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THE JOURNAL OF SyMBoLIC LoGic
Volume 66. Number 4. Dec. 2001

CONTINUUM CARDINALS GENERALIZED TO BOOLEAN ALGEBRAS

J. DONALD MONK

A number of specific cardinal numbers have been defined in terms of % (w)/fin
or “w. Some have been generalized to higher cardinals. and some even to arbitrary
Boolean algebras. Here we study eight of these cardinals. defining their generaliza-
tions to higher cardinals, and then defining them for Boolean algebras. We then
attempt to completely describe their relationships within each of several important
classes of Boolean algebras.

The generalizations to higher cardinals might involve several cardinals instead of
just one as in the case of w. For example, the number a associated with maximal
almost disjoint families of infinite sets of integers can be generalized to talk about
maximal subsets of [x]* subject to the pairwise intersections having size less than
v. (For this multiple generalization of a, see Monk [2001].) For brevity we do
not consider such generalizations, restricting ourselves to just one cardinal. The
set-theoretic generalizations then associate with each infinite cardinal x some other
cardinal A, defined as the minimum of cardinals with a certain property.

The generalizations to Boolean algebras assign to each Boolean algebra some
cardinal A. also defined as the minimum of cardinals with a certain property.

For the theory of the original “continuum” cardinal numbers, see Douwen [1984].
Balcar and Simon [1989], and Vaughan [1990].

I am grateful to Mati Rubin for some conversations concerning these functions
for superatomic algebras, and to Bohuslav Balcar for information concerning the
function §.

The notation for set theory is standard. For Boolean algebras we follow Koppel-
berg [1989], but recall at the appropriate place any somewhat unusual notation.

§1. Definitions. Let x be an infinite cardinal.
(A) Maximal almost disjoint families. Let
a, = min{|&| : & C [k]", % maximal almost disjoint, |/ | > &}.
A Boolean algebraic version is
a(4) = min{|X| : X is an infinite partition of unity of 4}.
Both versions have been extensively studied; see Baumgartner [1976], Milner and
Prikry [1987], Monk [1997], Monk [2001].
mst 7. 2000:; revised February 12, 2001: revised February 23. 2001.
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GENERALIZED CONTINUUM CARDINALS 1929

Note that the side condition |#/| > & is not incorporated in the general Boolean
algebraic version; there does not seem to be any natural way of doing this.

(B) The pseudo-intersection number. For A, B C k we define 4 C* B iff |4\B| < .
If # C [k]f and 4 € [k]®, we call 4 a pseudo-intersection of & iff A C} B for
all B € . F C [k]® has the strong finite intersection property, sfip, if every finite
subcollection of & has intersection of size k. Let
pe = min{|F| : F C [k]" has sfip but does not have
a pseudo-intersection of size x}.

A Boolean algebraic version of this function is

p(4) = min{|Y| : Z Y =1and Z Y’ # 1 for every finite Y’ C Y}:
this is briefly considered in Monk [1996].

(C) The splitting number. A set S C [k]” is splitting if for every A € [k]* there is an
S € & such that |4 N S| = |4A\S| = k. Let

s, = min{|S| : § C []" is splitting}.
This generalization is studied in Zapletal [1997].

There is a clear Boolean algebraic version. Call S C A a splitting set iff for all

a € At thereisans € Ssuchthata -s #0# a - —s. (A" is the set of all nonzero
elements of 4.)

s(4) = min{|S| : S is a splitting set for 4}.

Clearly s(A) is well-defined iff A is atomless. And s(4) is infinite in this case. In
fact, if 4 is atomless and S is a finite splitting set for 4. wlog 0,1 ¢ S. Then S
generates a finite subalgebra B of 4, and no atom of B is split, contradiction.

(D) The tower number. A set I C [k]* is a tower iff it is inversely well-ordered by
Cr and has no pseudointersection of size .

t, =min{|9| :  C [k]" is a tower}.
An obvious Boolean algebraic version is this: a subset T C A7 is a tower if it is
well-ordered by >, and [ T = 0.
t(4) = min{|T|: T is a tower in 4}.
Clearly t(A4) is always regular.
Towers do not exist for all BAs, for example not for the algebra Fincox of finite

and cofinite subsets of x if k is uncountable. Towers always exists if A4 is atomless,
and towers even exists for many superatomic BAs, for example for Intalgk, the

interval algebra on k.
(E) Height. B is (k, co)-distributive iff every family (P, : @ < &) of partitions of
unity of B has a common refinement to another partition of unity of B. Let

h(B) = min{x : B is not (x, 0o) — distributive}.

Of course this is well-defined iff there is some « such that B isnot (x, co)-distributive.
As is well-known, this is equivalent to B not being atomic. For the general Boolean
algebraic case see Balcar and Simon [1989].
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1930 J. DONALD MONK

(F) The reaping number. A subset X of nonzero elements of a BA A4 is weakly dense
if for every a € A thereis an x € X such that x < a or x < —a. Let

t(4) = min{] X| : X is weakly dense in A}.

This function has been extensively studied in the general context of Boolean alge-

bras. See, for example, Balcar and Simon [1992], Peterson [1998], Bozeman [1991],
Monk [1996].

The following simple result about weakly dense sets should be noted.

PropoSITION 1. (i) If A has an atom a, then {a} is weakly dense, and hence
v(d4) = 1.
(1) If A is atomless, then t(A) is infinite.

Proor. (i) is obvious. For (ii), suppose that 4 is atomless, and X C A is finite
and weakly dense. Let ay,...,a,_; list all of the atoms of (X), and for each
i < nchoose 0 < b; < a;. Here (X) is the subalgebra of A generated by X. Let
c=73 ., bi. Choose x € X suchthat x <corx < —c. Butx-a; =0o0ra; <x
for every i < n, contradiction. O

(G) Maximal independence number. For any Boolean algebra A4,
i(4) = min{|X| : X C 4, X maximal independent}.

This function can have value 1. The situation is clarified by the following simple
result.

PrOPOSITION 2. (i) If A has at least four elements and has an atom a, then {a}

is a maximal independent set and soi(A4) = 1.
(ii) If A is atomless, then every maximal independent subset of A is infinite.

ProOF. (i) is obvious.

For (ii), it suffices to show that if X is a finite nonempty independent set in A, then
X is not maximal. In fact, for each atom a of (X) let y, be such that 0 < y, < a.
Then set x = > {y, : a an atom of (X)}. Clearly X U {x} is independent. O

(H) Ultrafilter number. For any Boolean algebra A4,

u(A4) = min{|X| : X generates some nonprincipal ultrafilter on 4}.

§2. The algebra #(w)/fin. The original versions of these functions are obtained
by taking k = w, or by taking the Boolean algebra to be Z(w)/fin. In this section
we survey the relationships between the functions in this case. It is enlightening to
introduce in this regard two further functions, whose generalizations to Boolean
algebras are not immediate.

(1) The boundedness number. Let k be an infinite cardinal. For f, g € *x we define
f<rgiff|{a<k: f(a) > g(a)}] < k. Then we define

b, = min{|X| : X C “k is unbounded under <j}.
(Y) The dominating number.
9, = min{|X|: X C "k is cofinal in (*x, <})}.

The diagram below indicates the relationships between the functions in the case
k = . Note that the bottom of this diagram is w; and the top is ¢; so all the numbers
are equal under CH. Hence results that the diagram has distinct nodes and no
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GENERALIZED CONTINUUM CARDINALS 1931

additional relationships are all consistency results; and some of the possibilities still
constitute open problems. We summarize these consistency results and problems.
The references give details and refer to the original papers.

The functions for x = w

(1) tisregular. (Douwen [1984, p. 116])
(2) pis regular. (Douwen [1984, p. 116])
(3) p=w; = t=w;. (Douwen [1984, p. 116])
(4) w <k <t=2"=c. (Douwen [1984, p. 116])
(5

) Con(w; =a=b=0=s5=t=p <c). (Douwen [1984, p. 127])
(6) Con(w; <a=b=0=s5=t=p<c). (Douwen [1984, p. 127])
(7) Con(w; <a=b=0=s5=t=p=c). (Douwen [1984, p. 127])
(8) Con(w; =h=s5<b=0=c=w;). (Dow [1989, 2.5])
(9) Con(w; =h=s5=b<d=t=c=w). (Dow[1989, 2.2] and Kunen [1980,

proof of VIII2.6])
(10) Con(u < s). (Blass and Shelah [1987])
(11) Con(i < u). (Shelah [1992]) -
(12) Con(t < b). (Dordal [1987])
(13) Con(b < a). (Shelah [1984])
(14) Con(s < b). (Balcar and Simon [1989])
(15) Con(o < i). (Shelah [1990])
(16) Con(i < ¢). (Kunen [1980, exc. VIIIA13])
(17) Con(w; =h=s5=b=0<t=rc) (Dow[1989, 2.4] and Price [1982])
(18) Con(a < t). (Kunen [1980, VIII2.3 and proof of VIII2.6])
(19) Con(a < s). (Shelah [1984])
(20) Con(u < a). (Shelah [2001])
(21) Con(i < a). (Shelah [2001])
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1932 J. DONALD MONK

These results do not quite prove that the above diagram is exactly as indicated. For
the readers convenience we indicate what they do show about the diagram, and what
problems remain; these are consistency results and problems.

w; <p: (6) v<i: (15)
p < t. problem (Vaughan [1990]) u<c (10)
t<bh: (12) i<c (16)
h<b: (8) a<t (18)
h<s: (10) a<s: (19)
b<a (13) u<a (20)
b<tu (9) u<s: (10)
b<o: (19) i<a (21)
s<o: (14) i<u (11)
a<c (5) o< (17)
t<u (11) s<b: (14)
t<i: (10)

Atomless Boolean algebras

The following diagram gives what we know about the general case of atomless
Boolean algebras:

4]

The functions for atomless Boolean algebras

We show that the diagram is exactly as indicated. The required examples are all
constructed in ZFC, except the ones for u < i and s < a, for which we refer to (10)
and (14) above.
The inequalities p(A4) < t(4), p(4) < a(4), and t(4) < u(4) are clear.
PROPOSITION 3. t(A) < i(A) for every atomless BA A.

