ��g:The following is Corollary 2.11 of Baumgartner [76℄.13



Corollary 4.20. If � is an in�nite 
ardinal and � is the least 
ardinal su
h that � � �and � =2 AD(�), then � is regular.Proof. Obviously � 2 AD(�). So the result follows by Corollary 2.9.Corollary 4.21. Suppose that �; �; �0; � are 
ardinals, with �; �0; � in�nite. Alsosuppose that 
f� � �, � = ��, �<� < ��+
f�, �<� < ��, �0 � ��, and 
f�0 > �<�. Then�0 2 AD(�; 
f�; 
f�).Proof. Apply 4.19 with � and � repla
ed by �; �<� respe
tively. Then the � of 4.19is our � too, and so �� 2 AD(�<�; 
f�; 
f�). Hen
e �0 2 AD(�<�; 
f�; 
f�). Let � beminimum su
h that �0 2 AD(�; 
f�; 
f�). So � � �<�. Now 
f� � � � �0, so by 2.2,
f�0 = 
f� or 
f� = 
f�. Sin
e 
f�0 > �<� � �, we have 
f�0 6= 
f�. so 
f� = 
f�. But� � �<� < ��+
f�, so � � �. Hen
e �0 2 AD(�; 
f�; 
f�).5. The notion MAD1Proposition 5.1. (i) If � = 1, then MAD1(�; �; �; �) � f0g.(ii) If � > � and � > �, then MAD1(�; �; �; �) = 0.(iii) If � < 
f�, then MAD1(�; �; �; �) = f0g.(iv) If 
f� � � < � and � < �, then MAD1(�; �; �; �) = f0g.(v) If 
f� � � < �, then MAD1(�; �; �; �) � [(
f�)+;1).(vi) If 
f� � � < �, then MAD1(�; �; �; �) \ [�;1) 6= 0.(vii) If � < � and 1 < �, then MAD1(�; �; �; �) � [�;1).(viii) If 1 < � < �, then MAD1(�; �; �; �) � [�;1).(ix) If � is regular, then MAD1(�) � [�+;1).Proof. (i) is 
lear.Under the assumptions of (ii), there is no partition of � into � sets, ea
h of power �.For (iii), if D is a partition of � into � sets ea
h of power �, then D is [�℄�; �-mad. Thesame is true under the assumptions of (iv). In fa
t, suppose that � 2 [�℄� and j�\Xj < �for all X 2 D . Then � = SX2D(� \X), whi
h has size at most � � � < �, 
ontradi
tion.We turn to (v). Assume that 
f� � � < �. Suppose that � 2 MAD1(�; �; �; �).A

ordingly, let D be a partition of � into � sets, ea
h of size �; say that D = fD� : � < �g,without repetitions, and let jA j = �, D \A = 0, D [A is �-mad. Say A = fA� : � < �gwithout repetitions. Say �� " � for � < 
f�.First suppose that � < 
f�. Now jA \ D�j < � for all A 2 A and � < �, so��D� \SA2A A�� < � for all � < �. For ea
h � < 
f� 
hoose C� � D�nSA2A A su
h thatjC�j = ��. Let B = S�<
f� C�. Then B 2 [�℄�, B \A = 0 for all A 2 A , and jB \D�j < �for all � < �, 
ontradi
tion.Se
ond, suppose that � = 
f�. We 
laim(1) 8�; �; � < 
f�9� 2 �nmaxf� + 1; � + 1; �+ 1g[jA� \D�j � ��℄.For, assume otherwise; 
hoose �; �; � < 
f� su
h that for all � 2 �nmaxf�+1; �+1; �+1gwe have jA� \D�j < ��. Hen
e���[fA� \D� : � 2 �nmaxf� + 1; � + 1; � + 1gg��� � � � �� < �:14



So ���[fA� \D� : � < maxf� + 1; � + 1; �+ 1)gg��� = �:But jA� \D�j < � for all � < maxf�+1; �+1; �+1g, and maxf�+1; �+1; �+1g < 
f�,
ontradi
tion. So (1) holds.Now we de�ne B� � � and �� < 
f� for � < 
f� so that always jB�j = ��. Supposede�ned for all � < �. Then E� def= [�<�(A� \A�) [ [�<�B� [ �+�has size less than �; say that its size is less than �� , where � < � < 
f�. By (1), 
hoose�� 2 �nmaxf� + 1; supf�� : � < �g+ 1g so that jA� \D�� j � �� . Choose B� � A� \D��so that jB�j = �� and B� \E� = 0.Let B = S�<
f�B�. Then jBj = �, jB \ A�j < � for all � < 
f� (sin
e for � > � wehave B� \A� = B� \A� \A� � B� \E� = 0), B \D�� = B�, whi
h has size less than �,for ea
h � < 
f�, and B \D� = 0 for all � 2 �nf�� : � < 
f�g. Thus D [A is not �-mad,
ontradi
tion. So (v) holds.Next, we take (vi); assume that 
f� � � < �. Let ! � �� " � for � < 
f�. Let D bea partition of � into � sets ea
h of size �; say D = fD� : � < �g. For ea
h � < 
f�, lethE�� : � < �i be a partition of D� into sets of size �. For all � < � let A� be de�ned byrequiring that A� \D� is a subset of E�� of size �� for ea
h � < 
f�, while A� \D� = 0if 
f� � � < �. Thus jA�j = �, the A�'s are pairwise disjoint, and jA� \D�j < � for all� < � and � < 
f�, as desired.For (vii), assume that D is a partition of � into � sets ea
h of size � < �, A � [�℄�,D \A = 0, D [A is �-ad, and jA j < �. For ea
h X 2 A letMX = fY 2 D : X \Y 6= 0g.Clearly jMX j � � for ea
h X 2 A . Hen
e SX2A MX has fewer than � elements. So thereis a subset Z of �nSSX2A MX of size � whi
h has at most one element in 
ommon withea
h member of D , and is disjoint from ea
h member of A . Thus D[A is not [�℄�; �-mad.For (viii), assume that D is a partition of � into � sets ea
h of size �, A � [�℄�,D \ A = 0, D [A is �-ad, and jA j < �. For ea
h D 2 D the set fD \ A : A 2 A g hassize less than �, and ea
h set D \A has size less than �, so SA2A (D \A) has fewer than� elements; so 
hoose aD 2 DnSA2A (D \ A). Let E = faD : D 2 Dg. Now jD j = �, sojEj = �. Sin
e jE \Xj < � for all X 2 D [A , this shows that D [A is not [�℄�; �-mad.Finally, (ix) holds by Proposition 2.6.Proposition 5.2. MAD2(�; �; �) = MAD1(�; �; �; �).Proof. For �, let f : � � � ! � be one-one and onto. Let � 2 MAD2(�; �; �); say� = jA j, where 8� < �(f�g � � =2 A ), and A [ ff�g � � : � < �g is [�� �℄�; �-mad. LetD = ff [f�g � �℄ : � < �g and B = ff [X℄ : X 2 A g. Thus B is as in the de�nition ofMAD1(�; �; �; �), and jA j = jBj, as desired.For the other dire
tion, suppose that � 2 MAD1(�; �; �; �); say jA j = �, D is apartition of � into � sets of size �, A \D = 0, and A [D is [�℄�; �-mad. Say D = fX� :� < �g without repetitions. Let g : �! ��� be su
h that g[X�℄ = f�g�� for all � < �.Then set B = fg[Y ℄ : Y 2 A g. 15



Proposition 5.3. MAD1(�; �; �; �) � MAD(�; �; �) if 1 < �, and (� < �, � < �, or� is regular).Proof. By Proposition 5.1(vii)-(ix).Proposition 5.4. If � is regular, then MAD(�) \ [�;1) = MAD1(�).Proof. By Proposition 5.1 (ix) and Proposition 5.3, it remains only to prove �.Suppose that A is [�℄�; �-mad and jA j � �. By 2.6 we have jA j > �. Let X 2 �A beone-one. We de�ne h�� : � < �i. Let � < � be given. For every � < � 
hoose �� < � su
hthat X� \X� � ��. Let �� = �sup�<� ��� [ (� + 1). Thus(*) For all �; � < �, if � < �, then X� \X� � �� ; moreover, � < �� .Now de�ne, for any � < �,Y� = � (X�n��) [ f�g if � =2 S�<� Y�,X�n�� otherwise.If � < � < �, there are two possibilities. If � 2 S�<� Y�, thenY� \ Y� � ((X�n��) [ f�g) \ (X�n��) = 0:If � =2 S�<� Y�, thenY� \ Y� � ((X�n��) [ f�g) \ ((X�n��) [ f�g) = 0:It follows that hY� : � < �i is a partition. Let A 0 = A nfX� : � < �g. Clearly A 0 [ fY� :� < �g is [�℄�; �-mad.Proposition 5.5. MAD(�; �; �) = MAD1(�; �; �; �) if � is regular and � < �.Proof. Again, we only need to prove �. Let A be [�℄�; �-mad.(1) We may assume that 8� < � 9X 2 A (jX \ �j < �).To prove this, we 
onsider two 
ases.Case 1. 8� < � 9� > � 9X 2 A (jX\�j = � and jXn�j = �). Now we de�ne X� 2 Aand �� < � by indu
tion, for ea
h � < �. Suppose de�ned for all � < �. Choose�� > [�<� �� [ [�<� supX�and X� 2 A su
h that jX� \ �� j = � and jX�n�� j = �. The se
ond part of the de�nitionof �� assures that the X� 's are distin
t from ea
h other. In A , repla
e ea
h X� by X� \��and X�n�� . The resulting set A 0 is still [�℄�; �-mad, and (1) now holds.Case 2. 9� < � 8� > � 8X 2 A (jX \ �j < � or jXn�j < �). We show that (1)holds for A itself. Let 
 < � be given. Choose � > 
; �, and let Y 2 [�n�℄�. ChooseX 2 A su
h that jX \ Y j � �. Hen
e jXn�j � �. It follows that jX \ �j < �, and hen
ejX \ 
j < �, as desired. 16



Thus (1) holds, and we make the indi
ated assumption.Now we de�ne X� 2 A for all � < �. Suppose that X� has been de�ned for all � < �.Let Y� = S�<�(X� [ �). Note that sup(Y�) < �, sin
e � < �. Choose X� 2 A su
h thatjX� \ sup(Y�)j < �. This �nishes the de�nition of the X� 's. Clearly they are all distin
t.Next, de�ne X 0� = (X� [ f�g)nY� :Then(2) If � < � < �, then X 0� \X 0� = 0.For, suppose that � 2 X 0� \ X 0� . Then � 2 X� [ f�g � Y� be
ause � 2 X 0�, and this
ontradi
ts � 2 X 0� . So (2) holds.Now(3) � 2 S��� X 0� for all � < �.In fa
t, suppose that � =2 S��� X 0�. Now � 2 X� [ f�g but � =2 X 0� , so � 2 Y� . Hen
e thereis a � < � su
h that � 2 X�; take the least su
h �. Then � =2 Y�, so � 2 X 0�, 
ontradi
tion.Now let A 0 = (A nfX� : � < �g) [ fX 0� : � < �g. Clearly A 0 is still �-ad. Supposethat Y 2 [�℄�. Choose Z 2 A su
h that jY \ Zj = �. If Z =2 fX� : � < �g, this is�ne. Suppose that Z = X� with � < �. Now X�nY� � X 0� , so X�nX 0� � Y� . ClearlyjX� \ Y� j < �, so jX�nX 0� j < �. Sin
e jY \X� j = �, it follows that jY \X 0� j = �.So A 0 is [�℄�; �-mad, and it in
ludes a partition C of � into � sets of size �, as desired(see also Proposition 5.1 (vii)).Proposition 5.6. If � is regular, then MAD(�) \ [�;1) � MAD(�+; �; �).Proof. Let � 2 MAD(�) \ [�;1). Note by Proposition 2.6 that � < �. Now we
onstru
t A� for � � � < �+ so that the following 
onditions hold:(1) A� is [�℄�; �-mad.(2) If � � � < �, then A� � A�.(3) jA�j = �.To start with, let A� be obtained by the de�nition of MAD(�) so that (1) and (3) hold;(2) does not apply yet. Now suppose that � < � < �+ and A� has been de�ned for all� 2 [�; �).Case 1. � is a su

essor ordinal � + 1. Let A� = A� . Clearly (1){(3) 
ontinue tohold.Case 2. � is a limit ordinal, and 
f� < �. Let A� = S���<�A�. By (2) it is 
lear thatA� is �-ad. Suppose now that � 2 [�℄�. Let h�� : � < 
f�i be a stri
tly in
reasing sequen
eof ordinals with supremum �, �0 � �. Then there is a � < 
f� su
h that j� \ ��j = �. Itfollows that there is a X 2 A�� su
h that j� \ Xj = �. Thus A� is [�℄�; �-mad. So (1)holds. Clearly (2) holds, as does (3).Case 3. � is a limit ordinal, 
f� = �, and 9� < �8
 2 (�; �)[
f
 < �℄. Then �must have the form 
 + � for some 
. Note that AÆ = A
 for all Æ 2 �n
. Let A be[�n
℄�; �-mad and of size �. Then we set A� = A
 [A . Clearly (1){(3) hold.17



