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Introduction to the Handbook

The genesis of the motion of a Boolean algebra (BA) is, of course, found in the
works of George Boole; but his works are now only of historical interest — cf.
HaiLperIN [1981] in the bibliography (elementary part). The notions of Boolean
algebra were developed by many people in the early part of this century -
Schréder, Lowenheim, etc. usually working with the concrete operations union,
intersection, and complementation. But the abstract notion also appeared early,
in the works of Huntington and others. Despite these early developments, the
modern theory of BAs can only be considered to have started in the 1930s with
works of M.H. Stone and A. Tarski. Since then there has been a steady
development of the subject.

The present Handbook treats those parts of the theory of Boolean algebras of
most interest to pure mathematicians: the set-theoretical abstract theory and
applications and relationships to measure theory, topology, and logic. Aspects of
the subject not treated here are discussion of axiom systems for BAs, finite
Boolean algebras and switching circuits, Boolean functions, Boolean matrices,
Boolean algebras with operators — including cylindric algebras and related alge-
braic forms of logic — and the role of BAs in ring theory and in functional
analysis.

The Handbook is divided into two parts (published in three volumes). The first
part (Volume 1) is a completely self-contained treatment of the fundamentals of
the subject, which mathematicians in various fields may find interesting and
useful. Here one will find the main results on disjointness (the Erdos—Tarski
theorem), free algebras (the Gaifman—Hales, Shapirovskii-Shelah, and Balcar—
Franék theorems), and the basic decidability and undecidability results for the
elementary theory of BAs, as well as the systematic development of the abstract
theory (ultrafilters, representation, subalgebras, ideals, topological duality, free
algebras, free products, measure algebras, distributivity, interval algebras,
superatomic algebras, tree algebras).

The second part of the Handbook (Volumes 2 and 3) is intended to indicate
most of the frontiers of research in the subject; it consists of articles which are
more or less independent of each other, although most of them assume a
knowledge of at least the easier portions of Part I. The second part is arranged in
four sections, with two appendices and a bibliography. Section A, Arithmetical
properties of BAs, has two chapters: on distributive laws and their relationships
to games on BAs, and on disjoint refinements, treating extensively this elemen-
tary notion discussed in Part I. Section B, Algebraic properties of BAs, treats
subalgebras, particularly the lattice of all subalgebras and the existence of
complements in this lattice; cardinal functions on Boolean spaces; the number of
BAs of various sorts; endomorphisms of BAs, including the existence of endo-
rigid BAs; automorphisms groups; reconstruction of BAs from their automor-
phism groups; embeddings and automorphisms, especially for complete rigid
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BAs; rigid BAs; and homogeneous BAs. Section C is devoted to special classes of
BAs: superatomic algebras, mainly thin-tall and related BAs; projective BAs; and
two lengthy chapters on countable BAs, with Ketonen’s theorem; and on measure
algebras, giving an extensive survey of this topic which is perhaps the most
important subfield of the theory of BAs for most mathematicians. Section D deals
with logical questions: decidable and undecidable theories of BAs in various
languages; recursive BAs; Lindenbaum-Tarski algebras; and Boolean-valued
models of set theory. Two appendices, on set theory and on topology, explain
some more advanced notions used in some places in the Handbook. There is a
chart of topological duality. Finally, there is a comprehensive Bibliography on the
aspects of the theory of Boolean algebras treated in the Handbook.

Many people contributed to the Handbook by checking manuscripts for mathe-
matical and typographical errors; in addition to several of the authors of the
Handbook, the editor is indebted to the following for help of this sort: Hajnal
Andréka, Aleksander Btlaszczyk, Tim Carlson, Ivo Diintsch, Francisco J.
Freniche, Lutz Heindorf, Istvan Németi, Stevo Todorcevi¢, and Petr Vojtas.
Thanks are also due to the North-Holland staff, especially Leland Pierce, for their
editorial work.
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Section C

SPECIAL CLASSES
OF BOOLEAN ALGEBRAS

The four chapters of this Section give an in-depth coverage of some important
classes of Boolean algebras discussed in Part 1.

Chapter 19, Superatomic Boolean algebras, by Judy Roitman, goes into two
facets of the theory of these algebras which have been widely studied: the
problem of existence of superatomic algebras with a long cardinal sequence, each
term of which is small (thin—tall algebras and related concepts), and the realiza-
tion of automorphism groups in superatomic algebras in a natural way.

Chapter 20, Projective Boolean algebras, by Sabine Koppelberg, gives some
characterizations of these algebras, Shchepin’s characterization of when a projec-
tive algebra is free, and discusses the number of isomorphism types of them.

Chapter 21, Countable Boolean algebras, by R.S. Pierce, is a comprehensive
treatment of this important class of algebras. It deals with several kinds of
invariants which have been induced for countable algebras, the structures induced
on the isomorphism types of these algebras by the product and coproduct
constructions — culminating in the theorems of Dobbertin, Ketonen, and
Trnkova — and a discussion of the notion of primitive Boolean algebra induced by
Hanf.

Chapter 22, Measure algebras, by David H. Fremlin, gives many of the known
results about this important class of algebras; Maharam’s theorem, liftings, a
discussion of which BAs can have measures are discussed, and other topics are
treated.
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0. Introduction

A Boolean algebra is superatomic iff every subalgebra is atomic. Equivalently,
a Boolean algebra is superatomic iff every quotient algebra is atomic iff its Stone
space is scattered (every non-empty subset has an isolated point). These equival-
ences and more will be proved in Section 1.

We abbreviate ‘“‘superatomic Boolean algebra” to “sBA”. Notice that, by the
third equivalence above, sBAs are implicit in the early work of Cantor (the
Cantor-Bendixson derivative, which predated transfinite ordinals). However, the
field has been largely dormant until fairly recently.

The reader who has not worked with sBAs before might appreciate some
examples.

0.1. ExampLE. Almost disjoint sets. Let A be an almost disjoint family on some
cardinal k so that if a, b are distinct elements of A then a N b is finite. (Note: if
k > o this is not the usual set-theoretic usage.) Let B, be the Boolean subalgebra
of P(k) generated by finite Boolean operations on A. We show that B, is
superatomic.

Let C be a subalgebra of B,. If C has a finite subset of k as an element or if C
is the two-element algebra, we are done. So assume that C has some element of
the form a, U---Ua,, where each g, differs in at most a finite set from some
element of A. Let E={a,,...,a,}. Say that F C E is minimal iff UF € C and
for all proper subsets H C F, UH & C. Clearly, E has a minimal subset and if F is
minimal then UF is an atom of C. O

0.2. ExampLE. Well-ordered sets. Let X be a set well-ordered under <. For the
topologist: Let B, be the algebra of clopen subsets of X. Note that B, is
generated by the clopen intervals of X, hence is called the interval algebra on X.
Hence, for the reader of Part I: Let B, =Intalg X. We show that B, is
superatomic. B 5

Let X be the Stone space of By. Then either X = X or X = X U {p}, where we
assign p > x for all x € X. Hence, a non-empty subset of X with at least two
elements contains a relatively isolated point, its minimum. [

Interval algebras on well-ordered sets were basic to the early study of sBAs. In
1920, Mazurkiewicz and Sierpinski showed that every countable sBA is the
interval algebra on some countable ordinal. The basic characterizations of sBAs
were given, and the basic questions raised, in the paper by Mostowski and TARSKI
[1939] on interval algebras on ordered sets.

0.3. ExampLE. Trees. A tree T is a partially ordered set so that == {s€ T:
s <t} is well-ordered for all 1€ T. Given a tree T we define the interval algebra
B to be the subalgebra of ?(T') generated by all intervals, where an interval is a
linearly ordered set I C T so that if s, 1€ I and s <r =<, then r € I. Note that if J
is an interval, then B;|J={b& B,:b=1J} is an interval algebra on a well-

721
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ordered set. Note that every subalgebra of B, which is not the two-element
algebra has an element which is a finite union of intervals. Using Example 0.2 it is
easily seen that B, is an sBA. [

Interval algebras on trees can be useful for quick examples on cardinal
invariants. Unfortunately, if the result is non-trivial, the trees are not construct-
ible in ZFC alone.

Other relatively simple examples will appear in Sections 1 and 2. After that,
most of the chapter will be concerned with constructing difficult examples or
showing that sBAs with certain properties need not exist.

Although the essential questions were asked in 1939 by Tarski and Mostowski,
the study of sBAs only began to take off in the late 1960s and early 1970s. The
two main categories of results are: cardinal invariants, and automorphism groups
and isomorphism types. After Section 1, it is these results we will focus on.
Section 1 will present preliminary work and some miscellaneous results.

In no sense is this an exhaustive survey. The author bears sole responsibility for
deciding which results to include. Results will be presented in varying degree of
detail, with an eye always towards illuminating the Boolean algebraic aspect of
the proof. Several of the results involve quite technical set-theoretic arguments,
either forcing or combinatorial constructions or both, and these will generally be
abbreviated on the grounds that the reader who knows enough set theory to
follow the arguments can look up the originals, and the reader with little set
theory is done no service by including them.

A word about topology. While the Stone spaces of sBAs are exactly the
compact scattered spaces, the study of sBAs has been largely disjoint from
topology. The reason for this is that few topological concepts translate well into
Boolean algebraic terminology (try ‘“first countable”, for instance). Where results
have first been proved topologically I have generally translated the proof back
into Boolean algebra. While something is lost (more topological properties in the
conclusion or fewer in the hypothesis) something is also gained in the combina-
torial clarity of the resulting picture. And this is, after all, a handbook of Boolean
algebra.

Special thanks are due to Martin Weese for enlarging my perspective and sense
of the history of this area in conversations in Warsaw in 1984, and to Don Monk
for first getting me interested in the subject.

1. Preliminaries

Since every sBA is atomic we will assume that each sBA is a subalgebra of
some P(k), and will use set-theoretic notation rather than Boolean algebra
notation (e.g. “a N b” instead of “a- b”’). We write S(B) for the Stone space of a
Boolean algebra B.

Let us characterize sBAs.

1.1. TuEOREM. For a Boolean algebra B the following are equivalent:
(a) every quotient algebra of B is atomic,
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(b) S(B) is scattered,

() S(B) has no weak subspace homeomorphic to the rationals (where a weak
subspace is a subset under a topology weaker than the subspace topology),

(d) B has no free subalgebra on infinitely many generators, and

(e) every subalgebra of B is atomic.

Proor. Recall from Part I: quotient algebras of B correspond to closed subsets of
S(B); atoms of B correspond to isolated points of S(B). Recall from topology:
every closed subspace of a space has an isolated point, iff every subspace has an
isolated point. So (a) is equivalent to (b).

Let X be a compact zero-dimensional space. The following equivalences are a
homework exercise in graduate topology: X is not scattered iff X has an
embedded copy of the Cantor set as a weak subspace iff X has an embedded copy
of the rationals as a weak subspace iff the family of clopen subsets of X has a copy
of the standard basis on the rationals, which is the unique countably generated
infinite non-atomic Boolean algebra, hence is the countably generated free
algebra. So (b), (c), and (d) are equivalent.

Finally, any free subalgebra on infinitely many generators is not atomic, and
every non-atomic algebra has a non-atomic countable subalgebra which, by
uniqueness, must be the free algebra on countably many generators. So (d) is
equivalent to (e). O

Theorem 1.1 was proved in Mostowski and Tarski [1939]. In the same paper
they discussed the major cardinal invariants of an sBA.

1.2. DerINITION. Let B be a Boolean algebra.

(a) At(B) is the set of atoms of B.

(b) If J is an ideal in B, then J* is the ideal in B generated by J U {x: x/J €
At(B/J)}.

© Jo(B)=8; J,.,(B)=(J,(B))"; if @ is a limit then J,(B)=U,_, J;(B).

When the context is clear, we will write J, instead of J_(B).

1.3. DerINITION. Let B be a Boolean algebra.

(a) ht(B) is the least a for which J,=J_, ;.

(b) wd, (B)=|AU(BIJ,)

(c) wd(B) =sup{wd_(B): a <ht(B)}

(d) the cardinal sequence of B is the function @, where domain &, = ht(B)
and each @;(a) =wd_(B).

We call ht(B) the Cantor-Bendixson height of B, wd(B) the Cantor—Bendix-
son width of B.
Let us codify some basic facts. (The proof is left as an exercise.)

1.4. Facr. (a) B is superatomic iff B = Jy, 5.
(b) If B is an sBA, then ht(B) is a successsor ordinal, and At(B/J,, ;) is
finite.
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(c) Each J, is closed under finite union, finite intersection, and relative
complement (i.e. if a, b are elements of J_, then so is a — b).

(d) If wd_(B) = A, then |B/J,|<2"

(e) If wd,,,(B)=A, then wd_,(B)=A\". O

If B is an sBA, then by 1.4(a) we define the rank function on B: rank x is the
least a +1 withxeJ,  , —J,.

