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Preface

This book is a development of lectures given by the author numerous times at
the University of Colorado, and once at the University of California, Berkeley. A
large portion was written while the author worked at the Forschungsinstitut fur
Mathematik, Eidgennossische Technische Hochschule, Zurich.

A detailed description of the contents of the book, notational conventions, etc.,
is found at the end of the introduction.

The author’s main professional debt is to Alfred Tarski, from whom he learned
logic. Several former students have urged the author to publish such a book as this;
for such encouragement I am especially indebted to Ralph McKenzie.

I wish to thank James Fickett and Stephen Comer for invaluable help in finding
(some of the) errors in the manuscript. Comer also suggested several of the
exercises.

J. Donald Monk
October, 1975
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Introduction

Leafing through almost any exposition of modern mathematical logic,
including this book, one will note the highly technical and purely mathe-
matical nature of most of the material. Generally speaking this may seem
strange to the novice, who pictures logic as forming the foundation of mathe-
matics and expects to find many difficult discussions concerning the philos-
ophy of mathematics. Even more puzzling to such a person is the fact that
most works on logic presuppose a substantial amount of mathematical back-
ground, in fact, usually more set theory than is required for other mathe-
matical subjects at a comparable level. To the novice it would seem more
appropriate to begin by assuming nothing more than a general cultural
background. In this introduction we want to try to justify the approach used
in this book and similar ones. Inevitably this will require a discussion of the
philosophy of mathematics. We cannot do full justice to this topic here, and
the interested reader will have to study further, for example in the references
given at the end of this introduction. We should emphasize at the outset
that the various possible philosophical viewpoints concerning the nature or
purpose of mathematics do not effect one way or the other the correctness
of mathematical reasoning (including the technical results of this book). They
do effect how mathematical results are to be intuitively interpreted, and which
mathematical problems are considered as more significant.

We shall discuss first a possible definition of mathematics, and then turn
to a deeper discussion of the meaning of mathematics. After this we can in
part justify the methods of modern logic described in this book. The intro-
duction closes with an outline of the contents of the book and some comments
on notation.

As a tentative definition of mathematics, we may say it is an a priori, exact,
abstract, absolute, applicable, and symbolic scientific discipline. We now
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Introduction

consider these defining characteristics one by one. To say that mathematics
is a priori is to say that it is independent of experience. Unlike physics or
chemistry, the laws of mathematics are not laws of nature or dependent upon
laws of nature. Theorems would remain valid in other possible worlds, where
the laws of physics might be entirely different. If we take mathematical
knowledge to mean a body of theorems and their formal proofs, then we can
say that such knowledge is independent of all experience except the very
rudimentary process of mechanically checking that the proofs are really
proofs in the logical sense—lists of formulas subject to rules of inference.
Of course this is a very limited conception of mathematical knowledge, but
there can be little doubt that, so conceived, it is a priori knowledge. Depending
on one’s attitude towards mathematical truth, one might wish to broaden
this view of mathematical knowledge; we shall discuss this later. Under
broadened views, it is certainly possible to challenge the a priori nature of
mathematics; see, e.g., Kalmar [6] (bibliography at the end of this intro-
duction).

Mathematics is exact in the sense that all its terms, definitions, rules of
proof, etc. have a precise meaning. This is especially true when mathematics
is based upon logic and set theory, as it is customary to do these days. This
aspect of mathematics is perhaps the main thing that distinguishes it from
other scientific disciplines. The possibility of being exact stems partially from
its a priori nature. It is of course difficult to be very precise in discussing
empirical evidence, because nature is so complex, difficult to classify, obser-
vations are subject to experimental error, etc. But in the realm of ideas
divorced from experience it is possible to be precise, and in mathematics one
is precise. Of course some parts of philosophical speculation are concerned
with a priori matters also, but such speculation differs from mathematics in
not being exact.

Another distinguishing feature of mathematical discourse is that it is
generally much more abstract than ordinary language. One of the hallmarks
of modern mathematics is its abstractness, but even classical mathematics is
very abstract compared to other disciplines. Number, line, plane, etc. are not
concrete concepts compared to chairs, cars, or planets. There are different
levels of abstractness in mathematics, too; one may contemplate a progression
like numbers, groups, universal algebras, categories. This characteristic of
mathematics is shared by many other disciplines. In physics, for example,
discussion may range from very concrete engineering problems to possible
models for atomic nuclei. But in mathematics the concepts are a priori,
already implying some degree of abstractness, and the tendency toward
abstractness is very rampant.