Case 4. � is a limit ordinal, 
f� = �, and 8� < �9
 2 (�; �)[
f
 = �℄. Then thereis a 
ontinuous stri
tly in
reasing sequen
e h�� : � < �i of ordinals with supremum �,with � = �0, and with j��+1n��j = � for every � < �. By Proposition 5.4, � 2 MAD1(�).Hen
e let A and D be as in the de�nition of MAD1(�), with jD j = � and jA j = �. LethD� : � < �i be a one-one enumeration of D . Let f be a one-one fun
tion mapping � onto� su
h that f [D0℄ = � and f [D1+�℄ = ��+1n�� for every � < �. Then we de�neA� = [��
<�A
 [ ff [a℄ : a 2 A g:(5) A� is �-ad.For, suppose that x and y are distin
t elements of A�. If both are in S��
<�A
 , thenthey are both in A
 for some 
 2 [�; �), and so jx \ yj < �. Suppose that x 2 A
 with
 2 [�; �), and y = f [a℄ with a 2 A . Choose � < � so that 
 < ��. Thenx \ y � [�<�(��+1n��) \ y� f 240�[�<�D�1A \ a35 ;whi
h has size less than �. If x = f [a℄ and y = f [b℄ with a; b 2 A , 
learly jx \ yj < �. Bysymmetry, these are all possibilities.(6) A� is [�℄�; �-mad.For, let x 2 [�℄�. Case 1. jx\ (��+1n��)j = � for some � < �. Choose y 2 A��+1 su
h thatjx\ yj = �. Case 2. x\ (��+1n��) has size less than � for all � < �. So, jf�1[x℄\D�j < �for all � < �. Choose a 2 A su
h that jf�1[x℄ \ aj = �. So jx \ f [a℄j = �.The 
onstru
tion is 
ompleted. Clearly S�<�+ A� is [�+℄�; �-mad, as desired.Corollary 5.7. If � is regular, then a� = a�+��.Proof. By Proposition 5.6 we have a� � a�+��, and by Proposition 4.10, a�+�� � Æfor some Æ 2 MAD(�) \ [�;1), so also a�+�� � a�.
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Consisten
y resultsThere are several natural 
onsisten
y questions and results 
on
erning the existen
e ofmodels of ZFC with spe
ial MAD properties. These 
on
ern:(1) Models where jMAD(�; �; �)j is small and all members of MAD(�; �; �) are small.(2) Models with jMAD(�; �; �)j small, but the members of MAD(�; �; �) are big.(3) Models where MAD(�; �; �) has large members.(4) Models where jMAD(�; �; �)j is large.(5) Models in whi
h MAD(�; �; �) is spe
i�ed in advan
e.As will be seen, there are several open questions in 
onne
tion with the known results. Wesurvey the various 
onsisten
y results now. Those given with details in the literature willnot be reproved here, but several of the 
onsisten
y proofs for the 
ountable 
ase 
an beeasily generalized, and we give the details.� First, the notions 
an be 
ompletely des
ribed under GCH, and we give this des
rip-tion in se
tion 6. Models of GCH are of type (1).� MA gives models of type (2). The following theorem is due to Wage [79℄.Theorem (MA) Assume that ! � � < 2!, and hT� : � < �i is a system of 
ountablealmost disjoint subsets of some 
ardinal �. Then there is an M � � su
h that jM j = �and M \ T� is �nite for all � < �.Corollary (MA) (i) If � 2 MAD(�; !; !), then � � 2!.(ii) MAD(!) = f2!g.Problem 6. Is there a model in whi
h for every in�nite 
ardinal �, if �! > �; 2!then MAD(�; !; !) = f�!g?Problem 7. What 
an one say along these lines for the general notion MAD(�; �; �)?� Theorem 6.1 of Baumgartner [76℄ is relevant to (3). That theorem implies that ifMis a model of GCH, and � � � � � � � are 
ardinals in M su
h that � and � are regular,then there is a generi
 extension preserving 
o�nalities in whi
h a��� � �.� Modifying the argument of this theorem of Baumgartner, we 
an give a result oftype (4) for MAD(�; �; �); this is done in se
tion 7.� Blass [93℄ gave a result of type (5) for the 
ase of all three 
ardinals equal to !. Wegeneralize this to MAD(�) for � regular, and to MAD(�; �; �), in se
tions 8 and 9.6. MAD families under GCHGCH treats question (1) in the above list. Theorem 3.4 of Baumgartner [76℄ implies thefollowing:Proposition 6.1. (GCH) MAD(�; �; �) \ (�;1) 6= 0 iff � = � and 
f� = 
f�.Proof. ): Say � 2 MAD(�; �; �) \ (�;1). Then �+ 2 AD(�; �; �).19



Suppose that � < �. Then there is a �0 2 [�; �℄ with 
f�0 6= 
f�. In parti
ular,�0 < �. By 1.2, �+ 2 AD(�; �0; �). Thus 
f� 6= 
f�+ and 
f� 6= 
f�0, so by 2.2 there isa � 2 [�0; �) su
h that �+ 2 AD(�; �0; �). Now �+ � �� by 2.4, �� � �+ by GCH, and�+ � �, 
ontradi
tion. Thus � = �.Suppose that 
f� 6= 
f�. By 2.2, there is a � 2 [�; �) su
h that �+ 2 AD(�; �; �).Hen
e �+ � �� by 2.4, and �� � �+ � � by GCH, 
ontradi
tion.(: if � is regular, then � � � and 
f� = 
f� imply that � = �. We have MAD(�; �; �)\(�;1) 6= 0 by 2.6 then. Suppose that � is singular. Then the desired 
on
lusion holds by4.16 and 4.17.Together with other results above, this gives a 
omplete des
ription of MAD under GCH,where the sets are as small as possible:Proposition 6.2. (GCH) (i) If � is regular and � < �, then MAD(�; �; �) = f�g.(ii) If � is singular and � < � < �, then MAD(�; �; �) = f�g.(iii) If � is singular, � < �, and 
f� 6= 
f�, then MAD(�; �; �) = f�g.(iv) If � is singular, � < �, and 
f� = 
f�, then MAD(�; �; �) = f�+g.(v) If � < �, then MAD(�; �; �) = [1; �℄.(vi) If � is regular, then MAD(�) = [1; �) [ f�+g.(vii) If � is singular, then MAD(�) = [1; 
f�) [ (
f�; �+℄.Proof. (i): by 1.1(ii) and 6.1.(ii): by 1.1(ii) and 6.1.(iii): by 1.1(ii) and 6.1.(iv): by 1.1(ii), 2.4, 4.16, and 6.1.(v): by 1.1(iii) and 6.1.(vi): by 1.1(iv), 2.4, and 2.6.(vii): by 1.1(iv) we have [1; 
f�) � MAD(�). By 4.18, 
f� =2 MAD(�). If � is regularand 
f� < � < �, by 4.13 
hoose Æ 2 MAD(�) su
h that � � Æ � �
f�. But �
f� = � byGCH, so � 2 MAD(�). By 4.6, all singular 
ardinals in (
f�; �) are in MAD(�). By 4.15,also � 2 MAD(�). Finally, �+ 2 MAD(�) by 6.1.7. Many members of MAD(�;�;�)For the remainder of the notes we shall refer to Kunen [80℄ for basi
 notions and results
on
erning for
ing.Theorem 7.1. Suppose that M is a model of GCH, and in M we have in�nite
ardinals �, �, and � with � � � < �, where � and � are regular. Then there is a generi
extensionM [G℄ ofM preserving 
o�nalities and 
ardinals su
h that inM [G℄, every regular
ardinal in (�; �℄ is a member of MAD(�; �; �).The proof of this theorem will o

upy all of this se
tion. As mentioned above, it is ageneralization of Theorem 6.1 of Baumgartner [76℄, and the proof also follows the lines ofhis proof. He worked with only one 
ardinal � and produ
ed a generi
 extension preserving
o�nalities su
h that in the extension � 2 AD(�; �; �). This was done by starting with anextension in whi
h � 2 AD(�; �; �) and thinning out the almost disjoint family. So, we dosomething similar, ex
ept in starting with a whole set of 
ardinals.20



To start with, we work in ZFC. Assume that �; �; � are in�nite 
ardinals with � and� regular, � � � < �. We de�neO = f� : � is a limit ordinal and � � � and � < 
f�g:This is the set whi
h takes the pla
e of Baumgartner's �. Let F def= hF (�; �) : � 2 O; � < �ibe a sequen
e of subsets of �, possibly with repetitions. Now for � regular and � � � � �,let Q0(�; �; F ) be the set of all fun
tions f su
h that the following two 
onditions hold:(1) dmn(f) 2 [O℄<�;(2) For all � 2 dmn(f), f� is a fun
tion, dmn(f�) 2 [�℄<�, and for all � 2 dmn(f�),f�(�) 2 [F (�; �)℄<�.For f; g 2 Q0(�; �; F ) we write f � g iff the following 
onditions hold:(3) dmn(g) � dmnf ;(4) for every � 2 dmng,(a) dmn(g�) � dmn(f�);(b) g�(�) � f�(�) for all � 2 dmn(g�);(
) g�(�) \ g�(
) = f�(�) \ f�(
) for all distin
t �; 
 2 dmn(g�).Let K be the set of all regular 
ardinals � su
h that � � � � �. Suppose that � 2 K.Then Q(�; �; F ) is the set of all fun
tions f 2Q���2K Q0(�; �; F ) su
h that the following
ondition holds (where for 
larity the value of f at � is written as f�):(5) If �; �0 2 K and � � � � �0, then dmn(f�) � dmn(f�0), and for all � 2 dmn(f�),dmn(f��) � dmn(f�0� ), and for any � 2 dmn(f��), f��(�) � f�0� (�).For f; g 2 Q(�; �; F ) we write f � g iff f� � g� for all � 2 K su
h that � � �. For any� 2 K we let Q�(�; F ) = ff � ([�; �℄ \K) : f 2 Q(�; �; F )g:For f; g 2 Q�(�; F ) we de�ne f � g iff f� � g� for all � 2 [�; �℄ \K.Finally, Q(�; �) stands for Q(�; �; F ) with F (�; �) = � for all � < � 2 O; similarlyfor Q0(�; �) and Q�(�).Lemma 7.2. If � 2 K, �<� = �, and jF (�; �) \ F (�; 
)j � � whenever � 2 O and� < � < �, then Q�(�; F ) has the �+-
hain 
ondition.In parti
ular, if �<� = �, then Q(�; �) has the �+-
hain 
ondition.Proof. Suppose to the 
ontrary that I is a set of pairwise in
ompatible elementsof Q�(�; F ), with jIj = �+. Now for any f 2 I we have f = g � ([�; �℄ \ K) for someg 2 Q(�; �; F ), and so f� = g� 2 Q0(�; �; F ), and hen
e the fun
tion f� is a memberof Q0(�; �; F ), and so its domain has size < �. By the �-system theorem, we may as-sume that hdmn(f�) : f 2 Ii is a �-system, say with kernel D. For all f 2 I we have���S�2dmn(f�) dmn(f��)��� < �, so we may assume that* [�2dmn(f�) dmn(f��) : f 2 I+21