The J,’s provide a rigid structure for an sBA B. For example, any automor-
phism of B must carry each J, into itself. Notice that any automorphism g of B
induces an automorphism g, of B/J,. We say that B is almost rigid iff for any
automorphism g of B some g, is the identity, for some a <ht(B) (where a < B iff
a<pand a +1+#pB).

1.5. DerINITION. Let B be an sBA. N(B) = {q € aut(B): for some a <ht(B), q,
is the identity}.

1.6. Fact. N(B) is a normal subgroup of Aut(B).

Proor. Let q € N(B), q, is the identity, a <ht(B), h € Aut(B), rank x> a.
Then h~'(x/J,) € BIJ, so qh~"(x/J,) = h~'(x/],) so hqh™'(x/J,)=x/J,. O

1.7. DErINITION. G(B) = Aut(B)/N(B).

The overriding issues for sBAs are: What functions can be cardinal sequences
for an sSBA? What groups can be G(B) for an sBA B? How different can two
sBAs be if they have the same cardinal sequence? If they have the same G(B)?

2. Odds and ends
In this section we present some easy examples and quick facts.

2.1. ExampLE. Partition algebras. A partitioner of an almost disjoint family & on
w is an infinite set a C w so that for all b € o either b — a is finite (i.e. b is almost
contained in a) or bNa is finite (i.e. b is almost disjoint from a). The set of
partitioners for a given almost disjoint family is easily seen to be a Boolean
algebra, called the partition algebra of the family. Partition algebras were
introduced by Weese and are explored in BAUMGARTNER and WEESE [1982]. In
particular, every countable Boolean algebra is a partition algebra, under CH
every Boolean algebra of size no greater than 2 is a partition algebra, and it is
consistent that no infinite complete Boolean algebra is a partition algebra (for
proofs, see BAUMGARTNER and WEESE [1982]).

When is a partition algebra an sBA? Here is a partial answer.

2.1.1. TueoreM (Baumgartner and Weese). The partition algebra of a maximal
almost disjoint family on w which has size less than 2° is an sBA.
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ProoF. Let & be maximal almost disjoint, | /| <2, let B be the partition algebra
for &, and suppose B is not an sBA. Then B has an mdependent family
{a,:n<w}. For each fE “w let bl =a_ if f(n)=0, w —a, if f(n)=1. Since
{b/: n<w)} is a countable free filter on w there is an infinite a; C w, where
a; — b! is finite for all n. Since & is maxxmal there is b € A with b, N a; infinite.
Since each a, is a partitioner of &, b, — a’ is also finite for all n. Hence, if f # g,
b, and b, are d1stmct contradicting | &/ | <2°. O

By a theorem of Hechler, the existence of maximal almost disjoint families of
size less than 2“ is independent of ZFC.

2.2. ExampLE. More on trees. Let us consider the cardinal invariants of an
interval algebra B, on a tree T, as in 1.3.

Suppose T has size k, height A, where A is a regular cardinal, and p many
branches of length A. The following are easy to verify:

(1) There is a closed unbounded set of type A in A, A, so that if ht(x) € A for
x€T, b(x)={y: y=x}, and B, is as in 1.2, then rank b(x) in B; equals ht(x)
in T, which equals the order type of b(x).

(2) If b is a branch of length A, then rank b= A +1 in B;.

From (1) and (2) we can immediately conclude that wd,(B;)=p, ht(B;) =
A+2,and |B,|=2" O

2.3. ExampLE. S spaces. A topological space X = {x_: a <k} is said to be right
separated of type k iff{x_: a < B} is open for each B < k. Clearly, every right
separated space is scattered. A regular right separated space of type w, with no
uncountable discrete subspaces is an example of an S space (an S space is a
regular hereditarily separable space which is not hereditarily Lindel6f). Were such
a space X to be locally compact its one-point compactification X would still be
scattered, hence would be the Stone space of some sBA B. Since each At(B/J,)
corresponds to a discrete subspace of X, each wd «(B) = w. Since each point x,

corresponds to an element of B with rank at most @ + 1, ht(B) = w, + 1. An sBA
with such cardinal invariants is called thin—tall.

Real thin-tall sBAs exist, but this is not the way to prove it, since locally
compact right-separated S spaces exist under CH (JunAsz, KuNeN and RubpIN
[1976]); under < (Ostaszewski [1976]); and fail to exist under MA + ~CH
(SzeNTMIKLOSSY [1987?]).

For the proof that real thin—tall sBA’s exist, see Section 3.

Let us investigate how many non-isomorphic sBAs of a given class we can have.
2.4. THEOREM. (a) There are at least k" pairwise non-isomorphic sBAs of size k.

(b) There are 2*° pairwise non-isomorphic sBAs built out of almost disjoint
families as Example 0.1 in Section 0.

(Part (a) was proved in Day [1967], part (b) in Mréwka [1977].)

Sketch of proof. For (a): if k < a < k ¥, then there is an sBA as in 0.2 of height
a +1, which proves what we want.
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For (b): Given B, B., as in 0.1, each isomorphism = from B, to B, is
completely determined by a function f, from w to w, and f, gives a complete
descnptlon of B, mod finite. So each B, can be isomorphic to at most 2* many
B,.’s. But there are 2°° maximal dlS]Oll'lt families on w. O

We now turn our attention to some peculiar set-theoretic facts about sBAs.

Suppose V is a model of set theory and B is a Boolean algebra, BE V. If B is
not an sBA, then B contains an infinite free subalgebra; hence any extension of V
which adds reals adds points to S(B). However

2.5. THEOREM. Suppose V is a model of set theory, B is an sBA in V,and V' is a
model extending V. Thgn
Y ,
(@) (S(B))" = (S(B)"" y
(b) (S(B))" is n-compact iff (SB))" is

Theorem 2.5 needs some explanation. Define (S(B))" = S(B) N M; it is iso-
morphic to the collection of maximal filters on B which lie in M. So (a) says that
no new maximal filters are added in any extension.

As for (b), a space is n-compact iff it has a sub-basis U so that any open cover
via sets in U has a subcover of size n. (Supercompact = 2-compact.)

Proor. Note that points in S(B) correspond exactly to atoms in some B/J,, and
that both B and the rank function are absolute, i.e. do not change from model to
model. Hence, B/J, is absolute, for each a. If a new ultrafilter were added to
S(B), a new element would be added to some B/J,, which cannot happen. So (a)
follows.

For the proof of (b): Suppose % € V, where any open cover of S(B) via sets in
% has a subcover of size n, and suppose « is a cover of S(B), o €V', & C 9. By
compactness there is finite C C &, C a cover of S(B). But by finiteness, C €V, so
it must have subcover of size n. 0O

Finally, we briefly mention three uses of sBAs to give a sense of how they can
unexpectedly pop up in the strangest places.

2.6. THEOREM (Juhasz, Nyikos). If k = k=, B is an sBA and |S(B)|> k, then
S(B) has a closed subspace of size k.

The proof can be found in JuHAsz and Nyikos [198?], which asks in general
when large spaces are guaranteed to have closed subspaces of a given small size.

2.7. TueoreM (Day). A Boolean algebra B has a free complete extension iff B is
an sBA.

An explanation of the terminology of 2.7: a free complete extension B* of B is
a complete algebra completely generated by B in which the following diagram
commutes for all complete C:
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Theorem 2.7 is proved in Day [1956].

2.8. THEOREM (van Douwen). w, is the depth of the dynamical system (»*,s),
where s is generated by the shift operator on w, i.e. s(n)=n+1.

Note that sBAs are not mentioned in Theorem 2.8, but are used in the proof,
which can be found in vaAN DouweN [1987?].

3. Thin-tall Boolean algebras

Recall that a thin—tall SBA has width w and height at least ;. In the previous
section we learned that the existence of thin—tall sBAs is consistent with the
axioms of set theory. In this section we show that in fact there is always a thin—tall
sBA; and, better yet, there are always two non-isomorphic thin—tall sBAs of
height w, + 1.

A brief history. The question of whether thin—tall sBAs exist was asked by
Telgarsky in 1968, although never published by him. It was answered in the
affirmative, and generalized, in JuHAsz and Weiss [1978] - they got thin-tall
sBAs of arbitrary height below w, which in ZFC is the best you could hope for.
Weese, around 1980, then saw a way of generalizing their construction so that the
width at each level could slither back and forth between w and w,, even allowing
cardinals up to and including 2“ thrown in at levels whose cofinality is countable —
it is Weese’s result which is presented here.

Weese [1982] showed the existence of two non-isomorphic thin—tall sBAs of
height w, + 1 assuming CH. In late 1984, Simon and Weese showed the existence
of two non-isomorphic thin—tall sBAs of height w, + 1 with no extra set-theoretic
assumptions. We present that result in this section as well.

After this section, all results presented will be consistency results.

Both of the results presented in this section use the same machinery, introduced
forthwith.

3.1. DEeFINITION. A pre-algebra on a cardinal k is a set J C P(«) which is closed
under finite union, finite intersection, and relative complement as in Fact 1.4. If J
is a pre-algebra on k we define the algebra J* to be the closure of J under
complement in «.

Note that the rank function defined on J* defines a rank function on J, and that
if J* is an sBA then any element of J* — J has rank strictly greater than the rank
of any element of J. Hence, if J* is an sBA, then J is the union of a sequence of
ideals {J,: @ <y} as in Definition 1.2.

If J* is an sBA, we say that J is a pre-sBA.
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Note that if I C J are both pre-sBAs with rank functions r, and r,, then for each
x€I, r(x)=r,(x).

3.2. DErINITION. Suppose r is the rank function on a pre-sBA J, domr = F. Let
E be a set of successor ordinals of the same order type as F, where ¢ is the order
isomorphism between F and E. The function @°r: J— E is called a pre-ranking
of J. A rank function is called a ranking.

Given a pre-sBA J with a pre-ranking s derived as in 3.2 from a ranking r and a
function @, and an ordinal a + 1 Erange s, we denote by J, the ideal more
properly referred to as Jg(,11)-1-

3.3. DerINITION. Let J be a pre-sBA with pre-ranking s, range s = E. A repre-
sentation sequence for J is a collection {A,: a +1€ E}, where each |4 |=
|At(J/J,)| and each A has exactly one element from each equivalence class x/J,,
where s(x) = a + 1. A representation sequence is said to be normal iff each A, is
pairwise disjoint. Notice that if wd, = w for all « € E, then J has a normal
representation sequence. A normal representation sequence is said to be special
iff for all e <Bif x€E A, and y € A, then either xCy or xNy=0. A simple
induction shows that every countable pre-sBA has a special representation
sequence.

The idea is to piece together countable pre-sBAs preserving their predeter-
mined pre-rankings. This is reasonable since we are trying to construct objects of
size w;. (The movement to 2“ in Weese’s result is an afterthought and not part of
the essential construction.) For the Simon—Weese result, straightforward induc-
tion where the pre-rankings are the actual rankings suffices. For the Weese result
a more complicated induction is used, and it helps to have on hand the following
countably closed partial order.

3.4. DeriNiTiON. The partial order P consists of all pairs (J, s), where J is a
countable pre-sBA and s is a pre-ranking of J. For p €P we write p =(J,, s,).
The order is: p=q if J,CJ, and s, |7, =s,. Notice that if {p,:nE€w} is a
descending sequence, then (U J,, U s,) is an element of P below each p,.

3.5. TueoreM (Weese). Suppose a < w, and f: a +1— CARDS is a function
with the following properties:

(1) if B has countable cofinality, then w < f(B) =2%;

(2) if cf(B) = w;, then o = f(B) =< w,;

3) 1=f(a)< .
Then f is a cardinal sequence of some sBA on .

3.6. CoroLLARY (Juhasz and Weiss). For each a < w, there is a thin—tall sBA of
height a +1.

The proof of Theorem 3.5 proceeds by a series of lemmas.

3.7. LemMA. Suppose (j,s)EP, a<w,. Then there is (J',s")EP, (J',s')=
(J, s) and |At(J'1]'a) — At(J/Ja)| #0.
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Proor. Let E =range s and suppose {A,: B+ 1€ E} is a special representation
sequence for J. Without loss of generality a +1€ E.

Case 1: a + 1 has an immediate predecessor Bin E. Let Ag = {a,: n€ w} and
let A, ={b,:nE€ w}. For each n let ¢, = {k:a, Cb,} and let C be a countable
almost disjoint family on w extending {c,: n € w}. Forc € Cletb, = U {a,: k€ c}.
Then the pre-sBA generated by J U {b_: c € C} extends J. If s’(x) = s(x) for all
x€ Jand s'(b,)=a +1 for all c € C, then s’ extends to a pre-ranking on J’ with
', s")<(J,s).

Case 2: ais the limit in E of an increasing sequence of ordinals a, + 1, n < w.
Construct, for each o €2, a set a, so that if o has length n, thena, € A, , so
that if the length of o is less than the length of 7, then a, Na_=@, and so that if
a€ A,, then for each n there is at least one o of length n with a, Ca. If his a
branch of the binary tree of length w, define a, = U a,. For each a € A we let
H, be the set of branches h for which a, C a. Let H be a countable set of branches
avoiding each H,. Then letting J' be the pre-sBA generated by J together with
the a,’s for h € H, and assigning each a, a pre-rank of « +1 as in Case 1,
completes the proof. [

3.8. LEMMA. Suppose o, < a < w, and g is a function on a, where range g | a +
1={w, w,} and 1=g(a) < w. Then g is a cardinal sequence for an sBA.

