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We consider in detail the size of families of maximal almost disjoint subsets of infinite
cardinals k. The size p of the individual sets, and the required strict upper bound v on the
size of their pairwise intersections, are arbitrary. We are interested in the possible sizes of
such families and the relationships between those sizes as the parameters x, v, u change.

There has been a considerable amount of work done on this subject. Many of the main
results are found in Baumgartner [76], where results are given on almost disjoint subsets
which have many implications for maximal almost disjoint subsets. Another general source
of results is Milner, Prikry [87]. Theorems of a more specialized nature can be found in
Blass [93], Erdos, Hechler [75], Wage [79], Kojman, Kubis, Shelah [0co], and Monk [96b]
and [01].

Almost disjoint sets have been studied in many other papers. We are concentrating
here on the size of almost disjoint families.

The purpose of these notes is to survey all of the results on this topic, giving proofs for
many of them. In the course of doing this we indicate some generalizations of consistency
results of Baumgartner and of Blass. Some open problems will be mentioned.

The notes are divided into two parts. The first part, entitled ZFC results, is mainly a
survey of known results, with, however, some new facts and proofs; several problems are
mentioned here. The second part, entitled Consistency Results, begins with a statement
of what is known and what is proved in these notes, and then in four sections gives
some detailed consistency results. These results are more-or-less straightforward extensions
of theorems of Baumgartner and Blass. Section 6 shows that a complete description
of possibilities is obtained if one assumes GCH (implicitly this is due to Baumgartner).
Sections 7 through 9 give the indicated consistency proofs, described more thoroughly in
the introduction to the second part. These proofs are given in rather full detail.

Notation

Unless otherwise mentioned, throughout these notes k,v,u are infinite cardinals. For
ordinals o < 3, we write («, 3)cara for the collection of all cardinal numbers & such that
a < Kk < f3; similarly for other intervals. Denumerable means countably infinite.

Sets A and B are v-almost disjoint (v-ad) if |[A N B| < v. A family & of sets is
v-almost disjoint, for brevity v-ad, if any two distinct members of &7 are v-ad. Now let
Z be a family of sets each of size at least v. We say that & is % ,v almost disjoint
(for brevity #,v-ad) if o C .7 and it is v-ad. Furthermore, & is %, v maximal almost
disjoint (for brevity .#,v-mad), if in addition it is maximal among subsets of .# which are
v-ad. Equivalently, &/ is %, v-maximal almost disjoint if o/ C .%, it is v-ad, and for each
X € .7 there is a Y € & such that | X NY| > v. Instead of [k]", k-mad we say k-mad or
k-maximal almost disjoint.

If I' and A are sets of ordinals, we write I' < A if every member of I is < than some
member of A. And we write I' J A if every member of I' is > some member of A.
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The basic definitions of the concepts we will be working with are as follows. Assume
that v < p < K.

(Ii p,v) ={||: o C k]! and & is v-ad};
AD(k) = AD(k, Kk, K);
MAD(k, p,v) = {|]| : & is [k]*, v-mad};
MAD (k) = MAD(k, k, K);
MAD; (k, A, i, v) = {|.&7] : there is a partition Z of k into A sets of size p

such that 7N =0 and ZU & is [k]*, v-mad};
MAD; (k) = MADq(k, k, K, K);
MADg(k, p,v) ={|| : & C [k x p]t and Va < k({a} x p ¢ o) and
g U{{a} xp:a<k}is[kx p* v-mad};
O = Min(MAD(k, p, v) N [cfk, 00));

Ok = Okkks

Araprl = min(MADl(ﬁ7 )\7 My V));

Okl = Okkrils

Some results below clarify these definitions. The last definitions, concerning a, are valid
iff the minimums apply to nonempty sets. MAD; turns out to coincide with a special case
of MAD{, so we do not have extensive notation for it. The intersection in the definition
of a,, is there to make the function non-trivial, as we shall see.

Baumgartner’s notation A(k, A, i, v) corresponds to A € AD(k, u, ), and his notation
A(k, A, 1) to A € AD(k, i, ).

ZFC results

1. Simple facts

In this section we give very elementary facts about the notions.

Proposition 1.1. Assume that v < p < k. Then:

(i) MAD(k, p,v) N [k, 00) # 0. Hence the definition of a,,, always makes sense.

(i) If p < K, then MAD(k, p, ) C [k, 00) and hence a,,,, > . Hence the intersection
in the definition of a,,, s superfluous if p < k.

(iii) If v < K, then [1,k) C MAD(k, k,v).

(iv) [1,cfrk) C MAD(k).

(v) If v < p < u < K, then MAD(k, pr,v) < MAD(k, i1, p).

(vi) If v < pu < k < p, then MAD(k, p,v) < MAD(p, p, v).

Proof. For (i), one can take a partition of size x of k into sets of size p and extend
it to a [k|*, v-mad set.
(1%) is clear.



For (iii), for any p € [1, k), let o be a partition of x into p parts, each of size k. Then
</ is [k]"®, v-mad, as desired. In fact, suppose that B € [s]". If [ BN A| < v for all A € &7,
then B = (J (BN A) would have size at most p - v < &, contradiction.

(iv): let v € [1,cfk). Let o be a partition of k into v sets, each of size k. Clearly if
B € [k]" then |BN A| = k for some A € .

For (v), let 0 € MAD(k, 1, v). Say o = |&/|, where &7 is [k|*, v-mad. Then &/ is p-ad,
and so can be extended to a set which is [k]*, p-mad, as desired.

Finally, for (vi), suppose that < is [k]*, v-mad. Then o/ C [p]* and it is v-ad, so it
can be extended to a set % which is [p|#, v-mad. O

The following is the first part of Theorem 2.2(b) of Baumgartner [76].

Proposition 1.2. Suppose that v < p <k, V' <p' <K',k <k, v <V, and /' < p.
Then AD(k, p,v) C AD(K/, i/, v").

Proof. Suppose that F C [s]* is v-ad. For every X € F choose Yx € [X]*. Then Y
is one-one, and {Yx : X € F'} C [¢/|* is v/-ad. So |F| € AD(x', p/,1"). ]

This result is similar to the second part of Theorem 2.2(b) of Baumgartner [76], which says
that if u <k <A\, p <K <N,k <k, N <A and ¢/ < p, then from A € AD(k, p, p) it
follows that \' € AD(x’, i/, /). However, this result is not correct, at least under CH. In
fact, take Kk = k' = w1, A = X = ws, p = wy, and p' = w. Assume CH. By Theorem 2.8
of Baumgartner [76], wy € AD(w1,w,w1). By 2.7 of Baumgartner [76], wy € AD(wq, w,w)
would imply that wy < wy, contradicting CH.

Proposition 1.3. AD(x, u,v) < MAD(k, p,v). O

In addition to the general notion MAD(k, i, v), the following special cases are of indepen-
dent interest:

(1) MAD
(2) MAD
(3) MAD
(4) MAD

k), for k regular.

K).

Ky Ky V).
Ky [y f1)-

N N N N

2. Fundamental results

In this section we give several results whose proofs are not straightforward and which
establish some of the fundamental facts about our notions. This will enable us to describe
more coherently the special cases above.

First we give a general “decreasing” theorem of Baumgartner, which depends on the
following interesting combinatorial lemma (Theorem 3.1 of Baumgartner [76]).

Proposition 2.1. Suppose that p < K < X\, F' C [g]F, |F| = A, cfp # cfk # cfA.
Then there is an a < k such that [{X € F : | X Na| = p}| = A

Proof. Since p < k and cfu # cfr, we have pu < k. Next, note:

(1) For every X € F there is an ax < & such that |[X Nax|= p.
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For, let (B¢ : & < v) enumerate X in increasing order (v an ordinal). Thus v < & since
p < k. If p <w, then B, is as desired. If v = pu, note then that X is not cofinal in x, since
cfu # cfk. Hence sup X is as desired.

(2) There is an a < k such that [{X € F:ax <a}|= A

For, suppose not. Thus for all o < &, [{X € F': ax < a}| < A. Note that F' =], .{X €
F:ax <a}. Let B¢ 1 & for £ < cfrk, B continuous, By = 0. (If & is regular, we can simply
take f¢ = ¢ for all £ < k.) Then F' = (J; 4, {X € F : ax < f¢}. Since cfA # cfx and
|F| = A, we get

(3) cfA < cfk.

Now for all a < k there is a € (o, k) such that {X € F:ax <a} C{X € F:ax < }.
Now define £ : cfx — cfr by: £(0) = 0, {(v + 1) minimum such that {X € F : ax <
Bett C{X € Frax < Bt €(7) = Us<, £(6) for 7 limit. Then choose X, € F such

that B¢(y) < ax, < Be¢(y+1)- Thus X is a one-one function from cfx into F', so cfr < A.
Hence A is singular by (3). Let v¢ T A for £ < cf, the 7¢’s cardinals. Then

(4) For every £ < cf) there is an ¢ < cfx such that [{X € F': ax < 8} > 7e.

For, otherwise there is a £ < cfA such that for all ) < cfx we have {X € F': ax < 3,] < 7e.
Hence

IFl=| |J{X eF:ax <By}| <clr-ye <A
n<cfr
contradiction. so (4) holds.

Since cfA < cfr, we have p def SUPgccpn e < cfr. Hence [{X € F:ax < B} = A,
contradicting the “suppose not” for (2).
This contradiction shows that (2) holds. Hence [{X € F : [ X Na| = p}| = A, as

desired. 0
Corollary 2.2. Suppose that v < p < k < A, cfX # cfk # cfpu, and A € AD(k, p,v).
Then there is a cardinal p with p < p < k such that A € AD(p, pu,v). O
Corollary 2.3. Suppose that o is a limit ordinal, m € w, w < v < N, < Ny < A,
A is regular, and X € AD(Ryym, Ro,v). Then A € AD(R,, Ry, v). ]
The following result is due to Tarski; see Baumgartner [76|, Theorem 2.7.
Proposition 2.4. AD(k, u,v) C [1, K¥]. ]
Proof. Suppose that &7 C [k]* is v-ad. For all X € & choose f(X) € [X]”. Then f
is a one-one function from & into [k]¥, so |&/| < K. ]

As a corollary, we mention some trivial cases. For any infinite cardinal g and any m € w,
pT™ is the m-th cardinal successor of p.

Proposition 2.5. Suppose that w < p < v < pu < (2¥)*™, with m € w. Then:

(i) MAD((2) ™, i, p) = {(2")*"™}.
(i) MAD((2)*™, (2V)*™, p) = [1, (2")*""]. a
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The following result comes from the proof of 2.8 of Baumgartner [76]:

Proposition 2.6. If k is reqular, o/ C [k|"®, || = K, and & is k-ad, then it is not
k-mad. So k ¢ MAD(k). Hence k* € AD(k), MAD(k) N (k,00) # 0, and k < a,.

Proof. Let & = {A, : @ < k}. By induction define

Ty € An\ UA[;U{xﬂ:ﬁ<a} )
B<la

Then {zq:a < K} N AL <k for all @ < k. O
The following is part of 2.2(c) of Baumgartner [76]:
Proposition 2.7. If \, € AD(k, u,v) for all a < p, where p < k, then )

AD(k, p,v).
'y, each T'y, of size k and the I',’s pairwise disjoint. Let

Proof. Let kK = Ua<p
Ay C [Lo]* be of size A\, and v-ad. Then # def U , 1s as desired. O

The following is Theorem 2.10 of Baumgartner [76]:

a<p)\a€

a<p

Proposition 2.8. Suppose that v,o, u, k, A are cardinals, and v < o < u < k < A
Suppose that A\ € AD(k, p,v), and for all o < X\, A\, € AD(p,0,v). Then ) Ao €
AD(k,o0,v).

Proof. Let &7 be [k]#,v-ad with |«/| = A. Let (X, : @ < A) enumerate 7 without
repetitions. For each o < A let %, be [X,]7,v-ad, with |%,| = Ao. Then |J, ., %o is

a<A

[k]7, v-ad and has size )\ Aa. ]
Corollary 2.9. If s is an infinite cardinal, A\ € AD(k), and k < Ay € AD(K) for all
a <A, then Y, .\ Ao € AD(K). ]

3. Concerning AD(k,k,v)

Proposition 3.1. Suppose that w < kK < A\, A singular, and {p < X\ : p € AD(k,k,v)}
is unbounded in A\. Then A\ € AD(k, K, v).

Proof. Let (po : @ < cfA) be a strictly increasing sequence of cardinals with limit
A such that p, € AD(k,k,v) for all & < ctA. Let o/ C [k]® be v-ad, |&7| = cfA. Let
(Xq @ < p) be a one-one enumeration of 7. For all a < p, let «, C [X,]* be of size p,
and be v-ad. Then Ua<p o is as desired. O

Proposition 3.2. If v <k, Kkt <\, and A € AD(k™,kT,v), then A € AD(k, k,v).

Proof. First we prove the special case of the proposition in which kT < cf\.

Let o C [kT]"" be v-ad, with |#/| = A. For every X € & there is an ay < x+ such
that | X Nax| = k. In fact, one can enumerate X as (x, : @ < k™) in increasing order,
and then let ax = z,. Now

o = LJ {)((E&yi(IX’::a}7

a<kt



so there exist an o < x* and an &' € [&/]* such that ax = « for all X € &'. Then
{XNa:X €'} is as desired (since |a| = k).

This finishes the proof of the special case.

In the general case, we may assume that cfA < xT. If p is regular and kT < pu < A,
then p € AD(k™, kT, ). So by the special case, p € AD(k, k,v). It follows by 3.1 that

A € AD(k, k,v). O
Corollary 3.3. If m € w, v < K, k™ < X, and A\ € AD(k*™, k™ v), then
A € AD(k, K, V). O

Part of the proof of Theorem 3.7 of Baumgartner [76] can be generalized to give the
following.

Proposition 3.4. Suppose that cfA > k > v, cfk > w, K s a limit cardinal, and
A € AD(k, k,v). Then {p: p is a cardinal, p € (v,k), A € AD(p, p,v)} is unbounded in k.

Proof. Suppose that 6 < k, § a cardinal; we want to find a p as above in the interval
(0,K). Let & C [k]® be v-ad and of size A.

(1) For every X € .o/ there is an ordinal ax € (max(v,d), k) such that | X Nax|= |ax]|.

For, enumerate X as (¢ : £ < k) in increasing order. Choose «y < & such that max(v, §) <
ap. Define a1 = o, + 1 for all i < w, and let o, = sup;, ;. Thus o, < k since
cfk > w. For all £ < «, let f(§) = B¢. For any such & choose ¢ < w such that { < «;.
Then B¢ < Ba, < @it1 < . Thus f(§) € X Nay,. Since f is clearly one-one, it follows
that |a,| < |X Nayl, and (1) follows.