is a �-system, say with kernelD0. And for ea
h f 2 I the setS�2dmn(f�)S�2dmn(f�� ) f�� (�)has size less than �, so we may assume that* [�2dmn(f�) [�2dmn(f�� ) f�� (�) : f 2 I+is a �-system, say with kernel R. LetX = [�2D;�;
2D0;� 6=
 F (�; �) \ F (�; 
):Sin
e jDj < �, jD0j < �, and ea
h jF (�; �)\F (�; 
)j � �, we have jXj � �. Let Y = X[R.So jY j � �. Now we 
laim(*) There exist I 0 2 [I℄�+ and a fun
tion f 2 J def= Q�2[�;�℄\K D(D0([Y ℄<�)) su
h that8g 2 I 08� 2 dmn(g)8� 2 D \ dmn(g�)8� 2 D0 \ dmn(g��)[g��(�) \ Y = f��(�)℄To prove this, �rst suppose that � = �+ for some �. For every g 2 I de�ne a fun
tion gfas follows: dmn(gf) = K \ [�; �℄. For ea
h � 2 [�; �℄ \K let dmn(gf�) = D, and for any� 2 D let dmn(gf��) = D0. Then for � 2 [�; �℄ \K, � 2 D, and � 2 D0 letgf��(�) = � g��(�) \ Y if � 2 dmn(g�) and � 2 dmn(g��),; otherwise.Note that g 2 Q�(�; F ), and hen
e there is a k 2 Q(�; �; F ) su
h that g = k � ([�; �℄\K).Hen
e g� = k� 2 Q0(�; �; F ), and g��(�) 2 [F (�; �)℄<�. Thus gf��(�) 2 [Y ℄<�.Thus gf 2 J . Note that J has size at most � sin
e j[�; �℄j � � < �. Hen
e (*) followsin the 
ase that � is a su

essor 
ardinal.Now assume that � is a limit 
ardinal, and hen
e is weakly ina

essible. Temporarily�x g 2 I. We 
laim:(**) There is a �(g) 2 [�; �) su
h that g�(g) = g� for all � 2 [�(g); �).We 
an see this step by step as follows. If � � � � � < � and �; � 2 K, then dmn(g�) �dmn(g�) � dmn(g�) and jdmn(g�)j < � Hen
e there is a �(0; g) < � with �(0; g) 2 K su
hthat dmn(g�(0;g)) = dmn(g�) for all � 2 [�(0; g); �)\K. Now for all � 2 dmn(g�(0;g)) andany � 2 [�(0; g); �)\K we have dmn(g�(0;g)� ) � dmn(g��) � dmn(g��) and jdmn(g��)j < �,so there is a �(1; �; g) 2 [�(0; g); �) \ K su
h that dmn(g�(1;�;g)� ) = dmn(g��) for all� 2 [�(1; �; g); �). Let �(2; g) = sup�2dmn(g�(0;g)) �(1; �; g). So �(2; g) < �, and for all� 2 dmn(g�(2;g)) and all � 2 [�(2; g); �) we have dmn(g�(2;g)� ) = dmn(g��). For all � 2dmn(g�(2;g)), � 2 [�(2; g); �), and � 2 dmn(g�(2;g)� ) we have g�(2;g)� (�) � g��(�) � g��(�),and jg��(�)j < �, so there is a �(3; �; �; g) 2 [�(2; g); �)\K su
h that g��(�) = g�(3;�;�;g)� (�)for all � 2 [�(3; �; �; g); �), � 2 dmn(g�(3;�;�;g)), and � 2 dmn(g�(3;�;�;g)� ). Let �(g) =sup�2dmn(g�(2;g)) sup�2dmn(g�(2;g)� ) �(3; �; �; g). Then �(g) < �, and for all � 2 [�(g); �),22



� 2 dmn(g�(g)), and � 2 dmn(g�(g)� ) we have g�(g)� (�) = g��(�). Hen
e g�(g) = g� for all� 2 [�(g); �), as desired in (**).Now we un�x g. Let I 000 2 [I℄�+ be a subset of I on whi
h �(g) has a 
onstant value� . Now for any g 2 I 000 de�ne gf 2 J 0 def= Q�2[�;� ℄\K D(D0([Y ℄<�)) as follows. For any� 2 [�; � ℄ \K, � 2 D, � 2 D0, letgf��(�) = n g��(�) \ Y if � 2 dmn(g�) and � 2 dmn(g��),0 otherwise.Sin
e jJ 0j � �, let I 00 2 [I 000℄�+ be su
h that gf is 
onstant, say with value f 0, on I 00.For any g 2 I 00 de�ne gh 2 D(D0([Y ℄<�)) by setting, for any � 2 D and � 2 D0,gh�(�) = n g��(�) \ Y if � 2 dmn(g�) and � 2 dmn(g��),0 otherwise.Now ���D(D0([Y ℄<�))��� � �, so there is an I 0 2 [I 00℄<� su
h that gh is 
onstant, say equal toh, on I 0.De�ne f 2 J by: f� = (f 0)� for � 2 [�; � ℄, f� = (f 0)� for � 2 (�; �), and f� = h. Then(*) holds. Namely, if g 2 I 0, � 2 dmn(g), � 2 D \ dmn(g�), and � 2 D0 \ dmn(g��), theng��(�) \ Y = 8<: gf��(�) = (f 0)��(�) = f��(�) if � � � � � ,g��(�) \ Y = gf��(�) = (f 0)��(�) = f��(�) if � < � < �,gh�(�) = h�(�) = f�� (�) if � = �.Thus, indeed, (*) holds also when � is ina

essible.Choose I 0 and f as in (*). Take any two distin
t g; h 2 I 0. We 
laim that they are
ompatible (
ontradi
tion!). To see this, for � 2 [�; �℄ \ K let dmn(k�) = dmn(g�) [dmn(h�). For ea
h � 2 dmn(k�) letk�� = 8<: g�� if � 2 dmn(g�)ndmn(h�),h�� if � 2 dmn(h�)ndmn(g�),s if � 2 dmn(g�) \ dmn(h�),where dmn(s) = dmn(g��) [ dmn(h��), and for every � 2 dmn(s),s(�) = 8<: g��(�) if � 2 dmn(g��)ndmn(h��),h��(�) if � 2 dmn(h��)ndmn(g��),g��(�) [ h��(�) if � 2 dmn(g��) \ dmn(h��).For any � 2 (�; �℄ \K let k� = k�. Clearly k 2 Q(�; �; F ). Let l = k � ([�; �℄ \K). Bysymmetry it suÆ
es to show that l � g. Take any � 2 [�; �℄ \K. Only 
ondition (4)(
) isproblemati
. Take any � 2 dmn(g�) and distin
t �; 
 2 dmn(g��).Case 1. � =2 dmn(h�). Clear.Case 2. � 2 dmn(h�). Thus � 2 D. 23



Sub
ase 2.1. �; 
 =2 h��. Clear.Sub
ase 2.2. � =2 dmn(h��) but 
 2 dmn(h��). So 
 2 D0, and g��(�)\h��(
) � R �Y . Hen
e l��(�) \ l��(
) = g��(�) \ [g��(
) [ h��(
)℄= [g��(�) \ g��(
)℄ [ [g��(�) \ h��(
)℄= [g��(�) \ g��(
)℄ [ [g��(�) \ h��(
) \ Y ℄= [g��(�) \ g��(
)℄ [ [g��(�) \ f��(
)℄ (by (*) for h)= [g��(�) \ g��(
)℄ [ [g��(�) \ g��(
) \ Y ℄ (by (*) for g)= g��(�) \ g��(
):Sub
ase 2.3. �; 
 2 dmn(h��). So �; 
 2 D0, g��(�) \ h��(
) � R � Y , g��(
) \h��(�) � Y , and h��(�) \ h��(
) � X � Y . Hen
el��(�) \ l��(
) = [g��(�) [ h��(�)℄ \ [g��(
) [ h��(
)℄= [g��(�) \ g��(
)℄ [ [g��(�) \ h��(
)℄[ [h��(�) \ g��(
)℄ [ [h��(�) \ h��(
)℄= [g��(�) \ g��(
)℄ [ [g��(�) \ h��(
) \ Y ℄[ [h��(�) \ g��(
) \ Y ℄ [ [h��(�) \ h��(
) \ Y ℄= [g��(�) \ g��(
)℄ [ [g��(�) \ f��(
)℄[ [f��(�) \ g��(
)℄ [ [f��(�) \ f��(
)℄= [g��(�) \ g��(
)℄ [ [g��(�) \ g��(
) \ Y ℄= g��(�) \ g��(
):Lemma 7.3. If � 2 K, then Q(�; �) is �-
losedProof. Suppose that � < � and h�f : � < �i is a sequen
e of members of Q(�; �) su
hthat �f � �f whenever � < � < �. For any � 2 [�; �℄ \K let dmn(g�) = S�<� dmn(�f�).For ea
h � 2 dmn(g�) let dmn(g��) = S�<�;�2dmn(�f�) dmn(�f��). For ea
h � 2 dmn(g��)let g��(�) =[f�f��(�) : � < �; � 2 dmn(�f�); � 2 dmn(�f��)g:Clearly g 2 Q(�; �). We 
he
k (4)(
). Suppose that � < �, � 2 [�; �℄ \K, � 2 dmn(�f�),and � and 
 are distin
t members of dmn(�f��). Suppose that Æ 2 g��(�) \ g��(
). Thenthere is an � 2 (�; �) su
h that � 2 dmn(�f�), �; 
 2 dmn(�f��), and Æ 2 �f��(�) \ �f��(
).So Æ 2 �f��(�) \ �f��(
) sin
e �f � �f .At a 
ertain point in the proof of the next lemma we will need the following general fa
tabout for
ing. Re
all from Kunen VII.2.12 the de�nition of the standard name for a generi
�lter.Fa
t 7.4. Let � be the standard name for a generi
 �lter. Then s 
 9f 2 �[�(f)℄ iffthe set fr : 9f [r � f and r 
 �(f)℄g24