Next, mathematical results are absolute, not revisable on the basis of
experience. Again, viewing mathematics just as a collection of theorems and
formal proofs, there is little to quarrel with in this statement. Thus we see
once more a difference between mathematics and experimental evidence; the
latter is certainly subject to revision as measurements become more exact.
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Introduction

Of course the appropriateness of a mathematical discipline for a given
empirical study is highly subject to revision. Experimental evidence and a
posteriori teasoning hence play a role in motivation for studying parts of
mathematics and in the directions for mathematical research. One’s attitude
toward the absoluteness of mathematics is also colored by differing commit-
ments to the nature of mathematical truth (see below).

A feature of mathematics which is probably not inherent in its nature is
its applicability. A very great portion of mathematics arises by trying to give
a precise mathematical theory for some concrete, perhaps even nonmathe-
matical, situation. Of course geometry and much of classical mathematics
arose in this way from special intuition derived from actual sense evidence.
Also, logic owes much to this means of development; formal languages arose
from less formal mathematical discourse, the notion of Turing machine from
the intuitive notion of computability, etc. Many very abstract mathematical
disciplines arose from an analysis of less abstract parts of mathematics, and
may hence be subsumed under this facet of the discipline; group theory and
algebraic topology may be mentioned as examples. This aspect of mathematics
is emphasized in Rogers [12], for example.

Finally, the use of symbolic notation is a main characteristic of mathe-
matics. This is connected with its exact nature, but even more connected
with the development of mathematics as a kind of language. In fact, mathe-
matics is often said just to be a language of a special kind. Most linguists
would reject this claim, for mathematics fails to satisfy many of their criteria
for a language, e.g., that of universality (capability of expressing usual events,
emotions, ideas, etc. which occur in ordinary life). But mathematics does
have many features in common with ordinary languages. It has proper
names, such as = and e, and many mathematical statements have a subject—
predicate form. In fact, almost all mathematical statements can be given an
entirely nonsymbolic rendering, although this may be awkward in many cases.
Thus mathematics can be considered as embedded in the particular natural
language—English, Russian, etc.—in which it is partially expressed. But
also mathematics can, in principle, be expressed purely symbolically; in-
deed, a large portion of mathematics was so expressed in Russell and
Whitehead’s Principia Mathematica.

Now we turn to a discussion of the nature of mathematical truth. We shall
briefly mention three opposed views here: platonism, formalism, and in-
tuitionism. The views of most mathematicians as to what their subject is all
about are combinations of these three. On a subjective evaluation, we would
estimate the mathematical world as populated with 65%, platonists, 309,
formalists, and 5%, intuitionists. We describe here the three extremes. There
are (perhaps) more palatable versions of all three.

According to extreme platonism, mathematical objects are real, as real as
any things in the world we live in. For example, infinite sets exist, not just
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Introduction

as a mental construct, but in a real sense, perhaps in a ‘““hyperworld.”” Simi-
larly, nondenumerable sets, real numbers, choice functions, Lebesgue measure,
and the category of all categories have a real existence. Since all of the mathe-
matical objects are real, the job of a mathematician is as empirical as that
of a geologist or physicist; the mathematician looks at a special aspect of
nature and tries to discover some of the facts. The various mathematical
statements, like the Riemann hypothesis or the continuum hypothesis, are
either true or false in the real world. The axioms of set theory are axioms in
the Greek sense—self-evident statements which form a partial basis to deduc-
tively arrive at other truths. Hence such results as the independence of the
continuum hypothesis relative to the usual set-theoretical axioms force the
platonist into a search for new insights and intuitions into the nature of sets
so as to decide the truth or falsity of those statements which cannot be
decided upon the basis of already accepted facts. Thus for him the inde-
pendence results are not results about mathematics, but just about the
formalization of mathematics. This view of mathematics leads to some
revisions of the “definition” of mathematics we gave earlier. Thus it no
longer is independent of empirical facts, but is as empirical as physics or
chemistry. But since a platonist will still insist upon the absolute, immutable
nature of mathematics, it still has an a priori aspect. For more detailed
accounts of platonism see Mostowski [10] or Godel [3].