By (1), @ = Une(max(.)miX € & 1+ ax = a}, so since cfA > x, there is a g €
(max(v,d), ) such that {X € & : ax = f} has size \. Hence {X N3 : X € &} C [B]IP!
is v-ad and of size . 0

Another part of the proof of Theorem 3.7 in Baumgartner [76] generalizes to give the
following.

Proposition 3.5. Suppose that k,v, A are infinite cardinals, cf\ > kK > v, cfk = w,
Kk # Ry, K is a limit cardinal, and A € AD(k, k,v). Then {p : p is a cardinal, p € (v, K),
A € AD(p, p,v)} is unbounded in k.

Proof. Let an ordinal 4 < k be given. From the assumption s # X,, we get:
(1) there is an uncountable regular cardinal p € (max(é, ), ) such that k < X,,.

Thus by 1.2, A € AD(k, p,v). Let ¢ be minimum such that p < o and A € AD(o, p,v).
Suppose that o # p. By 2.2, cfo = cf\ or cfo = p. Since cfA > k > o, we have cfo # cf .
So cfo = p > w. Say 0 = Ng. Then cfo = cf8 = p, so p < B, and N, < Ng = 0 < &,
contradiction. O

Proposition 3.6. Suppose that cfA > k > v and A € AD(k, k,v). Then there is a
o < Kk such that o > A.

Proof. Choose p € [v, k) such that cfp # cfk. (If k is regular, let p = v. If & is
singular, let p = vt if v #£ ¢fk, and p = vTF otherwise.) Then A € AD(k, p,v) by 1.2.
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Let o be minimum such that A € AD(o, p,v). Then by 2.2, cfo = cfA or cfo = cfp. Since
cfA > k > o, we have cfo # cf\. Hence cfo = cfp. By the choice of p we then have o < k.
And X < ¢¥ by 2.4. O

Proposition 3.7. Suppose that A > k > v, K is a limit cardinal, K # Ny,and
A € AD(k, k,v). Then {p: p is a cardinal, p € (v,K), A € AD(p, p,v)} is unbounded in k.

Proof. For A regular the result follows by 3.4 and 3.5. Now suppose that A is singular.
It suffices to show that A € AD(p, p,v) for any regular p € [v, k) such that x < R,. By
3.1 it suffices to take any regular o € (k,A) and show that ¢ € AD(p, p,v). We have
o € AD(k, p,v) by 1.2. Let 7 be minimum such that o € AD(, p,v). Suppose that p < 7.
By 2.2, cfr = cfo or cfr = cfp. Now 0 > k > 7 and o is regular, so cf7 # cfo. Thus
cit = p. Say 7 = N,. Then p = cft = cfa, so p < a. Hence X, < X, = 7 < &,
contradiction. O
As an application, if 8,1, € AD(R,,N,,w), then X, ; € AD(X,, Ny, w) for some o < w,
and hence by 3.3, X,41 € AD(w).

Another useful fact about singular x is as follows.

Proposition 3.8. Suppose that & is singular, (p¢ : £ < cfr) is an increasing sequence
of infinite cardinals with supremum K, and A s some cardinal > k. Suppose that v is
reqgular, v < po, v < cfk. Assume that A\ € AD(ug, pe,v) for all § < cfk, and also
A € AD(ctk, cfk,v). Then A € AD(k, K, v).

Proof. Write xk = U§<cf,€ [, the I'¢’s pairwise disjoint, |I'¢| = pe. For each § < cfk

let A® be a one-one function from A onto a subset of [['¢]#¢ which is v-ad, and let B be a
one-one function from A onto a subset of [cfx]** which is v-ad. For each o < A, let

Co= ] 45
£€Ba

Clearly {C,, : @ < A} is the desired family. O

The following result shows that Proposition 3.5 cannot be generalized by merely dropping
the hypothesis “k # N,”.

Example 3.9. There is a singular cardinal k such that cfk = w, Kk = N, kY €
AD(k, k,w), and there is no p € (W, K)card Such that K* € AD(p, p,w).

Proof. We define, by recursion, py = w and, for any m € w,

Pmt1 = Rpw 41.

Let k = sup,, ¢, m- Clearly x is singular with cofinality w. Suppose that x < R,. Choose
a < k such that K < N,. Say a < p,. then

K< Ng <N, < fpg1 < K,

contradiction. Thus kK = .



Now a standard construction yields a family (A, : @ < k“) of denumerable subsets
of k such that any two have a finite intersection. Write x = Ua<n I',, where the I',’s are
pairwise disjoint and of size k. For each 8 < k let fg be a bijection from s onto I'3. Now

we set, for each o < g%
Bo= |J fsldal.
BEA,

So each B, is a subset of k of size k. If a,y < kK and « # v, then

BanBy=| U Sl | 0| U fslA)]

BEA, BEA,
= U fﬁ[Aa N A’Y]v
BEALNA,

and this set is finite, as desired.
Now suppose that p € (w, k) and K € AD(p, p,w). Then by Proposition 2.4 we have
k¥ < p¥. Since p < Kk, choose m € w such that p < p,,. Then

P < gy SNy < g1 < K < pY

contradiction. 0
Concerning all these results we mention two problems. 3.7 and 3.9 suggest

Problem 1. If A > k > v, k is a limit cardinal, Kk = Xy, X < p¥ for some p < k, and
A € AD(k, k,v), is there a p € (v, k) such that A\ € AD(p, p,v)?

3.1 suggests

Problem 2. Suppose that w < kK < A, X is weakly inaccessible, and {p < A : p €
AD(k, k,v)} is unbounded in \. Does it follow that A € AD(k, k,v)?

4. On MAD(k) and MAD(k,u,u)

Theorem 2.9 of Baumgartner [76] gives:

Proposition 4.1. Suppose that p is singular, p < r, and cfp < cfk. Then

(i) If o C [k]F is cfu-ad and |o/| > K, then there is a B C [k]* of size || which is
p-ad.
(ii) MAD(k, cfp, cfp) N (k, 00) < MAD(k, p, ). O

Proof. Without loss of generality, each member of &/ has order type cfu. For all
a<rkletF,={X e :supX =a}. Soo =], Fa, and the F,’s are pairwise
disjoint. By Proposition 2.7, it is enough to show that |F,| € AD(k, u, p) for all @ < K
with F, # 0. Fix a with F,, # 0. Let v¢ T p for £ < cfp, and let (pe : & < cfp) be a
continuous strictly increasing sequence of ordinals with supremum «, and with py = 0. Let
(Y, : m < «) be pairwise disjoint subsets of s, with |Y,| = v¢ if p¢ <1 < pey1. For each
X € Fylet X' =J,cx Yy Then {X': X € F,} is as desired. O
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The following theorem generalizes a result of Erdos and Hechler; see Milner, Prikry [87],
Theorem 3.1.

Theorem 4.2. Suppose that p < 7 € MAD(k, p, i), f maps T onto p, and (o4 : @ <
p) € PMAD(u). Then Y . 0f) € MAD(k, i, p1).

a<lT

Proof. Let &/ be [k]#, up-mad with |&/| = 7, and let g be a one-one function from &7/
onto 7. For each A € & let %4 be [A]*, p-mad with [Z4]| = 0f(4a))- Let € = Uy Ba-
Clearly €| = Y, 0f(a)- It is also clear that ¢ is p-ad. Now suppose that X € [s]".
Choose A € 7 such that |[A N X| = pu. Then choose Y € %4 such that |[ANX NY| = u.

So | X NY|= p. Hence % is [k]*, p-mad, as desired. ]

Corollary 4.3. Suppose that p € MAD(k, 1, 1) and (o4 : o < py € PMAD(u). Then

Za<p Oa € MAD(K’v My /'l’) [
Corollary 4.4. If p € MAD(k, p, 1) and o € MAD(p), then p-o € MAD(k, p, 11).

L

Corollary 4.5. Suppose that § is singular and is a limit of cardinals in MAD(u).

Further, assume that [cfd, §) "MAD(k, p, ) # 0. Then § € MAD(k, p, ). ]

Corollary 4.6. (Milner, Prikry [87], Theorem 3.1) If 0 is a singular cardinal which

is a limit of members of MAD(k), then § € MAD(k). O

This corollary naturally leads to the following questions.

Problem 3. If § is a regular limit cardinal which is a limit of members of MAD(k),
is also 6 € MAD(k)?

Problem 4. If ¢ is a limit cardinal which is a limit of members of MAD(k, p, v), is
also § € MAD(k, p,v)?

The following result generalizes Theorem 3.6 in Milner, Prikry [87], also due to Erdés and
Hechler.

Theorem 4.7. Let pu be a singular cardinal. Suppose that v € MAD(cfu) and p €
MAD(k, pt, ). Then p-v € MAD(k, u, ).

Proof. Let & be [r]*, u-mad, with |«/| = p. For each A € &, let (S2 : a < cfu) be
a partition of A into sets of size less than u, with (]S4 : @ < cfu) strictly increasing. Let
% be cfp-mad, with |%| = v. Then we define

%:{US&“:AEW’,BEQ}.

a€EB

Clearly each member of € has size p. Suppose that X, Y € € with X # Y. Say X =
UaEBo S&qo and Y = UaEBl 5&417 with By, B1 € & and Ag, A1 € &/. If Ay 7é Aq, then
XNY C Agn Ay, and the latter has size less than p. If Ay = A; and By # Bj, then
XNY = Uaenons, S4oand |By N By| < cfpy, and hence | X NY| < p. Thus € is
p-ad. Now suppose that X € [k]*. Choose A € & such that |X N A| = p. Hence
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sup{|X N S4|: a < cfu} = p, so there is a strictly increasing sequence (ag : € < cfp) of
ordinals less than cfy such that the sequence (| X N Sé‘& : € < cfp) is strictly increasing
with supremum p. Let Y = {a¢ : £ < cfu}. Choose B € £ such that |Y N B| = cfp.
Clearly, then, ‘X NUaen S;“ = [U. O

Theorem 4.8. (Milner, Prikry [87], Theorem 3.6) MAD(cfx) C MAD(k). O

Recall from 1.1(i) that MAD(x) N [k, 00) # 0. So the other inclusion in 4.8 does not hold
for singular cardinals, at least in ZFC. Also, MAD(cfx) C [1, cfxt*] by Proposition 2.4.
Thus the following problem is the natural “converse” of 4.8:

Problem 5. If  is singular, does the inclusion MAD (k) N[1,2%] C MAD(cfx) hold?

In this connection we mention some related results which will not be proved here. In
Kunen [80] it is shown that

(%) MA F MAD(w) = {2¥}
In Kojman, Kubis, Shelah [oo] the following two results are shown:

(%%) MA + 2% > R, R, ¢ MAD(R,,)

(% % %) (in ZFC) if p is singular and 2% <y, then p € MAD ()

Proposition 4.9. If x is singular and o/ C [k]“" is cfr-ad with || = K, then it is
not mad. Hence k ¢ MAD(k, cfk, cfk), 0 # MAD(k, cfr, cfk) C (k,00), and Kk < Getrcts -

Proof. Say p, Tk for a < cfk. Let o = {A, : @ < k}. For each o < cfk choose

T € An\ UA[;U{xﬁ:ﬁ<oz}
B<tia

Let X = {24 : a < cfk}. O
Proposition 4.10. If p < K, then MAD(k, pt, 1) 3 MAD(p) N [, 00). Hence a, <

Cropugs -

Proof. Note by Proposition 1.1(%) that MAD(k, p, n) C [k, 00). Fix a family <
which is [s]#, p-mad. Fix &' € [Z]F. Let I' = [Jyc v A, and let Z = {X NI : X €
o, | X NT|=p}. Thus |I'| = p, #is p-ad, and p < |#| < |/|. Hence it suffices to show
that Z is [I']*, p-mad. Suppose that Y € [[']*. Since & is [k]*, p-mad, there is an X € &/
such that | X NY| = p. Thus there is a Z € Z such that |Y N Z| = p, as desired. O

For the next result we need a simple set-theoretic lemma.

Lemma 4.11. Suppose that k < v are infinite cardinals, 5 is an ordinal, and (T, :
a < B) is a sequence of subsets of v such that if o« <~y < 8 thenT'y, C I'y. Further, assume

that ‘V\ Ua<s Fa‘ < v. Then there is an a < 3 such that |I'y| > k.
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Proof. Suppose not: Va < B(|I's| < k). Then
(1) Va < p3y € (o, B)[I'y C ']

For, otherwise we get an o < 8 such that I'y, = |J.,_z1'y. Hence ‘U Fv‘ = Ta| < K

v<pB ¥<pB

and so ‘1/\ U, <s I‘,y‘ = v, contradiction. So (1) holds.

Now define o € #B by setting oy = 0, Q¢41 minimum such that T'p, C T «

Qg1
continuous. For each £ < 3 let 7¢ be the least element of I'y,, , \I'o,. Now ‘U7<B Fv‘ =v

and |I'y| < & for all v < 8, so f > v. Hence K < B. Now 7 [ k is a one-one function
mapping into 'y, so [['y, | > K, contradiction. O

Proposition 4.12. If w < p < k < v, then MAD(v, pi, n) 3 MAD(k, p, ) N [k, 00).
Hence agpy < aypup-

Proof. Let < be [v|*, p-mad. By 1.1(3i), |</| > v.
(1) There is a I' € [v]® such that [{A € & : |ANT| = u}| > .

To see this, let (A, : @ < 7) enumerate o/ without repetitions, and for each o < 7 let
I'o = Ugcq Ap- Now since (v\I';) N Ay = 0 for all @ < 7 and & is [v]*, p-mad, we have
|[\I';| < . Hence by Lemma 4.11, there is an o < 7 such that |['y| > &; choose the least
such a. If @ = B+ 1, then I'y = I'g U Ag, and |I'y| < |I'g| + |Ag| < &, contradiction.
So « is a limit ordinal. Let A = {{ < a : I'e C I'ey1}. So I'a = UgeaTer1\le),
and |epq\Ie| < |A¢| = p. Hence |A| > k. If |A| > &, then there is a { € A such
that [{n € A :n < &}| = k. Hence I'eyq = U?;i@ I'y+1\I'y, and each I'y1q\I'y, # 0.

0 [Tet1| > K, contradicting the minimality of a. So |A| = k, and hence |T,| = & and
HAe o |[ANTy| = p}| > [{Ae : £ € A} > k. So (1) holds.