is dense below s.Proof. ): Assume the lhs, and suppose that t � s. Let G be generi
 with t 2 G. Bythe lhs, 
hoose f 2 G su
h that M [G℄ j= �(f). Choose k 2 G su
h that k 
 �(f). Taker � f; k; t. Clearly r is as desired.(: Assume rhs. Let s 2 G, G generi
. By rhs, 
hoose r in the indi
ated set with r � sand r 2 G. Then 
hoose f as indi
ated. Then f 2 G and M [G℄ j= �(f), as desired.Lemma 7.5. Let G be Q(�; �)M -generi
 over M , and suppose that � is a regular
ardinal of M su
h that � � � < �. LetH = ff � ([�+; �℄ \K) : f 2 Gg;J = ff � ([�; �℄ \K) : f 2 Gg:Then(6) M [G℄ =M [H℄[J ℄;(7) H is Q(�; �+)M -generi
 over M ;(8) J is Q�(�; F )M [H℄-generi
 over M [H℄, whereF (�; �) =[ff�+� (�) : f 2 H; � 2 dmn(f�+); � 2 dmn(f�+� )gfor all � < � 2 O.Proof. First we 
he
k (7). Clearly if f; g 2 H then there is an h 2 H su
h thath � f; g. Now suppose that f 2 H and f � g 2 Q(�; �+); we want to show that g 2 H.Say f = f 0 � ([�+; �℄ \ K) with f 0 2 G. It suÆ
es to de�ne an h 2 Q(�; �) su
h thatf 0 � h and h � ([�+; �℄\K) = g. So we let g � h, and for � 2 [�; �℄\K de�ne dmn(h�) =dmn(g�+)\dmn(f 0�), and for any � 2 dmn(h�) let dmn(h��) = dmn(g�+� )\dmn(f 0�� ), andfor every � 2 dmn(h��) let h��(�) = g�+� (�) \ f 0�� (�).Take any � 2 K; we 
he
k that h� 2 Q0(�; �). For � 2 [�+; �℄ we have h� = g�,so this is given. Suppose that � 2 [�; �℄. Then (1) and (2) are 
lear for h�. So alwaysh� 2 Q0(�; �).Next, we 
he
k (5). Suppose that �; � 2 K and � � �. If �+ � �, then (5) is oksin
e h� = g� and h� = g�. If � � �, then (5) holds sin
e f 0 2 Q(�; �). So, suppose that� � � < �+ � �. Then dmn(h�) = dmn(g�+) \ dmn(f 0�)� dmn(g�+)� dmn(g�) = dmn(h�):For � 2 dmn(h�),dmn(h��) = dmn(g�+� ) \ dmn(f 0�� ) � dmn(g�+� ) � dmn(g��) = dmn(h��):For � 2 dmn(h��), h��(�) = g�+� (�) \ f 0�� (�) � g�+� (�) � g��(�) = h��(�):25



So h 2 Q(�; �).Now we 
he
k that f 0 � h. Let � 2 K. If � 2 [�+; �℄, then f 0� = f� � g� = h�,as desired. Suppose that � 2 [�; �℄ \ K. Then dmn(h�) � dmn(f 0�). Suppose that� 2 dmn(h�). Then dmn(h��) � dmn(f 0�� ). If � 2 dmn(h��), then h��(�) � f 0�� (�). Finally,to 
he
k (4)(
), suppose that � and 
 are distin
t members of dmn(h��). Thenh��(�) \ h��(
) = g�+� (�) \ f 0�� (�) \ g�+� (
) \ f 0�� (
)= g�+� (�) \ g�+� (
) \ f 0�� (�) \ f 0�� (
)= f�+� (�) \ f�+� (
) \ f 0�� (�) \ f 0�� (
)using (4)(
), sin
e f � g= f 0�� (�) \ f 0�� (
):So, indeed, f 0 � h. It follows that g 2 H.Now suppose that D is a dense subset of Q(�; �+) in M . LetD0 = ff 2 Q(�; �) : f � ([�+; �℄ \K) 2 Dg (in M)We 
laim that D0 is dense in Q(�; �). For, let g 2 Q(�; �). Choose f 2 D so thatf � g � ([�+; �℄\K). De�ne f 0 with domain K by: f � f 0 and for � 2 [�; �℄\K, f 0� = g�.To show that f 0 2 Q(�; �), the only questionable point is (5) for � � � � � < �+ � � � �.Then dmn(f 0�) = dmn(g�) � dmn(g�) � dmn(f�) = dmn(f 0�);and for any � 2 dmn(f 0�),dmn(f 0�� ) = dmn(g��) � dmn(g��) � dmn(f��) = dmn(f 0�� );and for any � 2 dmn(f 0�� ),f 0�� (�) = g��(�) � g��(�) � f�� (�) = f 0�� (�):So f 0 2 Q(�; �), hen
e f 0 2 D0. Clearly f 0 � g. This shows that D0 is dense in Q(�; �).Hen
e 
hoose f 2 D0 \G. So f � ([�+; �℄ \K) 2 D \H. So (7) is proved.Now we turn to (8). Let � be a name in M for Q�(�; F ). Note(a) �M [H℄ �M .In fa
t, work in M [H℄. Let f 2 �M [H℄. LetL = f(�; �; �) : � 2 dmn(f); � 2 dmn(f�); � 2 dmn(f��)g:Thus L � K � �� �, and jLj � �. Let g be a mapping of � onto L.We no longer work in M [H℄. By (7), 7.3 and Kunen VII6.14, g 2 M , and hen
eL 2 M . Now we 
laim that if (�; �; �) 2 L, then f��(�) 2 M . If f��(�) = 0, this isobvious. If f��(�) 6= 0, let h be a mapping of � onto f��(�). By (7), 7.3 and Kunen VII6.14,26



h 2 M and hen
e f��(�) 2 M . This proves our 
laim. Now de�ne f 0(�; �; �) = f��(�) forany (�; �; �) 2 L. Then f 0 maps L into PM (�), and so by (7), 7.3 and Kunen VII6.14,f 0 2M . Hen
e f 2M , proving (a).Now let � be the standard name for a generi
 �lter. Then the following formula'(x; �; �) expresses that x � F (�; �):8y 2 x9f 2 �[� 2 dmn(f�+) ^ � 2 dmn(f�+� ) ^ y 2 f�+� (�)℄:Thus 'M [H℄(x; �; �) iff x � F (�; �).Now let  (z) be the following formula:dmn(z) = [�; �℄ \K ^ 9w[w 2 Q(�; �) ^ 8� 2 [�; �℄ \K(z� = w�)^8� 2 dmn(w�)8� 2 dmn(w��)'(w��(�); �; �)℄:Thus  M [H℄(z) iff z 2 Q�(�; F ). Now we 
laim(b) In M , if f 2 Q(�; �+) and g 2 M , then f 
  (g) iff g 2 Q�(�) and the set fh 2Q(�; �+) : g [ h 2 Q(�; �)g is dense below f .For ), suppose that f 2 Q(�; �+), g 2 M , and f 
  (g). Take any h � f . Choose wand k � h so that w 2 Q(�; �), g = w � ([�; �℄ \ K), and for all � 2 dmn(w�), and all� 2 dmn(w��), k 
 '(w��(�); �; �). Clearly then g 2 Q�(�). Note that dmn(g) = [�; �℄\K,while for ea
h h 2 Q(�; �+) we have dmn(h) = [�+; �℄ \K. Now for all � 2 dmn(g�) andall � 2 dmn(g��) we havek 
 8
 2 g��(�)9l 2 �[� 2 dmn(l�+) ^ � 2 dmn(l�+� ) ^ 
 2 l�+� (�)℄Fix � 2 dmn(g�), � 2 dmn(g��), and 
 2 g��(�). Thenk 
 9l 2 �[� 2 dmn(l�+) ^ � 2 dmn(l�+� ) ^ 
 2 l�+� (�)℄:By Fa
t 7.4, fr : 9l[r � l ^ � 2 dmn(l�+) ^ � 2 dmn(l�+� ) ^ 
 2 l�+� (�)℄gis dense below k. Note that if r � l, � 2 dmn(l�+), � 2 dmn(l�+� ), and 
 2 l�+� (�), then� 2 dmn(r�+), � 2 dmn(r�+� ), and 
 2 r�+� (�). Sofr : � 2 dmn(r�+); � 2 dmn(r�+� ); 
 2 r�+� (�)gis dense below k. By �+-
losedness, it follows that for ea
h � 2 dmn(g�) and � 2 dmn(g��)the set fr : � 2 dmn(r�+); � 2 dmn(r�+� ); g��(�) � r�+� (�)gis dense below k. By �+-
losedness two more times,fr :dmn(g�) � dmn(r�+) and 8� 2 dmn(g�)[dmn(g��) � dmn(r�+� )and 8� 2 dmn(g��)[g��(�) � r�+� (�)℄℄g27



is dense below k. For l in this set, g [ l 2 Q(�; �), as desired in (b).For the other dire
tion, assume the 
ondition, and suppose that f 2 L, with LQ(�; �+)-generi
. Choose h � f in the indi
ated set, h 2 L. So for all � 2 dmn(g�)and all � 2 dmn(g��) we have � 2 dmn(h�+), � 2 dmn(h�+� ), and g��(�) � h�+� (�). Thus'(g��(�); �; �) holds. Hen
e  (g) holds, as desired.Now we start a
tually proving (8). Clearly if f; g 2 J , then there is an h 2 J su
hthat h � f; g. Now suppose that f 2 J and f � g 2 Q�(�; F )M [H℄. Choose h 2 H su
hthat h 
  (g). So by (b), there is a k 2 H with k � h su
h that g [ k 2 Q(�; �). Sayk = k0 � ([�+; �℄ \ K) with k0 2 G, and say f = f 0 � ([�; �℄ \ K) with f 0 2 G. Choosel 2 G with l � k0; f 0. We 
laim that l � g [ k (hen
e g [ k 2 G and so g 2 J). In fa
t, if� 2 [�; �℄ \K, then l� � f 0� = f� � g�, and for � 2 [�+; �℄ \K, l� � k0� = k�.Next, suppose that D is Q�(�; F )M [H℄-dense in M [H℄. Let � be a term su
h that�H = D. Now we introdu
e some notation for an arbitrary f 2 Q(�; �): f (�) = f �([�+; �℄ \K), and f(�) = f � ([�; �℄ \K). Now in M [H℄ we have: D � Q�(�; F ) ^ 8h 2Q�(�; F )9k 2 D(k � h). Hen
e 
hoose f 2 H su
h that(
) f 
 8k 2 � (k) ^ 8h[ (h)! 9k 2 �(k � h)℄.Say f = g(�) with g 2 G. We now 
laim (in M)(d) fh 2 Q(�; �) : h(�) 
 h(�) 2 �g is dense below g.To prove this, take any r � g. Now r(�) � f , so(e) r(�) 
 8k 2 � (k) ^ 8h[ (h)! 9k 2 �(k � h)℄.Now(f) r(�) 2 Q�(�) and fh 2 Q(�; �+) : r(�) [ h 2 Q(�; �)g is dense below r(�).For, the �rst statement is 
lear. Now suppose that s � r(�). Then r(�) [ s 2 Q(�; �). For,dmn((r(�))�) = dmn(r�) � dmn(r�+) � dmn(s�+)and for any � 2 dmn((r(�))�),dmn((r(�))��) = dmn(r��) � dmn(r�+� ) � dmn(s�+� );and for any � 2 dmn((r(�))��),(r(�))��(�) = r��(�) � r�+� (�) � s�+� (�):So, (f) holds.By (f) and (b) we have r(�) 
  (r(�)). Hen
e by (e), r(�) 
 9k 2 � [k � r(�) ^  (k)℄.Let L be Q(�; �+)-generi
 over M su
h that r(�) 2 L. Choose k 2 �L su
h that k � r(�)and  L(k). Note that k 2 M by the version of (a) for M [L℄. Choose s 2 L su
h thats 
 k 2 � ^  (k) and s � r(�). By (b), 
hoose l � s su
h that t def= k [ l 2 Q(�; �). Thust(�) = l 
  (k), and k = t(�), so t(�) 
  (t(�)). Moreover, t � r sin
e if � 2 [�; �℄\K then28