Proor. For each y < a let A ={d s.y- B<g(v)} be a collection of names. We
must assign to each a,,y a set ag., so that if A ={a, : B <g(y)}, then the
collection of all A ’s is a representation sequence for an sBA with cardinal
sequence g.

Note that U y<a A' has size w,, hence we may list it as a sequence of length w,,
{b;: 6 <w;}. By mvokmg Lemma 3.7 we construct a decreasing sequence of
conditions in P, { ps: 8 < w,}, where if b; = a 5. then p; constructs a, , and gives
it a pre-ranking of g +1. O

Note that Corollary 3.6 follows immediately from Lemma 3.8.

Proof of Theorem 3.5. Suppose f is as in 3.5, range f= «a. Let g be a cardinal
sequence for an sSBA B of height a + 1, where each g(8) = w. We rearrange a as
{Bs: 8 <w,}, and construct an increasing series of sBAs, {B;: 8, w,;} with
cardinal sequences g; where

(i) B,= B,

(ii) each g,(B;) = f(B5),

(iii) g5;(Bs) = w for 8'>§,

(iv) if 8 < &' then the rank function on B;, restricted to B, agrees with the rank
function on B;.

To do this we examine the proof of Lemma 3.7 a little more closely. Note that
the almost disjoint families we constructed did not have to be countable to get the
desired extension. Note that we did not need a special representation of the entire
pre-sBA J. Instead we needed:

(1) The level a we are working on is countable.

(2) There is a countable pre-sBA JCJ and a special representation of J
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contained in the given representation of J so that we may construct A, out of
elements of J as in Lemma 3.7, for each B=a.

Thus, by imitating the proof of 3.7, we can construct the desired sequence of
B;’s, g5’s, and Theorem 3.5 is proved. O

We have shown that a large class of functions are cardinal sequences. In
Theorem 2.4(b) we showed that short fat cardinal sequences do not determine
isomorphism type. What about long skinny ones?

3.9. THeoREM (Simon and Weese). There are two non-isomorphic thin—tall sBAs
of height w, + 1.

The proof of Theorem 3.9 needs yet more definitions.

3.10. DErFINITION. Suppose {A,: a < w,} is a normal representation sequence of
a pre-sBA, where each A, ={a, ,:n<w}. A refinement is an almost disjoint
collection {b,,:n<w,a<w;}, where each b, Ca,,. We write B, =
{b,..n<w}. A refinement is sparse if

(a) for each n<w, =1, if B> a, thena, ,NU B, is finite.
A refinement is unbounded if

(b) for each @ =1, n, p<w, by, Nb,, has size greater than p for all but
finitely many (B, k) Ea X n+1.

Theorem 3.9 will be proved by showing that there is a thin—tall pre-sBA of
height w, with a normal representation sequence which has a sparse, unbounded
refinement; and there is a thin—tall pre-sBA of height w; for which no normal
representation sequence has a sparse, unbounded refinement. The proof of the
sécond part in SiMmoN and WEESE [1985] is topological; we have excised the
topology.

3.11. DerINITION. A pre-sBA of height «a is split iff there are infinite disjoint sets
¢,d and a representation A of J so that every a € A is either equivalent
mod J_, . , to a subset of ¢ or to a subset of d, and both ¢ and d have subsets of

arbitrarily high rank below a. We say that c, d split J.

For example, given a pre-sBA J of height «, consider the pre-sBA J+J
constructed by taking two disjoint copies of J. J+ J is split and has the same
cardinal sequence as J. Thus, every cardinal sequence of an sBA is also the
cardinal sequence of an sBA J* as in Definition 3.1, where J is split.

3.12. LemMMA. A split pre-sBA of height w, and width & has no normal representa-
tion sequence with a sparse, unbounded refinement.

Proor. Suppose, by contradiction, we have a pre-sBA J of height w; and width w,
J is split by ¢, d, and {a, ,: @ <w,;,n<w} is a normal representation sequence
with the sparse, unbounded refinement {b, ,: a <w,,n<w}. Fixa=a,,. Since
a is an atom of J*/J, exactly one of a N ¢, a N d gives rise to an atom of J*/J ;
call it a*. Without loss of generality, a* =a N c. Then aN d is an element of J .
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Letb=b,,. If b — a* is infinite, then b — a* is an infinite subset of an element of
J,, hence some infinite subset of b —a* is a subset of some a; ,,, where 8 <a.
But this contradicts sparseness. So b — a* is finite. Let b* = b N a*.

There are fixed n, m, k, j and uncountable C, D so that if @ € C, then b:,n Cc
and |b, , — c|=k and if « € D, then b, ,, Cd and |b,, ,, — d| — j. Without loss of
generality, m=n. Fix a« € C so that D N« is infinite and let E = {B: b;m n
by ,=0}. DN a € E. But then, for each BED Na, |b, , Nb,,|=k+ j, which
contradicts the unboundedness of the original refinement. [J

3.13. LEMMA. There is a pre-sBA of height w, and width w which has a normal
representation sequence with a sparse, unbounded refinement.

ProoF. Suppose we have an initial segment of our eventual representation
sequence A={a;,: B<a,n<w}, and a refinement B={b; ,: B<a,n<w},
where A is a normal representation sequence of the pre-sBA it generates, rank
a,, =B, and B is a sparse, unbounded refinement of A. We first construct, by
countable induction, a family {b,: n € w} so that if a€ A, then anU b, is
finite, and for each finite p and all but finitely many (B, k)EaXxn+1, |b, N
by |>p. Letb= Ub,, leta’=a—U b, foreacha€ A. Then A’ = {a’: a € A}
is a normal representation sequence for a pre-sBA and we may add infinitely
many disjoint elements @, of rank «, as in Lemma 3.7, where U,_, a,=U A’
Let a, = a, U b, for each n. Then A U {a,: n € w} is the desired refinement. [J

By Lemma 3.12, some thin—tall sBA of height w, + 1 has no normal representa-
tion sequence with a sparse, unbounded refinement; by Lemma 3.13, some sBA
with the same cardinal invariants does. So Theorem 3.9 is proved. [

4. No big sBAs

As Example 0.1 makes clear, there is always an sBA with @ many atoms of size
2°, since there is always a maximal disjoint family on w with that size. What about
the general case? For arbitrary infinite k, is there always an sBA with k many
atoms and size 2"? In 1983 Szentmikldssy showed the answer was no.

Some background: notice that if 2“ = 2% then the answer is yes: just take x
many disjoint copies of the sBAs on o gotten from almost disjoint families of size
2“ as in 0.1. Similarly, if 2 = k, then the answer is yes: take the sBA generated
as in 0.3 by the binary tree of height k. By BAUMGARINER [1976] you can show
more, e.g. if 2° <min(cf(2*?), X, ), then there is a tree of size w, with 2“* many
branches, hence again by 1.3 the answer is yes for w,. So to get Szentmikldssy’s
result for k = w, we need a model where 2“ is at least X, and the cofinality of 2
is at least X,, . The simplest such model is where you add X, many Cohen reals,
and that is exactly the model that Szentmikldssy used.

4.1. THEOREM (Szentmiklossy). Suppose V is a model of GCH and P adds X,
many Cohen reals via the usual forcing conditions ( finite functions from X, into
2). In V" if o <k <X, then no sBA with x many atoms has size 2*. (Note that in
this model 2 =2"1 =R, ,,.)
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Proor. The proof proceeds in two parts. The first is a forcing lemma; it is
assumed here, as with subsequent forcing proofs, that the reader is familiar with
the basic facts about forcing. The second part is sheer Boolean algebra, using the
combinatorial fact proved in the forcing lemma.

Notice that it suffices to prove the theorem for x a successor cardinal. So let
k = A" be an uncountable successor cardinal no bigger than Ko, -

4.2. Lemma. In V" let A be a family of at least k** many subsets of P(k), |A| is
regular. Then there is a countable subset B of A and a C C A with |C|=|A| so
Uc=UB.

Proor. First let us do it for |A| = k™. For each a € A we have d a name for a in
V, and since a C k, each 4 has support of size k. Since GCH holds and each
range @ € V, we may assume that all & have the same range (where the range of d
is {B: some plFBEa}). By a A-system argument we may assume that their
supports are pairwise disjoint. Now let B be any countably infinite subset of this
reduced version of A. A density argument shows that U B=U A.

If |A|<X,,;, the above argument goes through verbatim. So suppose |A| =
R, +1- The density argument in the above paragraph relied only on the fact that
the ranges were equal and {supp d:a € A — B} is pairwise disjoint. So we let D
be any subset of A of size k whose supp b’s are pairwise disjoint (if necessary,
we can absorb the root of a A-system into the ground model). Then for each
a € A, supp 4 intersects at most k many supp b for b € D. Hence, since 2“ = k"
in the ground model there is some CC 4, |C| =R, ., and some D’ C D of size k
so that if a€ C then suppd C U {suppb: b€ D }. But then any countably
infinite B C D — D’ suffices to finish the proof. [

4.3. LEMMA. Suppose 2“ >2* and « has the following property: if A is a family of
subsets of k of size 2", then there is some subset C of A of size x and some
countable B C A with \U C = B. Then there is no sBA of size (2°)" with only k
atoms.

PrOOF. Suppose, by contradiction, there is an sSBA of size (2°)" with k atoms.
We may assume this sBA is a subset of P(x) and, by possibly moving to a smaller
sBA, we may assume it is some J*, where J is a pre-sBA and if a € J, then
{b € J: b Ca} has size 2“. (You do this by noticing that without loss of generality
J = J 50y+ and either no level of J has (2“)" atoms, in which case we are done; or
some J, is the first to have more than 2“ atoms, in which case we use J, as our
pre-sBA.) Since |J| = (2°)" we have some countable B C J with U B=U J. Let
B'={a€J: for some b€ B, aCb}. Notice that for each ain J, a=U {an
b: b € B}, hence we have a one-to-one map from J into the countable subsets of
B'. But |B'| =2, hence |J| =|B’|*=2° <|J|, a contradiction. O

Lemmas 4.2 and 4.3 prove Theorem 4.1. O

A historical note: Szentmikldssy’s proof was topological and his theorem states
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more than the topological dual of our 4.1. Since he has not yet written up his
theorem, here it is for the record:

4.4. THEOREM (Szentmiklossy). In the model gotten by adding X, Cohen reals to
a model of GCH the following holds: if w, < k <2 no regular, scattered locally
Lindelof space with exactly k many isolated points has size 2*.

Note the weakening of compact to regular locally Lindelof: not every scattered
regular locally Lindelof space has a scattered compactification.

Going from our proof of 4.1 to the topological proof of 4.4 is not difficult, and
is left to the topologically oriented reader.

5. More negative results

In this section we present three more negative results on cardinal invariants:
Baumgartner’s theorem that ‘“‘there are no w;-thin thick sBAs” is consistent
(modulo an inaccessible cardinal); and Just’s theorems that “there are no thin
very thick sBAs” and “there are no thin very tall sSBAs” are consistent, in fact in
the same model. Just’s results generalize (see RorrMaN [1984]) but for simplicity’s
sake we give just the proofs of Just’s theorems.

First, some explanation of terminology (certainly “thin thick” is a barbarism
which had better have some justification).

5.1. DEFINITION. (a) An sBA is w,-thin thick iff each wd, = o, for a < w, but
wd(w,) = w,.

(b) An sBA is thin very tall if its width is @ and its height is = w,.

(c) An sBA is very thin thick iff each wd, = w for countable a, but wd(w,) =
w,.

Baumgartner’s result is the easiest to give here, since it rests on a combinatorial
principle, the proof of whose consistency we cannot hope to communicate in this
paper. Thus, its difficulties remain invisible.

5.2. THeoreM (Baumgartner). If “there is an inaccessible cardinal” is consistent
with the axioms of set theory, then so is ‘“‘there are no w,-thin thick sBAs”.

To prove Theorem 5.2 we need some more definitions.

5.3. DerRINITION. Let F be a family of uncountable subsets of w,. We say that F is
graded almost disjoint iff there is partition {B,: a < w,} of w; where

(1) for every set AEF, {a: AN B, #@} is uncountable,

(2) if A, A’€ Fand A # A/, then {a: AN A’ N B, #0} is countable. That is to
say, if you think of the B,’s as demarcating levels, every set in F hits uncountably
many levels, but no two sets in F have more than countably many levels in
common.
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5.4. DerINtTIoN. The principle GR says: if F is graded almost disjoint and
|F|= w,, then [{AN A’: A, A’ are distinct elements of F}|=

We will not prove

5.5. THEOREM. If ““there is an inaccessible cardinal” is consistent with the axioms
of set theory, then so is GR.

For the curious afficiando, GR holds in the Mitchell model for no Kurepa trees.