Let Z={ANT :Aec &, |JANT| = u}. So k < |AB] < |&|. We claim that Z is
[[']*, p-mad. Clearly it is [[']*, up-ad. Suppose that X € [['|#. Then X € [v]*, so choose
A € o such that [ANX| = pu. So ANT € Zand [ANTNX| =[ANX| = u, as
desired. OJ

The following is Theorem 3.2 in Milner, Prikry [87].

Theorem 4.13. Suppose that k and v are infinite cardinals, k is singular, and v < K.
Then there is a 6 € MAD(k) such that v < § < v°t*,

Proof. Let A\, T & for o < cfk, with v,cfrx < Ag. Let (Sap : @ < cfk, B < v) be a
partition of x such that |Sag| = Ay for all ¢, 8. Let

F ={f:fisatunction, f C cfk x v, |f| = cfr}.
Let # be a maximal cfx-almost disjoint subset of .Z#.
(1) v < |8 < veix.

In fact, clearly |#| = vf* and so |%| < vI*. Now suppose that |%| < v. For each
a < cfk let f(a) be the smallest ordinal § such that 8 # g(«a) for all ¢ € #. Thus
f(a) < v by supposition. So f € .#, and fNg =0 for all g € A, contradiction.
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For each f € £ let

Xf= U Ses,
(a,B)Ef

and let & = {Xf : f € #}. We claim that &/ is k-mad, and X is one-one. Clearly
| X¢| =k for all f € #A. Suppose that f,g € # and f # g. Then

XrNnX, = U Sup
(a,8)efNg

and this set has less than s elements.
Finally, suppose that Y € [k]". Then

(2) Ya < cfk3p € (o, cfk)Ty < v[|Y N Spy| > Aol

In fact, otherwise we get o < cfx such that VB € [a, cfk)Vy < v[|Y N Sgy| < Aa]. So

vi=| U U nss)
B<ctk y<v
= <UYﬂSﬁ7> + U (UY0557>
B<a \v<v a<p<cfk \v<v
< Aa,

contradiction. So (2) holds.

By (2), let (a, : p < cfr) and (B, : p < cfrk) be such that (o, : p < cfk) is strictly
increasing, and |Y NSy, 5,| > Ap. Let f = {(a,,8,) : p < cfx}. Thus f € F. Choose
g € # such that |f Ng| = cfx. Then |Y N X | = &, as desired. O

Corollary 4.14. If k is singular and Vv < k(v°'* < k), then K € MAD(k).
Proof. By 4.13 and 4.6. L
Corollary 4.15. If k is strong limit singular, then k € MAD(k). O

In connection with these corollaries, see the results of Kojman, Kubis, Shelah [0co] men-
tioned above.

Here is a generalization of proposition 4.9.

Proposition 4.16. Suppose that k is singular, p < k, and cfk = cfu. Suppose
that o C [K]* is p-ad and |</| = k. Then it is not mad. So k ¢ MAD(k, u, it); hence
0 # MAD(k, p, ) C (K,00). Moreover, ayy,, > K.

Proof. Assume the hypothesis. Say &/ = {X, : @ < k}. By Proposition 4.9 we may
assume that p is singular. Let v, T p for a < cfp and po T & for a < cfk. We now define
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subsets Y, of k of size at most p for each a < cfu. Suppose that we have done this for all
B < a. Then Uz, XpUUg<, Yp has size less than «, so we can choose

YoCr\| |J Xsu Y5

B<po¢ B<Oé

of size v,. Let Z = Yy. Then |Z]| = p and |Z N Xg| < p for all § < k. O

a<cfy
As an special case of Proposition 4.16 we have X, ¢ MAD(X, 14, Ry, Ry).
Corollary 4.17. If k is singular, then MAD(k) N (k, 00) # 0.

Proof. By Propositions 1.1(i) and 4.9, MAD(k, cfk, cfr) N (k, 00) # 0, so the corollary
follows by 4.1. ]

The next result is in Milner, Prikry [87], page 165.

Proposition 4.18. Suppose that k is singular, o C [k|* is k-ad, and || = cfk.
Then < is not mad. Hence cfk ¢ MAD(k), and so a,, > cfk.

Proof. Assume the hypothesis; say &/ = {A¢ : { < cfr}. Let ke T & for £ < cfx, with
ko = w. By induction, for each £ < cfx choose

Be C A\ | U 4A,u By
n<§ n<§

of size re. Clearly Je 4, Be has size r and its intersection with each Ag is of size less
than k, for each & < cfk. O

The following is due to Tarski; see Baumgartner [76], Theorem 2.3.

Proposition 4.19. Suppose that 1 < v < k > w, and let p be minimum such that
k < v*. Then MAD(k, u, p) and MAD(k, cfu, cfp) both have members > vt.

Proof. First statement: Let T = J,_, “v. Thus |[T'| < . It suffices to exhibit a
family .# C [T]* which is p-ad and of size v#. Let

F={{flara<p}:ferv}
Second statement: this follows from the first if p is regular. Suppose that p is singular,
and let (v, : a < cfp) be a strictly increasing sequence of cardinals with supremum p. Let

T" = Uge<er,, "V, and let

F={{f Tva:a<ctu}:fetv}. O

The following is Corollary 2.11 of Baumgartner [76].
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Corollary 4.20. If k is an infinite cardinal and X is the least cardinal such that A > K
and A ¢ AD(k), then X is regular.

Proof. Obviously x € AD(k). So the result follows by Corollary 2.9. O

Corollary 4.21. Suppose that k,\, N, are cardinals, with k, X', infinite. Also
suppose that cfp < k, kK = Ry, AH < Ryyery, A <A, XN < A and cfX > A<F. Then
X € AD(k, cfp, cfp).

Proof. Apply 4.19 with v and & replaced by A, A<F respectively. Then the p of 4.19
is our g too, and so A* € AD(A<H cfu,cfp). Hence N € AD(A<HF, cfu,cfu). Let p be
minimum such that A € AD(p, cfu,cfu). So p < A<H. Now cfpy < p < X, so by 2.2,
cfN = cfp or cfp = cfp. Since cfN > A<H > p, we have cfXN # cfp. so cfp = cfu. But
p <A < Rytey, 50 p < k. Hence X € AD(k, cfp, cfp). O

5. The notion MAD,

Proposition 5.1. (i) If v =1, then MADq(k, A, i, v) C {0}.
(ii) If kK > p and kK > X, then MADq (k, A, p, v) = 0.

(iii) If A < cfr, then MADq(k, A\, k,v) = {0}.

(iv) If cfk < XA < Kk and v < Kk, then MADq(k, A, k,v) = {0}.
(v) If ¢tk < X < K, then MAD1(k, A, k, k) C [(cfr)™, 00).

(vi) If cfk < XA < K, then MADq(k, A\, K, k) N [k, 00) # 0.

(vii) If p < k and 1 < v, then MAD1 (k, k, pi,v) C [k, 00).
(viii) If 1 < v < K, then MAD (k, K, k,v) C [k, 00).

(iz) If K is regular, then MAD1 (k) C [kT, 00).

Proof. (i) is clear.

Under the assumptions of (ii), there is no partition of x into A sets, each of power p.
For (iii), if & is a partition of k into A sets each of power k, then Z is [k]",v-mad. The
same is true under the assumptions of (iv). In fact, suppose that I' € [x]® and [N X| < v
for all X € 2. Then I' = [Jy,(I' N X), which has size at most A - v < &, contradiction.

We turn to (v). Assume that cfk < A < k. Suppose that p € MAD;(k, A, Kk, K).
Accordingly, let Z be a partition of x into A sets, each of size k; say that 2 = {D, : a < A},
without repetitions, and let || = p, N =0, P U & is k-mad. Say & = {A¢ : { < p}
without repetitions. Say k¢ 1T & for { < cfk.

First suppose that p < cfk. Now |[AN Dy| < &k for all A € & and o < A, so
|Do MU ey A| < s for all @@ < A, For each € < cfk choose C¢ € D¢\ Uye,, A such that
Ce| = ke. Let B = Jgop,, Ce- Then B € [5]", BNA=0forall A€ &, and [BND¢| <k
for all a < A, contradiction.

Second, suppose that p = cfx. We claim

(1) V&, m,0 < cfkda € AN\ max{{+ 1,7+ 1,0 + 1}[|Ae N Dy| > Ky).

For, assume otherwise; choose &, 7,0 < cfx such that for all « € A\ max{{+1,n+1,0+1}
we have |A¢ N Dy| < ky. Hence

‘U{AgﬂDa:aEA\maX{§+1,n+1,9+1}} <A Ky < K.
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So
‘U{AmDa ra<max{{+1,n+1,0+1)}} =k

But |[A¢ N Dy| < & for all @ < max{{+1,n+1,0+1}, and max{{+1,n+1,0 + 1} < cfk,
contradiction. So (1) holds.

Now we define B¢ C k and ¢ < cfr for { < cfx so that always |B¢| = k¢. Suppose
defined for all n < ¢&. Then

def
Ee = [JAcnA)u ] Byukd
n<§ n<¢

has size less than x; say that its size is less than k., where { < 7 < c¢fk. By (1), choose
ag € A\ max{n + 1,sup{a, : n < &} + 1} so that [A¢ N Dy, | > K. Choose Bg € A¢ N Dg,
so that |Be| = k¢ and Be N Ee = 0.

Let B = Ugcepp Be- Then |B| =k, |BN A¢| < & for all £ < cfr (since for n > £ we
have B, N A¢ = B, N A¢ N A, C B,NE, =0), BN D, = Be, which has size less than &,
for each £ < cfr, and BN Dg =0 for all € A\{a¢ : £ < cfr}. Thus ZU & is not k-mad,
contradiction. So (v) holds.

Next, we take (vi); assume that cfk < A < k. Let w < Ky T & for a < cfk. Let Z be
a partition of s into A sets each of size k; say ¥ = {D, : @ < A}. For each a < cfk, let
(Eap : B < k) be a partition of D, into sets of size k. For all § < x let Ag be defined by
requiring that Ag N D, is a subset of F,g of size k, for each a < cfk, while AgN D, =0
if cfk < o < A. Thus |Ag| = k, the Ag’s are pairwise disjoint, and |Ag N Dy| < & for all
B < k and a < cfk, as desired.

For (vii), assume that Z is a partition of x into x sets each of size p < k, & C [k]H,
INd =0, PV isv-ad, and || < k. Foreach X € & let Mx ={Y € Z: XNY # 0}.
Clearly |[Mx| < p for each X € /. Hence |y, Mx has fewer than x elements. So there
is a subset Z of K\ |JUx ¢, Mx of size p which has at most one element in common with
each member of 7, and is disjoint from each member of &/. Thus ZU.</ is not [k]*, v-mad.

For (viii), assume that & is a partition of k into k sets each of size k, & C [k]",
PN =0, P2U .4 is v-ad, and |&/| < k. For each D € & the set {DNA: A€ o/} has
size less than #, and each set D N A has size less than v, so J 4, (D N A) has fewer than
% elements; so choose ap € D\ Jycy (DN A). Let E={ap: D € Z}. Now |%| = &, so
|E| = k. Since |[EN X| < v for all X € Z U .«7, this shows that 2 U & is not [k]", v-mad.

Finally, (ix) holds by Proposition 2.6. O

Proposition 5.2. MADy(k, u,v) = MAD1 (K, k, i, V).

Proof. For C, let f : kK x p — K be one-one and onto. Let p € MADs(k, i, v); say
p = ||, where Va < k({a} x p ¢ o), and o U {{a} x p:a <k} is [k x p]*, v-mad. Let
2 ={fl{a} xp]l:a < k}and Z = {f[X]: X € &/}. Thus £ is as in the definition of
MAD; (k, K, p, V), and |7 | = |#)|, as desired.

For the other direction, suppose that p € MAD;(k, K, u,v); say || = p, Z is a
partition of k into k sets of size pu, &/ N Y =0, and &/ U Z is [|*, v-mad. Say ¥ = { X,
a < k} without repetitions. Let g : K — & x p be such that g[X,]| = {a} x p for all @ < k.
Then set = {g[Y]:Y € &}. O
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Proposition 5.3. MAD;(k, k, u, A\) € MAD(k, p,v) if 1 < v, and (p < Kk, v < K, or
K s reqular).

Proof. By Proposition 5.1(vii)-(ix). O
Proposition 5.4. If k is regular, then MAD(k) N [k, 00) = MAD1 (k).

Proof. By Proposition 5.1 (ix) and Proposition 5.3, it remains only to prove C.
Suppose that <7 is [k]", k-mad and |«/| > k. By 2.6 we have | /| > k. Let X € "« be
one-one. We define (¢ : ( < k). Let ¢ < k be given. For every £ < ¢ choose ¢ < K such
that X N X¢ C Be. Let o = (sup§<< 55) U (¢ +1). Thus

(*) For all £,( < &, if £ < ¢, then X¢ N X C a¢; moreover, ¢ < ag.
Now define, for any ¢ < &,

Y- — { (XC\aC) J {C} if ¢ g__‘ U§<g ng,
¢ Xc\ag otherwise.

If £ < ( < K, there are two possibilities. If € U>\<C Y, then
YenYe © ((Xe\ae) U{E}) N (Xe\ee) = 0.
If ¢ ¢ Uy Ya, then
YeNYe € ((Ke\ae) U{E) N (Xc\ao) U {GH) = 0.
It follows that (Y¢ : ( < k) is a partition. Let &' = &/\{X, : ( < k}. Clearly &' U{Y, :
¢ < Kk} is [K]", k-mad. ]
Proposition 5.5. MAD(k, i, n) = MAD1 (K, &, i, i) if K is reqular and p < k.
Proof. Again, we only need to prove C. Let &/ be [k]*, p-mad.

(1) We may assume that Vo < x 3X € (| X Nal| < p).

To prove this, we consider two cases.
Case 1. Vo < k3B > a3X € (| XNP| = pand | X\B| = ). Now we define X, € &
and B < K by induction, for each ¢ < k. Suppose defined for all £ < ¢. Choose

Be > U Be U U sup X¢
£<¢ £<¢

and X¢ € & such that | X N G| = p and | X¢\B¢| = p. The second part of the definition
of B¢ assures that the X.’s are distinct from each other. In 7, replace each X by X¢N g
and X¢\fB¢. The resulting set &7’ is still [s]*, p-mad, and (1) now holds.

Case 2. Ja < kY3 > a VX € (| X NP < por | X\B| < p). We show that (1)
holds for & itself. Let v < x be given. Choose > v,«, and let Y € [k\5]#. Choose
X € o such that |[X NY| > u. Hence | X\B| > p. It follows that | X N G| < p, and hence
| X N~| < p, as desired.

16



Thus (1) holds, and we make the indicated assumption.