t� = k� � (r(�))� = r�, while if � 2 [�+; �℄ \K, then t� = l� � s� � (r(�))� = r�. So (d)holds.By (d), there is a u 2 G su
h that u � g and u(�) 
 u(�) 2 � . Hen
e u(�) 2 H, sou(�) 2 J \D, as desired.Thus (8) holds.Finally, we turn to (6), where we apply Kunen VII2.9. M �M [G℄ and H 2M [G℄, soM [H℄ �M [G℄. And J 2M [G℄, so M [H℄[J ℄ �M [G℄.For the other in
lusion it suÆ
es to show that G 2M [H℄[J ℄. For any fun
tion f ,f 2 G iff f � ([�+; �℄ \K) 2 H and f � ([�; �℄ \K) 2 Jand dmn(f�) � dmn(f�+) and 8� 2 dmn(f�)[dmn(f�� ) � dmn(f�+� )and 8� 2 dmn(f��)[f�� (�) � f�+� (�)℄℄:This �nishes the proof of (6) and of Lemma 7.5.Lemma 7.6. Co�nalities are preserved in M [G℄, where G is Q(�; �)-generi
 over M .Proof. By Kunen VII5.9 it suÆ
es to get a 
ontradi
tion upon assuming that � isregular in M but singular in M [G℄. Let � = 
f� in M [G℄. Thus � is a 
ardinal in M . If� < �, this 
ontradi
ts Lemma 7.3 and Kunen VII6.14. If � � �, then Q(�; �) has the �+-

by Lemma 7.2, hen
e the �+-

, so this 
ontradi
ts Kunen VII6.9 sin
e 
f(�)M = � � �+.So, assume that � � � < �.Let H, J , and F be as in Lemma 7.5. By Lemma 7.3, Q(�; �+) is �+-
losed. Hen
eby Kunen VII6.14, 
f� � �+ in M [H℄. Also, �<� = � in M [H℄ by Kunen VII6.14. Next,(1) jF (�; �) \ F (�; 
)j � � whenever � < 
 < � 2 O.To prove this, we may assume that F (�; �) \ F (�; 
) 6= ;. Then we 
laim(2) There is a k 2 H su
h that � 2 dmn(k�+) and �; 
 2 dmn(k�+� ).In fa
t, take any " 2 F (�; �) \ F (�; 
). Then there are s; t 2 H su
h that � 2 dmn(s�+),� 2 dmn(s�+� , and " 2 s�+� (�); and � 2 dmn(t�+), 
 2 dmn(t�+� , and " 2 t�+� (
). Takek 2 H su
h that k � s; t. Clearly (2) holds for this k.Now take any Æ 2 F (�; �) \ F (�; 
). Then there exist f; g 2 H su
h that � 2dmn(f�+), � 2 dmn(g�+), � 2 dmn(f�+� ), 
 2 dmng�+� , and Æ 2 f�+� (�) \ g�+� (
). Takeh 2 H su
h that h � f; g; k. ThenÆ 2 f�+� (�) \ g�+� (
) � h�+� (�) \ h�+� (
) = k�+� (�) \ k�+� (
):This proves (1).By Lemma 7.2, Q�(�; F ) has the �+-

. So 
f� � �+ in M [H℄[J ℄ by Kunen VII6.9,
ontradi
tion.Proof of Theorem 7.1. Preservation of 
ardinalities and 
o�nalities follows fromthe Lemma 7.6. Now for � 2 O and � < �, letG�� = [f2G;�2dmn(f� );�2dmn(f��) f��(�):29



We 
laim that for ea
h � 2 O, the system hG�� : � < �i is [�℄�; �-mad. (This will �nishthe proof.) To prove this, �rst �x � and �, � < � 2 O. Then the following set is dense:D def= ff 2 Q(�; �) : � 2 dmn(f�) and � 2 dmn(f��)g:To see this, let g 2 Q(�; �) be arbitrary. For ea
h � 2 K let dmn(f�) = dmn(g�) [ f�g.Then let dmn(f��) = �dmn(g��) [ f�g if � 2 dmn(g�),f�g otherwise.Finally, de�ne f�� (�) = n g��(�) if � 2 dmn(g�) and � 2 dmn(g��),0 otherwise.It is 
lear that f 2 D and f � g. So D is dense.Now for ea
h 
 < � the following set is dense:E def= ff 2 Q(�; �) : � 2 dmn(f�); and � 2 dmn(f��) and f��(�) \ (
; �) 6= 0g:For, given g 2 Q(�; �), by the density of D we may assume that � 2 dmn(g�) and � 2dmn(g��). Choose Æ 2 (
; �)nS"2dmn(g�)S rng(g�" ). Now de�ne f by setting dmn(f�) =dmn(g�) for all � 2 K, and for any � 2 dmn(f�), dmn(f�� ) = dmn(g�� ), and for any� 2 dmn(f�� ), f�� (�) = � g�� (�) if � 6= � or � 6= �,g��(�) [ fÆg if � = � and � = �.Clearly f 2 Q(�; �). To show that f � g, only (4)(
) is a problem. Suppose that � 6= �and ' 2 f�� (�) \ f�� (�). Thus ' 2 g��(�), so ' 6= Æ, and hen
e ' 2 g��(�) too, as desired.By the density of E we have jG�� j = �.Next, suppose that � < 
 < � 2 O. We 
laim that jG�� \G�
 j < �. For, 
hoose f 2 Gwith � 2 dmn(f�) and �; 
 2 dmn(f��). Then jG�� \ G�
 j � jf��(�) \ f��(
)j < �. In fa
t,suppose that Æ 2 G�� \G�
 . Then there exist g; h 2 G su
h that � 2 dmn(g�) \ dmn(h�),� 2 dmn(g��), 
 2 dmn(g��), Æ 2 g��(�), and Æ 2 h��(
). Choose k 2 G so that k � f; g; h.Then Æ 2 g��(�) \ h��(
) � k��(�) \ k��(
) = f��(�) \ f��(
):It remains only to show that for ea
h � 2 O, hG�� : � < �i is maximal. First, somenotation. We write ��� for the term [f2�; �2dmn(f� );�2dmn(f��) f��(�);where � is the standard name for a generi
 �lter. Note that (��� )G = G�� .(9) If � 2 dmn(f�), � 2 dmn(f��), and 
 2 f��(�), then f 
 
 2 ��� .30



For, suppose that f 2 H with H generi
. Then f 2 �H . So (9) holds.Now suppose that X 2 [�℄� and jX \ G�� j < � for all � < �; we want to get a
ontradi
tion. Let � be a ni
e name for a subset of � su
h that �G = X. Say � =S
2�f
g�B
 , where ea
h B
 is a 
olle
tion of pairwise in
ompatible elements of Q(�; �).So jB
 j � � for all 
 2 �, by 7.2. Choose� 2 �n [
2� [f2B
�2dmn(f�) dmn(f��):Now X \ G�� 2 [�℄<� , so by Kunen VII6.14 we have X \ G�� 2 M . Let 
 = X \ G�� .Choose f 2 G su
h that f 
 j� j = � ^ 8
 2 �(
 2 ��� $ 
 2 
):Let g � f with g 2 G, � 2 dmn(g�), and � 2 dmn(g��). De�ne� = 
 [ [
2dmn(g��) g��(
) [ [
2dmn(g��)(X \G�
 ):Note that j�j < �. Hen
e we 
an 
hoose Æ 2 Xn�. Sin
e Æ 2 X, there is an r 2 BÆ \ G.Hen
e also there is an h 2 G su
h that h � g; r.(10) If � 2 dmn(r�), then � =2 dmn(r��).This holds by the 
hoi
e of �.(11) If � 2 dmn(r�) and � 2 dmn(r��) \ dmn(g��), then Æ =2 r��(�).For, otherwise we get r 
 Æ 2 ��� by (9); also r 
 Æ 2 � . Sin
e r 2 G, this implies thatÆ 2 X \G�� , 
ontradi
ting the 
hoi
e of Æ.Now we de�ne a fun
tion l as follows. dmn(l) = K; dmn(l�) = dmn(g�) [ dmn(r�)for all � 2 K, and for any " 2 dmn(l�),l�" = 8><>: g�" if " 2 dmn(g�)ndmn(r�) and " 6= �,t� if " 2 dmn(g�)ndmn(r�) and " = �,r�" if " 2 dmn(r�)ndmn(g�),s� if " 2 dmn(g�) \ dmn(r�),where dmn(t�) = dmn(g��) and for all � 2 dmn(t�),t�(�) = � g��(�) if � 6= �,g��(�) [ fÆg if � = �,and dmn(s�) = dmn(g�" ) [ dmn(r�" ), and for any � 2 dmn(s�),s�(�) = 8><>: g�" (�) if � 2 dmn(g�" )ndmn(r�" ) and (� 6= � or " 6= �),r�" (�) if � 2 dmn(r�" )ndmn(g�" ),g�" (�) [ r�" (�) if � 2 dmn(g�" ) \ dmn(r�" ),g�" (�) [ fÆg if " = � and � = �.31



It is a straightforward but lengthy matter to 
he
k that l 2 Q(�; �). We 
laim that l � gand l � r. Again the hard part of 
he
king this is the 
ondition (4)(
), and we do one ofthe harder 
ases here. Suppose that � 2 K, � 2 dmn(g�)\ dmn(r�), and �; � 2 dmn(g��),� 2 dmn(r��), and � 6= �; we want to show that l��(�) \ l��(�) � g��(�) \ g��(�). We havel��(�) \ l��(�) = (g��(�) [ r��(�)) \ (g��(�) [ fÆg):Sin
e Æ =2 g��(�) [ r��(�) by 
onstru
tion and (11), we getl��(�) \ l��(�) = (g��(�) [ r��(�)) \ g��(�)= (g��(�) \ g��(�)) [ (r��(�) \ g��(�))� (g��(�) \ g��(�)) [ (h��(�) \ h��(�))� g��(�) \ g��(�);as desired.Now we 
an �nish the proof. Sin
e l � r and r 
 Æ 2 � , we have l 
 Æ 2 � . But alsol � g, so l 
 Æ 2 ��� ! Æ 2 
. By 
onstru
tion, Æ 2 l��(�), so by (9) we get l 
 Æ 2 ��� .These fa
ts 
ontradi
t Æ =2 
.The proof of Theorem 7.1 is �nished.8. Spe
ifying MAD(�)Let � be a regular 
ardinal, and let C be a set of 
ardinals satisfying the following 
ondi-tions:(1) ea
h member of C is greater than �;(2) C is 
losed;(3) C 
ontains the immediate su

essor of ea
h of its members of 
o�nality between ! and� in
lusive;(4) C 
ontains all 
ardinals in [�+; jCj℄;(5) �+ 2 C.The aim of this se
tion is to prove the following theorem, whi
h generalises a theorem inBlass [93℄.Theorem. Assume the above about � and C, in a 
ountable transitive model Mof GCH. Then there is a partial ordering P su
h that if G is P -generi
 over M , then
o�nalities and 
ardinalities are preserved in M [G℄, and in M [G℄, MAD(�) = C.Note that the set C is not quite arbitrary. We do not know to what extent this theorem
an be generalized to other sets.The proof of the theorem follows Blass [93℄ too. We begin by de�ning the partialorder P .Let P be the set of all fun
tions p su
h that(6) dmn(p) 2 [C℄<�;(7) for all � 2 dmn(p), p� is a fun
tion, dmn(p�) 2 [�℄<�, and for all � 2 dmn(p�),p�(�) 2 [�℄<�. 32