In giving the definition of mathematics we have implicitly followed the
view of formalists. A formalist does not believe that any mathematical
objects have a real existence. For him, mathematics is just a collection of
axioms, theorems, and formal proofs. Of course, the activity of mathematics
is not just randomly writing down formal proofs for random theorems. The
choices of axioms, of problems, of research directions, are influenced by a
variety of considerations—practical, artistic, mystical—but all really non-
mathematical. A revised version of platonism is to think of mathematical
concepts not as actually existing but as mental constructs. A very extensive un-
derstructure for much of formalism is very close to this version of platonism—
the formal development of a mathematical theory to correspond to certain
mental constructions. Good examples are geometry and set theory, both of
which have developed in this way. And all concept analysis (e.g., analyzing
the intuitive notion of computability) can be viewed as philosophical bases for
much formal mathematics. Another motivating principle behind much
formalism is the desire to inter-relate different parts of mathematics; for
example, one may cite the ties among sentential logic, Boolean algebra,
and topology. Thus while mathematics itself is precise and formal, a mathe-
matician is more of an artist than an experimental scientist. For more on
formalism, see Hilbert [5], A. Robinson [11], and P. Cohen [2]. For another
discussion of platonism and formalism see Monk [9].

Intuitionism is connected with the constructivist trend in mathematics:
a mathematical object exists only if there is a (mental) construction for it.
This philosophy implies that much ordinary mathematics must be thrown
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out, while platonism and formalism can both be used to justify present day
mathematics. Even logical principles themselves must be modified on the
basis of intuitionism. Thus the law of excluded middle—for any statement A,
either 4 holds or (not A) holds—is rejected. The reasoning here goes as
follows. Let A4, for example, be the statement that there are infinitely many
primes p such that p + 2 is also a prime. Then 4 does not presently hold,
for we do not possess a construction which can go from any integer m given
to us and produce primes p and p + 2 with m < p. But (not A) also does not
hold, since we do not possess a construction which can go from any hypo-
thetical construction proving A and produce a contradiction. One may say
that intuitionism is the only branch of mathematics dealing directly with real,
constructible objects. Other parts of mathematics introduce idealized con-
cepts which have no constructive counterpart. For most mathematicians this
idealism is fully justified, since one can make contact with verifiable, applicable
mathematics as an offshoot of idealistic mathematics. See Heyting [4] and
Bishop [1].

Now from the point of view of these brief comments on the nature of
mathematics let us return to the problem of justifying our purely technical
approach to logic. First of all, we do want to consider logic as a branch of
mathematics, and subject this branch to as severe and searching an analysis
as other branches. It is natural, from this point of view, to take a no-holds-
barred attitude. For this reason, we shall base our discussion on a set-
theoretical foundation like that used in developing analysis, or algebra, or
topology. We may consider our task as that of giving a mathematical analysis
of the basic concepts of logic and mathematics themselves. Thus we treat
mathematical and logical practice as given empirical data and attempt to
develop a purely mathematical theory of logic abstracted from these data.
Our degree of success, that is, the extent to which this abstraction corresponds
to the reality of mathematical practice, is a matter for philosophers to discuss.
It will be evident also that many of our technical results have important
implications in the philosophy of mathematics, but we shall not discuss these.
We shall make some comments concerning an application of technical logic
within mathematics, namely to the precise development of mathematics.
Indeed, mathematics, formally developed, starts with logic, proceeds to set
theory, and then branches into its several disciplines. We are not in the main
concerned with this development, but a proper procedure for such a develop-
ment will be easy to infer from the easier portions of our discussion in this
book.

Inherent in our treatment of logic, then, is the fact that our whole discus-
sion takes place within ordinary intuitive mathematics. Naturally, we do not
develop this intuitive mathematics formally here. Essentially all that we pre-
suppose is elementary set theory, such as it is developed in Monk [8] for
example. (See the end of this introduction for a description of set-theoretic
notation we use that is not standard.) Since our main concern in the book is
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certain formal languages, we thus are confronted with two levels of language
in the book: the informal metalanguage, in which the whole discussion takes
place, and the object languages which we discuss. The latter will be defined,
in due course, as certain sets (1), in keeping with the foundation of all mathe-
matics upon set theory. It is important to keep sharply in mind this distinction
between language and metalanguage. But it should also be emphasized that
many times we take ordinary metalanguage arguments and ‘“translate’’ them
into a given formal language; see Chapter 17, for example.