Now we define X, € &/ for all { < k. Suppose that X, has been defined for all £ < ¢.
Let Yo = [Jg o (Xe U (). Note that sup(Y¢) < &, since p < . Choose X¢ € &/ such that
| X¢ Nsup(Ye)| < p. This finishes the definition of the X.’s. Clearly they are all distinct.
Next, define

X¢ = (Xe U{CH\YC.
Then
(2) If € < ¢ < &, thenXéﬂXé:O.

For, suppose that o € X; N X(. Then o € X¢ U {{} C Y because o € X{, and this
contradicts v € X(. So (2) holds.
Now

(3) ¢ € Uge X¢ forall ¢ < k.

In fact, suppose that ¢ ¢ UﬁSC Xé. Now ¢ € X U {(} but ¢ ¢ Xé, so ¢ € Y;. Hence there
is a § < ¢ such that ¢ € X¢; take the least such §. Then ¢ ¢ Y, so ¢ € X¢, contradiction.

Now let &' = (/\{X¢ : ¢ < r}) U{X]:( < r}. Clearly &' is still y-ad. Suppose
that Y € [k]*. Choose Z € & such that Y NZ| = p. If Z ¢ {X, : ( < k}, this is
fine. Suppose that Z = X with ¢ < k. Now X \Y; C Xé, SO XC\Xé C Y. Clearly
| Xe N Y| < p, 50 | XA\XC] < p. Since |Y N X¢| = p, it follows that [Y N X7| = p.

So /" is [k]*, p-mad, and it includes a partition € of k into k sets of size p, as desired
(see also Proposition 5.1 (vii)). O

Proposition 5.6. If k is regular, then MAD(k) N [k,00) C MAD(k%, K, k).

Proof. Let A € MAD(k) N [k,00). Note by Proposition 2.6 that x < A. Now we
construct 7, for Kk < o < k* so that the following conditions hold:

(1) o, is [a], k-mad.
(2) If kK < B < «, then @3 C .
(3) |al = A,

To start with, let 7, be obtained by the definition of MAD(k) so that (1) and (3) hold;
(2) does not apply yet. Now suppose that £ < a < k* and 7 has been defined for all
B € [k, a).

Case 1. « is a successor ordinal 8 + 1. Let o, = /3. Clearly (1)—(3) continue to
hold.

Case 2. «is alimit ordinal, and cfa < k. Let o, = U, <5, @5- By (2) it is clear that
Ay is k-ad. Suppose now that I' € [a]”. Let (¢ : £ < cfa) be a strictly increasing sequence
of ordinals with supremum «, By > k. Then there is a £ < cfa such that [I'N B¢| = k. It
follows that there is a X € &3, such that [I' N X| = k. Thus &, is [a]", k-mad. So (1)
holds. Clearly (2) holds, as does (3).

Case 3. « is a limit ordinal, cfa = k, and 38 < aVy € (B, a)[cfy < k]. Then «
must have the form v + & for some v. Note that @5 = &7, for all 6 € a\y. Let & be
[a\7]”, k-mad and of size A\. Then we set @, = @7, U .o/. Clearly (1)—(3) hold.
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Case 4. « is a limit ordinal, cfa = k, and VB < a3y € (B, a)[cfy = k]. Then there
is a continuous strictly increasing sequence (B¢ : ¢ < k) of ordinals with supremum c,
with k = fy, and with |Be41\Be| = & for every £ < k. By Proposition 5.4, A € MAD ().
Hence let o/ and Z be as in the definition of MAD; (), with |Z2| = k and |</| = A. Let
(Dg¢ : £ < k) be a one-one enumeration of 2. Let f be a one-one function mapping ~ onto
a such that f[Dg] = k and f[D14¢] = Bey1\Be for every £ < k. Then we define

do= |J A U{fla]:aca}.
r<y<a
(5) A, is k-ad.

For, suppose that x and y are distinct elements of «7,. If both are in Un<'y<a ., then
they are both in &7, for some v € [k, @), and so | Ny| < k. Suppose that x € &7, with
v € [k, ), and y = fla] with a € &/. Choose £ < & so that v < B¢. Then

ey C (JByra\By) Ny

n<§

il (Un,) ol
_fLUn J

n<g
which has size less than k. If = fla] and y = f[b] with a,b € &7, clearly |z Ny| < k. By
symmetry, these are all possibilities.
(6) “, is [, k-mad.

For, let = € [a]®. Case 1. |z N (Bey1\Be)| = K for some € < k. Choose y € @,,, such that
lzNy| = k. Case 2. N (Bey1\Be) has size less than « for all € < k. So, |f~Hz]ND¢| < &
for all £ < k. Choose a € & such that |f~![z]Na| = k. So |z N fla]| = k.

The construction is completed. Clearly |J, ..+ # is [sT]", s-mad, as desired. O

Corollary 5.7. If k is reqular, then a, = G+ ,op-

Proof. By Proposition 5.6 we have a,, > a,+,,, and by Proposition 4.10, a,+,.,. > 0
for some § € MAD(k) N [k, 00), 80 alSO G+, > 0. ]
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Consistency results

There are several natural consistency questions and results concerning the existence of
models of ZFC with special MAD properties. These concern:
(1) Models where [IMAD(k, p, v)| is small and all members of MAD(k, u, v) are small.
(2) Models with [MAD(k, u1, )| small, but the members of MAD(k, p, ) are big.
(3) Models where MAD(k, i, v) has large members.
(4) Models where |[MAD(k, p, v)| is large.
(5) Models in which MAD(k, p, v) is specified in advance.

As will be seen, there are several open questions in connection with the known results. We
survey the various consistency results now. Those given with details in the literature will
not be reproved here, but several of the consistency proofs for the countable case can be
easily generalized, and we give the details.

e Iirst, the notions can be completely described under GCH, and we give this descrip-
tion in section 6. Models of GCH are of type (1).

e MA gives models of type (2). The following theorem is due to Wage [79].

Theorem (MA) Assume that w < pn < 2%, and (Ty : o < p) s a system of countable
almost disjoint subsets of some cardinal k. Then there is an M C k such that |M| = &

and M NT, s finite for all o < p. ]
Corollary (MA) (i) If A € MAD(k,w,w), then A > 2%.
(ii) MAD(w) = {2¢¥}. O

Problem 6. Is there a model in which for every infinite cardinal x, if k¥ > k,2%
then MAD(k,w,w) = {k“}?

Problem 7. What can one say along these lines for the general notion MAD(k, p,v) ?

e Theorem 6.1 of Baumgartuner [76] is relevant to (3). That theorem implies that if M
is a model of GCH, and A < p < k < p are cardinals in M such that A and k are regular,
then there is a generic extension preserving cofinalities in which a,.,\ > p.

e Modifying the argument of this theorem of Baumgartner, we can give a result of
type (4) for MAD(k, k, v); this is done in section 7.

e Blass [93] gave a result of type (5) for the case of all three cardinals equal to w. We
generalize this to MAD(k) for s regular, and to MAD(k, p, i), in sections 8 and 9.

6. MAD families under GCH

GCH treats question (1) in the above list. Theorem 3.4 of Baumgartner [76] implies the
following:

Proposition 6.1. (GCH) MAD(k, p,v) N (k,00) # 0 iff v = p and cfp = cfk.
Proof. =: Say A € MAD(k, p1,v) N (k,00). Then kt € AD(k, p, V).
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Suppose that v < p. Then there is a p' € [v, u] with cfy’ # cfs. In particular,
' < k. By 1.2, kT € AD(k, ', v). Thus cfx # cfs™ and cfx # cfy’, so by 2.2 there is
a p € [p, k) such that k™ € AD(p, i/, v). Now kT < p” by 2.4, p¥ < pt by GCH, and
pT < K, contradiction. Thus v = p.

Suppose that cfp # cfk. By 2.2, there is a p € [u, k) such that kT € AD(p, p, V).
Hence k™ < p¥ by 2.4, and p” < p* < k by GCH, contradiction.

< if s isregular, then p < k and cfp = cfk imply that p = k. We have MAD(k, K, k)N
(k,00) # 0 by 2.6 then. Suppose that « is singular. Then the desired conclusion holds by
4.16 and 4.17. L]

Together with other results above, this gives a complete description of MAD under GCH,
where the sets are as small as possible:

Proposition 6.2. (GCH) (i) If k is reqular and p < k, then MAD(k, p,v) = {K}.
(i) If k is singular and v < p < K, then MAD(k, u,v) = {K}.

(iii) If K is singular, p < K, and cfp # cfr, then MAD(k, p, ) = {x}.

(iv) If K is singular, p < k, and cfp = cfr, then MAD(k, p, ) = {k}.

(v) If v < K, then MAD(k, k,v) = [1, K].

(vi) If k is reqular, then MAD(k) = [1,5) U {xT}.

(vii) If K is singular, then MAD(k) = [1, cfk) U (cfr, sT].

Proof. (i): by 1.1(ii) and 6.1.

(ii): by 1.1(ii) and 6.1.

(iii): by 1.1(ii) and 6.1.

(iv): by 1.1(ii), 2.4, 4.16, and 6.1.

(v): by 1.1(iii) and 6.1.

(vi): by 1.1(iv), 2.4, and 2.6.

(vii): by 1.1(iv) we have [1,cfx) C MAD(k). By 4.18, cfx ¢ MAD(k). If v is regular
and cfx < v < K, by 4.13 choose § € MAD(k) such that v < § < v**. But v*I* = v by
GCH, so v € MAD(k). By 4.6, all singular cardinals in (cfx, k) are in MAD(k). By 4.15,
also Kk € MAD(k). Finally, s € MAD(k) by 6.1. O

7. Many members of MAD(k,x,v)

For the remainder of the notes we shall refer to Kunen [80] for basic notions and results
concerning forcing.

Theorem 7.1. Suppose that M is a model of GCH, and in M we have infinite
cardinals k, v, and A with v < kK < A, where v and k are reqular. Then there is a generic
extension M|G] of M preserving cofinalities and cardinals such that in M |G|, every regular
cardinal in (k, ] is a member of MAD(k, K, V).

The proof of this theorem will occupy all of this section. As mentioned above, it is a
generalization of Theorem 6.1 of Baumgartner [76], and the proof also follows the lines of
his proof. He worked with only one cardinal A and produced a generic extension preserving
cofinalities such that in the extension A € AD(k, k,v). This was done by starting with an
extension in which A € AD(k, k, k) and thinning out the almost disjoint family. So, we do
something similar, except in starting with a whole set of cardinals.
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To start with, we work in ZFC. Assume that x, v, A are infinite cardinals with v and
k regular, v < kK < A. We define

O = {«a: « is a limit ordinal and o« < X and s < cfa}.

This is the set which takes the place of Baumgartner’s A. Let F’ def (F(a,) € 0,8 < )

be a sequence of subsets of k, possibly with repetitions. Now for u regular and v < p < &,
let Q'(k, 1, F') be the set of all functions f such that the following two conditions hold:

(1) dmn(f) € [O]<H;

(2) For all & € dmn(f), fo is a function, dmn(f,) € [a]<¥, and for all € dmn(f,),
fa(B) € [F(a, B)]<*.

For f,g € Q' (k, u, F) we write f < g iff the following conditions hold:

(3) dmn(g) € dmnf;
(4) for every a € dmng,
(a) dmn(ge) C dmn(f.);
(b) ga(B) < fa(B) for all § € dmn(g,);
(€) 9a(B) Nga(y) = fa(B) N fo(y) for all distinct 5,y € dmn(gq,)-

Let K be the set of all regular cardinals g such that v < p < k. Suppose that p € K.

Then Q(k, i, F) is the set of all functions f € Hu<p€K Q' (k, p, F') such that the following
condition holds (where for clarity the value of f at p is written as f*):

(5) If p,p/ € K and pn < p < ¢, then dmn(f?) C dmn(f?), and for all & € dmn(f?),
dmn(f£) € dmn(f£'), and for any 8 € dmn(f2), f2(8) € 1% (8).

For f,g € Q(k,p, F) we write f < g iff f* < g” for all p € K such that u < p. For any
u e K we let

Quk, ) ={f I ([v,p]N K) : f € Q(r,v, F)}.
For f,g € Q.(k, F) we define f < g iff fP < g” for all p € [v,u] N K.
Finally, Q(k, p) stands for Q(k, u, F') with F(«a, ) = k for all 8 < a € O; similarly
for Q' (k, ) and Q, (k).
Lemma 7.2. If p € K, p~t = p, and |F(a, ) N F(a,v)| < p whenever « € O and

B < A<a, then Q,(k,F) has the p* -chain condition.
In particular, if k<% = &, then Q(k,v) has the k¥ -chain condition.

Proof. Suppose to the contrary that I is a set of pairwise incompatible elements
of Q,(k,F), with |I| = p*. Now for any f € I we have f = g | ([v,pu] N K) for some
g € Q(r, v, F), and so fF = gt € Q'(k,u, F), and hence the function f# is a member
of Q' (k,u, F), and so its domain has size < p. By the A-system theorem, we may as-
sume that (dmn(f*) : f € I) is a A-system, say with kernel D. For all f € I we have

Uaedmn(fu) dmn(f#)| < u, so we may assume that

< U dmn(fg):fel>

aedmn(fr)
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is a A-system, say with kernel D’. And for each f € I the set Uaedmn(f”) Uﬁedmn(fg) fE(B)
has size less than p, so we may assume that

< U U f5(6>:fef>

acdmn(fr) Bedmn(fy)

is a A-system, say with kernel R. Let

x= U Flpnilm).
aeD,B,yeD’',B#£y

Since |D| < p, |D'| < p, and each |F(«, B)NF (a,v)| < p, we have | X| < p. Let Y = XUR.
So |Y| < pu. Now we claim

. + . def '
(*) There exist I’ € [I]* and a function f € J = HpE[V,u]ﬂKD(D ([Y]<*)) such that

Vg € I'Vp € dmn(g)Va € D N dmn(g”)VB € D' Ndmn(gh)[95(B8) NY = fL(B)]

To prove this, first suppose that y = o for some o. For every g € I define a function 4f
as follows: dmn(,f) = K N [v, p). For each p € [v, u] N K let dmn(,f?) = D, and for any
a € D let dmn(yff) = D'. Then for p € [v,u]NK, o € D, and g € D' let

12(8) = {gg(ﬁ) NY if a € dmn(g”) and g € dmn(g?),
LN otherwise.

Note that g € Q,(k, F'), and hence there is a k € Q(k, v, F') such that g =k | ([v, ] N K).
Hence g = k* € Q'(k, p, F'), and g~ (B) € [F(a, B)]<F. Thus 4fL(B) € [Y]<H.

