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THE JOURNAL OF SYMBOLIC LOGIC 

Volume 69, Number 3, Sept. 2004 

ON SOME SMALL CARDINALS FOR BOOLEAN ALGEBRAS 

RALPH MCKENZIE AND J. DONALD MONK 

Abstract. Assume that all algebras are atomless. (1) Spind(A x B) = Spind(A) U Spind(B). 
(2) Spind(H1-I~ Ai) = {co } U U,Ej Spind(Ai). Now suppose that K and 2 are infinite cardinals, with r un- 
countable and regular and with r. < 2. (3) There is an atomless Boolean algebra A such that u(A) = te and 

i(A) = A. (4) If 2 is also regular, then there is an atomless Boolean algebra A such that t(A) = s(A) = K 

and a(A) = 2. All results are in ZFC, and answer some problems posed in Monk [01] and Monk [oo]. 

Introduction. First we define the cardinal functions considered in this paper. In 
these definitions, assume that A is an atomless Boolean algebra. A subset X of 
A splits A provided that for every nonzero a E A there is a b E X such that 
a - b 5 0 a - -b. A partition of unity of A is a collection X of nonzero pairwise 
disjoint elements of A with supremum 1. A tower is a subset X of A\{ 1 } well-ordered 
by the Boolean ordering, with supremum 1. 

i(A) = min{ X : X is a maximal independent subset of A}; 

u(A) = min{ X : X generates an ultrafilter of A}; 

s(A) = min{ lX : X splits A}; 

a(A) = min{ X : X is an infinite partition of unity in A}; 
t(A) = min{ XI : X is a tower in A}; 

Spind(A) = {IX : X is a maximal independent subset of A}. 

The main results are then as indicated in the abstract. As a corollary of (1) we 
have i(A x B) = min{i(A), i(B)}. (1) answers questions raised in Monk [01] and 
Monk [oo]. With A = 

9(ow)/fin, 
models M, N of ZFC in which u(A) < i(A) 

and s(A) < a(A) respectively hold have been known for a long time; see Blass, 
Shelah [87] and Balcar, Simon [89]. Thus a contribution here is a construction 
of such Boolean algebras in ZFC. The problems about obtaining such examples 
in ZFC were also raised in Monk [01]. In fact, the only inequality holding in 
all atomless Boolean algebras between the cardinal functions i, u, s, a, and t is 
t < s; these two results, together with examples in Monk [01], establish this. All of 
these cardinal functions for Boolean algebras generalize known ones for 9(w)/fin, 
and they are extensively discussed in Monk [01] and Monk [oo]. This article is 
self-contained, however. 
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ON SOME SMALL CARDINALS FOR BOOLEAN ALGEBRAS 675 

Notation. Our set-theoretic notation is mostly standard. The complement of Y 
relative to X is denoted by X\ Y. For any function f and subset X of its domain, 
f [X] = {f(a) : a E X}. For a cartesian product A x B, the two projections are 
denoted by 0ro and 

ril. 
A set is called denumerable iff it is countably infinite. The 

restriction of a function f to a subset D of its domain is denoted by f r D. 
For Boolean algebras we follow the notation of Koppelberg [Kop89]. In partic- 

ular, the fundamental operations of a Boolean algebra are denoted by +, ., -, 0, 1. 
The free product of Boolean algebras A, B is denoted by A @ B. The subalgebra 
generated by a set X is (X). For an element a E A we let a =- a and ao = -a. 
Given a subset X of A, a monomial over X, or X-monomial, is a product of the 
form ao(0) . a(m-) where ao, ..., am-1 are distinct elements of X and each 
e(i) is 0 or 1. The weak product of a system (Ai : i E I) of Boolean algebras is 
denoted by 

liJ 
Ai; it consists of all elements x of the full product such that either 

{i E I : xi = 0} is finite or {i E I : xi = 1} is finite. If B is a subalgebra of A and 
a E A, then B r a is the Boolean algebra with underlying set {b - a : b E B} and 
operations +, -, 0, a, and with the complement of an element c being -c - a, with 
-c the complement in A. Essential use will be made of the well-known fact that 
every free Boolean algebra satisfies c.c.c. 

s 1. Products and independence. The first lemma is needed for the result (1) above. 
LEMMA 1. If A is countable and F is an infinite free BA, then F 2 A ( F. 