Proof of Theorem 5.2. We show that GR implies there is no w,-thin thick sBA.
Suppose, by contradiction, that GR holds and in fact there is an w,-thin thick
sBA. We take a representation sequence {A,: a <w, +2} and denote J_,, — J,
by B,. For each x € A, we easily see that the B,’s make F a graded almost
disjoint family, where F={K,:x€ A,} and K, ={y€J,:yCx}. But since
each K, N K, is determined by an element in J, and ., = wl, there are only o,

many such pairwise intersections, contradicting GR O

The inaccessible cardinal is necessary in Theorem 5.2: Weese noticed that, by
Example 2.2, if there is a Canadian tree (size = height = w, and with w, uncount-
able branches), then there is an w,-thin thick sBA, but the consistency of the
non-existence of a Canadian tree is equivalent to the consistency of an inaccess-
ible cardinal. While large cardinals are needed to destroy w,-thin thick sBAs, they
are not needed to construct them. In RorrMAN [1984] it is proved that MA + 7 CH
implies the existence of w,-thin thick sBAs.

We now sketch the proof of Just’s results. These proofs involve some technical
forcing lemmas which the reader is assumed to be familiar with. Details can be
found in RorrMAN [1984] (where they are given in greater generality).

5.6. TueorEM (Just). Let P be the usual forcing adding w, many Cohen reals to a
model of ZFC + CH. Then in V" there are no thin very tall and no very thin thick
sBAs.

Sketch of proof. Let us consider the very thin thick case first, since it is the
easiest. Suppose there is a thin very thick sSBA B in V". You let {¥,: a < w,}
name elements of B generating distinct atoms in B/J,, , and note that without loss
of generality, by CH and the A-system lemma for countable sets, the supports of
the x_’s forms a A-system. Since you are adding uncountably many Cohen reals
and the root of the A-system is countable, you can absorb the root into an
extension by just countably many Cohen reals, so without loss of generality the
supports of the X, ’s are disjoint. Since each x, names a subset of w and each x, is
a set of pairs ( p, n), where p is in a countable partial order and n € w, (p, n) E x,
iff p I-n € X, by CH we can assume the x,_’s look alike, that is, given any distinct
X,, X4, there is a permutation @ of P moving supp X, to supp X, and leaving
everything else alone, so that for any formula V¥, pl-W(X,,x,) iff
D(p) Ik D(P)P(X,), P(X5)), where (V) is the formula changing each parame-
ter d in ¥ to @(a). In particular since, for some fixed countable o, 1 & X, N x; €
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Jo» TIFX, N Xy € J, for all distinct @, B < w,. But then B/J, has w, many atoms,
so |J,,,| = ®,, a contradiction.

Now suppose we have a thin very tall SBA B. This time {X,: a < w,} names
elements from distinct levels, where we may assume that ¥, generates an atom
over Jy,, where f(a) has cofinality w,. Again we get disjoint supports, in fact we
can assume more. Letting J, be a name for J; we may assume that if & < 8, then
supp X, is disjoint from supp J;,,. Again we get isomorphic terms and au-
tomorphisms @ as above. Notice that, for each distinct @, B, 1I-X, N X, € Jy,) 4
and | f(a) + 1| = ;. So by the pigeonhole principle, we can find some a, ¥ < w,
so that C = {Xz: ¥, N X, € J,} has since w, and vy is the least such. We can assume
by ccc that y has countable cofinality.

The proof now divides into two cases. If y = f(a) + 1 we have to worry about
X, being a factor in the X; N X,’s, i.e. ¥5 N ¥, =(d; U¥,) — by. By shrinking C
down using a counting argument we get a common d = dg and b = b, for every
X5 € C. So we have a common intersection for any two distinct elements of C,
thus forcing B/J, to have w, many atoms, which is a contradiction.

The other case is when y < f(a). Here we can immediately imitate the proof
that there is no thin very thick sBA. O

Notice that in the proof of Theorem 5.6 we did not use the full strength of thin
very tall or of very thin thick. Instead what we used is that the algebras we were
destroying had only countably many atoms, and at intermediate levels the widths
were no greater than w,. Also, if we want to generalize to larger cardinals, this is
possible with either Cohen reals or with their generalizations to subsets of higher
cardinals. Thus, we have the generalization:

5.7. TueoreM (Roitman). Add at least k™" many Cohen subsets of some regular

A=k to a model of GCH and the following hold in the forcing extension:
(a) there is no sBA in which wd, =k, wd, <k" fora<xk", and wd,, = k
(b) there is no sBA in which wd, =k and wd, <«k" for a <k*".

++,
b

For an explication of precisely what the hypothesis of Theorem 5.7 means, see
RorrMaN [1974].

6. A very thin thick sBA

An unusual aspect of Just’s results presented in the previous section is that they
concerned the non-existence of objects which were not at the time known to
consistently exist. Spurred on by Just’s negative results, however, the following
theorems were proved:

6.1. TueoreM (Roitman). The existence of a very thin thick sBA is consistent with
the axioms of set theory.

The proof of Theorem 6.1 is quite technical, so we give just a sketch. For
details, see RorrMAN [1985].
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6.2. TueoreM (Baumgartner and Shelah). The existence of a thin very tall sBA is
consistent with the axioms of set theory.

The proof of Theorem 6.2 is similar to, but more technical than, the proof of
Theorem 6.1, so we give just a brief sketch of how to change the sketch of the
proof of 6.1 into a proof of 6.2. For details, see BAUMGARTNER and SHELAH [1987].

Sketch of proof. There is a canonical partial order for forcing an sBA with
particular cardinal invariants to exist: each condition predicts a finite amount of
information about finitely many elements in the representing sequence. To take
the very thin thick case, conditions will be triples p = (D,, <, I,), where D, is a
finite set of ordered pairs, =<, is a partial order on Dp and [, is a functlon
associating to each unordered pair of elements from D, a subset of D,. The idea
is that the pair (@, y) € D, represents the yth set x,  in A, where {A,: a < w,}
is the representing sequence of the desired pre-sBA. If @ < w;, then v is finite;
otherwise, ¥ < w,. The order =, is predicting the intersection of two elements:
we will have p IFx, Cx, iff s < ¢ I, is predicting the intersection of two elements:
we will have IFx, Nx,=U {x,:re I,(s, t)}. The reader familiar with forcing will
have an easy time defining the partial order to make sure that you really get an
sBA (i.e. checking that the ideals satisfy the properties of definition 3.1). The
reader unfamiliar with forcing will gain nothing from a half-page list of technical-
looking conditions.

Now there is just one problem with this sort of forcing — it collapses cardinals
like crazy (see below). You are trying to build something with w, atoms at the top,
but suddenly w, is now w, and your dreams are for naught. What has to be done is
to find a proper suborder which does not collapse cardinals but which is still rich
enough in dense sets to give you your desired cardinal invariants at the end.

“This is the general problem with the general form of this partial order to which
in general the solution is not known. Here, however, it is known. We can, in fact,
find a ccc suborder which does the job.

The reason cardinals are collapsed is that there is no restriction on where any
1,(s) comes from if s = {(w,, @), (@;, B)} — uncountably many choices gives us an
uncountable antichain. Worse, we actually collapse w; to w: for each n<m < w
let A, ,, be a maximal antichain where, if p € A, ,,, then D, = {(w,, n), (®,, m)}.
Suppose G is the generic filter and p,,E€GN A Then if f(n)=
sup{sup I, (D, ):m<k=n}, f maps ! coﬁnally into the w, of the ground
model, thué collapsmg ;. So we must restrict at the beginning the field from
which we may choose a given I,(s), i.e. associate to each s = {(w;, @), (w,, B)} a
countable set F; and insist that I,(s) C F,. It clearly suffices if F, is just a countable
ordinal, so what we are looking for is a function f where each f(s) is a countable
ordinal, for s = {(,, a), (w;, B)}. This, in turn, reduces to a function from [w,]’
(=the set of unordered pairs of elements of w,) into ,. Not any old function will
do, however. What works are the functions known as new A functions, to wit:

6.3. DErFINITION. Given a function f: [w,]*— w, define for each finite a, b C [w,]’,
f*({a, b}) =inf{ f({a, B}): a €a, BE b}. Then f is a new A function iff, for
every uncountable pa1rw1se disjoint collection A of finite subsets of w,, f*|[A]” is
bounded in w, (where [A]” is the set of unordered pairs of elements of A).
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In other words, given uncountably many conditions we can find an uncountable
subset so that the lower bounds for possible pairwise intersections go as high as
we like. A technical argument then shows that this indeed works.

NDP is the statement that a function with the new A property exists. That NDP
is consistent follows from work of Galvin and Kunen.

How can we change a proof of Theorem 6.1 into a proof of 6.2? We again have
the pair (a,y)ED, representmg the yth set x, , in A,, only now a < w, and
vy <w. Now suppose t€lw,), t=/{a, B}. We now restrict, for all s=
{(e, n), (B, m)}, L,(s) to a countable set F,, i.e. the intersections of arbitrary
elements at two ﬁxed levels must come from a fixed set of countable levels. But it
no longer suffices to make each F, a countable ordinal, since the F,’s must climb
arbitrarily high towards w,. A more complicated condition must therefore hold
for the F,’s, as follows:

6.4. DerINITION. Given a function f: [w,]*— [0,]=, we say that f has property A
iff each f(¢) C min ¢, for ¢ € [w,]* and, for any uncountable set D C[w,]™*, there
are distinct a, b € D, where if a€Ea—b, BEb—a, yEaNb, and t—{a, B}
then

(a) if a, B>, then y € f(2),

(b) if B>, then f{a, v} Cf(?),

(c) if a >, then f{B, v} C f(¢).

If, given a function f having property A, we define each F,= f(t), then the
ensuing partial order has the countable chain condition.

DP is the statement that a function having property A exists. In BAUMGARTNER
and SHELAH [1987] it is shown how to force the consistency of DP. In a
handwritten note, Velickovi¢ has derived DP from OJ: thus, DP not only holds in
L but is difficult to destroy.

7. Any countable group can be G(B)

Recall the definition of G(B) from Definition 1.7. The purpose of this section
will be to give Koppelberg’s result:

7.1. THEOREM. Assume CH. Then any countable group can be a G(B) for a
thin—tall sBA.

Some history: Weese independently proved that, under CH, there are thin—tall
sBAs whose G(B)’s have cardinality 1 (these are the semi-rigid sBAs). Roitman
has shown that the conclusion of Koppelberg’s theorem is independent of CH.
The proof given here is an adaptation of Roitman’s proof.

Proof of 7.1. Suppose we already have a thin sBA with representation
sequence {A_: a <p}. Then without loss of generality any element of G(B)
permutes each A, and is the identity on none of them. Note also that, since any
group acts as is a permutation on itself, each countable group can be considered a
permutation group on w in which there are infinitely many orbits (recall that the
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orbit for x is {g(x): g € G}). To do this just consider G as acting on w X G,
where g(n, h) = (n, gh). .

Thus, we may assume that we are given a countable group G which is a
permutation group on  with infinitely many orbits. Our task is to construct a
representation sequence {A,: a < w,} so that the only permutations on w which
induce non-trivial permutations of each A, are exactly those equivalent modulo
N(B) to some element of G.

There are two stages to the proof: Given {A;: B < a}, at successor stages a we
are just concerned about defining A, so the element of G still permute A, and
preserve Boolean operations. At limit stages, we are also concerned with ruling
out other possible permutations of w.

It will be helpful to assume as our induction hypothesis not only that each
element of G permutes each earlier A s> but also that G acting on A ; has infinitely
many orbits and if a € A, then the orbit of a is pairwise disjoint, and that if x,
y € Agand x = g(y) for some g € G, then x = h(y) implies h = g for each g € G.
We say that such a G acts nicely on A ;. In particular, if G acts nicely on A4, then
no non-identity g € G fixes any element of any A,.

Let us do the successor stage. Suppose we have {A;: B <a}, where a is a
countable successor ordinal, a =y +1, {Az: B<a} is a normal representing
sequence for a countable pre-sBA, and G acts nicely on each A, and each g€ G
is an automorphism of the Boolean algebra generated by {A,: B < a}. We pick
disjoint sets a, ; from A, with pairwise disjoint orbits and let a; = U {a, ;: k < w}.
Then defining (as we must) g(a;) = U {g(a,;): k< w} for each g€ G, we let
A,={g(a;): g€ G,i<w}. Itis easy to check that A is pairwise disjoint, G still
acts nicely on A, and that each g € G is an automorphism of the Boolean algebra
generated by {A,: B =a}.

Now consider a limit state «. By CH we only have w, many permutations of
to take care of, so if we can show how to take care of one at one limit stage we
will be done.

Suppose f is a permutation of w which extends to an automorphism of the
Boolean algebra generated by {A;: B <a} and f differs infinitely often from
each g€ G on each A,. (If f fails to meet these criteria, then it cannot extend to
an automorphism in G(B) differing, mod N(B), from each g € G and therefore
we need not worry about it.)