PrOOF. Let X be a maximal independent subset of 4 of size i(4). Let Y be the
set of all monomials in members of X. We claim that Y is weakly dense in 4. For,
let a € AT. If a € (X), the desired conclusion is clear. Suppose that a ¢ (X).
Then X U {a} is not independent, so there is a monomial y in X such thata-y =0
or —a - y = 0, as desired. |
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GENERALIZED CONTINUUM CARDINALS 1933
PrOPOSITION 4. £(A) < §(A) for every BA A which is not atomic.

PrROOF. Let k = h(A4). Let (P, : @ < k) be a system of partitions of unity of
A which do not have a common refinement. By the minimality of h(A4), we may
assume that Pg is a refinement of P, whenever a < f8. Let Q be a maximal family
of nonzero pairwise disjoint elements of A such that for each x € Q andeacha < &
thereis a y € P, such that x < y. Then by the choice of the P,’s, there is some
nonzero element x such that x - y = 0 for all y € Q. We now define a decreasing
sequence of elements wy, ... of 4. Let wy € Py be such that x - wo # 0. Suppose
that w, € P, has been defined so that w, - x # 0. Choose we+1 € Pqyi SO that
Wo * X - Wayl 7 0. Then wyey; < wy since Py refines P,. If w, has been defined
for all &« < f, with §§ a limit ordinal, and if there is a nonzero y such that y < w, - x
for all o < B, then thereis a z € Pg such that z - y # 0, and we let wy be such a
z. Clearly then wg - x # 0. Note also that wg < w, for all @ < 8, since Py refines
P,. If there is no such y, then the construction stops and we have a tower of length
<B.

Suppose that the construction does not stop at any limit level. Then

Hwa~x=0,

a<k

since otherwise there would be some nonzero element z < w, - x forall & < &, and
the maximality of Q is contradicted. So we have a tower of length at most k. [

PROPOSITION 5. If A is atomless, then h(A) < s(A4).

PROOF. Assume thats(A4) < h(A4). Let S be a splitting set of size 5(4). Obviously
we may assume that all members of S are nonzero. Write S = {s, : & < k}, where
k = s(4). For each a < k let P, be a partition of unity with s, € P,. Let Q
be a common refinement of all P,. Take any a € Q. Choose a < « such that

a-Sq¢ #0# a-—s,. Now s, € Py, a- sy # 0, and Q refines P, so a < s,,
contradiction. O

PROPOSITION 6. p(A) < u(A) for every BA A.

PrOOF. Suppose that X generates a non-principal ultrafilter F, | X| = u(4). Then
I1X = 0. In fact, suppose that 0 < @ < x for all x € X. If a € F, then clearly
F is the principal filter generated by a, contradicting F non-principal. If —a € F,
choose x € X suchthat x < —a. Thena < —x anda < x,soa = 0, contradiction.
Thus, indeed, [T X = 0.

Since [[Y # 0 for every finite subset Y of X, this gives the inequality of the
proposition. g

Thus we have verified the relationships indicated in the diagram. We now consider
various examples, mostly of familiar algebras. The examples aim to check that no

other relationships can hold. From this point of view the following examples are
crucial:
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1934 J. DONALD MONK

h(4) < s(4). Example 14.

i(4) < p(4). Example 18.

u(4) <i(4). See (10); an example in ZFC is unknown.
u(A4) < a(4). Proposition 21.

5(4) < t(4). Example 12.

s5(4) < a(4). See (14); an example in ZFC is unknown.
a(4) < t(4). Example 12.

u(4) < t(4). Example 20.

t(4) < h(4). Example 16.

a(4) < t(4). Example 20.

These examples work for other relations, according to the general diagram. For
instance, example 12 also has 5(4) < |4| and a(4) < u(4).
Before starting on the examples, we give some general properties of the functions,
beginning with what happens to them under various kinds of products.
PROPOSITION 7. Let A and B be atomless Boolean algebras.
(i) Fork € {a,p,t,b,t,u} we have k(4 x B) = min(k(4),k(B)).
(i) i(4 x B) <min(i(4),i(B)).
(iii) s(A4 x B) = max(s(4),s(B)).
Proor. The proofs of several parts of this proposition are similar. For illustration
we treat f, iand s.
IfX CA4xB,let

pro(X) ={a € 4:3b e B[(a,b) € X1}

and

pry(X)={b e B:3ac A[(ab)c X}
If X C A4, letupy(X) = {(x,0) : x € X}, andif Y C Bletup,(Y) = {(0,y) :
yeY}

h: Suppose that (P, : a < h(A4)) is a system of partitions of unity of 4 with
no common refinement. For each o < h(A4) let Qn = upy(P,) U {(0,1)}. Then
each Q, is a partition of unity in 4 x B, and the Q,’s have no common refinement.
Similarly for B, so this shows that h(4 x B) < min(h(4),h(b)). Now suppose
that (R, : a < k) is a system of partitions of unity of 4 x B with no common
refinement, where x < min(h(4), h(B)). Foreach a < « let S, = pry(R,)\{0} and
T, = pry(R,)\{0}. Each S, is a partition of unity of 4, and each T, is a partition
of unity of B. Let U be a common refinement of the S,’s, and let V' be a common
refinement of the T},’s. Define W = up,(U) Uup,(¥). Then W is a partition of
unity in 4 x B which refines the R,’s, contradiction.

i: If X is maximal independent in 4, then up,(X) is clearly independent in 4 x B.
Suppose that (a,b) € (4 x B)\up,y(X).

Case 1. a ¢ X. Then X U {a} is not independent. Hence there is a finite subset
F of X and an e € FY{4}2 such that I erugay y°) = 0. Choose u € X\F. Then

1.0 (,0) - (a,6)“ = (0,0).

YEF
This shows that up,(X) U {(a, )} is not independent.
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Case 2. a € X. It follows that b # 0. Then (a,0) - (—a, —b) = (0, 0) shows that
up,(X) U {(a, b)} is not independent.
s: If X splits 4 and Y splits B, then X x Y splits 4 x B. Hence

5(A x B) < max(s(4),s(B)).

Now suppose that |Z| < max(s(4),s(B)) and Z splits 4 x B. Say by symmetry
that max(s(4),s(B)) = s(4). Then |pry(Z)| < s(4), so there is some nonzero
element a of 4 such that for all (u,v) € Z,a-u = 0or a - —u = 0. Hence for all
(u,v) € Z, (a,0) - (u,v) = (0,0) or (a,0) - —(u,v) = (0,0), contradiction. O
PrOBLEM 1. Is it true that for any atomless BAs A and B we have i(A x B) =
min(i(4),1(B))?
In the next proposition we consider the weak product H:"E ; A;i of Boolean algebras,
consisting of all functions f in the full product such that one of the two sets
{iel:f(i)£0},{i el: f(i)+#1}isfinite.
PRrOPOSITION 8. Suppose that (A; : i € I) is a system of atomless BAs, I infinite.
Let B =[[i¢; Ai. Then

(i) Fork € {a,p,u} we have k(B) = min(|I|, min;c; k(4;)).
(ii) If|I| = w, then t(B) = w, while if |I| > w then t(B) = min;¢s t(4;).
(iii) h(B) = min;¢s h(4;).
(iv) For k € {x,i} we have k(B) = w.
(v) s(B) = max(|/], Sup; ¢y s(4;)).

Proor. Ifi € I and a € 4; we define up’(a) € ], 4; by setting, forany j € I,

: a ifj=i,
uP'(a)jZ{ /

0 otherwise.

Since [Tic; 4i = A; x [Ticp\qjy 4i for all j € I, by Proposition 7 we have
k(B) < min;¢s k(4;) foreach k € {a,p,t,b, v, u,i}. Now we consider the functions
one at a time.

a: Clearly a(B) < |I|. Now suppose that X is an infinite partition of unity in B,
with | X| < min(|7], min;es k(4;)).

Case 1. There is an x € X such that J & {i € I : x; # 1} is finite. Then
{y I'J 1y € X} is an infinite partition of unity in [[;.; 4;, contradicting Proposi-
tion 7.

Case 2. For every x € X theset {i € I : x; # 0} is finite. Since |X| < |I|, there
isani € I such that x; = 0 for all x € X, contradicting X = 1.

p: Proof is very similar to that for a.

u: This follows easily from duality theory. The ultrafilters on [T}, 4; are essen-
tially those of the 4;’s, plus the ultrafilter generated by {¢; : i € I}, where

. 0 ifi=j,
ti = .
) { 1 otherwise.

t: Note that an equivalent definition of £(A4) is as follows: it is the least cardinal
of a set T of elements of A such that 1 ¢ T, T is well-ordered by <,and > T = 1.
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Now if |I| = w, say that I = {i,, : m € w}. For each m € w define y” € B by

setting, for any n € w,
N {1 ifn<m
Iy .