PROOF. Let X be a set of free generators of F, and write X = Yo U Y1 with Yo 
denumerable and Yon Y1 = 0. Then F = (Yo) D ( YI). Now A e(Yo) is denumerable 
and atomless, and hence is isomorphic to (Yo). Hence the conclusion of the lemma 
follows. 

THEOREM 2. If Ao and A1 are atomless Boolean algebras, then Spind(Ao x A1) = 

Spind(Ao) U Spind(Ai). 
PROOF. D is easy. Suppose that , E Spind(Ao x Ai)\(Spind(Ao) U Spind(A1)). 

First we show that n > w. In fact, suppose that k = ow. Let X be a denumerable 
maximal independent subset of Ao x A1. Then n0[X] is contained in a denumerable 
atomless subalgebra B of Ao, and since i(Ao) > co we get an element ao E Ao such 
that rno(b) . ao $ 0 # no(b) 

- -ao for every b E X such that no(b) O0. Similarly 
we get an element al A1 such that 7r1(b) atl 0 7r1,(b) 

d 
-at for every b E X 

such that irI(b) $ 0. Then (ao, al) I X and X U {(ao, al)} is still independent, 
contradiction. Thus n, > co. 

Let X C Ao x A1 be maximal independent with IXI - K. Temporarilyfix j E 2. 
We define 

Dj = {w : w is an X-monomial and nj (v) 4 0 for every X-monomial v < w}. 
Note that if w E Dj and v is an X-monomial such that v < w, then also v E Dj. 
(1) There is a X-monomial w such that nr (w) = 0. 

In fact, suppose not. Then (n7 (a) : a E X) is an independent subset of Aj. 
Since Aj has no maximal independent subset of size n, it follows that there is a 
c E Aj\{nj(a) : a s X} such that (nj(a) : a E X)^'(c) is independent. Let 
c' E Ao x At be such that irj(c') = c. Then (a : a s X)^(c') is independent, 
contradicting the maximality of X. So (1) holds. 
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676 RALPH MCKENZIE AND J. DONALD MONK 

(2) If w is an X-monomial such that 1nj(w) = 0, then w E 
D_-j. 

For, suppose that v is a X-monomial with v < w and nl_j(v) = 0. Then v = 0, 
contradiction. So (2) holds. 

(3) D1 0. 
This is true by (1) and (2) (since j is arbitrary). 
(4) If w is an X-monomial and w V Dj, then there is an X-monomial v < w such 

that v E D-_j. 
For, choose an X-monomial v < w such that 

7nr(v) = 0. Then v E D1_j by (2). 
Now let Mi be a maximal set of pairwise disjoint members of Dj. So, Mj is 

countable. Let Xj be a denumerable subset of X such that M1 C (X1), and let 
YJ = x\xJ. 
(5) There is an element bj of (X) and a subalgebra Cj of (X) [ bj such that Cj is 

free of size n and the following conditions hold: 
(a) If w E Dj, then there is a nonzero v E Ci such that v < w. 
(b) If c is a nonzero element of C1, then there is a w E Dj such that w < c. 

To prove this, we consider two cases. 

CASE 1. Mj is infinite. Let bj = 1. Let Jj be the ideal of (Xj) generated by Mj, 
and let Bi be the subalgebra of (Xj) generated by Jj. Note that B - = J1 U {a E 
(Xi) : -a E Jj }, so Jj is a maximal ideal in Bj. Let Cj - (B1 U Y1). Now Bj is 
a denumerable BA, and b - c $ 0 whenever 0 = b E Bj and 0 /: c E (Yj). Thus 
Cj = Bj (Yj). So by Lemma 1, C1 is free. Clearly it has size r. 