Thus ,f € J. Note that J has size at most p since |[v, ]| < o < p. Hence (*) follows
in the case that p is a successor cardinal.

Now assume that p is a limit cardinal, and hence is weakly inaccessible. Temporarily
fix g € I. We claim:

(**) There is a 7(g) € [v, p) such that g7(9) = ¢¢ for all £ € [7(g), ).

We can see this step by step as follows. If v <o <7 < p and 0,7 € K, then dmn(g?) C
dmn(g7) € dmn(g#) and |[dmn(g*)| < p Hence there is a 0(0,g) < p with 0(0,¢g) € K such
that dmn(g?(9)) = dmn(g7) for all 7 € [¢(0, g), u) N K. Now for all @ € dmn(g°(®9)) and

any 7 € [0(0,9), 1) N K we have dmn(gg(o’g)) C dmn(gl) € dmn(g¥) and |[dmn(g#)| < u,
so there is a o(1,,9) € [0(0,9), ) N K such that dmn(gg(l’a’g) = dmn(g?) for all
7 € [0(1,,9),1). Let 0(2,9) = SuPacamn(gr0.0)0(L,,9). So 0(2,9) < p, and for all
« € dmn(g??9)) and all T € [0(2,9), 1) we have dmn(gg(z’g)) = dmn(g?). For all o €
dmn(g°29)), 7 € [0(2,9), 1), and B € dmn(g5*?) we have g2>9(8) C g7(8) C g4(B),
and |g#(B)| < p, so there is a o(3, o, 8, 9) € [0(2, ), u) NK such that g5 (8) = gg(3’“’ﬁ’9)(5)
for all € € [0(3,,8,9), 1), a € dmn(g°G*59)) and B8 € dmn(gg(s’a’ﬂ’g)). Let 7(g) =

Supaedmn(gﬂ(2,9))Supﬂedmn(g;(Q,g))0(37a757g)' Then T(g) < p’? a‘nd fOI' a‘ll é e [T(g)7p’)7
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a € dmn(g79), and B € dmn(yg (g)) we have gq (g)(ﬁ) = ¢5(B). Hence g79) = ¢¢ for all
¢ €[r(g), ), as desired in (**).

Now we unfix g. Let I € [I]*" be a subset of I on which 7(g) has a constant value

7. Now for any g € I'” define ,f € J' = o HPE[V’T]QKD(D'([YF“)) as follows. For any
pelv,T|NK,ae D, peD, let

_Jg2(B)NY if @ € dmn(g?P) and S € dmn(g?),
afalh) = {0 otherwise.

Since |J'| < p, let I" € [I"']*" be such that ¢f is constant, say with value f’, on I".
For any g € I" define ,h € P(P'([Y]<*)) by setting, for any a € D and § € D',

i _Jgb(B)nY if a € dmn(g*) and S € dmn(g¥),
gha(B) = :
0 otherwise.

Now ‘D(D'([Y]<“))‘ < p, so there is an I’ € [I"]<* such that 4h is constant, say equal to
h,on I'.

Define f € J by: fP = (f")? for p € [v, 7], f = (f")” for p € (1, ), and f* = h. Then
(*) holds. Namely, if g € I, p € dmn(g), @ € D Nndmn(g”), and g € D’ Ndmn(g?), then

of8(B) = (f)a(B) = f5(B) fr<p<rm,
9a(B)NY = ¢ 95,(B)NY = o f5(8) = (f)a(B) = f&(B) T <p<p,
gha(B) = ha(B) = f5(B) if p=p

Thus, indeed, (*) holds also when g is inaccessible.

Choose I and f as in (*). Take any two distinct g,h € I'’. We claim that they are
compatible (contradiction!). To see this, for p € [v,u] N K let dmn(k?) = dmn(g?) U
dmn(h?). For each a € dmn(k”) let

g? if @ € dmn(g?)\dmn(h?),
kf =< hf if @ € dmn(h?)\dmn(g”),
s if @ € dmn(g”) Ndmn(h”),

where dmn(s) = dmn(gf) U dmn(h?), and for every g € dmn(s),

96(B) if f € dmn(gf)\dmn(hf,),
s(B) = § he(B) if § € dmn(hf,)\dmn(gf),
95(B) U hE(B) if B € dmn(gf) N dmn(hE).

For any p € (u, k] N K let kP = k#. Clearly k € Q(k,v, F). Let I = k | ([v,pu] N K). By
symmetry it suffices to show that [ < g. Take any p € [v, u] N K. Only condition (4)(c) is
problematic. Take any o € dmn(g”) and distinct 3,y € dmn(g?).

Case 1. a ¢ dmn(h?). Clear.

Case 2. « € dmn(h”). Thus o € D.
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Subcase 2.1. B, ¢ hf,. Clear.
Subcase 2.2. B ¢ dmn(h) but v € dmn(h%). So vy € D', and ¢g2(B)NhL(y) C R C
Y. Hence

15(B) NG (v) = g5(B) N [gh () U ho ()]
= [g4(B) Ngh(M] U [g4(B) MR (v)]
= [g5(8) N gh(VIU [g5(B8) NRE(v) NY]
= [g5(B) Ngh(MIUgh(B) N fE(v)]  (by (*) for h)
= [95(8) Nga(MIV[ga(B) Ngh(v)NY] (by (*) for g)

Subcase 2.3. B,y € dmn(h%). So B,y € D', g2(B)NhL(y) CRCY, g
he(B) C Y, and RS (B) N AL (y) C X C Y. Hence

LB NIG(Y) = lga(B) U he(B)]
)
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Lemma 7.3. If p € K, then Q(k, ) is p-closed

Proof. Suppose that v < p and (¢ f : £ < v) is a sequence of members of Q(x, p1) such
that ,f < ¢f whenever { <n <wv. For any p € [y, k] N K let dmn(g”) = U, dmn(¢ f?).
For each a € dmn(g”) let dmn(gf) = U§<V’aedmn(€fp) dmn(¢ f£). For each 8 € dmn(g%)
let

g5(B8) = | J{ef8(B) : € <w,a € dmm(c f*), B € dmn(c f£)}.

Clearly g € Q(k, p). We check (4)(c). Suppose that £ < v, p € [p, k] N K, o € dmn(g f?),
and [ and v are distinct members of dmn(¢ f£). Suppose that 6 € g4(8) Ngh(y). Then
there is an 7 € (§,v) such that o € dmn(, f?), 8,y € dmn(, f£), and § € ,fL(B) N, fL(7).

So 6 € ¢ fP(B) NefL(y) since ,f < ¢f. ]

At a certain point in the proof of the next lemma we will need the following general fact
about forcing. Recall from Kunen VII.2.12 the definition of the standard name for a generic
filter.

Fact 7.4. Let ' be the standard name for a generic filter. Then s - 3f € T[x(f)] iff
the set

{r:3f[r < fandr - x(f)]}
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1s dense below s.

Proof. =: Assume the lhs, and suppose that ¢t < s. Let G be generic with ¢t € G. By
the lhs, choose f € G such that M[G] = x(f). Choose k € G such that &k IF x(f). Take
r < f,k,t. Clearly r is as desired.

<: Assume rhs. Let s € G, G generic. By rhs, choose r in the indicated set with r < s
and r € G. Then choose f as indicated. Then f € G and M[G] = x(f), as desired. ]

Lemma 7.5. Let G be Q(r,v)™-generic over M, and suppose that p is a regular
cardinal of M such that v < pu < k. Let

H={fI(p"rkNK): feG}
J={f1(v,u]NK): feG]

Then
(6) M(G) = MIH][J);
(7) H is Q(k, u)M-generic over M ;
(8) J is Qu(r, F)MH generic over M[H), where

F(o, ) = J{2(8) : f € H, o € dum(f*), § € dum(f4)}

forall B < a € O.

Proof. First we check (7). Clearly if f,g € H then there is an h € H such that
h < f,g. Now suppose that f € H and f < g € Q(k, uT); we want to show that g € H.
Say f = f' | ([uT,k]NK) with f' € G. It suffices to define an h € Q(k,v) such that
f'<hand h | ([u*,k]NK) =g. So we let g C h, and for p € [v, u]N K define dmn(h?) =
dmn(g"") Ndmn(f'?), and for any o € dmn(h*) let dmn(h?) = dmn(géf) Ndmn(f/*), and
for every B € dmn(h2) let h5,(8) = g (B) N f£(B).

Take any p € K; we check that h* € Q'(k,v). For p € [u™, k] we have h? = g,
so this is given. Suppose that p € [v,u]. Then (1) and (2) are clear for h?. So always
h? € Q'(k,v).

Next, we check (5). Suppose that p,o € K and p < o. If ut < p, then (5) is ok
since h? = g” and h? = ¢g°. If o < pu, then (5) holds since f' € Q(k,v). So, suppose that
p<p<pt <o. Then

dmn(h?) = dmn(g“+) N dmn(f'?)

C dmn(g"")
C dmn(g?) = dmn(h?).

For oo € dmn(h?),
dmn(h%) = dmn(g4") N dmn(f2) C dmn(g#") C dmn(gg) = dmn(h3).
For € dmn(hf,),
HE(B) = g (B) N f2(B) € gt (B) C 95(B) = h ().
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So h € Q(k,v).

Now we check that f’ < h. Let p € K. If p € [uT, k], then f'? = fr < gf = h*,
as desired. Suppose that p € [v,pu] N K. Then dmn(h?) C dmn(f’?). Suppose that
a € dmn(h?). Then dmn(h?) C dmn(f/*). If 8 € dmn(hf), then h2(B) C fIP(B). Finally,
to check (4)(c), suppose that 5 and «y are distinct members of dmn(h%). Then

RE(B) NRE(Y) = g™ (B) N f2(B) N gk () N [P ()
= g"" (B) N g (V)N FLB) N FE()
= BN () N FPB) N FE(y )

)
using (4)(c), since f < g

= [ BN FL).

So, indeed, f’ < h. It follows that g € H.
Now suppose that D is a dense subset of Q(x, ™) in M. Let

/\A

D' ={feQ(rv): fI (g, s]NK) € D} (in M)

We claim that D’ is dense in Q(k,v). For, let ¢ € Q(k,v). Choose f € D so that
f<g!(put,k]NK). Define f' with domain K by: f C f" and for p € [v,u|N K, f'¥ = g*.
To show that f' € Q(k, ), the only questionable point is (5) for v < p < p < pt <o < k.
Then

dmn(f") = dmn(g”) C dmn(g”) € dmn(f?) = dmn(f"),

and for any o € dmn(f'?),
dmn(fyf) = dmn(gh) € dmn(gg) € dmn(fg) = dmn(fy),

and for any 8 € dmn(f/’),

fe£(B) = g&(B) € ga(B) € f2(B) = 15 (B).

So f" € Q(k,v), hence f' € D'. Clearly f’ < g. This shows that D’ is dense in Q(k, V).
Hence choose f € D'NG. So f | ([pT,k]NK) € DN H. So (7) is proved.
Now we turn to (8). Let 6 be a name in M for Q,(x, F'). Note

(a) OMUIH] C M.
In fact, work in M[H]. Let f € OMIH] Let
L={(p,o, B) : p € dmn(f), € dmn(f*), 8 € dmn(f£)}.
Thus L C K x A x A\, and |L| < p. Let g be a mapping of p onto L.
We no longer work in M[H]. By (7), 7.3 and Kunen VII6.14, g € M, and hence
L € M. Now we claim that if (p,«, ) € L, then f£(8) € M. If ff(5) = 0, this is
obvious. If f°(B) # 0, let h be a mapping of  onto f2(3). By (7), 7.3 and Kunen VII6.14,
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h € M and hence fP(3) € M. This proves our claim. Now define f'(p,a, 8) = f£(B) for
any (p,,) € L. Then f’ maps L into £M (k), and so by (7), 7.3 and Kunen VII6.14,
f' € M. Hence f € M, proving (a).

Now let I" be the standard name for a generic filter. Then the following formula
o(z, a, B) expresses that  C F(a, f):

Vy € z3f € la € dmn(f“+) AP e dmn(fg+) ANy € fgf (B)]-

Thus eMH (g, o, B) iff 2 C F(a, B).
Now let 9(z) be the following formula:
dmn(z) = [v, p) N K A Jw[w € Q(k,v) AVp € [v, u] N K (2 = wP)A
Vo € dmn(w*)V8 € dmn(wt)p(wt(8), o, B)]
Thus M1 (2) iff 2 € Q. (K, F). Now we claim

(b) In M, if f € Q(k,pt) and g € M, then f IF ¢(g) iff g € Qu(k) and the set {h €
Q(k,ut): gUh € Q(k,v)} is dense below f.

For =, suppose that f € Q(k,u"), g € M, and f I ¢(g). Take any h < f. Choose w
and k < h so that w € Q(k,v), g = w [ ([v,u] N K), and for all & € dmn(w*), and all
B € dmn(wk), k Ik p(wh,(B), «, B). Clearly then g € @, (k). Note that dmn(g) = [v, p|NK,
while for each h € Q(k, p™) we have dmn(h) = [p+, k] N K. Now for all @ € dmn(g*) and
all g € dmn(g#) we have

klFYyegh(B)Al eTa e dmn(l”+) NB € dmn(ngr) Ny € l5+ (B)]
Fix a € dmn(g*), 8 € dmn(g¥), and v € ¢g#(f). Then
k-3l €T € dmn(® ) AB € dmn(i” ) Ay € 1% (B)].
By Fact 7.4,
{r:3[r<inaecdmn(* )ABedmn(l* YAy el (B)]}

is dense below k. Note that if r < I, & € dmn(l*"), 8 € dmn(I#"), and v € I¥" (B), then
a € dmn(r*’), B € dmn(r®"), and v € 7% (8). So

{r:ac dmn(r“+),ﬂ € dmn(rng),'y € TZ+ (8)}

is dense below k. By pt-closedness, it follows that for each o € dmn(g#) and 8 € dmn(g¥)

the set
+

{r:aedmn(r’), 8 € dmn(r?"), g#(8) C " ()}

is dense below k. By pt-closedness two more times,
{r :dmn(g*) C dmn(r“+) and Ya € dmn(g")[dmn(gh) C dmn(r{r)
and V5 € dun(gh)[gh(8) € vl (B)])}
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is dense below k. For [ in this set, g Ul € Q(k,v), as desired in (b).

For the other direction, assume the condition, and suppose that f € L, with L
Q(k, pT)-generic. Choose h < f in the indicated set, h € L. So for all a € dmn(g*)
and all 8 € dmn(g#) we have o € dmn(h*'), B € dmn(h~"), and g*(8) C h" (8). Thus
©(g*(B), a, B) holds. Hence 1(g) holds, as desired.