0 ifn>m

Clearly this gives a tower. So in this case, t(B) = w.

Now suppose that |7| > w. Suppose that 7 is a tower in the above modified sense
and |T'| < min;e; t(A4;). We may assume that |T'| is regular.

Case 1. Thereisa ¢ € T such that J & {i € I :t # 1} is finite. Then
{y I J:ye€ T}isatowerin]];., 4;, contradicting Proposition 7.

Case 2. For every t € T the set M, & {i €I:1t #0}isfinite. If |T| < |I|,
then |\J,er M;| < |I]. and so there is an i € I such that z; = 0 forall 7 € T.
contradicting > T = 1. So |I| < |T|, and hence |T'| is regular and uncountable.
Hence there is a ¢ € T such that M; = M, whenever ¢t < s € T. This clearly
contradicts Y T' = 1 again.

bh: Suppose that k < min;c; h(4;) and (P, : o < k) is a system of partitions
of B with no common refinement. For each i € I, let Q), = {x; : x € P,}\{0}.
Then Q. is a partition of 4;. Let R’ be a common refinement of all Q). Let

= {up/(x) : i € I. x € R'}. Then S is a common refinement of all Py’s.
contradiction.

t: Let J be a countably infinite subset of 7. We claim that {up’(1) : i € J}
is weakly dense in B. For, let x € B. Then {i € I : x; # 1} is finite or
{i € I: —x; # 1} is finite. Hence there is an i € J such that up’(1) < x or
up/(1) < —

i: For convenience we suppose that I = &, an infinite cardinal. For each o < &
let (x4 : i € w) be a system of independent elements of 4,. We now define y, € B
foreachn € w: if n € w and a < &, then

Xon—a-1 Ha<n,
yula) =141 ifa =n.
0 ifn<a.

We claim that (y, : n € ) is a maximal system of independent elements of
B. For independence. suppose that m € w and € € "2: we want to show that

, df M., ye@D £0. Ife(i) = 0 for all i < m, then
z(m) = H —yi(m) = 1.

i<m

So. suppose that (i) = 1 for some i < m. and take the least such i. Then

ZHJ//(I')

j<m

=T1-»@-»@- I V6

Jj<i i<j<m

_ e(/)
- H Xij—i~ 1

i<j<m
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So our system of elements is independent. Next, suppose that
w € BN\{y,:n €w};

we want to show that {y, : » € w} U {w} is no longer independent. Wlog
{a <k :w(a) # 0} is finite. Ifw(a) = 0forall @ < w, then yg - w = 0, as desired.
So assume that there is an o < w such that w(a) # 0, and take the greatest such.
Letv = w - [[;«, —Vi - Yat1. We claim that v = 0 (as desired). To show this, let
B<k. Iff <a,thenv(f) < —ys(f) =0.If f = a+1, thenv(f) < w(p) =0.
Finally, if o + 1 < 8, then v(8) < yas1(8) = 0.

s: For each i € I let X; be a splitting set for 4; of size s(4;). Then

{up'(x):i €l x € X;}

is clearly a splitting set for B, and this set has size max(|/|, sup;c; s(4;)). Now
suppose that | Z| < max(|7|, sup;¢; s(4;)) and Z splits B. If |Z| < |I|, then there
isani € I such that z; = 0 or z; = 1 for all z € Z, contradiction. So |I| < |Z].
Choosei € I suchthat |Z| < s(A4;). Then{z; : z € Z} splits 4;, contradiction. [

PROPOSITION 9. Suppose that (A; : i € I) is a system of atomless BAs, I infinite.
Let B = [];c; Ai. Then

(i) Ifk € {a,p,t}, thenk(B) = w.

(i) Ifk € {u,i}, then k(B) < min;¢s k(4;).
(iii) Ifk is the smallest cardinality of a subset of % (I) which generates a nonprincipal

ultrafilter on P(I), and if k < min; ¢y u(4;), then k < u(B).

(iv) Ifk € {x,b}, then k(B) = min;c; k(4;).

(v) s(B) = SUp;er s(4;).

PROOF. a: write | = Ume J.n, where each J,, is nonempty and the J,,’s are
pairwise disjoint. For each m € w define y,, € B by setting, forany i € I,

. 1 ified,,
XM(Z)={

0 otherwise.

Then {y,, : m € w} is a countably infinite partition of unity in B.

p = w follows, while t is treated similarly; see also Proposition 11.

(i1): Clear by Proposition 7.

(iii): Suppose not. Thus there is an ultrafilter D on B with a generating set X
such that |X| < k. We may assume that X is closed under multiplication. Let
E ={y CI:y, € D}. Here g, is the characteristic function of y, equal to 1 on y
andtoOon7\y. So, E is an ultrafilter on % (I). If E is principal, then D induces an
ultrafilter on some 4;, and this contradicts | X| < k < u(4;). So E is nonprincipal.
For each x € X let y(x) = {i € I : x; # 0}. Hence y(x) € E foreach x € X.
So {y(x) : x € X} does not generate E. Hence we can choose z € E such that
y(x) £ z forall x € X. Hence y. € D, and x £ yx; for all x € X, contradiction.

t: We have < by Proposition 7. Now suppose that X is weakly dense in B and
|X| < min;er v(4;). Then for each i € I, the set {x; : x € X }\{0} is not weakly
dense in 4;, and so there is an a; € A; such that for all x € X, if x; # 0, then
x; £ a; and x; £ —a;. Choose x € X such that x < g or x < —a. Choosei € 1
such that x; # 0. But then x; < g; or x; < —a;, contradiction.

h: This is proved as with weak products.
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s: Foreachi € I let X; beasplitting set for 4; of size 5(4;). Let k = sup;; s(4;),
and for each i € I let (x}, : @ < k) be an enumeration of X; (of course probably
with repetitions). For each a < & define y* € [],., 4; by setting y* = x.. Let
Y = {y®:a <k} Clearly Y splits [[;,; 4;, and | Y| < &.

Suppose that Z splits [],., 4; and |Z] < k. Choose i € I such that |Z| < s(4;).
Then {z; : z € Z} splits 4;, contradiction. O

PROBLEM 2. Give an exact expression for u([;c; 4i) and (], 4i).
We have not investigated the behaviour of our functions with respect to free products
or ultraproducts.

The following result sheds some light on some of the examples below. Recall that

the cellularity of a BA A is the supremum c(A4) of all cardinalities of disjoint subsets
of A. Clearly t(4) < c(A4) and a(4) < c(4).

PRrOPOSITION 10. For any atomless BA A, if o < k < t(A4), then 2* < ¢(4).

Proor. We define elements a, of 4 for each ¢ € | J,, *2 by recursion on o. For
a =0and ¢t € *2 we have t = 0; we set agp = 1. If a, has been defined for ¢ € *2,
split a, into two nonzero disjoint elements a;~(g) and a;~(1y. If o is a limit ordinal
< k, a, has been defined for all t € | f<a B2 and s € @2, let a, be a nonzero element

< agp for all B < a. Clearly all of the elements a, for ¢ € *2 are nonzero and
pairwise disjoint, as desired. O

PROPOSITION 11. If A is atomless, then p(4) = w = t(4) = w and a(4) = w.

ProOF. If Y = {a; : i € w} satisfies the condition in the definition of p(A4), let
bi =3 ajforalli € w. Then (b; : i € w} isincreasing with sum 1, and no b; is
1; this easily gives t(4) = w.

For the second statement, let ¢; = a; - ]_[j<i —aj. Clearly {¢; 1 i € w}isa
partition of unity, and infinitely many c¢;’s are nonzero. O

For the next example and later too, we denote by Frx the free BA on « free
generators.

EXAMPLE 12. For k an infinite cardinal we have
(1) s(Frx) = w.

(i) a(Frs) = w.

(iii) ©(Fre) = &.

Proor. (i): Let S be a denumerable set of free generators. Clearly S is a splitting
set.

(ii): Clear since Frx has ccc.
(iii): Suppose that X is weakly dense and |X| < x. For each x € X thereis a
finite set Y, of free generators such that x € (Y,). Let y be a free generator not in

any of the sets Y, for x € X. Choose x € X such that x < y or x < —y; this gives
a contradiction. (|

In the next example and several others below, we use the interval algebra con-
struction. Officially, according to Koppelberg [1989], this construction applies only
to linear orders with a first element. When we mention linear orders without first el-

ement, we have in mind adjoining a new first element, which will usually be denoted
by —o0.
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ExampLE 13. (i) s(IntalgR) = w.
(i) a(IntalgR) = w.
(iii)) u(IntalgR) = w.
(iv) i(IntalgR) = w.

ProoF. (i): {[r,s) : r < s rational} is clearly a splitting set.

(i1): Clear since IntalgR satisfies ccc.

(iii): {[—o0,n) : n € Z} clearly generates an ultrafilter.

(iv): Clear since IntalgR has countable independence. (|

ExampLE 14. Let A = Intalg(k x Q), where & is an uncountable regular cardinal
and the order on k x Q is lexicographic. Then

(i) (4) = w.
(ii) w(4) =w
(iii) a(4) =w
(iv) s(4) =&
V) H(4) =

Proor. (i): Clear since 4 has no uncountable independent subset.
(ii): The set {[—o0, (0,7)) : r € Q} generates an ultrafilter.
(iii): The set
{00, (0,0))} U {[(0,7), (0, + 1)) : n € w0} U
{[(1,n),(1,n + 1)) : n a negative integer} U {[(1,0),00)}
is a denumerable partition of unity.