To check (a), suppose that w E Dj. By the maximality of Mj, there is a member 
r of Mj such that w - r = 0. Note that w - r is an X-monomial. Now we can write 
w - r - so - si with so an Xj-monomial and sl a Yj-monomial. So so < r, and hence 
so is in Jj and hence is also in B1. Hence w - r is a member of C1. Hence (a) holds. 

To check (b), suppose that c is a nonzero element of Cj. Choose d, e so that 
d E Bj, d is an Xj-monomial, e is an Yj-monomial, and d - e < c. If d E Jj, then 
there exist ro,..., rm-_l Mj such that d < ro + - - 

" 
+ rm-1. Wlog d - ro L 0. So 

d - ro - e is an X-monomial, d - ro - e < ro E Mj C Dj, so d . ro - e Dj. Since 
d - ro - e < c, this is as desired. 

On the other hand, suppose that d V Jj. Then -d E Jj, and so we get members 
ro, .... rm-1 of Mj such that -d ro + - 

-... + rm-. Since Mi is infinite, there is a 
member s of Mj different from each ri, and hence s < d. Clearly then s E Dj, so 
s - e E Dj, and s - e < c, as desired. 

CASE 2. Mj is finite. Let bj = E Mj and Bj - (Xj) [ bj. Then Bi is a 
denumerable atomless BA. Let C1 be the subalgebra of (X) [ b1 generated by 
Bj U {bi - y : y E Yj}. Again C1 is free of size , by Lemma 1. Conditions (a) and 
(b) can be checked by easy modifications of the arguments in Case 1; they are in 
fact easier than in Case 1. 

This completes the proof of (5). 

(6) ni is injective on Ci. 
In fact, suppose that c E C1 and c $ 0. By (5)(b), choose w E D1 such that 

w < c. Then by the definition of D} we have 71 (w) Z 0, and hence ni (c) 
- 
0. 
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ON SOME SMALL CARDINALS FOR BOOLEAN ALGEBRAS 677 

Now since r , Spind(Aj), it follows that also r , Spind(Aj [ 1rj(bj)). Since 

1j [Cj] is free and of size r, its free generators do not form a maximal independent 
set. Hence we can choose wj E (Aj [ rj(bj))\7[j[Cj] such that w1 is free over 

7nj [ Cj]. 

(7) wj . 
rj(d) f 0 : -wj 

. 
7tj(d) for all d E Dj. 

For, by (5)(a) choose a nonzero v in Cj such that v < d. Then 0 - wj nj (v) < 

wj 
* n;j(d), so wj nj (d) $ 0. Similarly, -wj - nij(d) # 0. 

Now unfix j. Let w = (wo, wl). Suppose that v is a X-monomial If v E Do, then 
w - v 

- 
0 

- 
-w - v by (7). Suppose that v V Do. By (4), choose an X-monomial 

s < v such that s E D1. Then again w - v -4 0 4 -w - v by (7). 
This contradicts the maximality of X. 
COROLLARY 3. IfAo and A1 are atomless BAs, then i(Ao x A1) = min(i(Ao), i(A1 )). 
THEOREM 4. Suppose that I is an infinite set, and (Ai : i E I) is a system of 

atomless BAs. Then 
w 

Spind( 1Ai) 
= {w-} U U Spind(Ai). 

iEI iEI 

PROOF. D holds, using Proposition 8 of Monk [01]. For C, suppose to the con- 
trary that e E 

(1HIi 
Ai) \({ow}uUE, Spind(Ai)). Let X be a maximal independent 

subset of H1, Ai of size nc. Wlog for all x E X the set Fx = E I : x(i) 7 0} 
is finite. Let Y be an uncountable subset of X such that (Fx : x E Y) forms a 
A-system, say with kernel G. That is, Fx n Fy = G for any two distinct members 
x, y E Y. Obviously G = 0. 

(*) (x [ G : x E X) is independent in HiEG Ai. 
In fact, suppose that K is a finite subset of X and e e K2. Choose distinct 
x, z E Y\K. Then x -z .HyEK yE(Y) 4 O, SO IyIK(Y 

[ G)e(y) 7 0, as desired in (*). 
By Theorem 2, there is an element w of HiEG Ai such that (x [ G : x E X)^(w) 

is independent. Let v be the member of H-I, Ai whose restriction to G is w, and 
with value 0 outside of G. For any finite subset K of X, any e E K2, and any 6 E 2, 
choose distinct x, z E Y\K; then 

x z - yE(y) v5 0. 
yEK 

But this contradicts the maximality of X. 
The following problem remains open. 