Now we start actually proving (8). Clearly if f,g € J, then there is an h € J such
that h < f,g. Now suppose that f € J and f < g € Qu(k, F)M[H]. Choose h € H such
that h IF ¢(g). So by (b), there is a k € H with k < h such that g Uk € Q(k,v). Say
k=F | ([ut,s]NK) with ¥ € G, and say f = f' | ([v,u] N K) with f" € G. Choose
l € G withl <k, f. We claim that [ < gUk (hence gUk € G and so g € J). In fact, if
p€lv,u]N K, then [P < f'P = fP < g and for p € [T, k]| N K, 1P < k'P = kP.

Next, suppose that D is Q,(k, F)MIH] dense in M[H]. Let 7 be a term such that
™ = D. Now we introduce some notation for an arbitrary f € Q(w,v): f® = f |
([ut,k]NK), and f,) = f | ([v,p] N K). Now in M[H] we have: D C Q,(k,F) AVh €
Qu(k, F)3k € D(k < h). Hence choose f € H such that

(¢) fIFVE € mp(k) AYh[Y(h) — Tk € T(k < h)].

Say f = g with g € G. We now claim (in M)

(d) {h € Q(r,v) : KW Ik h(,y € 7} is dense below g.

To prove this, take any < g. Now r®) < f. so

(e) 1™ IFVk € 7¢(k) AVR[p(h) — 3k € 7(k < h)].

Now

(f) 7(u) € Qu(r) and {h € Q(k, uT) : 7y Uh € Q(k,v)} is dense below 7).

For, the first statement is clear. Now suppose that s < r(#). Then T Us € Q(k,v). For,
dmn((r(,))*) = dmn(r*) € dmn(r*") C dmn(s")

and for any o € dmmn((r(,))*),
dmn((r(,)%) = dmn(rf) € dmn(rs") € dmn(st’),

and for any 8 € dmn((r(W)#),

(re)E(8) = r(B) C 1 (B) C s (B).

So, (f) holds.
By (f) and (b) we have () |- ¢(r(,). Hence by (e), r¥) IF 3k € [k < r(,) A p(k)].
Let L be Q(k,put)-generic over M such that 7(#) € L. Choose k € 17 such that k < T(1)

and ¢L (k). Note that k € M by the version of (a) for M[L]. Choose s € L such that

sl-kerApk)and s < r@. By (b), choose | < s such that ¢ “rule Q(k,v). Thus

tW = 1IF k), and k = t(,), so t) |- 4(t(,)). Moreover, t < r since if p € [v, )N K then
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tP = kP < (r(y)” =P, while if p € [p*, k] N K, then t# = 1P < sP < (rW)P = rr. So (d)
holds.

By (d), there is a u € G such that u < g and u(® |- u(,) € 7. Hence u¥) € H, so
Uy € J N D, as desired.

Thus (8) holds.

Finally, we turn to (6), where we apply Kunen VII2.9. M C M[G] and H € M[G], so
MI[H] C M[G]. And J € M[G], so M[H][J] C M[G].

For the other inclusion it suffices to show that G € M[H][J]. For any function f,

fea iff fl(putsNK)eHand f|(v,ulNnK)eJ
and dmn(f*) C dmn(f“+) and Vo € dmn(f#)[dmn(f¥) C dmn(ngr)

+
and V3 € dmn(f)[f&(B) € fo (B)]]-
This finishes the proof of (6) and of Lemma 7.5. O
Lemma 7.6. Cofinalities are preserved in M[G], where G is Q(k, v)-generic over M.

Proof. By Kunen VII5.9 it suffices to get a contradiction upon assuming that 7 is
regular in M but singular in M[G]. Let p = cf7 in M[G]. Thus p is a cardinal in M. If
i < v, this contradicts Lemma 7.3 and Kunen VII16.14. If x < p, then Q(x, v) has the KT -cc
by Lemma 7.2, hence the pt-cc, so this contradicts Kunen VII6.9 since cf (7)™ = 7 > pt.
So, assume that v < p < k.

Let H, J, and F be as in Lemma 7.5. By Lemma 7.3, Q(k, p™) is p*-closed. Hence
by Kunen VII6.14, cf7 > p* in M[H]|. Also, p~F = p in M[H] by Kunen VII6.14. Next,

(1) |F(o, B) N F(a,v)| < p whenever < v < a € O.
To prove this, we may assume that F(«, 8) N F(a,vy) # (. Then we claim

(2) There is a k € H such that o € dmn(k*") and 3,7 € dmn(k#" ).

In fact, take any ¢ € F(a, 3) N F(a,7y). Then there are s,t € H such that a € dmn(s“+),
B e dmn(s*", and € € s*" (B); and a € dmn(¢t*"), v € dmn(t“", and € € t#" (y). Take
k € H such that k£ < s,t. Clearly (2) holds for this k.

Now take any § € F(a,f) N F(«,vy). Then there exist f,g € H such that a €
dmn(f*"), o € dmn(g*"), B € dmn(f#"), v € dmng#’, and 6 € f#"(8) N g~ (y). Take
h € H such that h < f, g, k. Then

N

se LB gt (v) ChET(B)NRE (v) = KT (B) N kL (7).

This proves (1).
By Lemma 7.2, Q,(k, F) has the yt-cc. So c¢fr > p* in M[H][J] by Kunen VII6.9,
contradiction. OJ

Proof of Theorem 7.1. Preservation of cardinalities and cofinalities follows from
the Lemma 7.6. Now for a € O and 8 < a, let

Gg = U F5(B).
fEG,aEdmn(fV),
Bedmn(fg)
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We claim that for each a € O, the system (G§ : 8 < «) is [k]",v-mad. (This will finish
the proof.) To prove this, first fix @ and 3, 8 < a € O. Then the following set is dense:

DY« {f € Q(r,v):a € dmn(f”) and S € dmn(fY)}.

To see this, let g € Q(k,v) be arbitrary. For each p € K let dmn(f*) = dmn(g#) U {a}.
Then let

_ Jdmn(gh) U {B} if a € dmn(g"),
dmn(fg) = { {8} otherwise.

Finally, define

_ Jg¥(B) if o € dmn(g*) and S € dmn(g¥),
Ja(P) = {0 otherwise.

It is clear that f € D and f < g. So D is dense.
Now for each v < k the following set is dense:

EY{feQrv):acdmn(f”), and € dmn(f%) and f%(8) N (v, ) # 0}.

For, given g € Q(k,v), by the density of D we may assume that « € dmn(g”) and 8 €
dmn(gg). Choose d € (v, £)\ U.camn(g~) Urng(ge). Now define f by setting dmn(f*) =
dmn(g*) for all p € K, and for any & € dmn(f*), dmn(fg“) = dmn(gé‘), and for any
n € dmn(f¢),
oy {0 et
gh(B)u{d} if{=aandn=p.

Clearly f € Q(k,v). To show that f < g, only (4)(c) is a problem. Suppose that n # [
and ¢ € f4(B) N fE(n). Thus ¢ € g¥(n), so ¢ # 0, and hence p € g#(B) too, as desired.

By the density of E' we have [Gg| = k.

Next, suppose that 8 <y <« € O. We claim that [G§ NG| < v. For, choose f € G
with o € dmn(f”) and B,v € dmn(fy). Then |GF NG| < [f5(B) N fa(v)| < v. In fact,
suppose that € G§ N GS. Then there exist g,h € G such that o € dmn(g”) N dmn(h”),
B € dmn(gy), v € dmn(gg), § € go(B), and § € hg(y). Choose k € G so that k < f, g, h.
Then

0 € g4(B) N he () € ko (B) Nka(y) = fa(B) N fE(Y)-

It remains only to show that for each o € O, (Gg : B < «) is maximal. First, some
notation. We write @g for the term

U fLB),

fer, aedmn(fl’),
sedmnry)

where I' is the standard name for a generic filter. Note that (05)c = G§.
(9) If « € dmn(f¥), B € dmn(fY), and v € f7(B), then f Iy € ©F.
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For, suppose that f € H with H generic. Then f € I'y. So (9) holds.

Now suppose that X € [k]" and [X N GZ| < v for all B < «; we want to get a
contradiction. Let 7 be a nice name for a subset of x such that 7¢ = X. Say 7 =
U, ex{7} x By, where each B, is a collection of pairwise incompatible elements of Q(k, v).
So |B,| < & for all v € k, by 7.2. Choose

pea\ly U dmn(sp).

YEK fe€By
a€dmn(fF)

Now X NGj € [k]<", so by Kunen VII6.14 we have X NG € M. Let Q = X N Gj.
Choose f € G such that

fIFT|=KkAVy ET(y€OF <> v€Q).

Let g < f with g € G, a € dmn(g”), and 8 € dmn(g¥). Define

—ou U v U xn6,

vyEdmn(gr) vyEdmn(gr)

(1]

Note that |Z| < k. Hence we can choose § € X\E. Since 6 € X, there is an r € Bs N G.
Hence also there is an h € G such that h < g,r.

(10) If @ € dmn(r®), then 5 ¢ dmn(rf).
This holds by the choice of 3.
(11) If @ € dmn(r®) and 7 € dmn(rf) N dmn(gk), then § ¢ rE(7).

For, otherwise we get r IF § € ©% by (9); also r I § € 7. Since r € G, this implies that
0 € X NG, contradicting the choice of 9.

Now we define a function [ as follows. dmn(/) = K; dmn(/*) = dmn(g*) U dmn(r*)
for all 4 € K, and for any € € dmn(I*),

gt if ¢ € dmn(g#)\dmn(r#) and € # «,
o t* if ¢ € dmn(g#”)\dmn(r#) and € = «,
€ ) rt ife € dmn(r#)\dmn(g"),

st if e € dmn(g*) N dmn(r#),

where dmn(t#*) = dmn(g#) and for all # € dmn(t#),

o [ gh) it 0+ 4,
t@_{QWﬂmﬂiwzﬁ

and dmn(s*) = dmn(g#) U dmn(r#), and for any 6 € dmn(s*),

gk (0) if 0 € dmn(g#)\dmn(r#) and (0 # B or € # «),
wigy — r#(0) if 0 € dmn(ré‘)\dmn(gs)
OV =9 gi(0) Ure(6) it 0 € dmn(gh) N dmn(r),

gt(B)U{o} ife=aandf=p.
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It is a straightforward but lengthy matter to check that [ € Q(k,v). We claim that | < g
and [ < r. Again the hard part of checking this is the condition (4)(c), and we do one of
the harder cases here. Suppose that p € K, o € dmn(g*) Ndmn(r#), and 0, 8 € dmn(g#),

6 € dmn(r#), and 6 # 3; we want to show that [%(8) NIE(B) C g~(0) N gh(B). We have

l6(0) NG(B) = (g4(0) UrE(9)) N (96(8) U{d}).

Since § ¢ g#(0) U rk(0) by construction and (11), we get

la(0) N6 (B) = (g

as desired.

Now we can finish the proof. Since [ <r and r - € 7, we have [ IF § € 7. But also
I <g,s0ll-0€0OF =€ Q. By construction, § € I5(8), so by (9) we get [ |- € ©F.
These facts contradict 0 ¢ Q.

The proof of Theorem 7.1 is finished. L

8. Specifying MAD (k)

Let k be a regular cardinal, and let C' be a set of cardinals satisfying the following condi-
tions:

(1) each member of C' is greater than x;

(2) C is closed;

(3) C contains the immediate successor of each of its members of cofinality between w and
k inclusive;

(4) C contains all cardinals in [kT, |C|];

(5) kT € C.

The aim of this section is to prove the following theorem, which generalises a theorem in
Blass [93].

Theorem. Assume the above about k and C, in a countable transitive model M
of GCH. Then there is a partial ordering P such that if G is P-generic over M, then
cofinalities and cardinalities are preserved in M |G|, and in M[G], MAD(k) = C.

Note that the set C' is not quite arbitrary. We do not know to what extent this theorem
can be generalized to other sets.

The proof of the theorem follows Blass [93] too. We begin by defining the partial
order P.

Let P be the set of all functions p such that

(6) dmn(p) € [C]<";
(7) for all A € dmn(p), px is a function, dmn(py) € [A]<¥, and for all 8 € dmn(p,),
pA(B) € [K]=".
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For p,q € P we write p < ¢ iff

(8) dmn(g) C dmn(p);
(9) for all A € dmn(q),
(a) dmn(gy) € dmn(py);

(b) for all B € dmn(gx), gx(8) € pa(B);
(c) for all distinct 3,y € dmn(gy),

ax(B) Ngx(v) = pa(B) Npa(v).

Lemma 8.1. If k< = &, then P has the k™ -chain condition.

Proof. Suppose that I C P is pairwise incompatible and |I| = k*. Without loss of
generality,

(dmn(p) : p € I)

is a A-system, say with kernel D, and

< U dmn(py) :p€I>

A€dmn(p)

is a A-system, say with kernel E. Then
(10) there is an f € P(¥([]<")) such that

I'® {pel:vreDVBeEp\(B) =B}

has size k7.

We now claim that any two distinct members p, g of I’ are compatible (contradiction!).
Define r as follows: dmn(r) = dmn(p) Udmn(g). For any A € dmn(r),

pa if A € dmn(p)\dmn(q),
rx =< qx if A € dmn(g)\dmn(p),
s if A € dmn(p) Ndmn(g),

where dmn(s) = dmn(py) Udmn(gy), and for any g € dmn(s),

A (B) if 8 € dmn(py)\dmn(gy),
s(B) =< ax(P) if 8 € dmn(gy)\dmn(p,),
PA(B) Uagx(B) if B € dmn(py) Ndmn(gy).

Clearly r € P. By symmetry we show only that » < p. Only (9)(c) is a problem. Suppose
that A € dmn(p) and § and « are distinct members of dmn(py). If A ¢ dmn(g) the
conclusion is clear. Assume that A € dmn(g). If 5,y ¢ dmn(gy) the conclusion is clear.
Suppose that 8 € dmn(gy) and v ¢ dmn(gy). Then A € D and g € E, so gx(8) = pr(p)
and the conclusion is clear. The other cases are similar. ]
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Lemma 8.2. P is k-closed. L

Theorem 8.3. Assume the above about k and C', in a countable transitive model M
of GCH. Let G be P-generic over M. Then cofinalities and cardinalities are preserved in
M|G], and in M|G], MAD(r) = C.

Proof. By the lemmas, cofinalities and cardinalities are preserved. Now for A € C'
and B < A, let

Ag ={y < k:3p € G[X € dmn(p), 5 € dmn(p,),v € pA(B)]}

(11) If A € C and B < A, then D o {pe€ P:\edmn(p),s € dmn(py)} is dense.