For p; q 2 P we write p � q iff(8) dmn(q) � dmn(p);(9) for all � 2 dmn(q),(a) dmn(q�) � dmn(p�);(b) for all � 2 dmn(q�), q�(�) � p�(�);(
) for all distin
t �; 
 2 dmn(q�),q�(�) \ q�(
) = p�(�) \ p�(
):Lemma 8.1. If �<� = �, then P has the �+-
hain 
ondition.Proof. Suppose that I � P is pairwise in
ompatible and jIj = �+. Without loss ofgenerality, hdmn(p) : p 2 Iiis a �-system, say with kernel D, and* [�2dmn(p) dmn(p�) : p 2 I+is a �-system, say with kernel E. Then(10) there is an f 2 D(E([�℄<�)) su
h thatI 0 def= fp 2 I : 8� 2 D8� 2 E[p�(�) = f�(�)℄ghas size �+.We now 
laim that any two distin
t members p; q of I 0 are 
ompatible (
ontradi
tion!).De�ne r as follows: dmn(r) = dmn(p) [ dmn(q). For any � 2 dmn(r),r� = 8<: p� if � 2 dmn(p)ndmn(q),q� if � 2 dmn(q)ndmn(p),s if � 2 dmn(p) \ dmn(q),where dmn(s) = dmn(p�) [ dmn(q�), and for any � 2 dmn(s),s(�) = 8<: p�(�) if � 2 dmn(p�)ndmn(q�),q�(�) if � 2 dmn(q�)ndmn(p�),p�(�) [ q�(�) if � 2 dmn(p�) \ dmn(q�).Clearly r 2 P . By symmetry we show only that r � p. Only (9)(
) is a problem. Supposethat � 2 dmn(p) and � and 
 are distin
t members of dmn(p�). If � =2 dmn(q) the
on
lusion is 
lear. Assume that � 2 dmn(q). If �; 
 =2 dmn(q�) the 
on
lusion is 
lear.Suppose that � 2 dmn(q�) and 
 =2 dmn(q�). Then � 2 D and � 2 E, so q�(�) = p�(�)and the 
on
lusion is 
lear. The other 
ases are similar.33



Lemma 8.2. P is �-
losed.Theorem 8.3. Assume the above about � and C, in a 
ountable transitive model Mof GCH. Let G be P -generi
 over M . Then 
o�nalities and 
ardinalities are preserved inM [G℄, and in M [G℄, MAD(�) = C.Proof. By the lemmas, 
o�nalities and 
ardinalities are preserved. Now for � 2 Cand � < �, letA�� = f
 < � : 9p 2 G[� 2 dmn(p); � 2 dmn(p�); 
 2 p�(�)℄g:(11) If � 2 C and � < �, then D def= fp 2 P : � 2 dmn(p); � 2 dmn(p�)g is dense.In fa
t, let p 2 P be given. If � =2 dmn(p), let q = p [ f(�; f(�; 0)g)g. Clearly q 2 D andq � p. If � 2 dmn(p) but � =2 dmn(p�) one pro
eeds similarly.(12) If � 2 C, � < �, and 
 < �, thenfp 2 P : � 2 dmn(p); � 2 dmn(p�); p�(�) \ (
; �) 6= ;gis dense.For, suppose that q 2 P . By (11) we may assume that � 2 dmn(q) and � 2 dmn(q�).Choose Æ 2 (
; �)n [�2dmn(q�) q�(�):Let p be like q ex
ept that p�(�) = q�(�) [ fÆg. Clearly p 2 P . To show that p � q, theonly sti
ky point is to prove that if " is a member of dmn(q�) di�erent from �, thenq�(�) \ q�(") = p�(�) \ p�("):Sin
e Æ =2 q�("), this is 
lear.So (12) holds. Hen
e jA�� j = � for all � 2 C, � < �.(13) If � 2 C and � and 
 are distin
t members of �, then jA�� \A�
 j < �.For, by (11) 
hoose p 2 G su
h that � 2 dmn(p) and �; 
 2 dmn(p�). We 
laim thatA�� \A�
 = p�(�) \ p�(
):In fa
t, � is 
lear. Now suppose that Æ is in the lhs. Then there is a q 2 G su
h that q � pand Æ 2 q�(�) \ q�(
). So Æ 2 p�(�) \ p�(
) by (9)(
). So (13) holds.Now �x � 2 C; we show that fA�� : � < �g is maximal. Suppose that X 2 [�℄� andjX \A��j < � for all � < �. Let � be a ni
e name for a subset of � su
h that �G = X. say� = S
2�f
g � B
 , ea
h B
 pairwise in
ompatible. By (11) we may assume for all 
 2 �that � 2 dmn(r) for all r 2 B
 . Now jBj � � for all 
 2 �, by Lemma 8.1. Choose� 2 �n [
2� [p2B
 dmn(p�):34



This is possible by (1). Let � be the standard name for a generi
 �lter. For ea
h 
 < � let�
 =[fp�(
) : p 2 �; � 2 dmn(p); 
 2 dmn(p�)g:Choose p 2 G su
h that p 
 j� j = � ^ 8
 < �[j� \�
 j < �℄:So p 
 9� < �8
 2 �(
 2 �� ! 
 < �):Hen
e 
hoose � < � and q 2 G, q � p, su
h thatq 
 8
 2 �(
 2 �� ! 
 < �):By (11) we may assume that � 2 dmn(q) and � 2 dmn(q�). Let� = � [ [
2dmn(q�) q�(
):So j�j < �. Now ���S
2dmn(q�)A�
 \X��� < �, so there is a Æ 2 X su
h that Æ =2 � andÆ =2 S
2dmn(q�)A�
 . So there is a k 2 G and an r 2 BÆ su
h that k � r; q and for all
 2 dmn(q�), k 
 Æ =2 �
 . Then(14) if 
 2 dmn(q�) and 
 2 dmn(r�), then Æ =2 r�(
).For, otherwise r 
 Æ 2 �
 , 
ontradi
ting k � r.Now de�ne l as follows. dmn(l) = dmn(q) [ dmn(r). For any � 2 dmn(l),l� = 8<: q� if � 2 dmn(q)ndmn(r),r� if � 2 dmn(r)ndmn(q),s if � 2 dmn(q) \ dmn(r),where dmns = dmnq� [ dmnr�, and for any 
 2 dmns,s(
) = 8><>: q�(
) if 
 2 dmn(q�)ndmn(r�) and (�; 
) 6= (�; �),r�(
) if 
 2 dmn(r�)ndmn(q�),q�(
) [ r�(
) if 
 2 dmn(q�) \ dmn(r�),q�(�) [ fÆg if (�; 
) = (�; �).Note that � =2 dmn(r�) by the 
hoi
e of �. Clearly l 2 P .(15) l � q.To prove this, only (9)(
) is problemati
. Suppose that � 2 dmn(q), and ';  are distin
tmembers of dmn(q�). To showq�(') \ q�( ) = l�(') \ l�( ):35



Let " 2 l�(')\ l�( ). If (�; '); (�;  ) 6= (�; �), then " 2 q�(')\q�( ), as desired. Supposethat (�; ') = (�; �). Thus  6= �. If  2 dmn(r�), by (14), Æ =2 r�( ). Now Æ =2 q�( )sin
e Æ =2 �, so " 6= Æ, and the desired 
on
lusion follows as before.(16) l � r.Sin
e � =2 dmnr�, this holds sin
e k � q; r.Now q 
 Æ 2 � ^ � � Æ ! Æ =2 �� . so l for
es the same thing. Now � � Æ, r 
 Æ 2 � ,and l � r, so l 
 Æ 2 � ^ � � Æ. So l 
 Æ =2 �� . This is a 
ontradi
tion, sin
e Æ 2 l�(�).Hen
e we have shown that fA�� : � < �g is maximal.Now suppose that � > � and � =2 C. Suppose that, in M [G℄, hX� : � < �i is a mad familyof members of [�℄�; we want to get a 
ontradi
tion. Choose p0 2 G so thatp0 
 _X is a MAD �-sequen
e of members of [�℄�:Let � = sup(C \ �). This is well-de�ned sin
e �+ 2 C, and so �+ < �. Sin
e C is 
losed,it follows that � 2 C, and hen
e � < �. By (3), 
f� > �. Hen
e �� = �.Next, for ea
h � < � and � < � let A�� be su
h that(17) for all q 2 A�� , q 
 � 2 _X�;(18) A�� is pairwise in
ompatible;(19) A�� is maximal su
h that (17) and (18) hold.For ea
h � < � let �� = Sff�g � A�� : � < �g. Then(20) for ea
h � < �, �� is a ni
e name for a subset of � and �G� = X�.For, let � < �. Clearly �� is a ni
e name for a subset of �. Now suppose that � 2 �G� .Then there is a q 2 A�� \G. So � 2 X�. Conversely, suppose that � 2 X�. Choose q 2 Gsu
h that q 
 � 2 _X�. Then(21) fs : 9r 2 A��(s � r)g is dense below q:For, if t � q, then t 
 � 2 _X�, so there is an r 2 A�� su
h that r and t are 
ompatible. Says � r; t. Thus s is as desired. So (21) holds.Choose s 2 G, s � q, s � r 2 A�� . So r 2 G, hen
e � 2 �G� . Thus (20) holds.We de�ne some sets needed below:L = f(�; 
) : � 2 dmn(p0) and 
 2 dmn(p0�)g;I� = f(�; �) : � < �g for ea
h � 2 C;I = [�2C I� ;J� = f(�; 
) : 9� < �9p 2 A�� [� 2 dmn(p) and 
 2 dmn(p�)℄g for ea
h � < �;S = L [ [�<� J� [[fI� : � � �; � 2 Cg:36



Clearly jJ�j � � for all � < �, jI� j = � for all � 2 C, jLj < �, S � I, and jSj � �.We say that a subset J of I is a support of an element p 2 P if � 2 dmn(p) and� 2 dmn(p�) imply that (�; �) 2 J . Thus L supports p0, and J� supports ea
h member ofS�<�A�� .Now we will de�ne a sequen
e hN� : � < �+i of subsets of �, ea
h of size at most �.We de�ne N0 = ;, and for � limit, N� = S�<�N� . Now assume that N� has been de�ned.Temporarily �x K � S su
h that jKj � � and I� � K for all � 2 C with � � �.A spe
ial set is a subset J � I su
h that:(22) jJ j � �;(23) For all � 2 C, if J \ I�nK 6= 0, then jJ \ I�nKj = �.If � = S�<�f�g � B� is a ni
e name for a subset of �, a support for � is a spe
ial set Jwhi
h supports ea
h member of S�<�B� .Then we have:(24) Every ni
e name for a subset of � has a support.In fa
t, let � = S�<�f�g � B� be a ni
e name for a subset of �. We de�neR = f(�; �) : 9� < �9p 2 B�[� 2 dmn(p) and � 2 dmn(p�)g:Clearly jRj � �. Now if � 2 C and R \ I�nK 6= ;, then jI� j = � > �, so there is aQ� � I�nK su
h that jQ� j = �. We then de�neJ = R [[fQ� : R \ I�nK 6= ;g:Clearly J is a support for �.Let G� be the group of all permutations of I that map ea
h I� to itself and �x allmembers of K. For ea
h g 2 G� and � 2 C de�ne g� : � ! � by: g(�; �) = (�; g�(�)). Nowea
h g 2 G� indu
es an automorphism ĝ of P . Namely, if p 2 P , we de�ne dmn(ĝ(p)) =dmn(p), for any � 2 dmn(p), dmn(ĝ(p)�) = g�[f� : � 2 dmn(p�)g℄, and for any � 2dmn(p�), ĝ(p)�(g�(�)) = p�(�). It is straightforward to 
he
k that ĝ is an automorphismof P . For example, suppose that p; q 2 P and p � q; we 
he
k 
ondition (9)(
) for showingthat ĝ(p) � ĝ(q). So, suppose that � 2 dmn(ĝ(q)) (thus � 2 dmn(q)) and � and 
 aredistin
t members of dmn(ĝ(q)�). Say � = g�(�0) and 
 = g�(
0), with �0 and 
0 distin
tmembers of dmn(q�). Thenĝ(p)�(�) \ ĝ(p)�(
) = ĝ(p)�(g�(�0)) \ ĝ(p)�(g�(
0))= p�(�0) \ p�(
0)= q�(�0) \ q�(
0)= ĝ(q)�(g�(�0)) \ ĝ(q)�(g�(
0))= ĝ(q)�(�) \ ĝ(q)�(
):Also^
learly takes inverses to inverses. So ĝ is indeed an automorphism of P .37