PROBLEM. If (Ai : i E I) is a system of atomless Boolean algebras with I infinite, 
is i (HEI, Ai) = 

min/EI 
i(Ai)? 

s2. An atomless BA B such that u(B) < i(B). More precisely, we show: 

THEOREM 5. Let r, and X be cardinals, with < A and n regular and uncountable. 
Then there is a BA B such that u(B) = r, and i(B) = IBI = d 

PROOF. The construction goes as follows. Let A be free on the distinct generators 
def 

Y= {xa,: a K < )}U{Yafl : < KI, 3< A)}. 
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678 RALPH MCKENZIE AND J. DONALD MONK 

Then let 

K = :x --x: a< p<}; 
L = Yfaf-yfl : a < n, / < )}; 
I = ideal generated by K U L; 
B = A/I. 

We denote the equivalence class of a E A under I by [a]. Let Ua = [x,] and 

va, = [yap] for all a < r, fl < 2. We make use of the following easy algebraic fact 
several times: 

(1) If c E I, then we can write c < a + b with a a finite sum of elements of K and 
b a finite sum of elements of L. 

(2) If a < p < n, then up < u,. 
In fact, clearly up < u_, and if they are equal, then we can write xa - -xp < a + b 
as in (1). Let f be the homomorphism of A into 2 such that f(xy) = 1 for all 
y < a, f (xy) = 0 for all y > a, and f (yy,) = 1 for all 7, 6. Applying f to the above 
inequality we get 1 < 0, contradiction. 
(3) {uc : a < Kn} generates an ultrafilter on B. 

This is obvious, using (2) to see that the indicated set does not contain 0. 

(4) H-Q< Ua = 0. 

(We do not yet know that B is atomless, so (4) is not obvious.) To prove (4), 
suppose that w is a lower bound for {uu : a < In}. By (3) there are two possibilities. 
First, w is in the indicated ultrafilter. Hence u, < w for some a. Since w < u,+l, 
this contradicts (2). So, we must have -w in the ultrafilter, so u, < -w for some 
a. Hence w < -u,. But w < ua too, so w = 0, as desired for (4). 

(5) If a < n, fl, 7 < 2, and fl 
- 

7, then 
vasp 

vay. 
For, suppose that this is not true. Then we get a, b as above such that 

y.apAyay < 
a + b, where A denotes symmetric difference. Mapping each x3 to 0 and fixing 
each yg, we get an endomorphism f of A, and 0 4 yp/Ayy = f (yaflAyay) < 0, 
contradiction. Thus (5) holds. 

Now each c E B can be written in the form dESs [d], where S, is a finite 
collection of Y-monomials, each [d] 4 0. For each Y-monomnial d, let 

Td= x, : x' is a term of d for some } 
U {yp : y~ is a term of d for some }. 

(6) u(B) i. 
To prove this, suppose that X filter-generates an ultrafilter F, and IXI < K; we 

want to get a contradiction. We may assume that X is closed under multiplication. 
Now UcEX UdESc Td has size less than 

ro, 
and n is regular, so choose a greater than 

each index fl such that xf or ypy is in this set for some y. Since F is an ultrafilter 
and X filter-generates F and is closed under multiplication, there is a c E F and a 
S 2 such that c - v' = 0. Take any d E Sc. Then there are a, b as above such that 
d < yo0 < a + b. Let f be the homomorphism from A into B such that f (x5) = us 
for all 6 < a, f(x6) = 0 for all 6 > a, f(yao) = e, and f(yg) = 

vg 
otherwise. 

Then the inequality gives [d] = 0, contradiction. So (6) holds. 
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By (6), B is atomless. 

(7) i(B) = IBI = 2. 