(iv): Suppose that S is a splitting set, with |S| < . For each a < & let
d, = [(,0), (e + 1,0)), and choose a, € S which splits d,. Then

K= U{a</<;:aa=s},
sES
so thereisan s € S and an M € [«]* such that a, = s foralla € M. If s contains
an interval [a, 00), then it contains one of the d,’s, @ € M. If it does not contain
such an interval, then it is disjoint from some d,,, @« € M. This is a contradiction.
(v): For each positive integer n let

Pn:{[(a,m-l-%),(a,m-’rk—:—l—)) :a<n,m€Z,0§k<n}.

Thus P, is a partition of unity. Suppose that Q is a common refinement. Choose
g € Q such that [(1,0),(1,1)) N g # 0. So ¢ contains some interval [a,b) such
that [(1,0),(1,1)) N[a,b) # 0. Since Q refines Py, it follows that a = (1,u) and
b = (1, v) for some u, v. Choose n such that % < v —u. Then the fact that Q refines

P, leads to a contradiction. O
PROPOSITION 15. Suppose that A is complete and atomless. Then
(1) a(4) = w.
(i) t(4) = w.
Proor. Clearly there is a denumerable partition of unity, and this gives rise to a
tower of size w. |

We now recall the important construction of a complete BA starting with a
partially ordered set P. Foreach p € Plet@, = {q € P : ¢ < p}. These sets form
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a base for a topology on P, and we can consider the regular open algebra under this
topology.

EXAMPLE 16. Let P be the partial order consisting of all functions mapping a
countable subset of wy into 2, ordered by reverse inclusion. Let A be the regular open
algebra formed from P in the natural way. Then

(i) h(4) = w1

(i) t(4) = w;.

Proor. For this partial order, the sets @y are regular open.

(i): By Proposition 14.7 of Koppelberg [1989], h(A4) > w;. Now for each a < w,
let hy = {(a,0)}, and let P, be the partition of unity {&},, —@_}. Suppose that O
is a refinement of all P,. Pick any a € Q, and pick any nonzero element &, below
a. Let o be an ordinal in w; which is not in the domain of p. Now &, is below &,
or —@,_, and this leads to a contradiction.

(i1): Suppose that X C A4 is weakly dense and countable. Wlog for each x € X
we can write x = @, . Let M be the union of the domains of the functions p, for
X € X. Choose a € w\M, and define dmn(r) = {a}, r(a) = 0. Then for any
x € X, both x C @, and x N @, = 0 are impossible, contradiction.

It remains to exhibit a weakly dense subset of size w;. Let

X={feP:Ja<wdm(f)=a AVE<al(f(&) =0)}.

For any g € P. if g takes on only the value 0, then there is an f € X such that
g C f. hence @y C @,. On the other hand, if g takes on the value 1 somewhere,
then there is an /* € X such that f and g are incompatible, hence &y N &, = 0 and
s0O0r C —0,. O
EXAMPLE 17. Let A be a denumerable atomless BA, let k be any infinite cardinal.
Then k([T..,. A) =  fork € {a.p.t.u,b,v.i}, and s([], . 4;) = k.
Proor. This is immediate from Proposition §. O

For the next example we use the well-known notion of 77, -sets. An 7,-set is a linearly

ordered set L such that if 4 and B are subsets of L of size less than X, and a < b

foralla € A and b € B, then thereisan x € Lsuchthata < x < b foralla € 4
and b € B.

EXAMPLE 18. Let L be an n;-set, and let A = Intalg(L). Then
(1) i(4) = .
(i) p(4) > o.
(iii) If in addition L is not an ny-set, in particular if |L| < 28, then p(A4) = ;.
Proor. (i) holds since independence is w. For (ii), suppose that Y is a countable
collection of elements of A4 such that Y = 1 while ) Y’ # 1 for every finite
subset Y’ of Y. Let L' = {—o0o} U L. Wlog every element of Y has the form [a, b)
witha € L’ and b € L U {oo}.
(1) Foreverya € L' thereisan x € Y such that a € x.

In fact, otherwise the set M < {b:a<band[b,c) € Y for some c} is a countable

set of elements, and hence thereisa ¢ suchthata < cand ¢ < b forallb € M. But
then [a,c¢) N Y. Y = 0, contradiction.

(2) Thereisan a € L' such that [a,00) € Y.
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In fact, suppose not. Let N = {b € L' : [a,b) € Y for some a}. Then N is a
countable set, and so there exist ¢,d such that b < ¢ < d for all b € N. Hence
[e,d) N> Y =0, contradiction.

Now let P = {a : there is a b such that [a,b) € Y, and [a, c0) is contained in
> Y’ for some finite ¥/ € Y}. Then —oo ¢ P, by assumption. Hence P is a
countable set not having —oco as a member. Let

Q = {x : thereexists [b,c) € Y such thatb ¢ P and x € {b,c}}.

Thenby (1), —co € Q. If x € Qand d € P, then x < d. In fact, choose s. ¢, u such
that [d,s) € Y, [d, 00) is contained in a finite join of members of Y. [f.u) € Y,
t ¢ P,and x € {t,u}. If d < u, thent € P, contradiction. So u < d, and hence
x<d.

Hence we can choose d,e such that b < d < e < ¢ forallb € Q and ¢ € P.
Choose [u,v) € Y such that [d,e) N [u,v) # 0. Thenu < e, sou ¢ P. Hence
v € Q, contradicting d < v.

Finally, for (iii), the additional assumption implies that there are sets M, N of
size at most w; such that M < N and there is no element in between. Then
{[a,b) : a € M, b € N} shows that p(4) < w;. O

EXAMPLE 19. Balcar and Simon [1992] have given an example in which t(A) <
u(4).

For the next example we use the notion of k-saturated Boolean algebra, a special
case of the model-theoretic notion (see any modern logic textbook).

ExamPLE 20. Let k be an uncountable cardinal, let A be atomless and k™ -saturated,
andlet B =T]._, A. Then

a<k
(i) t(B) > k.
(i) w(B) < &.
(iii) a(B) = p(B) = k.
(iv) ©(B) =i(B) = w.
Proor. Immediate from Proposition 8. a

We call a system (b; : i € I) a weakly infinite partition of unity provided that
bi - bj = 0 for all distinct i, j € 1, Eiel b; = 1,and {i € I : b; # 0} is infinite.
(Partitions are usually assumed to have nonzero elements, but we do not make this
assumption.)

PROPOSITION 21. There is an atomless BA A such that:

(i) t(4) = 1.

(i) w(A4) = .

(i) a(A4) > ;.
To prove this we need two lemmas which may be of independent interest. Here we
use the notation (X )f for the filter generated by X, and (X! for the ideal generated
by X.

LEMMA 22. Suppose that A is a BA having a tower (a, : o < ;) such that
FY ({aq : a < oY) is an ultrafilter. Also suppose that (b : o < @) is a weakly
infinite partition of unity in A.

Then A has an extension B in which (a, : a < @) is still a tower, {a, : & < w1}
still filter-generates an ultrafilter, but (b, : o < ) no longer has sum 1.
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Proor. Let A(x) be a free extension of 4. For each f < w; let
Ip = ({ba - x :a <} U{ag - x}).
Thus clearly 4 N Iy = {0}.
(1) Thereisa f < cw; such that x ¢ Ig.

To prove (1) we take two cases.

Case 1. Thereis an o < w such that b, € F. Say ag < b,. Suppose that x € I.
Then we can write

X <bgy X+ ++bg, , x+ag-x.

Choose y < w) such that y # ay, ..., o,—1, o and b, # 0. Then mapping x to b,
and pointwise fixing 4 yields b, = 0, contradiction.

Case 2. —b, € F for all o < w;. For each a < w; let f, be the least ordinal
such that ag, < —b,. Suppose that {f, : @ < w;} is bounded in w;; say f, <y
for all @ < w;. Then a, < —b, for all @ < w,, contradiction. Thus {f, : @ < w}
is unbounded in w;. Hence there is a strictly increasing sequence (o : & < w;) of
countable ordinals such that f,, > 0 and (S, : £ < w)) is strictly increasing. Note
that by = 0= B, = 0. So by, # O forall ¢ < wy. Let

Ep={y<w:b, #0and ag-b, = 0}
forall f < 1. So f< & < wy = Ep C Es. Now ag € B, forall & < wy. SoEp,
is infinite. Now x ¢ [ b, » fOT Otherwise write '

X <bgy X+ +bg,_, X +ag, X

Choose y € Eg, \{cw,...,,_1}. Then the mapping x  b,, fixing 4 pointwise,
gives b, = 0, contradiction. Thus (1) holds in this case too.

Let B = A(x)/Ig with f asin (1). So (b, : @ < @), as a system of elements of
B, no longer has sum 1. Next we claim that (a,, : o < wy) is still a tower in B. For,
suppose that [c - x +d - —x] < [a,] for all y < ;. Then for all y < w; we can write

(2) (e-x+d-=x) —ay <boy - X+ +ba, ,, x+ag:x;
Then x — 0, fixing A pointwise, shows thatd < g, forally < w;, and hence d = 0.
Then (2) for y = B gives
c-x-—ag Sbaoﬁ-x+~-+bamﬁ_,.,j -x +ag-x,
and hence ¢ - x < bgy - x4+ ba,,,,,_w X +ap-x. Hence [c - x] = 0, as desired.
Clearly {a, 1y < @} still generates an ultrafilter. O
PROPOSITION 23. Suppose that A is a BA having a tower (a, : a < wy) such that

FY {aq : a <o) is an ultrafilter. Also suppose that b € A*. Then there
is an extension B of A in which (an : o < w,} is still a tower, {aq : & < w;} still
filter-generates an ultrafilter, and there is a u € B such that 0 < u < b.