(25) If J is a spe
ial subset of I and g 2 G�, then g[J ℄ is a spe
ial subset of I.For, jg[J ℄j = jJ j � �. Now suppose that g[J ℄ \ I�nK 6= ;; 
hoose (�; �) 2 g[J ℄ \ I�nK.Write (�; �) = g(�; �) with (�; �) 2 J . Then (�; �) 2 J \I�nK, sin
e g is the identity on K.Thus J \ I�nK 6= ;. Hen
e jJ \ I�nKj = �, and so also jg[J ℄\ I�nKj = jg[J \ I�!K℄j = �.So (26) holds.Given J � I, let J = f� 2 C : J \ I�nK 6= 0g:If J; J 0 are spe
ial sets, J \ K = J 0 \ K, and J = J 0, then there is a g 2 G� su
h thatg[J ℄ = J 0. Now jJ \Kj � � and jKj � �, so there are only �� = � possibilities for J \K.Also, J 2 [C℄�� and jCj � � (if jCj > �, then � 2 C by (4), 
ontradi
tion). So there areonly �� = � possibilities for J . So there are at most � G�-orbits of spe
ial sets.(26) For ea
h spe
ial set J 0 there is a spe
ial set J in the same G�-orbit su
h that J \ S =J \K.In fa
t, we de�ne g 2 G� as follows. Let � 2 C. If J 0 \ I� \ S � K, let g � I� be theidentity. Now suppose that J 0\I� \S 6� K. Then � < �, as otherwise � � �, hen
e � � �,and hen
e I� � K, 
ontradi
tion. Now jKj � � < � and jJ 0 \ I�nKj � jJ 0j � � < �, so we
an take g � � to be a permutation of I� that is the identity on I� \K and maps J 0\ I�nKout of S. This �nishes the de�nition of g; 
learly g 2 G�.Now set J = g[J 0℄. If (�; �) 2 J \ S, then (�; �) 2 J \ I� \ S. Choose (�; �) 2 J 0 su
hthat g(�; �) = (�; �). Thus (�; �) 2 J 0\I� , and g(�; �) 2 S, so by 
onstru
tion, (�; �) 2 K,so � = � and (�; �) 2 K. So (26) holds.Let S be the set of all orbits of spe
ial sets. By the remark before (26) we have jSj � �.For ea
h Q 2 S let LQ 2 Q be su
h that LQ \ S = LQ \K; it exists by (26). The set ofall LQ is 
alled the set of standard sets; so there are at most � standard sets.If � = S�<�f�g � B� is a ni
e name for a subset of �, and g 2 G�, we de�neg�(�) = [�<�f�g � ĝ[B�℄:Clearly g�(�) is a ni
e name for a subset of �.(27) If J � I supports a ni
e name � for a subset of �, and g 2 G�, then g[J ℄ supports theni
e name g�(�).For, suppose that � < �, p 2 ĝ[B�℄, � 2 dmn(p), and � 2 dmn(p�). Write p = ĝ(q) withq 2 B�. Thus � 2 dmn(q). Choose 
 so that � = g�(
) and 
 2 dmn(q�). So (�; 
) 2 Jsin
e J supports �, and (�; �) = (�; g�(
)) = g(�; 
) 2 g[J ℄, as desired in (27).(28) If � is a ni
e name for a member of [�℄�, then there is an A 2 [�℄�� su
h thatp0 
 9� 2 A[j� \ _X�j = �℄:For, let B be a maximal pairwise in
ompatible subset offq � p0 : 9� < �[q 
 j� \ _X�j = �℄g:38



Now fr : 9q 2 B(r � q)g is dense below p0. For, suppose that s � p0. Then s 
 9� <�[j� \ _X�j = �℄, so there exist a q � s and an � < � su
h that q 
 j� \ _X�j = �. Say q; r
ompatible, r 2 B. Then say t � q; r. Then t is as desired.For all q 2 B 
hoose �q < � su
h that q 
 j� \ _X�q j = �. Let A = f�q : q 2 Bg. SoA 2 [�℄��. Now let p0 2 H, H generi
. Choose q 2 H \B; this is possible by the indi
ateddenseness. Then q 
 j� \ _X�q j = �, so j�H \ _XH�q j = �. Thus A is as desired in (28).Let J be a standard set. Suppose that Q 2 [J ℄<�. LetsQ = fp 2 P :dmn(p) = f� 2 C : (�; �) 2 Q for some �gand for all � 2 dmn(p); dmn(p�) = f� < � : (�; �) 2 Qgg:There is a one-one fun
tion F from sQ into Q(�;�)2Q[�℄<�, namely one 
an let F (p)�� =p�(�). It follows that jsQj � �. Now if p 2 P and J supports p, let Q = f(�; �) : � 2dmn(p) and � 2 dmn(p�)g; then Q 2 [J ℄<� and p 2 sQ. It follows that there are at most� elements p 2 P with support 
ontained in J , hen
e at most � pairwise in
ompatiblesets all members of whi
h have support 
ontained in J , hen
e at most � ni
e names formembers of [�℄� with support 
ontained in J . For ea
h ni
e name � for a member of [�℄�with standard support, 
hoose A� as in (28). let BK be the union of all su
h. So jBK j � �sin
e there are at most � standard sets.We now de�ne N�+1: let N�+1 = BK� [N�, whereK� = L [ [�2N� J� [ [���2C I� :(Note that jK�j � �.)Let Q = S�<�+ N�. Thus also jQj � � < �. Choose � 2 �nQ. Re
all that J�is a support for ��, and jJ� j � �. De�ne K1 = S�<�+ K� . Fix � < �+ su
h thatJ� \K1 � K� . Now 
onsider the step from N� to N�+1. Choose g 2 G� su
h that g[J�℄is standard. Thus g is the identity on K� . By J� \K1 � K� ,(29) J� \ (K�+1nK� ) = 0.(30) g[J�℄ \ (K�+1nK� ) = 0.This is true sin
e g[J�℄ \ S = g[J�℄ \K� and K�+1 � S.Choose h 2 G su
h that h � J = g � J and h is the identity on K�+1nK� . So h �xesK�+1 pointwise. Now p0 
 9� 2 Ah�(��)[jh�(��) \ _��j = �℄;so p0 
 9� 2 Ah�(��)[j�� \ _��j = �℄:This is true sin
e Ah�(��) � BK� � N�+1, and hen
e J� � K�+1, so h �xes J� pointwise.Re
all that J� is a support of ��. Also, K�+1 supports p0. Thus p0 
 9� 2 Q[j��\ _��j = �℄.But � 6= �, 
ontradi
tion. 39



9. Spe
ifying MAD(�,�,�)Theorem 9.1. Suppose that M is a 
ountable transitive model of GCH, and in M ,� < � are in�nite regular 
ardinals. Suppose that C is a set of 
ardinals satisfying thefollowing 
onditions:(i) �+ 2 C;(ii) C is 
losed;(iii) C 
ontains the immediate su

essor of ea
h of its members of 
o�nality between! and � in
lusive;(iv) [�+; jCj℄ � C.Then there is a generi
 extension M [G℄ preserving 
o�nalities su
h that in M [G℄,MAD(�; �; �) \ [�+;1) = C.Proof. The proof is similar to that in the previous se
tion, so some details will beomitted.We work within M for a while. Let hB� : � < �i enumerate [�℄�. For all � < �, lett� be a one-one fun
tion mapping B� onto �. Let P 
onsist of all fun
tions f su
h that(1) dmn(f) 2 [C℄<�;(2) for all � 2 dmn(f), f� is a fun
tion, dmn(f�) 2 [�℄<�, and(a) for all � 2 dmn(f�), f�� is a fun
tion, dmn(f��) 2 [�℄<�, and(�) for all � 2 dmn(f��), f��(�) 2 [B�℄<�.For f; g 2 P , we de�ne f � g iff(3) dmn(g) � dmn(f), for all � 2 dmn(g), dmn(g�) � dmn(f�), for all � 2 dmn(g�),dmn(g��) � dmn(f��), for all � 2 dmn(g��), g��(�) � f��(�), and(a) for all �; ' 2 dmn(g�) and all � 2 dmn(g��) and  2 dmn(g�'), if (�; �) 6= (';  ),then(4) g��(�) \ g�'( ) = f��(�) \ f�'( ):Clearly(5) P is �-
losed.(6) P has the �+-
hain 
ondition.For, suppose that I is a 
olle
tion of pairwise in
ompatible 
onditions with jIj = �+. Wemay assume: hdmnf : f 2 Iiis a �-system, say with kernel D0, and* [�2dmnf dmnf� : f 2 I+40



is a �-system, say with kernel D1, and* [�2dmnf0� [�2dmnf� dmnf��1A : f 2 I+is a �-system, say with kernel D2. Then we may assume that if g and h are in I, � 2 D0,� 2 D1, � 2 D2, then t�[g��(�)℄ = t�[h��(�)℄, and hen
e g��(�) = h��(�). Then any twodistin
t members g and h of I are 
ompatible (
ontradi
tion). We omit the proof.Now let G be P -generi
 over M . By (5) and (6), M [G℄ preserves 
o�nalities and
ardinals. Now if � 2 C, � 2 �, and � < �, de�neA��� =[ff��(�) : f 2 G; � 2 dmn(f); � 2 dmn(f�); � 2 dmn(f��)g:We 
laim that for ea
h � 2 C, hA��� : � 2 �; � 2 �iis the desired [�℄�; �-mad family.(9) For any � 2 C, ff 2 P : � 2 dmn(f)g is dense.In fa
t, if g 2 P , assume that � =2 dmn(g). Then let f be like g ex
ept that � 2 dmn(f)and f� = emptyset. Clearly f 2 P and f � g, proving (9).(10) For any � 2 C and � 2 �, the setff 2 P : � 2 dmn(f) and � 2 dmn(f�)gis dense.For, let g be given. By (9) we may assume that � 2 dmn(g). And we may assume that� =2 dmn(g�). Let f be like g ex
ept that � 2 dmn(f�) and f�� = ;. Clearly f 2 P andf � g.Similarly,(11) For any � 2 C, � 2 �, and � 2 �, the setff 2 P : � 2 dmn(f) and � 2 dmn(f�) and � 2 dmn(f��)gis dense.(12) For any � 2 C, � 2 �, � 2 �, and 
 < �. the setff 2 P : � 2 dmn(f); � 2 dmn(f�); � 2 dmn(f��); and t�[f��(�)℄ \ (
; �) 6= 0gis dense. 41