By (5) we clearly have (BI = 2. Hence it suffices to take an independent subset Z 
of B with IZI < 2, assume that Z is maximal, and get a contradiction. 

Let U = 
UcEZ UdE-S Td. Note that Z C (fl{[u]: u 

E U}). 
(8) For each a < . there is a Z-monomial w such that w < u,. 
For, by (5) choose fl such that 

vp ({[u]: E U}). 
So ZU {vap} is dependent, and hence there is a Z-monomial w and a E 2 such that 

w 
- .v = 0. Choose t E (U)A such that w = [t]. Note that yp V (U)A. Then there 

are a, b as above such that t - Y6 < a + b. If 6 = 1, let f be the homomorphism 
from A into B such that f(y~p) = I and f(s) = [s] for any s E Y\{yap}. Then 
f(t) = w, and so w = 0, contradiction. So 6 = 0. Then let f(yp) = u, and 
f(s) = [s] for any s E Y\{y~p}. The inequality gives w - -u, = 0, proving (8). 
(9) For every a < K there exist a fl E [a, K) and a Z-monomial w such that w < up, 

while for each y E (f, K) we have w 
: uy. 

For, by (8) choose a Z-monomial w such that w < ua. Let / = sup{y < K : w < 
uy}. By (2) and (4) we have a < fl < K. It suffices now to show that w < up. 
Suppose not. Hence fl is a limit ordinal and there is a d E S, such that [d] $ 0 
and for each y E [fp, K), the element x, is not a factor of d. Then choose E < fl 
such that no xy with y E [e, fl) is a factor of d. Now [d] 

_ 
u so we get a, b as 

above such that d - -x, a + b. Let f be the homomorphism of A into B such 
that f(xy) = uy for each y < e, f(xy) = 0 for all y E [E, K), and f(ysg) = vsg for 
all 6, d Although there may be some y E [e, K) such that -xy is a factor of d, this 
still implies that [d] = 0, contradiction. Thus (9) holds. 

We call a pair (w, fl) special iff w and # satisfy the conclusion of (9). Since 
w = w - up in this case, wlog each d E S, has exactly one factor xy, and for it, 
y 2 fl; d has at most one factor -x6, and if it has such, then 6 > y;and if y. is a 
factor, then 6 > y. 

Now an easy recursive definition gives sequences (w : r < r.) and (fe : < K n) 
such that the following conditions hold: 

(10) (fe : d < K) is strictly increasing; 
(11) each (w /&) is special; 
(12) if s < r < and x, or -xx, is a factor of some d E Sw,, then y < A,; 
(13) if < r < K and y,, is a factor of some d E S,,, then 6 < f,; 
Now we claim: 

(14) If < q < r< , then w.- -w, 0. 

For, we s up,, so 
we- 

-up , 0. But w, < 
up,, 

so -up, < -w,. Hence (15) holds. 
Let F be the set of all < K, such that there is a d E S, such that every factor 

yfe of d has e = 1, and d does not have a factor -xy. 
(15) If < r and d E F, then w, < w 
In fact, choose d E S,, in accordance with the definition of F. Then w, 5 [d] < w 
Then (15) follows from (14). 
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Now (Z) satisfies ccc, so it follows from (15) that F is countable. Let v < nr be 
greater than each E F. Now if v < < q < in, then each d E S,, has a factor 

-yp, or a factor -xy, and hence w, * 
we = 0. This again contradicts ccc. 

This finishes the proof. 

s3. A Boolean algebra B such that s(B) < a(B). More precisely, we prove the 
following: 

THEOREM 6. Let , and 2 be regular cardinals, with Ro < 
K+ 

< 2. Then there exists 
a Boolean algebra A such that t(A) - s(A) -= r and a(A) = 1. 

PROOF. We begin by defining a base algebra, and then extending it many times to 
get the desired algebra. The base algebra Bo is an algebra of subsets of the set "2 
of all functions mapping . into 2 = {0, 1}. We call a set U C N2 (< r.)-defined 
iff there is a D 

C_ 
of size less than K such that for all f, g E "2, if f E U and 

f [ D = g [ D, then g E U. Let Bo be the collection of all (< .)-defined subsets 
of "2. Clearly Bo is a n-field of subsets of "2, i.e., it is closed under complements 
and under unions of fewer than K sets. 