Since « is a limit and f is not the identity on any A,/I,, by the construction at
successor stages {x € w: f(x) # x} is not covered by finitely many orbits at any
level, and is infinitely often moved outside elements of a given level, i.e.

(*) for all B < a there is a sequence {a; ;: i <w} C A, of disjoint sets with
distinct orbits so that, for each i, there is some x € a, with f(x) Za, , .

Given such a sequence, where do such x go? There are two cases:

Case a. For all but finitely many i, if xEa,,, then f(x)€ G(a, g) =
U {g(a, ): §€ G).

Case b. There are infinitely many i so that, for some x € a; 5, f(x) ZG(a, ).

Note that Case b is the negation of Case a. Note further that, by (*), Case a
implies that we may assume, without loss of generality, that for infinitely many i,
a; g is split by G where a set c is split by G iff there are x#yincand g# h in G
with f(x) € g(c) and f(y) € h(c).
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If, for some y < a, Case a holds for all 8 with v < 8 < a we say we are in Case
a. Otherwise, we are in Case b: Case b holds for a sequence of B’s cofinal in a.

We will construct, for each i<w, two sequences: {a,,:k<w} and {p, ;:
k <w} where

(1) the family {a,;:i<w, k<w} is pairwise disjoint with pairwise disjoint
orbits;

(2) k<n implies rank(a, ;) <rank(a, ;) for all k, n;

(3) for each i, sup{rank(a, ;): k<w} = a;

4) {pr;: k<w}Cow and if (k, i)+ (m, j), then the orbit of p, ; is disjoint
from the orbit of p,, ;;

(5) each p, ;€ a, ;

(6a) if Case a holds, then each a, ; is split by G;

(6b) if Case b holds, then for each g € G and each n, i, j there are k >n and m
with f(p, ;) € g(a,, ;).

Note that if f(p, ;) € g(a,, ;), then, for all n and all j'#j, f(p,,) £ g(a, )

Using countable induction, conditions (1) through (5) are easy to meet;
condition (6) is met via (*) and Cases a and b.

Now let A = {g(a;): i <w}. Note that by (3), each element of A has rank a.
As in the successor case, A, is pairwise disjoint, and each g€ G is a nice
permutation of A and is an automorphism of the Boolean algebra B generated
by {Agz: B=a}. The claim is that f is not an automorphism of B. Let us prove
this claim.

Suppose the claim fails. By (1) and (6a), if Case a holds, then for each i, j, if
f(a;) = g(a;), then j = i; and there are distinct g, & in G so f(a;) = g(a;) = h(a,), a
contradiction. By (1) and (6b), if Case b holds, then for each i, j there are
infinitely many k with f(p, ;) & g(a;), hence f(a;) cannot equal any g(a;). O

To get the independence of “every countable G can be G(B) for a thin-tall
sBA B” from CH, just imitate this proof over a model of = CH with a ccc
iteration of length w,, substituting Cohen reals for the countable induction at limit
stages.

Added in proof: In 1987 Dow and Simon showed, in ZFC, that for every
countable group G there are 2“* non-isomorphic thin-tall sBAs for which G is the
non-trivial automorphism group.
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0. Introduction

Projective Boolean algebras, defined by a property which is the category-
theoretic dual of injectivity, were first studied in HaLmos [1961]; see also HALMOS
[1963]. They are most conveniently described as being retracts of free algebras. In
particular, every projective Boolean algebra is a subalgebra of a free one and
hence its dual space is dyadic, i.e. a continuous image of a generalized Cantor
space. Consequently, a great deal of information on projective Boolean algebras
can be found in topological papers on dyadic spaces; see ENGELKING and
PeLczyNski [1968], ErmMov [1965], ENGELKING [1965], ENGELKING and KARLOWICZ
[1965], Ertmov and ENGELKING [1965], EFmMov [1969a], [1969b].

The most basic results due to Halmos are contained in Section 1 of this chapter:
countable non-trivial Boolean algebras are projective and so are free Boolean
algebras; the free product of any family of projective algebras is projective; the
product of any finite non-empty family of projective algebras is projective. The
section includes a number of additional elementary results on projective Boolean
algebras and three examples disproving several obvious questions.

A major breakthrough in the theory of projective Boolean algebras was
achieved, in the setting of functional analysis and topology, by Haypon [1974].
Haydon was able to characterize, in purely topological terms, Dugundji spaces, a
class of compact Hausdorff spaces defined by a functional-analytic property in
PerczyNski [1968]. Haydon’s characterization implies that

(1) a Boolean space is Dugundji iff its dual algebra is projective;

(2) a Boolean algebra A is projective iff it is the union of a continuous
sequence (A,),<, of subalgebras such that A, =2, A, is relatively complete in
A,,,and A, is countably generated over A,,.

The main goal of Section 2 is a proof of (2) above (Corollary 2.8). We obtain
two additional characterizations:

(3) A is projective iff there is a skeleton for A over 2.

See Section 2 for this notion. A topological version of (3) for arbitrary compact
Hausdorff spaces was first given in SCEPIN [1976].

(4) A is projective iff it is the union of a continuous chain (A,),., of

subalgebras such that A, =2, A, is relatively complete in A, , and A_,, is a
simple extension of A4 .
Let us call a sequence (A,),, with the properties described in (4) a standard
sequence for A. The description of projective algebras by standard sequences is
an almost trivial consequence of Haydon’s result (2) but turns out to be quite
fruitful in Section 3. On the other hand, the description via skeletons is a versatile
tool allowing the construction of standard sequences for various purposes and
giving isomorphism proofs via back-and-forth arguments. We shall, as a matter of
fact, prove a slightly more general theorem characterizing not projective algebras
but projective extensions (C, A), where C is a subalgebra of A. These are defined
in Section 2; an algebra A is then projective iff A is a projective extension of its
two-element subalgebra.

It turns out in Sections 3 and 4 that projective Boolean algebras are largely

743
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determined by the characters x(p) of their ultrafilters p and by the subspaces
M, (A)={p€E€Ult A: x(p) <k}

of Ult A (k an infinite cardinal). We prove in Section 3, as a direct consequence
of the characterizations obtained in Section 2, a famous theorem from SCEPIN
[1976]: a projective Boolean algebra of infinite size k is free iff each of its
ultrafilters has character k. We then show how to compute, for an ultrafilter p of
A, x(p) from a fixed standard sequence for A. Applying this method and making
good use of skeletons (resp. standard sequences), we obtain rather easy proofs of
the following results on M, (A) if k =|A| is regular and uncountable:

(5) M_(A) is a proper closed subspace of Ult A;

(6) the weight of M, (A) is less than «.

It follows from (5) and Séepin’s theorem quoted above that, for k = |A| regular
and uncountable, A has a factor isomorphic to the free Boolean algebra on «
generators. In particular, A is not rigid in this case. It should, however, be noted
that (5) and (6) were proved previously under weaker assumptions than projec-
tivity of A; see the references given in Section 3.

Section 4 contains several new results. We define, for C a projective Boolean
algebra, J an ideal of C and « a cardinal such that o <|C|= «, the notion of a
k-extension of (C,J). This is basically a projective algebra A of power «
containing C as a subalgebra such that the extension C C A is projective and
M _(A)=Ult(C/J). Each pair (C,J) as given above has, up to isomorphism,
exactly one k-extension. It follows immediately that there are at least 2~"
non-isomorphic projective Boolean algebras of power k. Iteration of A-extensions
for A<« gives 2" non-isomorphic projective Boolean algebras of power x for
singular k and a rigid projective algebra of power « under the assumption that
k =R, <2“. Moreover, if k is regular and uncountable, then each projective
algebra of power « is the k-extension of some pair (C, J), where |C| < k; hence
there are exactly 2~ non-isomorphic projective Boolean algebras of power «.
Imposing some fairly technical restrictions on (C, J) even gives, for « regular and
uncountable, a one-to-one correspondence between isomorphism types of projec-
tive algebras of size k and isomorphism types of pairs (C, J), where |C| < k.

Let us briefly give or recall some notation. s: A— Clop Ult A is the Stone
isomorphism, sometimes denoted by s,. 2 is the two-element Boolean algebra
(resp. the two-element discrete space). C =< A says that C is a subalgebra of the
Boolean algebra A. If X C A, then (X) is the subalgebra of A generated by X.
Fr « is the free Boolean algebra on « independent generators. w(X) is the weight
(the minimal cardinality of some base) of a topological space X; if X = Ult A for
an infinite Boolean algebra A, then w(X)=|A|. For Y a subset of a topological
space X, int Y is the interior and cl Y the closure of Y in X.

1. Elementary results

A Boolean space X is said to be injective if it has, in the category of Boolean
spaces and continuous maps, the universal property defining, in Section 5 of Part I
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of this Handbook, injective Boolean algebras in the category of Boolean algebras
and homomorphisms. That is, X is injective if, for every embedding e: Y— Z of
Boolean spaces, every continuous map f: Y— X can be “extended” to a continu-
ous map f: Z— X such that foe=f. The Boolean algebras dual to injective
spaces are called projective. Thus, A is projective if, for every epimorphism
g: C— B of Boolean algebras, every homomorphism 4: A— B can be “lifted” to
a homomorphism k: A— C such that gck = h (see Fig. 20.1).

L€
AT lg
\

B
Fig. 20.1

The following results, 1.1 through 1.9, with the exception of 1.5 and 1.7, are due
to Halmos (HarLmos [1961], [1963]).

1.1. ProposiTiON. (a) Every free Boolean algebra is projective.
(b) The trivial (one-element) Boolean algebra is not projective.

Proor. (a) Let h, C, B and g be given as in Fig. 20.1 and let U be a set of free
generators of A. For each u € U, choose a preimage c, of h(u) under g and let
k: A— C be the unique homomorphism mapping u € U onto c,. Then g(k(x)) =
h(x) holds for every x € U, hence for every x € A.

(b) In Fig. 20.1, let B be trivial, C non-trivial and 4, g the obvious homomor-
phisms. If A is trivial, then there is no homomorphism from A into C. O

Let us recall from Section 5 of Part I of this Handbook that a Boolean algebra
A is called a retract of an algebra B if there are homomorphisms e: A— B and
f: B— A such that fee=1id,; e is then one-to-one and f onto. Dually, a
topological space X is a retract of a space Y if there are continuous maps
h: X— Y and k: Y— X such that ko h =1id, (Fig. 20.2).

f h
A?B X—<k—>Y

Fig. 20.2

By Stone duality, A is a retract of B iff Ult A is a retract of Ult B.

The equivalence of (a) and (c) below seems to be the most useful characteriza-
tion available without the more sophisticated methods of Section 2. In fact, it will
turn out that projective algebras are extremely close to free ones.

1.2. TueoreM. The following are equivalent, for every Boolean algebra A:

(a) A is projective,

(b) for every algebra C and every epimorphism g: C— A, there is a monomor-
phism k: A— C such that gck=1id,

(c) A is a retract of a free algebra.
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Proor. (a) implies (b): in Fig. 20.1, let B= A and h=id .

(b) implies (c) since every Boolean algebra is a quotient of a free one.

(c) implies (a): let A be a retract of a free algebra F viae: A— Fand f: F— A;
let B, C, h and g be given as in Fig. 20.1.

F—1——¢C
A
X b
ellf // g
pd
~

A—— B
h
Fig. 20.3

By projectivity of F, there is a homomorphism j: F— C such that goj= hof.
Then k = joe satisfies gok = h (see Fig. 20.3) U

1.3. CoroLLARY. Every retract of a projective Boolean algebra is projective.

Proor. If A’ is a retract of A and A is a retract of a free algebra F, then A’ is a
retract of F. [

1.4. CoROLLARY. Let A be projective. Then A is a subalgebra of a free algebra and
hence

(a) A satisfies the countable chain condition;

(b) no uncountable subalgebra of A is isomorphic to an interval algebra;

(c) no infinite subalgebra of A has the countable separation property.

Proor. (a) By 1.2(c), A is a subalgebra of a free algebra, say F, and F satisfies
the countable chain condition — see 9.18 in Part I of this Handbook.

(b) F and hence A have no uncountable chain by 9.17 of Part I.

(c) Assume that B is an infinite subalgebra of A with the countable separation
property. It follows from 12.2 in Part I and can, in fact, easily be shown, that B is
uncountable. Since B is a subalgebra of the free algebra F, there is, by 9.16 of
Part I, an infinite independent subset of B, say U. The subalgebra F, of B
generated by U is atomless, hence includes a chain Q isomorphic to the rationals,
and by the countable separation property again, B includes a chain isomorphic to
the reals. This contradicts (b). [

The following characterization is contained in HOFFMANN [1979] where a less
trivial topological statement is proved involving arbitrary compact Hausdorff
spaces.

1.5. ProrosITION. A Boolean algebra A is projective iff there is an embedding
e: A— Finto a free algebra F such that for every homomorphism g: A— B into an
arbitrary Boolean algebra B there is a homomorphism g: F— B such that goe =g
(Fig. 20.4).
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Fig. 20.4

Proor. If A is projective, let A be a retract of a free algebra F via e: A— F,
f:F— A. Then for g: A— B, put g=gof.