For, assume the hypotheses of (12), and suppose that g 2 P . We may assume that� 2 dmn(g), � 2 dmn(g�), and � 2 dmn(g��). ChooseÆ 2 (
; �)nt�24 ['2dmn(g�); 2dmn(g�')(B� \ g�'( ))35 :Now let f be like g ex
ept that f��(�) = g��(�) [ ft�1� (Æ)g. Clearly f 2 P . To show thatf � g, only (3)(a) is a problem. So suppose that � 2 dmng, ';  2 dmng�, � 2 dmng�',� 2 dmng� , and ('; �) 6= ( ; �); we want to showg�'(�) \ g� (�) = f�'(�) \ f� (�):This is 
lear unless one of the triples (�; '; �), (�;  ; �) is equal to (�; �; �). Say (�; '; �) =(�; �; �). Now t�1� (Æ) =2 g� (�), so the equality follows. Hen
e (12) holds. By (12), ea
hset A��� has size �.(13) If � 2 C, �; ' 2 �, �; � 2 �, and (�; �) 6= ('; �), then jA��� \ A�'�j < �.To see this, assume the hypotheses. Clearly there is an f 2 G su
h that � 2 dmnf ,�; ' 2 dmnf� , � 2 dmnf��, and � 2 dmnf�'. We 
laim thatA��� \A�'� = f��(�) \ f�'(�);whi
h will prove (13). To see this, � is 
lear. Now take any � 2 A��� \A�'�. Then there isa g 2 G with g � f and � 2 g��(�)\ g�'(�). Clearly then � 2 f��(�)\ f�'(�), as desired.So (13) holds.Next, we show maximality. Suppose that � 2 C,X 2 [�℄�, and jX\A���j < � whenever� 2 � and � 2 �; we want to get a 
ontradi
tion. Now by the �+-
hain 
ondition, X is
ontained in some subset in M of � of size �. One 
an see this by applying Kunen VII6.8,as follows. Let f : � ! � be one-one. By Kunen VII6.8 there is an F : � ! P(�) su
hthat F 2 M , f(�) 2 F (�) for all � < �, and jF (�)j � � for all � < �. Then S�<� F (�)is the desired set in M . Let B� be su
h a subset. Let � be a ni
e name for a subset of B�su
h that �G = X. Say � = S
2B�f
g � C
 , ea
h C
 pairwise in
ompatible. So ea
h C
has size at most �. Choose� 2 �n [
2B�0� [f2C
 ;�2dmn(f);�2dmn(f�)dmn(f��)1A :For any ' 2 � and 
 2 � let ��'
 be the term[ff�'(
) : f 2 �; � 2 dmn(f); ' 2 dmn(f�); 
 2 dmn(f�')g:Here � is the standard name for a generi
 �lter; see Kunen VII2.12. Thus (��'
)G = A�'
 .Choose f 2 G su
h thatf 
 j� j = � ^ 8' 2 �8
 2 �[j� \��'
 j < �℄:42



Hen
e f 
 9� < �8
 2 � [
 2 ���� ! t�(
) < �℄:So, 
hoose � < � and g � f su
h that g 2 G andg 
 8
 2 � [
 2 ���� ! t�(
) < �℄:Without loss of generality � 2 dmn(g), � 2 dmn(g�), and � 2 dmn(g��). Let� = � [ ['2dmng� ;
2dmng�' t�[g�'(
) \ B�℄:So j�j < �. Now ������� ['2dmn(g� ); 2dmn(g�') A�' \X������� < �;so there is a Æ 2 X su
h that t�(Æ) =2 � andÆ =2 ['2dmn(g�;) 2dmn(g�') A�' \X:Hen
e there exist h � g with h 2 G andh 
 Æ 2 � ^ 8' 2 dmn(g�)8 2 dmn(g�')(Æ =2 ��' ):So there exist k 2 G and r 2 CÆ su
h that k � h; r and for all ' 2 dmng� and  2 dmng�',k 
 Æ =2 ��' . Now(14) if ' 2 dmn(g�),  2 dmn(g�'), � 2 dmn(r), ' 2 dmn(r�), and  2 dmn(r�'), thenÆ =2 r�'( ).For, otherwise r 
 Æ 2 ��' , 
ontradi
ting k � r.Now we de�ne l. It is \g [ r" ex
ept that l��(�) = g��(�) [ fÆg. Note that it is notthe 
ase that (� 2 dmn(r) and � 2 dmn(r) and � 2 dmn(r��)), by the 
hoi
e of �.l � g: Assume that ' 2 dmng� ,  2 dmng�', and (�; �) 6= (';  ). Now Æ =2 g�'( )sin
e t�(Æ) =2 �. And Æ =2 r�'( ) by (14). Hen
e it is 
lear that l��(�) \ l�'( ) =g��(�) \ g�'( ).l � r: This is 
lear by the 
hoi
e of �.Now g 
 Æ 2 � ^ � � t�(Æ)! Æ =2 ���� . So l for
es the same thing. Now � � t�(Æ) bythe 
hoi
e of Æ, and l � r, so l 
 Æ 2 � ^ � � t�(Æ). So l 
 Æ =2 ���� . This 
ontradi
ts l � r.Thus we have shown maximality.Now suppose that � > � and � =2 C. Suppose that, in M [G℄, hX� : � < �i is a madfamily of members of [�℄�; we want to get a 
ontradi
tion. Choose p0 2 G so thatp0 
 _X is a MAD �-sequen
e of members of [�℄�:43



Let L = f(�; 
) : � 2 dmn(p0) and 
 2 dmn(p0�)g. Let � = sup(C \�). This is well-de�nedsin
e �+ 2 C, and so �+ < �. Sin
e C is 
losed, � < �, and by (iii), 
f� > �. It followsthat �� = � in M .Now we will de�ne a sequen
e hN� : � < �+i of subsets of �, ea
h of size at most �.We de�ne N0 = 0, and for � limit, N� = S�<�N� . Now assume that N� has been de�ned.(15) There is a fun
tion � 2M with domain � su
h that for ea
h � < �, �� is a ni
e namefor a subset of � and �G� = X�.To see this, for ea
h � < � and � < � let A�� be su
h that(16) for all q 2 A�� , q 
 � 2 _X�;(17) A�� is pairwise in
ompatible;(18) A�� is maximal su
h that (16) and (17) hold.Let �� = Sff�g � A�� : � < �g. Suppose that � 2 �G� . Then there is a q 2 A�� \ G. So� 2 X�. Conversely, suppose that � 2 X�. Choose q 2 G su
h that q 
 � 2 _X�.Thenfs : 9r 2 A�� (s � r)gis dense below q. For, if t � q, then t 
 � 2 _X�, so there is an r 2 A�� su
h that r and tare 
ompatible. Say s � r; t. Thus s is as desired.Choose s 2 G, s � q, s � r 2 A�� . So r 2 G, hen
e � 2 �G� . Thus (15) holds.We take the sets A�� as in the proof of (15). Thus jA�� j � �.Now for ea
h � 2 C let I� = f(�; �) : � < �g, and let I = S�2C I� . For ea
h � < �let J� = f(�; 
) : 9� < �9p 2 A�� [� 2 dmn(p) and 
 2 dmn(p�)℄g:Then we set S = L [ [�<� J� [[fI� : � � �; � 2 Cg:Thus jSj � �.Temporarily �x K � S su
h that jKj � � and I� � K for all � 2 C with � � �.A spe
ial set is a subset J � I su
h that:(19) jJ j � �;(20) For all � 2 C, if J \ I�nK 6= 0, then jJ \ I�nKj = �.If � = S�<�f�g � B� is a ni
e name for a subset of �, a support for � is a spe
ial set Jsu
h that(21) if � < �, p 2 B� , � 2 dmn(p), and � 2 dmn(p�), then (�; �) 2 J .Clearly every ni
e name for a subset of � has a support. Also, we say that a subset J of Iis a support of an element p 2 P if � 2 dmn(p) and � 2 dmn(p�) imply that (�; �) 2 J .Let G� be the group of all permutations of I that map ea
h I� to itself and �x allmembers of K. For ea
h � 2 C de�ne g� : � ! � by: g(�; �) = (�; g�(�)). Clearly ea
h44



g 2 G� indu
es an automorphism of P . Namely, if p 2 P , we de�ne dmn(g(p)) = dmn(p),for any � 2 dmn(g(p)), dmn(g(p)�) = dmn(p�), for any � 2 dmn(g(p)�), dmn(g(p)��) =g� [dmn(p��)℄, and for any � 2 dmn(p��), (g(p)��)(g�(�)) = p��(�).Given J � I, let J = f� 2 C : J \ I�nK 6= 0g:If J; J 0 are spe
ial sets, J \ K = J 0 \ K, and J = J 0, then there is a g 2 G� su
h thatg[J ℄ = J 0. Now jJ \Kj � � and jKj � �, so there are only �� = � possibilities for J \K(sin
e 
f� > �). Also, J 2 [C℄�� and jCj � � (if jCj > �, then � 2 C by (4), 
ontradi
tion).So there are only �� = � possibilities for J . So there are at most � G�-orbits of spe
ialsets.(22) For ea
h spe
ial set J 0 there is a spe
ial set J in the same G�-orbit su
h that J \ S =J \K.For, if � 2 C and J 0\I� \SnK 6= 0, then � < � (otherwise I� � K), so jI� j > �, and hen
ethere is a permutation of I� �xing I� \K and mapping J 0 \ I�nK out of S. Let g 
ombineall su
h, and set J = g[J 0℄. If (�; �) 2 J \ S, then (�; �) 2 J \ I� \ S. 
hoose (�; �) 2 J 0su
h that g(�; �) = (�; �). Thus (�; �) 2 J 0 \ I� , and g(�; �) 2 S, so by 
onstru
tion,(�; �) 2 K, so � = � and (�; �) 2 K. So (22) holds.For ea
h orbit Q of spe
ial sets, 
hoose LQ 2 Q satisfying (24). Ea
h set LQ is 
alleda standard set. There are at most � standard sets.If g 2 G� and J is a support for a ni
e name � for a subset of �, then g[J ℄ is thesupport for the ni
e name g(�).(23) If � is a ni
e name for a member of [�℄�, then there is an A 2 [�℄�� su
h thatp0 
 9� 2 A[j� \ _X�j � �℄:For, let B be a maximal pairwise in
ompatible subset offq � p0 : 9� < �[q 
 j� \ _X�j � �℄g:Now fr : 9q 2 B(r � q)g is dense below p0. For, suppose that s � p0. Then s 
 9� <�[j� \ _X�j � �℄, so there exist a q � s and an � < � su
h that q 
 j� \ _X�j � �. Say q; r
ompatible, r 2 B. Then say t � q; r. Then t is as desired.For all q 2 B 
hoose �q < � su
h that q 
 j� \ _X�j � �. Let A = f�q : q 2 Bg. SoA 2 [�℄��. Now let p0 2 H, H generi
. Choose q 2 H \ B. then q 
 j� \ _X�q j � �, soj�H \ _XH�q j � �. Thus A is as desired in (23).Let J be a standard set. Suppose that Q 2 [J ℄<�. LetsQ = fp 2 P :dmn(p) = f� 2 C : (�; �) 2 Q for some �gand for all � 2 dmn(p); dmn(p�) = f� < � : (�; �) 2 Qgg:There is a one-one fun
tion F from sQ into Q(�;�)2Q[�℄<�, namely one 
an let F (p)�� =p�(�). It follows that jsQj � �. Hen
e there are at most � elements p 2 P with support45




ontained in J , hen
e at most � pairwise in
ompatible sets all members of whi
h havesupport 
ontained in J , hen
e at most � ni
e names for members of [�℄� with support
ontained in J . For ea
h ni
e name � for a member of [�℄� with standard support, 
hooseA� as in (23). let B be the union of all su
h. So jBj � �.Now we un-�x K. So B = BK depends on K. We now de�ne M�+1: let M�+1 =BK� [M�, where K� = L [ [�2M� J� [ [���2C I� :(Note that jK�j � �.)Let M = S�<�+ M�. Thus also jM j � �. Now suppose that � is a ni
e name for amember of [�℄�. Let J be a support for �. De�ne K1 = S�<�+ K� . Fix � < �+ su
h thatJ \K1 � K� . Now 
onsider the step from M� to M�+1. Choose g 2 G� su
h that g[J ℄ isstandard. By J \K1 � K� ,(24) J \ (K�+1nK� ) = 0.(25) g[J ℄ \ (K�+1nK� ) = 0.This is true sin
e g[J ℄ \ S = g[J ℄ \K� and K�+1 � S.Choose h 2 G� su
h that h � J = g � J and h is the identity on K�+1nK� . So h �xesK�+1 pointwise. Now p0 
 9� 2 Ah(�)[jh(�) \ _X�j � �℄;so p0 
 9� 2 Ah(�)[j� \ _X�j � �℄:This is true sin
e Ah(�) � BK� � M�+1, and hen
e J� � K�+1 for ea
h � 2 Ah(�), so h�xes J� pointwise. Thus p0 
 9� 2M [j�\ _X�j � �℄. Sin
e jM j < �, this is a 
ontradi
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