Let 

S={s' 
: a < I } where s={fc"2:f(a) = l}. 

Clearly S C Bo. Given B > Bo, we say that S has the co-t, splitting property in B 

provided that for all nonzero elements b of B, there is a set T C K of size less than 
, such that for all f E i \T we have b - 

spsf 
0 4 b. -sp. Clearly this implies that 

S splits B. It is also clear that S has the co-n splitting property in Bo. 
We are going to construct a tower of Boolean algebras containing Bo, in each of 

which S has the co-n splitting property. 
(1) Let Bo < B, and suppose that X is an infinite partition of unity in B and that S 

has the 
co-t, 

splitting property in B. Then there is an algebra B' > B, generated 
by B U {u } where u is a new element, such that in B', u $ 0 and u - x = Ofor all 
x E X, and such that S has the co-K splitting property in B'. 

To prove (1), we consider the free extension B(u) (the free product of B and the 
four-element algebra), and its ideal J generated by all elements of the form x - u 
with x E X. It turns out that B' - B/J naturally embeds B and has the required 
properties. All properties are pretty obvious, except that S (or S/J) has the co-K 
splitting property in B'. To see that S/J has this property, it suffices to consider 
separately elements of B' of the form (b - u)/J (b e B) and of the form (b - -u) 
(b E B). 

Consider first (b . -u)/J 40 Gin B', b E B. If v E B and v/J - (b . -u)/J = 0, 
then v - b 

+ 
-u < w 

+ 
u in B(u), where w is the sum of finitely many elements of X, 

and hence v - b - -u = 0 and so v . b = 0. Thus the fact that S has the co-k splitting 
property in B implies that with the exception of fewer than k many f6 E we have 
that (b - -u)/J intersects both spl/J and its complement. 

Now consider (b . u)/J O0, b E B. Since this element is nonzero in B' and 
ZX = 1 in B, it follows that there is a set {x, : n E o } of distinct members of X 
such that b - x,, $ 0 for all n. Let T C k be a set of size less than k such that for all 

f E \T and all n we have b - x, - sp 0 $ b - x, 
+ 
--sp. Thus for such P we have 

(b - u)/J - sl/J 5 0 (b - u)/J --sl/J. This finishes the proof of (1). 
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Now we do a similar thing for towers. Note here that in general t(C) 5 s(C). 
This step concerning towers can be omitted if n = iol, since in general every tower 
is uncountable if a(C) is uncountable. 

(2) Let Bo < B, and suppose that X is a tower in B of size less than K and that S 
has the co-n splitting property in B. Then there is an algebra B' > B, generated 
by B U {u } where u is a new element, such that in B', u # 1 and x < u for all 
x E X, and such that S has the co-n splitting property in B'. 

The proof is very similar to that of (1). We consider the free extension B(u), 
and its ideal J generated by all elements of the form x - -u with x E X. Again 
B" = B/J naturally embeds B and has the required properties, and we check 
only that S (or S/J) has the co-K splitting property in B', considering separately 
elements of B' of the form (b - u)/J (b E B) and of the form 

(b. 
-u) (b E B). 

Consider first (b - -u)/J # 0 in B', b E B. Now (b - -u)/J L 0 implies that 
b - -w 0, for each w E X. So for each w E X we can choose a subset Yw of X of 
size less than n such that b -w - s, 0 b -w - -s, for each a E n\ Y. So if we 
take any a E K\ UwEx Yw we get (s,/J) . (b -u)/J 74 0 7 -(sa/J). (b. -u)/J. 

Now consider (b - u)/J # 0, b E B. If b . s, $ 0 4 b - -s,, then clearly also 
(sa/J) - (b - u)/J 0 4 -(s./J) - (b - u)/J. Thus (2) holds. 

(3) Suppose that Bo C B and S has the co-n splitting property in B. Then there is 
an extension B"' of B such that S has the co-K splitting property in B"', and 
B"' does not have any partition of unity X such that X C B and No < IXI < A, 
and does not have any tower X C B of size less than K. 