ProoOF. Lt A(y) be a free extension of 4, and for each f < w; let
Jp={{y-—b.ag-y})".
So AN Jg = {0}.
(1) Thereisa jf < cw; such that y ¢ Jg.
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For, choose f < w; such that b £ ag. Suppose that y € Jg. Then
y<y-—b+az-y.

Mapping y to b, pointwise fixing 4, gives b < ag, contradiction.
Take f asin (1). Thus 0 < [y] < [b]. Suppose that [y] = [b]. Then

b-—y<y-—b+ap-y.

Mapping y to 0, pointwise fixing A, gives b = 0, a contradiction. Hence [y] < [b].
Obviously {a, : a < w;} still generates an ultrafilter.
Finally, suppose that[¢ - y + d - —y] < [a,] for all @ < w;. Thus

(c-y+d-—y)-—aa<y-—b+ap-y

for all @ < w;. Mapping y to 0, pointwise fixing A, shows that d < a, for all
o< wy, henced =0.Soc-y-—ag<y-—b+ap-y hencec-y<y-—b+ap -y
and so [c¢ - y] = 0, as desired. a

ProOF OF PrOPOSITION 21. We define 4, for @ < w; by induction. Let
Ay = Intalgw;, and a, = [a,00) for all @ < w;. Let p(B) be the statement
“lag 1 @ < 1) is a tower in B and {a, : @ < w;} generates an ultrafilter of B”.
Thus (A4p). Suppose that 4, has been defined so that (A4, ) holds. Apply Lemma
22 many times to get an extension B of 4, such that ¢ (B) holds and every weakly
infinite partition of unity of 4, is no longer such in B. Then apply Lemma 23 many
times to get an extension 4,1 of B such that ¢(A44,1) holds and A4, is atomless.
Let 4, =U <o Ap for o limit < ;. Clearly 4, is as desired. O

The following problems remain in our consideration of the relationships of the
functions in atomless BAs.

PrOBLEM 3. Can one construct in ZFC an atomless BA A such that s(4) < a(A4)?

A weaker but still unsolved form of this problem is whether one can construct in
ZFC an atomless BA A4 such that §(4) < a(A4). See also Proposition 21.

ProOBLEM 4. Can one construct in ZFC an atomless BA A such that u(A4) < i(A4)?

A weaker but still unsolved form of this problem is whether one can construct in
ZFC an atomless BA A4 such that t(4) < i(4).

We finish this section by discussing the question whether any of our functions
can have singular cardinals as values. We already noted in the definitional part
that t(4) is always regular. a(4) can be singular, for example by Proposition 15
of Monk [2001]. p(A4) can be singular, by Example 20. s(A4) can be singular, by
Example 17. And t(A4), i(4), and u(A4) can be singular by Example 12. However,
this is not true of §(A4):

PROPOSITION 24. For any atomless BA A, Y(A) is regular.

PrOOF. Suppose to the contrary « & h(A4) is singular. Let (P, : @ < k) be a
system of partitions of unity of 4 with no common refinement. We may assume
that Py refines P, if @ < f. Let (A : £ < cfk) be an increasing system of infinite
cardinals with supremum x. Then (P;, : ¢ < cfx) has a common refinement; but
clearly it is also a common refinement of (P, : a < &), contradiction. O
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§3. Complete Boolean algebras. We begin with a diagram of relationships be-
tween the functions in this case.

|4]

The functions for atomless complete Boolean algebras

The following proposition shows that the relations in this diagram hold.
PrOPOSITION 25. §(A) < t(A) for any atomless complete BA A.

Proor. Suppose that X is weakly dense and |X| < h(4). For each x € X let
P, = {x, —x}, and let Q be a common refinement of all of the P,’s. Foreacha € Q
choose nonzero disjoint elements u,,v, < a. Let y = Zae u,. Choose x € X
such that x < y orx < —y. Choosea € Qsuchthata-x #0. Soa < x. If x < y,
then v, < y; but clearly v, - y = 0, contradiction. If x < —y, then u, < —y; but
u, < y, contradiction. O
Again we need examples to show that the diagram really looks like this.

w < h(A4): example 16.
s5(A4) < t(4): Proposition 26 (for k uncountable).
i(4) < |A4]: Proposition 26 (for k < k).
s(A) < |A|: Proposition 26 (for x uncountable).
u(4) < |4|: Proposition 28.
i(4) < u(4): Proposition 27 (taking 4 = Frw).
u(4) < s(4): Proposition 28.
i(4) < s(4): Proposition 28.

This leaves one main question open: whether there is an atomless complete BA 4
such that u(4) < i(4).

PROPOSITION 26. & be an infinite cardinal and let A = Frx be the completion of
Frk. Then

(i) s(4) = .
(ii) i(4) = .
(iii) u(4) > k.
(iv) v(4) = .

ProOFE. Wlog k > w. Let X be a set of free generators of Frx.
(i): Let Y be a denumerable set of free generators. Suppose thata € 4*. Choose
a monomial b over the set of free generators of Frx such that b < a. Let x € Y not
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be among the free generators appearing in . Then b - x # 0 # b - —x, and hence
a-x#0#a-—x.

(ii): Clearly i(4) < k. Now suppose that Y is independent and |Y| < «. For
each x € Y write x = Y Y., where Y, is a countable set of monomials in the free
generators. Then let u be a free generator not in the support of any member of
Uyey Yx. Clearly then Y U {u} is independent. This shows that i(4) = &.

(ili): Suppose that Y filter-generates F, where F is an ultrafilter, | Y| < . For
each x € X choose e(x) € 2 such that x**) € F. Then choose yx € Y such that
Ix < x¢) | Then there exist an infinite Z C X and a y € Y such that y < 766
forall z € Z. Let a be a monomial < y, and let z € Z not be in the support of a.
Then a < z¢©) is impossible.

(iv): Suppose that Y is weakly dense in 4, and |Y| < k. For every x € X
choose y, € Y such that y, < x or y, < —x. Thereis a y € Y such that
{x € X : y, = y} is uncountable. But y has a countable support, so this easily
gives a contradiction. O

PrOPOSITION 27. u(A4) > w for every atomless complete BA A.

PrOOF. Suppose that F' is an ultrafilter and X is a countable set which generates
F. Wlog1l=ux>x; > withX = {x0,x1,...}.
(1) T[IXx =0.
In fact, suppose that [TX # 0. If [[X € F, say x;
F is principal, contradiction. If —[[X € F, say x;
contradiction. So (1) holds.
Let a; = x; - —x;41 for all i € w. Note that g; - a; = 0 for all distinct i, j < w.

(2) ZiE(u a = L.

To prove (2), we first show by induction that Zigm a; = —Xp41 forallm € w. This
is clear for m = 0. Assume that it is true for m. Then

[IX. So[[X = x; and

<
< —JIX. Then [[X =0,

E i = —Xm+1 + Am+l = —Xm+1 + Xmt1 * —Xm42
i<m+l1

= —Xm+l T —Xmtl * —Xm+2 + Xm+1 ° —Xm+2
= —Xm+l t —Xm+2
= —Xm42-

This finishes the inductive proof of =, @i = —X;n+1. Then (2) follows from (1).
Therefore ) ;. ax and ), as; 11 are complementary elements. If )~

icw @i €
F,say x; <3 ., ax. Wlogi =2j + 1 for some j. So
Aj41 = Xojil * —X2j42 < Zazi,
I€w
contradiction. A similar contradiction is reached if ), azi1 € F. O

Note thati(4) < |4| for 4 = Fro.

PROPOSITION 28. There is an atomless complete BA A such that u(4) < s(A4) and
i(4) < s(4).

ProoF. Let B = Frw. Note that u(B) < 2% and i(B) = w. Let kK = 2%. Let P
be the set of all functions mapping an element of [x*]=* into 2, ordered by reverse
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inclusion. Let C be the regular open algebra of P. Then h(C) > k™ by Proposition
14.7 of Koppelberg [1989]. Hence s(C) > . Thus B x C is as desired. O

Although Proposition 28 answers two natural questions, its proof is rather trivial.
It would be more interesting to obtain such an example in which, additionally,
5(A 1 a) = s5(A) for every a € A™. See also Proposition 37.

It is natural to consider the relationship between k(A4) and k(A4) for our functions
k:

PROPOSITION 29. Suppose that A is atomless. Then

(i) s(4) < s(A).
(ii) s(4) < s(d) - c(4).
(iii) v(4) < x(4).
(iv) §(4) = b(4).

ProoF. (i): Suppose that S splits 4 and |S| = s(4). Given a € 4", choose
b € A" such that b < a. An element of S that splits b also splits a.

(ii): Let S split 4, with |S| = s(4). For each s € S there is a set X; C A" such
that s = > X, and | X;| < c(4). Let S" = |J, 5 X;s. We claim that S’ splits 4. For,
leta € A. Choose s € S such that a - s # 0 # a - —s. Choose x € X; such that
a-x #0. Clearly also a - —x # 0.

(iii): Suppose that X is weakly dense in 4. For every a € X choose b, € A*
such that b, < a. Suppose that ¢ € 4. Choose a € X such thata < cora < —c.
Then b, < corb, < —c.