Conversely, assume e: A— F has the universal property of Fig. 20.4. Letting
B= A and g=id,, we see that A is a retract of F. [

An elucidating topological proof of the following result is given in HarLmos
[1961], [1963].

1.6. TuroreM. Every non-trivial at most countable Boolean algebra is projective.

ProoF. Assume 2 =<|A|= w; let F be the free Boolean algebra on w generators
and f: F— A an epimorphism. By 15.10 and 15.18 of Part I of this Handbook, F
is retractive, hence A is a retract of F and projective. [J

We next examine several algebraic constructions under which the class of
projective Boolean algebras is closed. It is certainly not closed under the
formation of homomorphic images, by 1.1. Let us mention the following result; its
topological dual is a consequence of Corollary 2 in ENGELKING and PExczyNsKI
[1963].

1.7. ProrosITION. If A is projective and I a countably generated ideal of A, then
A/l is projective.

1.8. ProprosITiON. The free product of a family (A,),c, of Boolean algebras is
projective iff every A, is projective.

Proor. Each A; is easily seen to be a retract of the free product ®,, A;, hence
one direction follows from 1.3. Conversely, if each A, is projective, say a retract
of some free algebra F,, then @, A, is a retract of the free algebra ®,., F,. O

1.9. PropostTioN. The product of a family (A,;);c; of non-trivial Boolean algebras
is projective iff I is finite, non-empty and each A, is projective. In particular, if A is
projective, then so is each relative algebra A | a of A, where a € A\{0}.

Proor. First assume that I is finite, say [ = {1, ..., n}, and each A, is projective.
Let F = Fr(k), where « is infinite and k =|A,| for i € I. Then each A, is a retract
of Fand A, X --- X A, is a retract of F", an algebra isomorphic to F by 9.14 in
Part I. So A; X -+ X A, is projective.
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Conversely, assume A=1l,, A, is projective. Then I is non-empty by 1.1 and
finite by 1.4(c), since "2 is a subalgebra of A. We show that each A, is a retract of
A, hence projective. Let f be the projection map from A onto its ith coordinate
A;. Pick, for j € I, an arbitrary homomorphism e;: A;— A; such that e; =id, and
define e: A,— A by e(x) = (¢,(x)),c,- Clearly, f oe= 1d O

The following result seems to appear first in the paper KoPPELBERG [1973] but
has been found independently by several topologists.

1.10. ProprosITION. The weak product of a family (A;),c; of non-trivial Boolean
algebras is projective iff I is non-empty, at most countable and each A; is
projective.

Proor. It is enough, by 1.9, to consider an infinite . If A =1II}, A, is projective,
then I is countable by 1.4(a). Each A, is a factor, hence a retract of A and
therefore projective.

Conversely, assume that ] = w and that each A, is projective. Let F be free and
f: F— A an epimorphism; we find a monomorphism e: A— F such that foe =
id ,. By induction, choose pairwise disjoint elements b; of F such that f(b,) is the
element a; of A given by a4,(j)=1 if i=j and 0 otherwise. Now A | a,= A, is
projective and f,=f ! (F | b)) maps F | b, onto A | a, so let
e: A a—>F | b, be a monomorphism satisfying f;ce, =id, ;,. By Sikorski’s
extension criterion (5.5 in Part I) and since A is generated by U,., A | a;, there
is a homomorphism e: A— F extending U, e,. Clearly, fee=id,. O

A topological space X is said to have the Bockstein separation property if any
two disjoint open subsets of X can be separated by disjoint open F, sets; the
classical Bockstein theorem (BocksTEIN [1948]) states that a product space I, X,
has the Bockstein separation property if every X; is second countable. We say that
a Boolean algebra A has the Bockstein separation property if Ult A has; this is
equivalent to saying that for arbitrary disjoint ideals I, J of A (i.e. satisfying
INJ={0}) there are countably generated disjoint ideals I’ D I and J' D J.

1.11. LemMA. A topological space X has the Bockstein separation property iff
each regular open subset of X is F_.

Proor. Let X have the Bockstein separation property and let U C X be regular
open. Then V=int(X\U) is regular open and U NV =@; moreover, if U’ DU
and V' 2V are open and disjoint, then U’'=U and V'=V. Thus, U is F,.

Conversely, assume that every regular open subset of X is F, and that U and V
are open in X and disjoint. Then U’ =intcl U and V' =int cl V are regular open
and disjoint, hence F_; moreover, UCU’, VCV'. O

1.12. TueoreM (ENGELKING [1965]). Every projective Boolean algebra has the
Bockstein separation property.
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Proor. For free Boolean algebras, the assertion follows from the classical Bock-
stein theorem; see, for example, Problem 2.7.12 in ENGELKING [1977] for a sketch
of proof. Now assume that A is an arbitrary projective algebra, say a retract of a
free algebra F via e and f, and that I and J are disjoint ideals of A. The ideals [
(resp. J) generated in F by e[I] (resp. e[J]) can be separated by disjoint ideals
generated by countable subsets {x,:n€ w} (resp. {y,:nE€ w}) of F. Then
X, Y, =0forn,m€E w,andtheideals I’ (resp.J’) of A generatedby { f(x,): n € w}
(resp. {f(y,): n € w}) are disjoint. Clearly, ICI' and JCJ'. O

We close this subsection with three easy examples of projective algebras
providing counterexamples to several popular questions. It is convenient here to
explain matters topologically. For X a topological space and p a point of X, define
the character of p in X by

x(p, X) =min{|B|: B a neighbourhood base for p in X} ;

we write x(p) if X is understood. If X =Ult A for a Boolean algebra A and
p € X; then

x(p) =min{|M|: M C p and p is the filter generated by M in A} .

For X compact and Hausdorff and p € X, x( p) is the minimal cardinal « such that
{p} is the intersection of k open subsets of X. If X is a product space
X =1I,¢, X;, I is infinite and each X is Hausdorff and has at least two points, then

for p=(p;);e, in X,

x(p, X) =max(|1], sup x(p;, X))

For example, each point of the generalized Cantor space “2 has character «, if « is
infinite.

Consider two classes C and H of Boolean algebras defined as follows: let C € C
iff there is a family (A;),c; of Boolean algebras such that 2<|A,|<w and
C=®,.,A;; let HEH if there are n=1 and C,,...,C,EC such that H=
C, x---xXC,. By1l.6, 1.8 and 1.9, each algebra in H is projective. The question
in HaLmos [1961], [1963] whether, conversely, each projective algebra is in H was
solved in GORNEMANN [1972] by a complicated counterexample, and in KoppEL-
BERG [1973] by an easy one, the latter one having been re-discovered by several
authors.

To describe the structure of algebras in H, consider C=®,,, A, €C, where
2=|A,| = . We may assume that 4 <|A,]|, by 11.6(b) in Part I of this Handbook.
Now if |I| < w, then C is countable; if |I| = w, then C=Fr w by 5.16 in Part I,
since C is atomless; if |I| > w, then C =Fr|I| as follows from the case |I| = w.
Thus, if H € H, then Ult H is the disjoint union of finitely many clopen subspaces
X;,...,X,, where each X, is either second countable or homeomorphic to a
Cantor space '2 for some cardinal k, In particular, the subset {p €
Ult H: x(p) < w} is clopen in Ult H.
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1.13. ExampLE. Let, forn€w, A, = (Fro,)x2andput A=@®,, A. Then A is
projective but not in H, since

Uit A=°(""20 {x}),

where “'2 U {x} is the disjoint union of the Cantor space *'2 and an isolated point
x. The point p of Ult A defined by p(n) = x, for each n, is the only point of Ult A
having character w, and it is not isolated.

Another question raised in HaLmos [1961], [1963] is whether every subalgebra
of a free Boolean algebra is projective. A negative answer was given in ENGEL-
KING [1965].

1.14. ExamMpLE. Let k be an uncountable cardinal and X;, X, be two disjoint
copies of the Cantor, space “2. Fix two points x, € X; and x, € X, and let X be the
quotient space of the disjoint union X; U X, obtained by identifying x, and x,.
Let 7: X; U X,— X be the natural map and put x* = 7(x,) = 7(x,).

X is a Boolean space and, by X, U X,="2, Clop X is isomorphic to a
subalgebra of Fr . But Clop X is not projective, since we will see that X does not
have the Bockstein separation property. The sets U, = w[X,\{x;}] and U, =
w[X,\{x,}] are open and disjoint in X; since x* € cl(U,)\U, for i =1, 2, they are
both regular open. If U, and U, are both F_, then {x*} is a G;-set in X and
x(x*) = w. But it is easily seen that y(x*, X) = x(x;, X;) = k.

We shall obtain, in Sections 3 and 4, very strong structure theorems for
projective Boolean algebras of cardinality «, if k is a regular uncountable
cardinal. For example, for such k every projective algebra of size k has a factor
isomorphic to Fr k and hence is not rigid. These results fail to hold for singular «,
as is shown by the following example from Ermmov [1969b].

1.15. ExampLE. Let k be singular and A = cf k, e.g. k =sup, _, k,, Where k, < k
for a <A. For a <A, let X be the disjoint union space

Xa :Kazu {qa} >
where g, is the only isolated point of X ; put

x=1Ix,_.

a<A

Then X is an injective Boolean space of weight k. Define, for each cardinal u,

N,={pEX: x(p)=n}.

Both N, and, for v<x, U, _ .<« N, are dense in X. Hence, there is no clopen
subset U of X such that y(p)= x(p’) for all p, p’ €U, and X has no clopen
subset homeomorphic to a Cantor space.
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2. Characterizations of projective algebras

The main goal of this section is Corollary 2.8, an internal characterization of
projective Boolean algebras which is the key for the structure of these algebras.

A subalgebra C of A is relatively complete in A if, for each a in A, there is a
largest element ¢ of C satisfying ¢ < a. c is then denoted by pri(a), the projection
of a from A onto C. See Section 8 of Part I of this Handbook for a discussion of
this situation. We will often prove relative completeness of C in A by displaying
the function pri. Write C<__ A if C is relatively complete in A.

2.1. LemMA. (@) If D=, C=,_ A, then D=__A.

b)) IfD=C=Aand D=,_A, then D=_C.

(c) Let (A,),, be an increasing chain of Boolean algebras such that A, = . A
fora<B<A Then A,<,U__, A, for each a <.

d IfC=, A and A has the Bockstein separation property, then so has C.

B

PRrOOF. (a) D sm A is exemplified by pri = prsopra.

(b) prp=prp I C.

(€ LetA=U,_, A, . Thenpry =U, _,_, prA

(d) Let I and J be dlS]omt ideals of C and denote by K (resp. L) the ideals
generated by I (resp. J) in A. If A has the Bockstein separation property, then
there are elements ky <k, <---and [, <[, =--- of A such that K (resp. L) are
included in the ideal generated by {k,:n€ w} (resp. {l,:n€w}) in A and
k,-1 =0. Let I’ (resp. J') be the ideals generated by {pra(k,):n€ w) (resp.
{pra(l,): n€ w}) in C. Clearly, I' and J' are disjoint and IC I', JCJ'. O

Let p be any ordinal. An ascending chain (A,),., of Boolean algebras is said
to be continuous if A, =U __, A, for each limit ordinal A < p.

2.2. CoroLLARY. Let (A,),<, be a continuous chain of Boolean algebras such
that A, =<, A, fora+1<p. Then A, =, A, for a <B<p.

Proor. Fix a and proceed by induction on B, using (a) and (c) of the preceding
lemma. O

2.3. LeMMA. Assume C=__A and x,, ..., x, are arbitrary elements of A. Then
Clxy...x,)=<,A.

Proor. Each element y of C(x, ... x,) has the form:

ystE:EpecE,
where
E=(l" ‘vn){_l_l’_l},

p.= I e(i)x,,

i=1
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and ¢, € C for ¢ € E; cf. the remarks on normal forms in Section 4 of Part I. If
a€Aandy € C(x, ...x,) is as above, then y < a iff c, p, = a for each ¢ € E iff
¢, <—p,+a for each ¢ € E. Thus,

prg(xl . xn)(a) = e‘éE pré(_pe + a) : pe . D

It is convenient to have the following notation. We write C=, A if C=_A
and A is a simple extension of C, i.e. if A= C(x) for some x € A. Similarly,
C=,., A denotes that C=_A and A is countably generated over C, i.e.

Icw

A= (CUX) for some countable subset X of A.

A. Then there is a sequence (A,)
A, and A=U . A

) n*

2.4. CorOLLARY. Assume C=__ of sub-

algebras of A such that Ay=C, A, =<,

n€w

CcS

Proor. By 2.3 and 2.1(b). O

For application in Section 4, we shall characterize not only projective algebras
but a slightly more general situation. Let C be a subalgebra of A. We call A a
projective extension of C and write C =< . A if there are a free Boolean algebra F
and homomorphisms e: A—>C®F, q: COF—> A such that gee=id, and
e C=q | C=id, - as usual we assume C and F to be independent subalgeb-
ras of their free product C® F (Fig. 20.5).