To prove this, let (X, : 0 < z < 7) be a list of all the infinite sets X of pairwise 
disjoint elements of B with IXI < A, and let (Y, : 0 < z < y) be a list of all the 
well-ordered subsets of B\{ 1} of size less than n. Define C, by recursion for z < y 
as follows. Let Co = B. Suppose that C, has been defined for all 6 < z, where 
0 < T < 7. Take C' to the the union of{Cf : 6 < T}, and take C, to be the 
algebra obtained from C' by applying first (1) to X, and then (2) to Y,. Finally, 
take B"' = U,<y C,. This proves (3). 

Now we can finish the main part of the proof of the theorem as follows. We define 
a tower (B, : z < A) and take A to be its union. B0 was defined at the beginning of 
the proof. For a successor z = 6 + 1, take B, to be the algebra supplied by (3) with 
B = Ba. For limit z, take B, = U5<, B,. Clearly this works, as any infinite partition 
of unity of A of size less than A is contained in some B5, and by construction this is 
impossible. Similarly for towers of size less than K. Also, since S splits A, it follows 
that A is atomless. 

The only thing missing is that A may not have a partition of unity of size A. To 
assure this property, we extend A further. Take C = A e D, where D is the algebra 
of finite and cofinite subsets of A. Clearly S still splits C, C has a partition of unity 
of size A, and C has a tower of size n. We need to check that C has no infinite 
partition of unity of size less than A, and no tower of size less than K. 

Suppose that X is an infinite partition of unity of C of size less than A. We 
may assume that the elements x of X have the form x = a~ 

+ dx with ax E A and 

dx E D. Clearly Ux dx = A. It follows that for some element f E A, the set 

F = {x EX : fl E dx } is infinite. For any two distinct x, y E F we have ax a, = 0, 
and so by our partition property for A, there is an element e E A such that e ax = 0 
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for all x E F. Then e {fl} is a nonzero element of C disjoint from each x E X, 
contradiction. 

Suppose that X is a tower in C of size less than .. We can write each element 
x E X in the form i<,,x (at,x 

- di,x) with a, x A, di, E D, and the di,x's disjoint 
for distinct i's. Moreover, we may assume that the order type of X is regular. It 
is uncountable since t(C) = co would imply that a(C) = o. So, we may assume 
that m = mx is independent of x. Note that Ei<m di, < i<m di,y if x, y E X and 
x < y, and ExEX Ei<m di,x = A. Hence, as IXI < , < 1, there is an x E X such 
that Ei<m di,x = 2. Thus for y E X and x < y, there is an i < m such that di,y 
is cofinite. We may assume that for each y E X with x < y, it is the element do,y 
which is cofinite; also, for each f/ E let i (f, y) be the index less than m such that 
SE di(f,y),y. Now we claim 

(*) For every fl E L there is a y E X with x < y such that ai(=,z),z 
= 1 for each 

z EXwith z > y. 
To prove this, for y, z E X and x < y < z we have 

ai(f,y),y {fl} = y-{fl} f z{fl} = ai(lf,z),z 
*fl, and hence 

ai(p,y),y ai(f,z),z. If the conclusion of (*) fails to hold, then because A 
has no tower of size less than n, there is a b E A such that ai(f,y),y < b < 1 for all 
y E X for which x < y. Then for any such y we have y < b. {l} + (2\{fl}) < 1, 
contradiction. So (*) holds. 

By (*), for each / E do,x choose yp E X with x < yp such that ai(#,,),z = 1 for 
each z E X with z > y. Since n < 2, there is an infinite F C do,x and a y E X with 
x < y such that yfl = y for all f E F. Choose fl E F\ Uo<i<m di,y. Then fl E do,y, 
and so ao,y = 1. For each fl E \do,y, by (*) choose zp E X with zfl > y such that 

ai(pf,),, = 1 for each w E X with zp < w. Let w E X be greater than each zp with 

3 E A\do,y. Then w = A, contradiction. 
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