In fact, let p € P be given. If A ¢ dmn(p), let ¢ =p U {(A, {(58,0)})}. Clearly ¢ € D and
q <p. If A € dmn(p) but S ¢ dmn(py) one proceeds similarly.

(12) If A e C, B < A, and v < K, then

{p€ P:)\edmn(p),B € dmn(py),pr(8) N (y,k) #0}

is dense.

For, suppose that ¢ € P. By (11) we may assume that A € dmn(q) and # € dmn(gy).

Choose
se(r\  J  al©).

gedmn(qy)
Let p be like g except that px(8) = ga(§) U {d}. Clearly p € P. To show that p < ¢, the

only sticky point is to prove that if € is a member of dmn(gy) different from /3, then

ax(B) Nax(e) = pa(B) Npale).

Since 0 ¢ gx(e), this is clear.
So (12) holds. Hence |Aé| =rforall e C, g <A\

(13) If A € C' and S and ~y are distinct members of A, then |Aé NAY| < k.
For, by (11) choose p € G such that A € dmn(p) and 3,y € dmn(py). We claim that

AN AY = pa(B) Npa(y).

In fact, D is clear. Now suppose that ¢ is in the lhs. Then there is a ¢ € G such that ¢ <p

and & € gx(8) Nagr(y). So 0 € px(B) Npa(7) by (9)(c). So (13) holds.
Now fix A € C; we show that {Ag : B < A} is maximal. Suppose that X € [k]® and

| X N Ag| < k for all B < \. Let 7 be a nice name for a subset of s such that 7¢ = X. say
7 =U,exl7} X By, each B, pairwise incompatible. By (11) we may assume for all v € &
that A € dmn(r) for all » € B,. Now |B| < & for all v € K, by Lemma 8.1. Choose

B e A\ U U dmn(py).

Y€K pEB,
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This is possible by (1). Let I' be the standard name for a generic filter. For each v < A let

Oy = J{pa(7) : p €T, X € dmn(p),y € dmn(py)}.
Choose p € G such that
plE|T| =k AVY < A[[TNO4] < K]
So
plE30 < KkVy eT(y€ O —v<0).

Hence choose 8 < k and q € G, q < p, such that
glFVyeT(ye B —v<9).

By (11) we may assume that A € dmn(q) and 5 € dmn(gy). Let

E=0u |J o).
y€dmn(gx)

So |E| < k. Now U’yEdmn(qA)A’)\me‘ < K, so there is a 0 € X such that 0 ¢ = and

J ¢ U'yEdmn(q,\)Ai\' So there is a k € G and an r € By such that k¥ < r,¢ and for all
v € dmn(gy), kIF 6 ¢ ©,. Then

(14) if v € dmn(gy) and v € dmn(ry), then 0 ¢ rx(7y).
For, otherwise r I § € ©,, contradicting k < r.
Now define [ as follows. dmn(l/) = dmn(q) U dmn(r). For any p € dmn((),

qu if p € dmn(g)\dmn(r),
l, =< 7, if p € dmn(r)\dmn(g),
s if p € dmn(q) N dmn(r),

where dmns = dmng, U dmnr,,, and for any v € dmns,

if € dmn(g,)\dmn(r,) and (1,7) £ (A, 6),
if v € dmn(r,)\dmn(qg,),
Uru(y) 1f v E dmng qu) Ndmn(r,),

u{o} if () = (A B).
Note that 8 ¢ dmn(ry) by the choice of 8. Clearly | € P.
(15) 1 < q.

i
s(v) = (7)
(8)

To prove this, only (9)(c) is problematic. Suppose that g € dmn(q), and ¢, 9 are distinct
members of dmn(g,). To show

qu () N qu(¥) = Lu(e) N ().
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Let e € [, ()N, (¢). If (i, @), (1, 0) # (A, B), then € € g, (p)Ng, (), as desired. Suppose
that (u,¢) = (A, B). Thus ¢ # . If ¢ € dmn(ry), by (14), 6 & ra(¢p). Now & ¢ ga(v))
since 0 ¢ E, so € # 0, and the desired conclusion follows as before.

(16) I <.

Since 8 ¢ dmnry, this holds since k£ < ¢, r.
Now glFd € 7A0 < — ¢ Og. sol forces the same thing. Now 0 <9, r -6 € 7,
and [ <7r,s0llFdeTAN0<6. Sollko¢ Og. This is a contradiction, since 0 € Ix(3).
Hence we have shown that {Ag : f < A} is maximal.

Now suppose that A >  and A ¢ C. Suppose that, in M[G], (X, : @ < A) is a mad family
of members of [k]*; we want to get a contradiction. Choose p° € G so that

p° IF X is a MAD A-sequence of members of [x]".

Let = sup(C N A). This is well-defined since ™ € C, and so k™ < A. Since C is closed,
it follows that p € C, and hence p < A. By (3), cfp > k. Hence p” = p.
Next, for each @ < A and 8 < & let A be such that

(17) for all g € AG, qIF B € X,
18) A% is pairwise incompatible;
(18) Aj
19) A% is maximal such that (17) and (18) hold.
B
For each o < Alet 7 = U{{B} x AF : B < K}. Then

(20) for each o < A, 7, is a nice name for a subset of k and 75 = X,,.

For, let @ < A. Clearly 7, is a nice name for a subset of x. Now suppose that 3 € 7¢.
Then there is a ¢ € AG N G. So B € X,. Conversely, suppose that € X,. Choose ¢ € G

such that ¢ IF 8 € X,. Then

(21) {s:3r € AG(s < r)} is dense below g.

For, if t < ¢, then t IF 8 € X, so there is an 7 € Ag such that r and t are compatible. Say
s <r,t. Thus s is as desired. So (21) holds.
Choose s € G, s < ¢, s <r € Aj. Sor € G, hence f € 7¢. Thus (20) holds.

We define some sets needed below:

L={(v7):v e dun(p’) and v € dmn(p)};
I, ={(v,a) :a <v} foreachv e C;

=] 5L;

veC
Jo ={(v,7) : 3B < k3p € AG[v € dmn(p) and v € dmn(p,)]} for each a < );

S=LU U JaUU{IV:Vg,u,VEC}.
a<A
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Clearly |Jo| <k foralla < A, [I,|=vforallv € C, |L| < k, S C I, and |S| < A

We say that a subset J of I is a support of an element p € P if v € dmn(p) and
« € dmn(p,) imply that (v,«) € J. Thus L supports p°, and J,, supports each member of
U[3<n Ag‘

Now we will define a sequence (Ng : £ < k™) of subsets of A, each of size at most p.
We define Ny = (), and for £ limit, N = UT<£ N.. Now assume that /N¢ has been defined.

Temporarily fix K C S such that |[K| < p and I, C K for all v € C with v < p.

A special set is a subset J C I such that:

(22) |J| < &;
(23) Forallv e C, it JNI,\K # 0, then |J N[ \K| = k.

If o = UB<H{B} X Bg is a nice name for a subset of k, a support for o is a special set J
which supports each member of Uﬁ<n Bg.

Then we have:
(24) Every nice name for a subset of £ has a support.

In fact, let o = g, {B} x B be a nice name for a subset of k. We define
R={(v,): 38 < kdp € Bg[v € dmn(p) and o € dmn(p,)}.

Clearly |R| < k. Now if v € C and RN [,\K # (), then |I,| = v > &, so there is a
Q, C I,\K such that |Q,| = k. We then define

J=RU| J{Q,: RNL\K # 0}.

Clearly J is a support for o.

Let ¢ be the group of all permutations of I that map each I, to itself and fix all
members of K. For each g € ¥ and v € C define ¢ : v — v by: g(v,a) = (v,9"(c)). Now
each g € ¥ induces an automorphism § of P. Namely, if p € P, we define dmn(g(p)) =
dmn(p), for any v € dmn(p), dmn(g(p),) = ¢"[{e : @ € dmn(p,)}], and for any o €
dmn(p,), §(p).(¢9”(a)) = p, (). It is straightforward to check that § is an automorphism
of P. For example, suppose that p,q € P and p < g; we check condition (9)(c) for showing
that g(p) < g(q). So, suppose that v € dmn(g(q)) (thus v € dmn(g)) and S and ~ are
distinct members of dmn(g(q),). Say S = ¢g¥(8’) and v = ¢¥(v'), with 8’ and «' distinct
members of dmn(g, ). Then

Also ~ clearly takes inverses to inverses. So § is indeed an automorphism of P.
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(25) If J is a special subset of I and g € %, then g[.J] is a special subset of I.

For, |g[J]| = |J]| < k. Now suppose that g[J] N [,\K # 0; choose (v,a) € g[J] N L\K.
Write (v, a) = g(v, 8) with (v, 8) € J. Then (v, ) € JNI,\K, since g is the identity on K.
Thus JNI,\K # 0. Hence |JNI,\K|= &k, and so also |g[J|N[L\K| = |g[JN[LwK]| = k.
So (26) holds.
Given J C I, let
J={veC:JNIL\K # 0}.

If J,J'" are special sets, JN K = J' NK, and J = 7/, then there is a g € % such that
glJ] =J'". Now [JN K| < k and |K| < p, so there are only p” = p possibilities for J N K.
Also, J € [C]=" and |C| < p (if |C| > p, then A € C by (4), contradiction). So there are

only p = p possibilities for J. So there are at most p ¥%-orbits of special sets.

(26) For each special set J' there is a special set J in the same %-orbit such that J NS =
JNK.

In fact, we define g € % as follows. Let v € C. If J'NI, NS C K, let g [ I, be the
identity. Now suppose that J'NI, NS € K. Then X\ < v, as otherwise v < A, hence v < p,
and hence I, C K, contradiction. Now |K| < p <wvand |[J'NL\K| < |J'| <k <v,so we
can take g [ v to be a permutation of I, that is the identity on I, N K and maps J' NI, \K
out of S. This finishes the definition of g; clearly g € %.

Now set J = g[J']. If (v,a) € JNS, then (v,a) € JNI,NS. Choose (v, ) € J' such
that g(v, 8) = (v, ). Thus (v, 8) € J'NI,, and g(v, B) € S, so by construction, (v, 3) € K,
so a = and (v,«) € K. So (26) holds.

Let S be the set of all orbits of special sets. By the remark before (26) we have |S| < p.
For each @ € S let Ly € @ be such that Lo NS = Lg N K;; it exists by (26). The set of
all Lg is called the set of standard sets; so there are at most p standard sets.

If o =g {B} x Bg is a nice name for a subset of , and g € %, we define

g*(0) = |J {8} x 9[Bgs).
p<n

Clearly ¢g*(o) is a nice name for a subset of k.

(27) If J C I supports a nice name o for a subset of x, and g € ¥, then g[.J] supports the
nice name ¢g* (o).

For, suppose that 8 < k, p € §[Bg], v € dmn(p), and o € dmn(p,). Write p = g(q) with
q € Bg. Thus v € dmn(g). Choose 7 so that a = g¥(7y) and v € dmn(g,). So (v,v) € J
since J supports o, and (v, «) = (v, 9" (7)) = g(v,7) € g[J], as desired in (27).

(28) If o is a nice name for a member of [x]*, then there is an A € [A]S" such that
P’ Ik Ja € Aljlo N X,| = &)
For, let B be a maximal pairwise incompatible subset of
{g<p’:3a< ANglF|onX,| = r]}.
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Now {r : 3¢ € B(r < q)} is dense below p°. For, suppose that s < p°. Then s IF 3o <
Ao N Xo| = K], so there exist a ¢ < s and an o < X such that ¢ I+ |0 N X4| = k. Say g,
compatible, 7 € B. Then say t < ¢,r. Then t is as desired.

For all ¢ € B choose oy < A such that ¢ IF |o N Xaq| =K. Let A= {ay:q9€ B}. So
A € [M]S". Now let p® € H, H generic. Choose ¢ € HN B; this is possible by the indicated
denseness. Then ¢ |- |o N Xaq| =K, so |of N XOIZ| = k. Thus A is as desired in (28).

Let J be a standard set. Suppose that @ € [J]<". Let

so ={p € P:dmn(p) ={r e C: (v,a) € Q for some a}
and for all » € dmn(p),dmn(p,) ={a <v:(v,a) € Q}}.

There is a one-one function F' from s¢ into H(V,Q)EQ[K,]<H, namely one can let F(p),o =
pu(@). It follows that |sg| < k. Now if p € P and J supports p, let Q = {(v,a) : v €
dmn(p) and « € dmn(p,)}; then Q € [J]<" and p € sq. It follows that there are at most
i elements p € P with support contained in J, hence at most p pairwise incompatible
sets all members of which have support contained in J, hence at most p nice names for
members of [k]® with support contained in J. For each nice name o for a member of [k]*
with standard support, choose A, as in (28). let Bx be the union of all such. So |Bg| < p
since there are at most p standard sets.
We now define Ngig: let Neyi = Bk, U Ng, where

Ke=LU | JoU |J L.
a€N¢ u>vel

(Note that |K¢| < p.)

Let @ = U+ Ne. Thus also [Q < p < A. Choose 8 € A\Q. Recall that Jg
is a support for 75, and |Jz| < k. Define Koo = U, .+ Kr. Fix 7 < % such that
Js N Ky C K;. Now consider the step from N, to N;y;. Choose g € 4, such that g[.Jg]
is standard. Thus g is the identity on K,. By Jg N Ky C K,

(29) J5 N (Kr41\K;) = 0.
(30) g[‘]ﬂ] N (KT+1\KT) = 0.

This is true since g[Jg| NS = g[Jg] N K, and K,4; C S.
Choose h € & such that h [ J =g [ J and h is the identity on K,11\K,. So h fixes
K11 pointwise. Now
p° IF Ja € Ap= ()[R0 (15) N 7a| = K],

SO
P’ Ik 3a € Ape(ry)llTs N 7al = 5.

This is true since Ah*(m) C Bg. € N;41, and hence J, C K14, so h fixes J, pointwise.
Recall that J, is a support of 7,. Also, K, 11 supports p°. Thus p° IF Ja € Q[|75N7a| = K]
But a # 3, contradiction. O
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9. Specifying MAD(k,u,u)

Theorem 9.1. Suppose that M is a countable transitive model of GCH, and in M,
1 < k are infinite reqular cardinals. Suppose that C is a set of cardinals satisfying the
following conditions:

(i) kT € C;

(ii) C is closed;

(iii) C' contains the immediate successor of each of its members of cofinality between
w and Kk inclusive;

(iv) [T, |C] € C.

Then there is a generic extension M[G] preserving cofinalities such that in M[G],
MAD (s, p, ) N [T, 00) = C.

Proof. The proof is similar to that in the previous section, so some details will be
omitted.