(iv) First suppose that (P, : o < h(4)) is a system of partitions of unity in 4 with
no common refinement. Suppose that Q is a partition of unity in 4 which refines
all the P,’s. For each a € Q let X, C A" be disjoint and such that a = }_ X,.
Let R = |J,cp Xa. Then R is a partition of unity in 4 which refines all Py’s,
contradiction. It follows that §(4) < §(4).

Second, suppose that (S, : a < h(4)) is a system of partitions of unity in A
with no common refinement. For each x € S, choose a disjoint Y,, C A" such
that x = 37 Yy. Let S}, = U, g, Yxo- Thisis a partition of unity in 4. If T is a
partition of unity in 4 which refines all S’’s, then it is also a partition of unity in 4
which refines all S,,’s, contradiction. O

ExaMPLE 30. Let  be an uncountable regular cardinal, let k x Q be ordered lexi-
cographically, and let A = Intalg(k x Q). Then s(A4) = k but s(4) = w.

PRrOOF. s(4) = k by Example 14. Now let

X = {; [(e.r), (. 8)) 1 r < s}.

We claim that X splits 4. For, leta € 4'. Choose [(a, u), (8,v)) < a. Take r < s
such that u < r and, if # = o, s < v. Then qu ,r), (y,5)) splits a. O

EXAMPLE 31. There is a BA A such that s(A4) < s5(4) - c(4).
PrOOE. Let B = Intalg(k x Q) as in Example 30, and let 4 = *'B. Thens(4) =

and s(A4) = o by Proposition 9, and c(4) = k™. O
EXAMPLE 32. Let A = Frow. Thenu(4) = o < u(4).
PrOOF. Proposition 27. a
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ProposiTiON 33. (i) p(4) < p(4).
(ii) ¢(4) < t(A4).
(i) a(4) < a(4). ..
(iv) There is an atomless BA A in which each inequality in (i)—(iii) is proper.

Proor. (i)—(iii) hold since the left sides are equal to w. For an example as called
for in (iv), see Example 18. O

COROLLARY 34. If L is an n-set, then h(Intalg(L)) > w.

PrOOF. The set {[x,y) : x,y € L, x < y}is w;-closed and dense in Intalg(L), so
Intalg(L) is w-distributive. O

COROLLARY 35. There is a BA A such that t(4) < t(4) andi(4) < i(4).

Concerning the relationships between k(A4) and k(4), the following problems ap-
pear to be open.

PROBLEM 5. Is there a BA A such thati(4) < i(4)?
PROBLEM 6. Is there a BA A such that u(4) < u(A4)?
PROPOSITION 36. i(P(w)) > w.

ProOF. Suppose that (a; : i € w) is independent. Let
F ={(Fe): F €[w]**,e € T2}.
Say & = {(Fa,€4) : @ < w}. Choose distinct

Yarza € () a2 \{yp: B<a}U{zp: p<al).

i€F,
Letb = {yo : @ < w}. Given (\;cpa; =) choose a such that (Fe) = (Fa.q).
Then yo € MNiep i Nband z, € N;ep af? N —b. 0

The next result is relevant to Proposition 28. As far as the inequality
u(4) < |A] is concerned it gives a more interesting construction that that in the
proof of Proposition 28.

PROPOSITION 37. Suppose that k is an uncountable regular cardinal and K<F = k.
Then there is an atomless complete BA A such that |A | a| = 2% for each a € A*,
while A has an ultrafilter F such that y(F) < k.

ProOF. Let 4 be the completion of the BA

BY eaaq(H Frw).

a<k

Clearly for each b € BT there is a disjoint family X C B | b such that | X| = «.
Hence |4 | a| = 2% for each a € A*. By Theorem 2.5 of Balcar and Simon [1989]
A has an ultrafilter F such that y(F) < k. a

For atomless complete Boolean algebras the following problem remains open.
Here even consistency results would be interesting.

PROBLEM 7. Is there an atomless complete BA A such that u(A4) < i(4)?

A weaker unsolved problem is whether there is a complete BA 4 such that
t(4) <i(4).
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§4. Atomless interval algebras. See the diagram below. Here we add some stan-
dard cardinal functions:

n(A) = min{X : X is a dense subset of 4}, where X is dense provided that X C 4™
and for every a € A" thereis an x € X such that x < a.

d(L) = min{|D| : D is a dense subset of L}, where L is a dense linear order. Here
dense is taken in the usual sense for linear orders.

In the diagram, the functions are applied to an atomless interval algebra
A = Intalg(L).

The functions for atomless interval algebras

First we give some results which prove that the relationships indicated in this diagram
hold.

PROPOSITION 38. If A is an atomless interval algebra, then c(A4) < s(A).
PRrROOF. Suppose that X is an infinite pairwise disjoint set; wlog each member of
X has the form [a,b). Let S be a splitting set. We want to show that | X| < |S|.
(1) Wlog each member of S has the form [a, b).
For, let a € AT. Choose x € S such that a N x # 0 # a\x. Write
x = [bo,co) U...U[bs,ci).
Say a N[b;, ¢;) # 0. Now [b;, ¢;) C x, 80 a\x C a\[b;,¢;). Thus (1) holds.
(2) If[c,d) € S splits [a,b) € X, thena<c<bora<d<b.
For, [a,b) N[c,d) # 0, so
(3) max(a,c) < min(b,d)
(4) a<cord<b.
For, if ¢ < a and b < d then [a,b)\[c,d) = 0, contradiction. Thus (4) holds.
From (3), ¢ < b and a < d. So (2) follows from (4).
By (2), each [c,d) € S splits at most two members of X . For each x € X choose

f(x) € S which splits x. For every s € S there are at most two x € X such that
f(x) = s. This shows that |X| < |S|, as desired. O
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PROPOSITION 39. Let A = IntalgL, A atomless. Then n(A) = s(A) = d(L).
PrOOF. 1) 5(4) < d(L): Let D be dense in L with |D| = d(L). Let
S ={[a,b):a,be D,a<b}.
Suppose x € A*. Say

X = [Co,d()) U...Ulem—1s dm—l)-

Choose a,b € D with ¢y < a < b < dy. Clearly [a, b) splits x.

2)d(L) < =(A): C = n(A4). Wlog x = [ay, by) for
all x € X. Choose a, < ¢y < byx. Let D = {¢, : x € X}. Clearly D isdensein L.

3) n(A4) < d(L): Let D C L be dense, |D| = d(L). Define

Y ={[a.b):a,b € D,a < b}.

Given [c,d), choose a,b € D such that¢c < a < b < d. Then [a,b) C [¢,d).

4) d(L) < s(A): Let S split 4, |S| = 5(4). Let

D = {a : ais aleft or right endpoint of a summand of some element of S}.

Suppose that ¢ < d. Let x € S split [c,d). Then there is an @ € D such that
¢ < a < d,since otherwise x N[c,d) =0 or[c,d)\x = 0. O

The following proposition is well-known. It will not actually be used later, but it
motivates the more complicated Proposition 41.

ProposITION 40. Suppose that A = IntalgL is atomless. If {a, : o < k) is a

strictly increasing sequence of elements of A with k regular, then in L there is a strictly
increasing or strictly decreasing sequence of order type k.

ProoF. Wlog « is uncountable. Write

Ao = [b(?’CO) LU [bmn—l’ mu—l)

Wlog m, = m does not depend on . We then proceed by induction on m. The case

m = 1 is obvious. Now assume that m > 1. For every a > 0 there is an f (o) < m
such that

b < B) < ¢l < ¢Fa)-
If0 < a < B, clearly b/’i( < bfyand et ) < cfj(ﬁ). So wlog (b}‘(a) ta < k) and
(c?(a) : a < k) are constant beyond some 6 < . Then the induction hypothesis
applies to (aa\[6% 4. (o)) @ € (8. K)). O
PROPOSITION 41. Suppose that A = Intalg(L) is atomless and k is an uncountable
regular cardinal. Then the following conditions are equivalent:
(i) There is a strictly increasing sequence (a, : @ < k) of elements of A with sum 1.
(i) One of the following holds:
(a) Thereisac € L and a strictly decreasing sequence (b, : o < &) of elements
of L coinitial with c.
(b) Thereisac € L U{oco} and a strictly increasing sequence (b, : o < K) of
elements of L cofinal in c.
(c) There exist a strictly increasing sequence (b, : a < k) of elements of L
and a strictly decreasing sequence (¢, : a < k) of elements of L such

that b, < cp for all a, B < k and there is no element d of L such that
bo <d<cgforalla, p<k.
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(iii) Thereisad € L and a strictly increasing sequence {a, : o < k) of elements of
A with sum [d, o).
Proor. (i)=(iii): take d = 0, the smallest element of L.
(iii)=-(i): for each a < k, let b, = [0,d) U a,.
(i))=(i): Assume (a). Then {[c, bs) : @ < K} is a tower of size k.
Assume (b). Then {[b,,¢) : @ < k} is a tower of size k.
Assume (c). Then {[b4,ca) : @ < K} is a tower of size k.
(i) =-(ii): Write
G = [bg.c8)U.. . U[BE, & _)).