A= COF
© &
C
Fig. 20.5

Note that this is a property of the pair (C, A) rather than of A and does not
imply that A is projective in its own right — see 2.11. However, A is a projective
extension of its two-element subalgebra 2 iff A is a retract of a free Boolean
algebra, i.e. iff A is projective.

Our final device for characterizing or applying projective extensions is as
follows. Let C be a subalgebra of A. A set & of subalgebras of A is called a
skeleton for A over C if it satisfies the following conditions.

(S1) Ce¥;
(S2) S€Zimplies C=S=_A;

(S3) if € C¥ is a non-empty chain under set-theoretical inclusion, then
Uses;

(S4) for S€ ¥ and X a countable subset of A, there is S’ € ¥ such that
SuUXcS andS=__ S'.
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The proof of 2.7 essentially reduces to a couple of technical lemmas, the first of
which is motivated by the following example of a skeleton. Let A = C® F, where
F is free over U. Then

F={CH(V):VCU}
is a skeleton for A over C.

2.5. LEMMA. Let A be a projective extension of C via F, e, q and let U be a set of
free generators of F. For V C U put

F,=C®(V), Ay =q[F/];
call V closed if e[A,]C F,. Then
F={A,:V CU closed}
is a skeleton for A over C.

Proor. (S1) Consider V=@. Then F,=C, A, = C and e[A,] = F,. Thus, V is
closed and C=A, € &.

(S2) Clearly, C= A, = A for each V C U. Assume V is closed with the aim of
showing A, =,  A. Consider Fig. 20.6 where g,=¢q | F,ande,=e [ A,,.

A s COF

kU Ulh
A, = q[F, )= C®(V)=F,
€0

Fig. 20.6

F, is relatively complete in C@® F since C® F is isomorphic to F,® (U\V)
over F,; let h= prCGBF Then k = q,ohoemaps A into A, and it is easﬂy checked
that k = pr’ A,

(S3) Assume that V;C U is closed for every i €I and that {A,:i€ I} is a
non-empty chain of subalgebras of A. Put

V= U Vi B=U Ay
iel iel i
we show that V is closed and B= A, ; hence B € &.
Now B=U,, ¢q[F, J; we claim that B = g[F,]. Trivially, B C g[F,]. To prove
the converse, it suffices to show that q[V] C B since B is a subalgebra of A, g is a
homomorphlsm and g[C]= C C B. But

qlvi=UqlvicU q[F,]=B
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V is closed since
e[Ay] = e[q[F,]]

=e[l.eLJ,‘I[FV,.]] by q[F,]=B
= U elqlF,)
cUF,

i€l 4

CF,.

Moreover, B = q[F,]= A,,.

(S4) Assume S= A,, where V C U is closed, and that X C A is countable. By
induction define an increasing sequence of countable subsets X, of A and an
increasing sequence of countable subsets V, of U: let X;,=X. Given X,, let
V,C U be countable such that e[X,]CF, and V,U---UV,_, CV,. Then put
X+1:q[Vn]UX0U...UXn' "

n

Now (S4) is shown by letting S’ = A,,, where W=V UU, _, V,. Then S<’,
F,, is countably generated over F, and hence, ¢ being a homomorphism, S’ is
countably generated over S. S’ includes X since

e[X] = e[XO]ngogFW )
hence

X =q[e[X]]C q[Fy]= Ay =S".
Closedness of W follows, as in the proof of g[F,]C B in (S3), from
{d Qrl]-YdavneYex.ic Y r, ch. o
2.6. LeMMA. Let A be a projective extension of C via F, e, q. Assume A <, A(x)

and C® F is canonically embedded into C® F ®4, where 4 is the four-element
Boolean algebra. Then there are homomorphisms

e A(x) > COFD4, q:COFD4— A(x)
such that eCe’, gC q’ and q'ce’ =id ,,, (Fig. 20.7).

A(X)S2=s COF D4
v v
ASSCOF

¥ ¢
C

Fig. 20.7
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Proor. 4 is the free Boolean algebra over one generator, say u. Since 4 is
‘independent from C® F in C® F @4, there is exactly one homomorphism g':
CO® F®4— A(x) such that g C ¢’ and q’'(u) = x. By relative completeness of A
in A(x), define

a=pr3”(), B=pri(-x), y=-(a+pB).

Then by Sikorski’s extension criterion, there is exactly one homomorphism e':
A(x)—> CO F®4 such that eC e’ and

e'(x)=e(y) u+e(a).

To prove q'ce’ =id,,,, it suffices to show that q’(e'(x)) = x. Note that @ + 8 +
y=1in A and thus, by definition of a, B, y:

x=ax+ Bx+ yx
=a+0+yx

=a+yx.
Now

q'(e'(x)) = q(e(v)) - q'(w) + q(e(a))
=y x+ta
=x. O

It is now easy to obtain the central result of this section. The equivalence of (a)
and (c) of 2.8 was first proved in HAYDON [1974] in terms of functional analysis. A
topological analogue of the equivalence of (a) and (b) in 2.7 is contained in SCePIN
[1976].

2.7. THEOREM. Let C be subalgebra of A. The following are equivalent:
(a) A is a projective extension of C,
(b) there is a skeleton for A over C;
(c) there are an ordinal p and a continuous chain (B,)
such that By=C,U,_, B,=Aand B, <, B, ;
(d) there are an ordinal A and a continuous chain (A,),., of subalgebras of A
such that A,=C, U, _, A,=Aand A, =<, A
Moreover, if k, defined by

of subalgebras of A

a<p

a+l*

k =min{|X|: XC A and (CU X) = A}
is infinite, then we can assume that in (c) and (d), p = A = k.

Proor. By 2.5, (a) implies (b). (b) implies (c) (with p = k if k = w) by an obvious
inductive construction. (c) implies (d) (with A = k if p = k = w) by 2.4.
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Finally, assume that (A,),., is as in (d). For a <A, let F, be free over
{u,: v<a}. By induction on a, construct homomorphisms

ea:Au_)C@Fa’ qa:C@FaaAa

such that g, °e, =id, , e, =¢q,=id., andif @« <B <A, thene, Cegand q, C qg;
in successor steps use 2.6. Then F=U__, F,, e=U,_, e, and ¢q=U__, q,
show that A is a projective extension of C. [

2.8. CoroLLARY. The following are equivalent, for every Boolean algebra A.

(a) A is projective, i.e. a projective extension of 2;

(b) there is a skeleton for A over 2;

(c) there is a continuous chain (B,),., of subalgebras of A such that B, =2,
U,,,<,, B,=Aand B,=,, B,.:;

(d) there is a continuous chain (A,),., of subalgebras of A such that A;=2,
Ua<A Aa = A and Aa Srcs Aa+1'

Moreover, if A is infinite then we can assume that p = A= |A|. O

We know from 1.2 and Example 1.14 that embeddability of an algebra A into a
free algebra F is strictly weaker than projectivity. Naturally, one could ask which
assumptions on an embedding e: A— F guarantee that A is projective. Consider
the following conditions on an embedding e: A— A’, where A’ is any Boolean
algebra:

(A) A’ is a projective extension of e[A], i.e. there is a continuous chain
(A,),<, of subalgebras of A’ such that e[A]=A4, A'=U__, A, and
Aa Srcs Aa+1;

(B) there is an epimorphism g: A’— A such that gce =1id,;

(B') for each homomorphism g: A— B from A into an arbitrary Boolean
algebra B there is a homomorphism g: A’— B such that gee = g.

(C) e[A] is relatively complete in A'.

Much of the following material is implicit in SCEPIN [1976].

2.9. ProPOSITION. Let e: A— A’ be an embedding of Boolean algebras. Then (A)
implies both (B) and (C), and (B) is equivalent to (B’).

Proor. Equivalence of (B) and (B’) is contained in the proof of 1.5.

(A) implies (B'): assume (A,),., is given as in (A) and g: A— B as in (B').
By induction, choose homomorphisms g,: A,— B such that g, =goe™' and
8, C g for a <B < A; this is possible for successor steps by A, = A, ., and
Sikorski’s extension criterion. Let then g=U__, g, .

Finally (A) implies (C) by 2.2 and 2.1(c). O

It is not difficult to see that even for countable A, property (B) of an
embedding does not imply (C) and hence does not imply (A). There are,
however, two more results connecting the properties (A) through (C), 2.10 and
2.12. For the first of these, we apply SCepin’s theorem 3.4 whose proof, given in
Section 3, requires only Corollary 2.8.
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2.10. ProPOSITION. For every Boolean algebra A, the following are equivalent:
(a) there is an embedding e from A into a free algebra F such that e satisfies (A);
(b) there is an embedding e' from A into a free algebra F such that e’ satisfies

(B)—i.e. A is projective.

Proor. (a) implies (b) by 2.9. Conversely, assume A is projective. Let F be a free
algebra of power k, where x =max(w,|A|). Trivially A® F is a projective
extension of A. By 1.8, A® F is projective; also each point in Ult(A® F) has
character k. By 3.4, ADF is free over « free generators, so id,: A>ADF
shows (A). O

Thus, projectivity of A is both equivalent to being a projective extension of 2
and to having a projective extension which is a free algebra. More generally, the
following holds.

2.11. ProrosITION. Let A be a projective extension of C. Then A is projective iff C
is.

Proor. If C is projective, then so is A, being a retract of C® F for some free
algebra F. Conversely, assume A is projective. By the implication from (A) to (B)
in 2.9, C is a retract of A, hence projective. [

2.12. PROPOSITION. Assume that F is free, A<,_F and |A|<=w,. Then A is
projective.

ProoF. We may assume that |A| = w, since countable algebras are projective
anyway. Let U be a set of free generators of F. For V C U, let

F,=(V), A,=F,NA,

and call V closed if pr[F,] C F,. The following facts on closed sets are easily
established:

(1) the union of any chain of closed subsets is closed;

(2) for every countable subset X of A there is a countable closed V C U such
that XC A,;

(3) A, =, A if Vis closed.

In fact, (3) is proved by checking that prﬁ = (pr}; opr; ) | A. By (1) through
(3), there is a continuous chain (B, )a<w, Of countable subalgebras of A such that
A=U,__ v Boand B, =, A for a < w,. ThlS by 2.8(c), shows the projectivity of
A. O

It is shown in SCEPIN [1976] that the conclusion of 2.12 fails if |A| = w

3. Characters of ultrafilters

This section applies the technique of the preceding one to show that a
projective Boolean algebra can be described to a large extent by the characters of
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its ultrafilters. The best example here is Scepin’s theorem 3.4 claiming that if A is
projective and each ultrafilter of A has character k = w, then A is free over «
independent generators. By refining our technique we investigate, for A a
projective algebra of size k, the subspace of Ult A consisting of all points with
character less than k. It is convenient in the proof and necessary in Section 4 to
have the following notation and lemmas. Some of these require lengthy verifica-
tions but are intuitively clear from the sheaf representation of a Boolean algebra
over a subalgebra, given in Section 8 of Part I of this Handbook. No explicit use
of this representation is, however, made in our proofs.

Let C be a subalgebra of A. We say that g € Ult C splits in A if there are
distinct p, p’' €Ult A suchthat pNC=p'N C=q.

In the following three lemmas, assume that C =, A. For x € A, define

indp¢ (x) = — (pré (x) + pre(—x)

(the 1ndependent part of x); thus {pra(x), pra(—x), indpa(x)} is a partition of
unity in C. indpZ(x) may be considered as being a measure of independence of x
from C. For example, indp{ (x) = 0 iff x € C and indp{(x) = 1 iff the subalgebras
C and {0,1,x, —x} of A are independent. Let

J = {indp(x): x € A} .

3.1. LemMa. Let g€ Ult C and x € A.

(@) x is mcompatzble with q (i.e. qU {x} does not have the finite intersection
property) iff pra(—x) € q.

(b) x and —x are both compatible with q iff indp (x) € q.

() Let U={q€e€UltC: q splits in A}. Then U= U < 8(j), where s: C—
Clop Ult C is the Stone isomorphism; in particular, U is open in Ult C.

Proor. (a) is checked by a straightforward computation, and it clearly implies
(b). For (c), note that g € U iff, for some x € A, both x and —x are compatible
with ¢ iff j€ g for some jEJ. O

3.2. LemMa. J is an ideal of C, in fact, the ideal dual to U C Ult C.

Proor. 0 € J since 0 =indpa(0). f a € Cand a < mdpc(x) for some x € A, then
a =indpa(z), where z = a - x. Finally, let « = indp{(x) and a’ =indpz(x’) with
the aim of showing that a + a’ € J. It is sufficent to prove this for disjoint a and
a'. In this case, a + @’ =indp{(z), where z=a-x+ a’-x". The rest of the
lemma holds since, by 3.1(c), U is the open subset of Ult C dual to J. O

3.3. Lemma. Let a, B, y be pairwise dzs]omt elements of C such thata + B +y=1
and a € J. Assume x € A and indp{ (x) < a. Then there is some z € A such that

indp(z) = @, pra(z) = B, pre(—z) =y and x € C(2).
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Proor. Define o’=indpi(x) and a”"=a-—a’. Pick yE A such that a=
indpg(y); then put z=a’-x+ a”-y + B. x is generated by C U {z} since

x=a' - x+pra(x)=a'-z+pra(x). O

3.4. THEOREM (SCEPIN [1976]). Let A be a projective Boolean algebra and k =
| A| = w; assume that x(p) = « for each p € Ult A. Then A is isomorphic to Fr k.