We work within M for a while. Let (B, : o < k) enumerate [k]*. For all o < &, let
to be a one-one function mapping B, onto u. Let P consist of all functions f such that

(1) dmn(f) € [C]<H,

(2) for all v € dmn(f), f, is a function, dmn(f,) € [s]<#, and
(a) for all @ € dmn(f,), fua is a function, dmn(f,,) € [¥]<*, and
() for all B € dmn(fua), fua(B) € [Ba] <.

For f,g € P, we define f < g iff

(3) dmn(g) € dmn(f), for all v € dmn(g), dmn(g, dmn(f,), for all @« € dmn(g,),

) €
dmn(gyq) € dmn(f,a), for all 8 € dmn(gua), guva(B) € fua(B), and
(a) for all v, € dmn(g,) and all 8 € dmn(g,o) and 9 € dmn(g,,), if (o, 8) # (@, ),
then

(4) glla(ﬂ) N gwp(w) = fl/a(ﬂ) N fl/tp(qvb)

Clearly
(5) P is p-closed.
(6) P has the p*-chain condition.

For, suppose that I is a collection of pairwise incompatible conditions with [I| = y*. We
may assume:

(dmnf : f € I)
is a A-system, say with kernel Dy, and
< U dmnf,,:fEI>
vedmny
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is a A-system, say with kernel Dy, and

< U U dmnf. :feI>

vedmnyf \eedmnyg,

is a A-system, say with kernel D,. Then we may assume that if ¢ and h are in I, v € Dy,
a € Dy, B € Do, then to[gua(8)] = talhva(B)], and hence g,o(8) = hyo(B). Then any two
distinct members g and h of I are compatible (contradiction). We omit the proof.

Now let G be P-generic over M. By (5) and (6), M[G] preserves cofinalities and
cardinals. Now if v € ', a € k, and B < v, define

oB = U{fua(ﬁ) : f € G,vedmn(f),a € dmn(f,), € dmn(foa)}-
We claim that for each v € C,
(Agga€r,BEVD)
is the desired [k]*, y-mad family.
(9) For any v € C, {f € P: v € dmn(f)} is dense.

In fact, if g € P, assume that v ¢ dmn(g). Then let f be like g except that v € dmn(f)
and f, = emptyset. Clearly f € P and f < g, proving (9).

(10) For any v € C and « € k, the set
{f € P:vedmn(f) and a € dmn(f,)}

is dense.

For, let g be given. By (9) we may assume that v € dmn(g). And we may assume that
a ¢ dmn(g,). Let f be like g except that « € dmn(f,) and f,, = 0. Clearly f € P and

f<y.
Similarly,

(11) For any v € C, a € K, and 3 € v, the set
{f € P:vedmnn(f) and « € dmn(f,) and 8 € dmn(fra)}

is dense.

(12) For any v € C, a« € k, B € v, and 7y < p. the set

{f €P:vednn(f),a € dnn(f,),s € dmn(f,a), and to[fra(B)] N (v, 1) # 0}

is dense.
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For, assume the hypotheses of (12), and suppose that ¢ € P. We may assume that
v € dmn(g), « € dmn(g,), and 8 € dmn(g,,). Choose

5 € (7, W)\t U (Ba N gup ()

pedmn(g, ),pedmn(g,,)

Now let f be like g except that f,o(8) = gua(B) U{t;1(8)}. Clearly f € P. To show that
f < g, only (3)(a) is a problem. So suppose that ¢ € dmng, ¢, € dmng,, { € dmnge,,,
n € dmng,y, and (¢, &) # (1, n); we want to show

gatp(é) N gaw(ﬂ) = fatp(g) N fm,b(n)'

This is clear unless one of the triples (o, ¢, §), (0,,n) is equal to (v, «, B). Say (0, ¢,§) =
(v,a, B). Now t51(8) € guy(n), so the equality follows. Hence (12) holds. By (12), each
set Ay 5 has size .

(13) Ifv e C, a,p € K, §,n € v, and (o,§) # (p,n), then [AL N AY, | < p.

To see this, assume the hypotheses. Clearly there is an f € G such that v € dmnf,
a,p € dmnf,, £ € dmnf,,, and n € dmnf,,. We claim that

Agg N A;n = fva(§) N fmp(n)a

which will prove (13). To see this, D is clear. Now take any 8 € A%, N AL, . Then there is
ageGwith g < fand B € gua(§) Ngup(n). Clearly then 8 € f,o(&) N fuu(n), as desired.
So (13) holds.

Next, we show maximality. Suppose that v € C, X € [s]#, and [XNAY 4| < p whenever
a € k and B € v; we want to get a contradiction. Now by the pT-chain condition, X is
contained in some subset in M of k of size p. One can see this by applying Kunen VII6.8,
as follows. Let f : u — k be one-one. By Kunen VII6.8 there is an F' : p — Z(k) such
that F' € M, f(a) € F(a) for all @ < p, and |F(a)| < p for all & < p. Then {J, ., F(e)
is the desired set in M. Let B, be such a subset. Let 7 be a nice name for a subset of B,
such that 7¢ = X. Say 7 = UveBa {7} x C,, each C,, pairwise incompatible. So each C,
has size at most p. Choose

B € v\ U U dmn(f,q)

YEBs \ f€C,,vedmn(f),a€dmn(f,)
For any ¢ € k and v € v let ©¢ be the term

U{fro(y) 1 £ €T, v € dmn(f), ¢ € dmn(f,),y € dmn(fy,)}.

Here I is the standard name for a generic filter; see Kunen VI12.12. Thus (©7,)c = A7,
Choose f € G such that

fIE|T] = pAVe € ¥y € v[|[TN O, | < pl.
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Hence
fIF30 < pvy € t[y € ©45 — ta(y) < 0]

«

So, choose # < p and g < f such that g € G and
glIEVy e Tly € Oh5 — taly) < 0]

Without loss of generality v € dmn(g), o € dmn(g,), and 8 € dmn(g,). Let

E=0U |J talgwe(7) N Bal.

pEdmng,,
"/Edmﬂgl/tp

So |Z| < p. Now

U Ay,nX|<u

p€dmn(gy),
YEdmn(gyy)

so there is a § € X such that t,(J) ¢ E and

s¢ |J Ay,nX
p€dmn(gy,)
Ppedmn(gyp)

Hence there exist h < g with h € G and
hiFé € 1AV e dmn(g,)Vy € dmn(gyy)(d & OF,,)-

So there exist k € G and r € Cs such that k < h,r and for all ¢ € dmng, and ¢ € dmng,,
k-6 ¢ 0y,. Now

(14) if ¢ € dmn(g,), ¢ € dmn(g,,), ¥ € dmn(r), ¢ € dmn(r,), and ¢ € dmn(r,,), then
) ¢ Tunp(d))'

For, otherwise r I- 6 € ©F,, contradicting k < r.

Now we define {. It is “g Ur” except that [,o(8) = gua(B) U {d}. Note that it is not
the case that (v € dmn(r) and a € dmn(r) and S € dmn(r,)), by the choice of 3.

[ < g: Assume that ¢ € dmng,, ¢ € dmng,,, and (o, 8) # (¢, ). Now 0 € g, (%)
since to(0) ¢ E. And 6 ¢ r,,() by (14). Hence it is clear that [,o(8) N l,(Y) =
Gra(B) N Gup ().

[ < r: This is clear by the choice of j.

Now gl-d € 7 A0 < to(d) = 0 ¢ OF5. Sol forces the same thing. Now 6 < t,(5) by
the choice of §, and [ <r,soll-6 € TA0 <t,(5). Soll-d & OF 5. This contradicts [ < r.

Thus we have shown maximality.

Now suppose that A > k and A ¢ C. Suppose that, in M[G], (X, : @ < A) is a mad
family of members of [k]#; we want to get a contradiction. Choose p® € G so that

p° IF X is a MAD A-sequence of members of [k]*.
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Let L = {(v,7) : v € dmn(p®) and v € dmn(pY)}. Let p = sup(C' N A). This is well-defined
since k¥ € C, and so kT < A. Since C is closed, p < A, and by (iii), c¢fp > . It follows
that p* =k in M.

Now we will define a sequence (Ng : & < k1) of subsets of A, each of size at most p.
We define Ny = 0, and for £ limit, N¢ = UT<£ N.. Now assume that N¢ has been defined.

(15) There is a function 7 € M with domain A such that for each o < A, 7, is a nice name
for a subset of s and 7¢ = X,,.

To see this, for each & < A and § < k let AF be such that
(16) for all g € AG, qIF B € Xo;

(17) Af is pairwise incompatible;

(18) Af is maximal such that (16) and (17) hold.

Let 7o = U{{B} x A% : B < r}. Suppose that 3 € 78, Then there is a ¢ € AZNG. So
B € X4. Conversely, suppose that g € X,. Choose ¢ € GG such that ¢ IF 8 € X,,.Then

{s:3IreAgz(s<r)}

is dense below ¢. For, if t < ¢, then t I 8 € X, so there is an r € Ag such that r and ¢
are compatible. Say s < r,t. Thus s is as desired.
Choose s € G, s < ¢, s <r € Aj. Sor € G, hence f € 7¢. Thus (15) holds.
We take the sets Ag as in the proof of (15). Thus [AF] < p.
Now for each v € C'let I, = {(v, ) : @ < v}, and let I = |J, .o I,. For each o < A
let
Jo ={(v,7) : 3B < kIp € AG[v € dmn(p) and vy € dmn(p,)]}.

Then we set
S=LU U JaUU{I,,:Vgp,VEC’}.
a<

Thus |S| < A
Temporarily fix K C S such that |[K| < p and I, C K for all v € C with v < p.
A special set is a subset J C I such that:

(19) |J| < k;
(20) For all v € C, it JNI,\K # 0, then |J N[ \K| = k.

If o = UB<H{B} X Bpg is a nice name for a subset of k, a support for o is a special set J
such that

(21) if B < K, p € Bg, v € dmn(p), and o € dmn(p, ), then (v,a) € J.

Clearly every nice name for a subset of x has a support. Also, we say that a subset J of [

is a support of an element p € P if v € dmn(p) and « € dmn(p, ) imply that (v, @) € J.
Let ¢ be the group of all permutations of I that map each I, to itself and fix all

members of K. For each v € C define ¢ : v — v by: g(v,a) = (v,9"(a)). Clearly each
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g € 9 induces an automorphism of P. Namely, if p € P, we define dmn(g(p)) = dmn(p),
for any v € dmn(g(p)), dmn(g(p),) = dmn(p, ), for any o € dmn(g(p),), dmn(g(p),a) =

g”[dmn(pua)]; and for any B S dmn(pua)v (g(p)ua)(gy(ﬁ)) = pua(ﬁ)'
Given J C I, let

J={veC:JNIL\K #0}.

If J,J'" are special sets, JN K = J NK, and J = 7/, then there is a g € % such that
glJ]=J'. Now |J N K| < k and |K| < p, so there are only p" = p possibilities for J N K
(since cfp > k). Also, J € [C]=F and |C| < p (if |C] > p, then X € C by (4), contradiction).
So there are only p® = p possibilities for J. So there are at most p “c-orbits of special
sets.

(22) For each special set J' there is a special set J in the same %-orbit such that J NS =
JNK.

For,if v € C and J'NI,NS\K # 0, then A < v (otherwise I,, C K), so || > A, and hence
there is a permutation of I, fixing I,, N K and mapping J' NI, \K out of S. Let g combine
all such, and set J = g[J']. If (v,a) € JN S, then (v,a) € JNI,NS. choose (v,p) € J'
such that g(v,5) = (v,a). Thus (v,5) € J' N1, and g(v,5) € S, so by construction,
(v,B) € K,s0 a=p and (v,a) € K. So (22) holds.

For each orbit ) of special sets, choose Lg € @ satisfying (24). Each set L is called
a standard set. There are at most p standard sets.

If g € 9 and J is a support for a nice name o for a subset of «, then g[J] is the
support for the nice name g(o).

(23) If o is a nice name for a member of [k]#, then there is an A € [A]S* such that
p° Ik 3o € Aflo N X,| > ).
For, let B be a maximal pairwise incompatible subset of
{e<p°:3a < Algl- on Xa| > pl}-

Now {r : d¢ € B(r < q)} is dense below p°. For, suppose that s < p°. Then s IF Ja <
Alle N Xy| > pl, so there exist a ¢ < s and an a < A such that ¢ IF |o N X,| > p. Say q,r
compatible, 7 € B. Then say t < ¢,r. Then t is as desired.

For all ¢ € B choose o, < A such that ¢ I |0 N X4| > p. Let A= {a,:q € B}. So
A € [A]S*. Now let p° € H, H generic. Choose ¢ € H N B. then q IF |o N Xaq| > W, SO
loH N XOIZ| > p. Thus A is as desired in (23).

Let J be a standard set. Suppose that @ € [J]<F. Let

so ={p € P:dmn(p) ={vr € C: (v,a) € Q for some a}
and for all v € dmn(p),dmn(p,) = {a <v: (v,a) € Q}}.

There is a one-one function F' from sq into [], ,)eqls]<#, namely one can let F(p)ya =
py(). It follows that |sg| < k. Hence there are at most p elements p € P with support
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contained in J, hence at most p pairwise incompatible sets all members of which have
support contained in J, hence at most p nice names for members of [£]* with support
contained in J. For each nice name o for a member of [k]* with standard support, choose
A, as in (23). let B be the union of all such. So |B| < p.

Now we un-fix K. So B = Bk depends on K. We now define M, q: let M,,, =

By, UM,, where
Ke=LU |J JoU |J L.
aEM, p>veC
(Note that |K,| < p.)

Let M = J,.,.+ My. Thus also |[M| < p. Now suppose that o is a nice name for a
member of []*. Let J be a support for 0. Define Koo = J, .+ K;. Fix 7 < % such that
JN Ky C K,. Now consider the step from M, to M, ;1. Choose g € ¥4, such that g[J] is
standard. By JN K, C K,

(24) J N (Ky11\K,) = 0.
(25) g[J] N (K7 41\K;) = 0.

This is true since g[J]NS =g[J]N K, and K, C S.
Choose h € ¥ such that h [ J =g [ J and h is the identity on K,11\K,. So h fixes
K11 pointwise. Now _
pO IFJa € Ah(U)Hh(U) N Xa| > N]a

SO
P’ Ik Jo € Ap(oyllo N Xa| > p].
This is true since A,y € Bk, € M;41, and hence J, C K, for each a € Ay (o), S0 h

fixes .J, pointwise. Thus p° I- 3o € M[|oNX,| > p]. Since [M| < A, this is a contradiction,
as o is arbitrary.
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