Wlog m, = m does not depend on . We then proceed by induction on m. The case
m = 11is clear, implying (a) or (b). Now assume that m > 1. Wlog (b§ : a < k) is
eventually equal to d; otherwise we get (a). If (¢§ : o < k) is eventually constant,
the inductive hypothesis applies, since if ¢f = e and by = d for @ > J, then
(ag\[b. c§) = 6 < a < k) is strictly increasing with sum [e, c0). If (cf : @ < &)
is not eventually constant but is cofinal in some element e € L U {co}, then (b)
holds. So assume that (¢§ : a < k) is not eventually constant and is not cofinal
in any element d € L U {oo}. Suppose that (by : a < k) is eventually constant,
say to an element e. Then there is an f < e such that ¢§ < f for all o < &.
But then [f,e) Na, = 0 for all @ < &, contradiction. Thus (b : o < k) is not
eventually constant. If it is coinitial in some element e, a contradiction is reached
again. Clearly then (c) must hold. O

CoOROLLARY 42. u(A4) < t(4) for A an atomless interval algebra.

Proor. This is immediate from the description of the character of ultrafilters in
interval algebras given in Monk [1996, p. 188]. a

ProPOSITION 43. u(A) = p(A) for any atomless interval algebra A.

ProoF. Since p(4) < u(4) for any atomless BA A4, it suffices to show that
u(4) < p(4) for any atomless interval algebra 4. Let A = Intalg(L), where L
is dense. For each ultrafilter U on A let Ty = {v € L : [0,v) € U}. This is the
terminal segment of L associated with U. Suppose that Y X = land Y F # 1
for every finite F C X; we show that u(4) < |X|. Wlog each member of X has

the form [u,v), with u € L and v € L U {oo}. Let U be any ultrafilter containing
{a:—a € X}. Define

M = {w : Jv([v,w) € X and [w,c0) € U)},
N ={v:3w(v,w) € X and [0,v) € U)}.
Clearly then M C L\Ty and N C Ty.

Case 1. cf(L\Ty) > ci(Ty), where ci(Ty) is the coinitiality of Ty. Thus
x(U) = cf(L\Ty). So it suffices to show that M is cofinal in L\Ty. Suppose,
to the contrary, that x € L\Ty and w < x for all w € M. Choose y with
x < y € L\Ty. Choose a € X such that a N[x,y) # 0. Say a = [u,v). So
max(u, x) < min(v, y). In particular, u < y, sou € L\Ty, hence [0,u) ¢ U, and
so —a N [u, 00) = [v,00) € U. It follows that v € M, hence v < x, contradiction.

Case 2. cf(L\Ty) < ci(Ty). Similarly. O
This checks that the relations given in the diagram hold. To check that there are no
further relations, the following examples are needed:
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w < p(4): example 18.

a(4) < c(4): example 14.

c(4) < s(4): a Souslin line.

t(4) < h(A4): example 4.

h(4) < s(4): example 14.

a(4) < s(4): example 14.

t(4) < a(4): example 44.

a(4) < t(4): No example is known.

h(4) < a(4): No example is known.
An example with c(A4) < s(A4) really does require a Souslin line of some cardinality,
as is well-known. Otherwise all of these examples are constructed in ZFC.

ExaMpLE 44. Let L be an n,-set with no first or last element, and let M &ef w; X L
be lexicographically ordered. Define A = IntalgM . Then
(i) h(4) > .
(i1) s(4) > ws.
(ili) a(4) > w,.
(iv) p(4) = w1
(V) f(A) = ;1.
ProOF. (iii): Suppose that X is an infinite partition of unity and |X| < w,. We

may assume that each member of X is a half-open interval. By the property of
#2-sets we have

(1) If [(B.s), (B, 1)) € X and [(B,t),0) ¢ X, then there is an a such that
[(B.1).a) € X.
(2) Forevery B < w; theset {x € X : s, t[x =[(B, ), (B, 1))]} is finite.
For, suppose that the indicated set is infinite. Let

M = {s:[(B.s5),(B,t)) € X for some ¢}.

Case 1. M is well-ordered. Let sg, s1,... be the first  members of M. Choose
v,wsothats; < v < w < tforalli € w and all ¢ such that [(y,%),a) € X for
some a and y, and s; < ¢ foralli € w. Then [(8,v), (B, w))Nx =0forallx € X,
contradiction.

Case 2. M is not well-ordered. One gets a similar contradiction.

So, (2) holds. Hence N &ef {a : [(a,s),a) € X for some s,a} is infinite. Let
ap < ap < --- be the first ® members of N. Let f = sup;¢,, ;. Letv < w be
members of L. Then there is an x € X such that [(8,v), (8,w)) N x # 0. Then x
has the form [(f, s), a). Choose m < nin L such thatn < ¢ whenever[(8,1),b) € X
for some ¢,b. Then [(8,m), (B,n)) Ny = 0for all y € X, contradiction.

(iv): Fixu € L. Let P = {[—o0, (8,u)) : B < w}. Given a nonzero a € A, there
is a nonzero [(, v), (8, w)) below a. Then [oo, (B + 1,u)) Na # 0. This shows that
SIP =1. Clearly Y F # 1 for every finite F C P. Hence p(4) < wi; equality
follows from (iii) and Proposition 11.

(i): By (iv), h(A) > wy. Let P, be a partition of unity for each o < w;. We may
assume that no member of P, has a summand of the form [a, 0o) or (—o0, a). Let Q
be maximal pairwise disjoint such that Va € QVa < w3b € P,(a C b). It suffices
now to take a = [(y,v), (y, w)) and show that a N b # 0 for some b € Q. For every
o < w choose b, € P, such that a N b, # 0. Say [(0a, Sa), (Eas te)) is @ summand
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of b, such that @ N [(0a> Sa), (Easta)) # 0. Say (y,us) € @ N [(BasSa)s (Easta))-
Thus for all @ < w; we have

(1) v <ug <w.

(2) 60 <yor(d, =y and sq < uy).

(3) y<eqor(y =¢,and u, < tg).

Define
Mg =4 %féa A
Uy fdy < y;

— min(z,, w) ify = e,,
T lw ify < eq.

Then my < uy < ny < w for all . Choose r, s so that u, < r < s < n, for all a;
they exist sin L is an #,-set. Then

@) 1(.r). (7.5)) € a.

For, v € uy < rand s < ny, < w, so (4) follows.
Finally, for any o < @,

(5) [(y9r), (V, S)) g [(603 Sa)s (Eas t&))'
For, if §, < 7, clearly (04,54) < (7,7). Ifdp = 7, then s, = my < uy < r,

S0 (0u, o) < (p,7). And if y < &,, clearly (y,5) < (€asta). If y = €4 then
(7,8) < (3, 1a) < (9, ta), as desired.
From (4) and (5) the desired result follows.
(ii) follows from (i).
(v): See the proof of (iv). O
EXAMPLE 45. There is an atomless interval algebra A such that u(4) < t(A).

ProOF. Let L be an #,-set, and define M to be the disjoint union
(w x L) U (o] x L),

where each product is ordered lexicographically and each member of w x L is less
than each member of w} x L. Notationally, members of the right-hand union are
denoted by (a*,u). Clearly

(1) Each element («, u) has character (> w;, > w,).

To determine u(A) we need to consider the characters of terminal segments; see
Monk [1996][page 188]. Clearly

(2) w} x L has character (w, o).

Now suppose that T is a terminal segment different from wj x L.

Case 1. T C wj x L. If T is empty, it has character (> w.1). Suppose that
T # 0, and let f = sup{o : Ju[(a*,u) € T1}.

Subcase 1.1. There is a u such that (8*,u) € T. Then the character of T is

(> w2, > w).

Subcase 1.2. For allu, (f*,u) ¢ T. Then f is a limit ordinal, and the character

of Tis (> wy,w).

Case 2. TN(w x L) # 0. If T = M, then the character of T is (1,> w»).
Otherwise its character is (> @y, > ;).

From this and Proposition 41 it follows that t(4) > w, and u(4) < w;. O
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PROBLEM 8. Is there an atomless interval algebra A such that a(4) < t(A4)?
PROBLEM 9. Is there an atomless interval algebra A such that H(A4) < a(A4)?

8§5. Superatomic Boolean algebras. As mentioned in the definitions of the func-
tions, some of them are not defined for atomic algebras. So in considering them
for superatomic algebras, we omit b, t, i, and 5. Note also that t(4) is not always
defined. A variant of s seems worth considering. A set S weakly splits A pro-
vided that for every a € A4 such that A | a is infinite, there is an s € S such that
a-s#0%#a-—s. Then we let 5'(4) be the smallest size of a weakly splitting set.
This coincides with s(A4) in case A4 is atomless.

See below for the diagram for superatomic Boolean algebras. Of course the
diagram, as far as t is concerned, is to be understood as valid only when it is
defined. Again we try to show that the diagram is exactly as indicated.

PROPOSITION 46. Suppose that p(A) < u(A). Then A is not superatomic.
Proor. Suppose that [[X = 0 while [[F # 0 for all finite F C X. and
|X| < u(4). Let U= {[[F : F € [X]=*}".
(1) Thereis no atomin U.
For, suppose that ¢ € U is an atom. Choose F € [X]<“ such that [[F < a.

Choose y € X suchthata < —y (possiblesince 3,y —y = 1). Then [ F -y
contradiction.

Thus (1) holds. It follows that U is not an ultrafilter. Choose dy such that
do. —do ¢ U. Thus

VF € [X]< [HF-do;éo;éHF-—do].

Now suppose that we have defined dy, . . . , d,,—1 so that
Ve € "2VF € [X]<° [HF e # 0}
i<m

Foreache € "2 let

v, = <{HF Fe [X]<w} U {de<">}>ﬁ.

i<m
(2) There is no atom in V.