Proor. This is trivial for k = w, since every countable atomless Boolean algebra is
free. So let k = w,. By 2.8, fix a skeleton & for A over 2.

Consider any C € ¥ satisfying |C| < k. Then C <__ A and every ultrafilter q of
C splits in A — otherwise the ultrafilter p of A generated by g would have
character at most |C|<«k, a contradiction. Thus, in the terminology of the
preceding lemmas, U = Ult C and J = C. It follows from 3.3 that for each x € A
there is some z € A such that x € C(z) and indp(z) =1, i.e. z is independent
from C.

Hence, by a simple chain argument we find a continuous chain (C,),., in &
such that C,=2, U,_, C,=A and each C,,, is isomorphic, over C,, to

C,DFrw. Thus, A=Frk. O
For C a subalgebra of A and p € Ult A, we define

Xc(p) =min{|X|: X C p and p is the filter of A generated by
(pNC)UX}

(the character of p over C). If C =2, we will stick to the notation y( p) instead of
Xc(p). We are going to compute x(p) if A is a projective extension of C. By
Theorem 2.7, there is a continuous chain (A,) for some ordinal p such that
A,=C, UKP A,=Aand A, = A,,,, say

a<p

Aa+1 = Aa(‘xa) ’
where, without loss of generality, x, & A . Let then
a, =indp} (x,),

so a, € A N0}, We call (A,),., a standard representation of A over C. The
elements x, are, of course, not uniquely determined by a given standard
representation, but a moment’s reflection shows that the elements a, are. Let us
call (a,),.1<, the sequence attached to (A,),,; for easier notation, we write

(@) a<p

3.5. THEOREM. Let A be a projective extension of C and p € Ult A. Given any
standard representation (A,),., of A over C with attached sequence (a,)
define

a<p a<p>

I,={a<p:a,Ep}.
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Then xc(p) =L if I, is empty or infinite.

Proor. Without loss of generality, we may assume that x, € p for all a, otherwise
replacing x, by —x,; note that this does not change a, and I,.

Clearly p is the filter of A generated by p,U{x,: v +1<p}; we show by
induction on « that

1,) pN A, isgenerated,in A,,by pyU{x,:vEL, Na},

thus proving x.( p) =|I,|. The only non-trivial point here is to show (1,,,)if (1)
holds and « ZI,. But in this case, a, &p; also pr a4, ( x,) & p since otherwise

-x,Ep. So prA (x,) is an element of pN A, and prA (x,) =<x,, which shows
(]'a+l)

Assume for contradiction that I, is infinite and x-(p) <|1,|. Since a, - x, Ep
for each a in [,, there are a fixed element x of p, an infinite subset {a(n) nEow}

of I, satisfying «(0) < a(1) <..., and elements c, of p, such that
() Cr X =08o(ny Xo(n)-
Consider

a*=sup{a(n):n€w}, a= —prf}a.(—x)

(if a*=p,leta=x). So ais an elementof A .= U new Aam)> @ Ep since x = a,
and by (2),

C,"a = aa(n) : xa(n)

holds for each n € w. Pick n large enough to guarantee thata€ A, . It follows
from ¢,-a=x,, and c,-a€ A, that c,-a is disjoint from a,., . But then
¢, a =0, which contradicts ¢c,-a€p. O

In the remainder of this subsection, we study the subspaces
M =M (A)={peUlt A: x(p)<«}
of Ult A, where A is projective and « is an infinite cardinal.

3.6. TueoreM (ErmMov [1969b] for successor cardinals). Let A be projective and k
a regular uncountable cardinal. Then M, is a closed subspace of Ult A.

Proor. We show that Ult A\M, is open. So let p € Ult A such that x(p)=«; we
find a € A, a0, such that s(a) is a clopen neighbourhood of p disjoint from M, .
Note that k < y(p)=|A|. By 2.8, fix a skeleton & for A over 2.

Choose a continuous sequence (Sg) ;|4 in & such that

(3) Sy=2and U,_, S, = 4;
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(4) Sg., is countably generated, but not finitely generated, over Sg;

(5) if B <k, then there exists y, € S5 ;\S; such that indp?B(yB) Ep.

Given S;, where B <k, the existence of S, and y, satisfying (5) is seen as
follows. In the terminology of 3.1, p N S, splits in A since x(p) = k but |S,| < k.
Thus, by 3.1(c), there is y, € A such that indp‘s‘B( ¥s) € p; then choose S, ; such
that y, €S,,;.

By refining tl'{e sequence (S;)z<|4), We find a standard representation (.Aa)a.<| A
of A over 2 with attached sequence (a,),|4 such that if a =w- B is a limit
ordinal then A, =S, and if a =w-B <k, then A,,, = A,(x,), where x, = yg;
so a, = indpﬁa(yﬁ) € p in this case. Put A _= A if k = | A|.

We may assume by |A, | = k that A, has k as its underlying set. Thus,

S={a<k: alimit and A, has underlying set a}

is closed unbounded in k. Since a, € A, for a <|A|, the function assigning a, to
a € § is regressive. By Fodor’s theorem, there is a stationary subset T of S and
some a € A such that a, = a for « € T. This element a is as required. In fact,
a € p since a, € p for each limit ordinal a < k. Moreover, if q € s(a), then

TC{a<k:a,=a}C{a<|A|l:a,€Eq}=1,
and by |T| = k and 3.5, we have y(q)=«. O

The conclusion of 3.6 fails for k = w as is shown by any countable Boolean
algebra with infinitely many atoms. It also fails, by Example 1.15, for singular .

Let S be a subalgebra of A. We say that S determines an ultrafilter p of A if
p NS does not split in A, i.e. if p is the only ultrafilter of A extending p N S.
Similarly, we say that S determines Y C Ult A if S determines each pE Y.

The assertion that w(M, ) < k in the following theorem was stated in Erimov
[1969a] for A a subalgebra of a free algebra and « a successor cardinal.

3.7. THEOREM. Let A be projective and k a regular uncountable cardinal. Then
there is a subalgebra S of A determining M, such that |S| < k. Hence, w(M,) < k.

Proor. Fix a skeleton & for A over 2 and let ¥’ = {S € #: |S| < «}. To prove the
first assertion, assume that no S in &’ determines M, ; in particular, k < | A|. Then
for each S € &’ there is some p € M, not determined by S, i.e. by 3.1(b) for each
SE S’ there are pE M, and tE A such that indp§ (¢) € p. We shall reach a
contradiction much as in the proof of 3.6.

There is a continuous chain (S,),< 4 in & and a sequence (f,),< 4| in A such
that S;=2, S,., is countably generated but not finitely generated over S,
Ua<|A| S,=A and, for a <k, indpg‘a(ta) €p for some t, €S,., and some
p € M,.. By refining this chain we obtain a standard representation (A4,), |4 of A
over 2 with attached sequence (a, ), 4 such that for each limit ordinal a <k,
a, € p for some p € M, . As in the proof of 3.6, there are, by Fodor’s theorem, a
subset T of k and some a € A such that |T| = k and a € T implies that « is limit
and a, = a.
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If a €T, then s(a) N M,_=s(a, )N M, #§ by the above choice of (4,),.,
(@,) o<« Fix pEs(a) N M, . Then by 3.5 and T C1,, x(p) = «. This contradicts
p € M, and proves the first assertion.

The second assertion is seen as follows. Let S < A determine M, and o < |S| < k;
denote by r the continuous map from Ult A onto Ult S given by r(p)=pNS. M,
is, by 3.6, a compact subspace of Ult A; hence, the image Y of M, under r is a
compact subspace of Ult S. Moreover, r | M, is a continuous bijection from M,
onto Y since S determines M, , hence a homeomorphism. Thus,

w(M,)=w(Y)<=w(UltS)=|S|<k. O

3.8. COROLLARY. Assume that A is projective and that k =|A| is regular and
uncountable. Then there is some a € A\{0} such that A | a=Fr k.

Proor. M, is a closed subspace of Ult A by 3.6. It is a proper subspace of Ult A
since w(M, )<k =w(Ult A) by 3.7. Thus, let a € A\{0} be such that s(a) is
disjoint from M, .

A | ais projective by 1.9, and it has cardinality k. For |A | a| =k is trivial
and |A | a| = k follows from

(6) x(p, s(a)) = x(p, Ult A) =  for p € s(a).
By (6) and Scepin’s theorem 3.4, A | a=Frk. O

It is shown by Example 1.15 that the assertion of 3.8 does not hold for singular
k; every countable atomic Boolean algebra shows that it fails for k = w.

Corollary 3.8 in particular shows that, for k = |A| regular and uncountable,
there is some p € Ult A such that y(p) = k. Similar statements can be proved
under weaker assumptions on k. The following theorem is included, for C =2 and
A a subalgebra of a free algebra, in ESENIN-VoLPIN [1949].

3.9. THEOREM. Let A be a projective extension of C and assume that
k =min{|X|: X C A and C U X generates A}

is uncountable. Then

(@) k =sup{xc(p): peUlt A},

(b) k=max{x.(p): p€Ult A} ifcfk>w.

Proor. Obviously, x.(p)=«k for each pUlt A. Let (A,) be a standard
representation of A over C with attached sequence (a,),,-

We first prove (b). Since A is embeddable into a free Boolean algebra, it
follows, e.g. from 10.9 in Monk [1983], that « has a subset I such that |I| = k and
{a,: a €I} is independent (for regular k, this was proved in Section 9 of Part I of
this Handbook). Thus, there is some p in Ult A including {a,: « €I}, and
Xc(p) = « follows from 3.5.

To prove (a), assume that x is singular; we find, for each regular uncountable
A<k, some p € Ult A such that y.(p)= A. To do this, pick as in the proof of (b)
some IC A such that |I|=A and {a,: @ €I} is independent. Then for every
p €Ult A including {a,: a €I}, we have x.(p)=A. O

a<k
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Again the conclusion of 3.9(b) fails if w = cf k < k, for let k =sup, ., k,, where
o = k, <k, and consider the projective algebra
A= IT"Fr K, .
n€w
Then |A] = k but x(p) < k for each p € Ult A.

We can now slightly improve Scepin’s theorem inasmuch as we do not have to
assume that y(p) =|A| for each p € Ult A.

3.10. CorOLLARY. Let A be projective and «k an infinite cardinal.
(@) If x(p) =  for every p € Ult A, then A =Fr «.
(b) If A is homogeneous and |A| = k, then A =Fr k.

Proor. (a) It follows from y(p) =« for p €Ult A that |A|= k. If |A| > «, then
application of 3.9(a) to C =2 shows that x(p)=« " for some p € Ult A. Thus,
|A| = k and the assertion follows from 3.4.

(b) It is sufficient by 3.4 to prove that x(p) = k for every p € Ult A. This is
trivial if k = w, since each countably infinite homogeneous algebra is atomless.

Let k be uncountable and regular. If x( p) < k for some p € Ult A, then M, is
non-empty, hence dense in Ult A by homogeneity of A and closed by 3.6. Thus,
M_=Ult A, contradicting w(M, ) < k.

If k is singular and y(p) < k for some p € Ult A, then there is some regular
uncountable cardinal A <k such that xy(p)<A. It follows as above that M, =
Ult A, contradicting w(M,)<A<k. O

4. The number of projective Boolean algebras

It is well known that, for every infinite cardinal «, there are exactly 2“
non-isomorphic Boolean algebras of power k. We shall evaluate, in this section,
the number of non-isomorphic projective algebras of cardinality k. This is 2“ for
Kk = w, since every countable Boolean algebra is projective; we will see that it is 2*
for k singular, but 2= for k uncountable and regular. The latter follows from the
fact that if « is regular and uncountable then each projective Boolean algebra of
power k is determined up to isomorphism by a pair (C, J), where C is a Boolean
algebra of size less than « and J an ideal of C.

Call (C, J) an algebra-ideal pair if C is a Boolean algebra and J an ideal of C.
For such a pair, denote by U, the open subset of Ult C dual to J. Thus,

U,={qeUltC: gNJ#0}

and the closed subspace Ult C\U, of Ult C is homeomorphic to Ult(C/J).

The following notion is what makes our proofs work. Let (C,J) be an
algebra-ideal pair and « an infinite cardinal. An algebra-ideal pair (A, K) is said
to be a k-extension of (C, J) if

(1) A is a projective extension of C;

(2) K is the ideal of A generated by J;

(3) if peUlt A and p N C&E U,, then p is determined by C, i.e. xy.(p)=0;

(4) if peUlt A and p N CE U,, then x.(p) = k.