The proof is very similar to that of (1). Because of (2), V. is not an ultrafilter, and
so there is a y. such that

or ey | [T7 - TTar 5 0 £ T] 7 T .|
i<m i<m
Let dw = > cm (HKm ar® -ys). It is easy to see that [];,, dft +£ 0 for all
g € ™2,

By this construction, {d; : i < w} is an infinite independent set, and hence 4 is
not superatomic. |
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This proposition shows that the relations in the diagram hold.
4]

The functions for superatomic Boolean algebras

To see that no other relations hold, we need some examples:
s'(A4) < p(4): example 47.
t(4) < s'(A): example 48.
a(4) < s'(4): example 48.
t(4) < a(4): example 49.
a(4) < t(4): example 49.
ExampLE 47. Let A = Fincok. Then:
(i) §'(4) = .
(il) p(A4) = .
(iii) t(A) is defined iff k = w.
PrOOF. (i): An infinite set of atoms weakly splits 4.

(ii): If | Y| = p(4) and Y satisfies the conditions for p, then all members of Y are
finite, and so | Y| = k.

(iii): Obvious. O
For the next example, recall the notation (X ) for the subalgebra of A4 generated
by X.

ExamMPLE48. Let X be a partition of w) into w; sets each of size w. Let
A= (XU{{a}:a< o })?@), Then

(1) a(4) = w.

(i) t(4) = w.
(ili) w(A4) = .
(iv) §'(4) = w,.
Proor. For (i), we can choose x € X and take the partition

{o\x}U {{a}:a e x}.

For (i), again take any x € X; write x = {a; : i < w}, and take the tower
{x\{ez :i <m}:m € w}. Now (iii) follows from (ii).
To check (iv) the following fact is useful:

FACT. The elements of A have one of the following two forms:
FU (U G\H) with F,H € [0]<° and G € [X]<°,

Fu<w1\(UGuH)) with E H € [0]<® and G € [X]<°.
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It is straightforward to check this fact, by showing that the collection of indicated
elements is closed under N and —. We call x of type 1 or 2 depending on whether
the first or the second possibility given in the fact is true. For x = F U (|JG\H)

we may assume that H C |JG and FN{JG = 0. Forx = F U (w;\(UG U H))
we may assume that H N|JG =0and F CYG.

(1) If LU (UGI\Hi) € F,U (UG2\H,) with the above assumptions, then
G C Gy.
In fact, suppose that z € G|\G,. Choose a € z\(H; U F;). Then o € F; U
(U Gl\Hl) but o ¢ KU (U Gz\Hz).
(2) IfFuU (wl\(UGl UH1)) CFHhHU (a)l\(U Gy UHz)), then G, C Gj.
For, suppose that G, € Gy; choose z € G,\Gy. Then choose a € z\(H; U F).
Thusa € F1 U (col\(U G U Hl)) but o ¢ RU (CO1\(U G, U Hz))

Now suppose that S weakly splits 4 and S is countable. Let ¥ be the set of all

z € X satisfying one of the following conditions:
(a) z € G for some G occurring in a representation of an s € S as of type 1 or 2.
(b) zN F # 0 for some F occurring in a representation of an s € S as of type 1
or 2.
(¢) zN H # 0 for some H occurring in a representation of an s € .S as of type 1
or 2.
Thus Y is a countable set, so we can choose z € X\ Y. Let s € S split z.

Case 1. s = F U (|J G\H) with the above assumptions. Then s N z # 0 implies
that FNz # 0or ((JG\H)Nz # 0. But F Nz # 0 implies that z € Y, and
(UG\H) Nz # 0 implies that z € G and hence z € Y, contradiction.

Case 2. s = F U (w\(U G U H)) with the above assumptions. Since z\s # 0,
we have z N (|J G U H) # 0, contradiction. (]
The idea of the following example is due to Mati Rubin.

ExaMPLE 49. Let K and J. be uncountable regular cardinals. Then there is a super-
atomic BA A such that
(i) t4) =x
(i) a(4) = 4.
(i) s'(A4) < k.
ProOOF. We define a poset P. Its elements are denoted by a, for o < « and xqp

for limit @ < & and B < A. All of these elements are assumed to be distinct. The
ordering is defined by the following conditions:

ag <ag iff a<p

Ao < Xx,p Uf a<y

xp<as iff y<o

X5 < x5 iff  y<d.
Note that each element a, is comparable with all elements of P. Let A4 be the
subalgebra of % (P) generated by all sets [b,¢) with ¢ not an x,5. Note that
[x,8.a,) = {x,8}, so {x,5} € A. for all limit y < & and all § < 4. Also,

{a,} = [a,,a,41) for all y < k. Note that A/l is isomorphic to Intalg(x), so
A is superatomic. (I is the ideal generated by the atoms.)
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(1) Every element of A can be written in the form
x=FU ([Co, do) Uu...u [Cm-la dm_l))\G,
where the following conditions hold:
(a) F and G are finite sets of xop’s.
(b) no d; is an x,p, and no ¢; is an x,p.
(€) co<dy<c) <+ <y < dpy < 00.
(d) G g [CO> dO) u...u [Cm—la dm—l)
(e) FN([co.do)U...Ulem—1.dm-1)) =0.
To prove this, first note that each generator of A has this form; note that

[x,8.¥) = {x,5} Ula,,y) for any y. Clearly then it suffices to show that the
set of elements of this form is closed under unions and complements.

That the set is closed under unions follows from the following arithmetic law
holding in any BA:

a-—g+b-—h=(a+b)-—(g-—b+h-—a+g-h).

Closure under complementation is more complicated. By the simple arithmetic law

~—(f+b-—g)=g-—f+ —b-—f,itsuffices to show that the complement of the
big sum which is a part of x again is of the form in (1). In fact, clearly

—([co.do) U ... U[em—1,dm—1))
= [ao’ Co) U [do, C]) U...u [dm_.Z, cm—l) U [dm—ls OO)

This completes the proof of (1).
Now note that the following is a partition of unity:

{{xwp} : < 2IU{{ai} i< 0} U {[ae,0)}.
Suppose that & is an infinite partition of unity with 2| < A. By (1) we may assume
that if x € . then x either has the form F,, a finite set of x44’s, or [b, ¢x)\Gx, Gy
a finite set of xqp’s, with by, ¢, not x,p’s.

We now define ay, ... and Gy, ... by induction. Let ap = 0. Now {ap} N x # 0
for some x € £. By the assumption on the form of the elements of P, we can write
x = [ag, ¢)\G for some ¢ which is not an Xop. Now ¢ # oo, since otherwise &
would be finite. Say ¢ = a,,, and let Gy = G.

Suppose that ay, ... ,q; and Gy, ..., G;_| have been defined so that ap < --- <
a;. Go, ..., G;_ are finite sets of xn4’s, and

@0y @0, )\Gos - - - . [a0;_,0a,)\Gi—1 € P.

Then by an argument similar to the above, there is an o;,; > «; and a finite set G;
of x4p’s such that [aq,. a4,,,)\Gi € Z.

Let § = sup;¢,, ;. Thus g < & since cfx > w. By an argument above, there are
¢, G such that [ag, ¢)\G € P. Now if 6 < 4, then {xq,s} N x # 0 for some x € L.
The element x cannot have the form [as, ¢)\G, so x is a finite set of x,,’s. Since
|#| < 4, notall x,,’s are in | &, contradiction. This shows that a(4) = A.

Note that {[a,,00) : @ < Kk} is a tower. Suppose that (y, : o < u) is strictly

increasingwithsum 1, and w < u < k with u regular; we want to get a contradiction.
Write

Yo =Fo U([c§.dg) V... Ulcp 1.y 1)\Ga,
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with obvious assumptions. If 4 -1 # oo for all @ < u, say dy; | = ag, for all
a < u. Hence, since 4 < & and k is regular, there is an # < & such that &, < % for
alla < u. Then {a,} -3, , Yo = 0. contradiction. So wlog d; _; = oo for all
a< p.

Next we claim that if « < f < u, then Cooe1 2 qu,,—l' For, suppose that
Comam1 < Cf,/f—r If mg =1, or mg > 1 and dm/,_z < cﬁ‘,“,a_l, then Cma—1 € Yo \Vg-
contradiction. If mg > 1 and d,n,—> > Cone—1® then d,,,—» € Yo \yp. contradiction.
So our claim holds

Now cg,o_l >y > --.80 (et a < ) is eventually constant, say equal
toe. Wloge,, | = e for all o < u. Hence m, > 1 for all @ < u. Then for all
o < uwe have dy ,<e. Sayd; ,=a, ande =a,. Lett =sup,.,ps. If
t<o,then{a:} >, , Ve =0, contradlctlon. Sor=o0.

Let Y = {x4: : € < A}. Now for any o < p,

(%) Y 0 ([eg.dg) V... Ulem, 2dm, 1) Ule.00)) =0,

$0 ¥V = Uy (Y NF). fa < f< p, then Y NF, C yp. and so by (%) for B we
must have ¥ N F, C Fp. Since Y is infinite, (Y N F, : a < u) is not eventually
constant. It follows that 4 = w and Y is countable, contradiction. a

The author wishes to thank the referee, who found numerous typographical and
minor mathematical errors, and found serious mistakes in proposed examples of
an atomless interval algebra 4 such that a(4) < t(4), and of an atomless interval
algebra A such that h(4) < a(4).
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