Briefly speaking, the book is divided up as follows. Part I is devoted to
the elements of recursive function theory—the mathematical theory of
effective, machine-like processes. The most important things in Part I are
the various equivalent definitions of recursive functions. In Part IT we give a
short course in elementary logic, covering topics frequently found in under-
graduate courses in mathematical logic. The main results are the completeness
and compactness theorems. The heart of the book is in the remaining three
parts. Part III treats one of the two basic questions of mathematical logic:
given a theory 7, is there an automatic method for determining the validity of
sentences in T? Aside from general results, the chapter treats this question
for many ordinary theories, with both positive and negative results. For
example, there is no such method for set theory, but there is for ordinary
addition of integers. As corollaries we present celebrated results of Gdodel
concerning the incompleteness of strong theories and the virtual impossibility
of giving convincing consistency proofs for strong theories. The second basic
question of logic is treated in Part IV: what is the relationship between
semantic properties of languages (truth of sentences, denotations of words,
etc.) and formal characteristics of them (form of sentences, etc.)? Some im-
portant results of this chapter are Beth’s completeness theorem for definitions,
Lindstrom’s abstract characterization of languages, and the Keisler—Shelah
mathematical characterization of the formal definability of classes of struc-
tures. In both of these chapters the languages studied are of a comprehensive
type known as first-order languages. Other popular languages are studied in
Part V, e.g., the type theory first extensively developed by Russeli and
Whitehead and the languages with infinitely long expressions.

Optional chapters in the book are marked with an asterisk *. For the
interdependence of the chapters, see the graph following this introduction.
The book is provided with approximately 320 exercises. Difficult or lengthy
ones are marked with an asterisk *. Most of the exercises are not necessary
for further work in the book; those that are are marked with a prime '. The
end of a proof is signaled by the symbol .

As already mentioned, we will be following the set-theoretical notation
found in [8]. For the convenience of the reader we set out here the notation
from [8] that is not in general use. For informal logic we use * ="’ for *““im-
plies,” “< or “iff” for “if and only if,” *“ =" for “not,” “V” for ““for
all,” and ““3” for *““there exists.”” We distinguish between classes and sets in
the usual fashion. The notation {x : ¢(x)} denotes the class of all sets x such
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that ¢(x). Inclusion and proper inclusion are denoted by < and < respec-
tively. The empty set is denoted by 0, and is the same as the ordinal number
0. Welet A ~ B={x:xeA,x¢ B}. The ordered pair (a, b) is defined by
(a, b) = {{a},{a, b}}; and (a, b, ¢) = ((a, b), ¢), (a, b, ¢, d) = ((a, b, ¢), d), etc.
A binary relation is a set of ordered pairs; ternary, quaternary relations are
defined similarly. The domain and range of a binary relation R are denoted
by Dmn R and Rng R respectively. The value of a function f at an argument a
is denoted variously by °f, .f, % fu fa, f(a); and we may change notation
frequently, especially for typographical reasons. The symbol {7(i):ieI) de-
notes a function f'with domain 7 such that fi = =(i) for all i € I. The sequence
{Xgy .. -» Xm_1y 18 the function with domain m and value x; for each i e m.
The set 4B is the set of all functions mapping A into B. An m-ary relation is a
subset of ™A, for some 4. Thus a 2-ary relation is a set of ordered pairs,
{x, y>. By abuse of notation we shall sometimes identify the two kinds of
ordered pairs, of binary relations, ternary relations, etc. We write f*4 for
{fa:ae A}. Thenotations f: A — B,f: A - B, - A>> B,and f: A>~»> B mean
that fis a function mapping A4 into (onto, one-one into, one-one onto respec-
tively) B. The identity function (on the class of all sets) is denoted by I. The
restriction of a function F to a set A4 is denoted by F | A. The class of all
subsets of A4 is denoted by SA. Given an equivalence relation R on a set 4,
the equivalence class of a € A4 is denoted by [a]z or [a], while the set of all
equivalence classes is denoted by 4/R. Ordinals are denoted by small Greek
letters «, B, y,..., while cardinals are denoted by small German letters
m, n,.... The cardinality of a set 4 is denoted by |A4|. The least cardinal
greater than a cardinal m is denoted by m*. For typographical reasons we
sometimes write (exp (m, n) for m" and exp m for 2™,

One final remark on our notation throughout the book: in various sym-
bolisms introduced with superscripts or subscripts, we will omit the latter when
no confusion is likely (e.g., [a]r and [a] above).
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PART I

Recursive Function Theory

This first part is of a purely mathematical nature, not involving notions of
formal logic. We wish to give precise versions of such intuitive notions as
effective procedure, calculable function, algorithm, effective list, etc. Thus our
topic is in the field of computer science; but it has many applications in logic,
and much of its deeper theory uses concepts from logic. We find it convenient
to have these notions available when we begin the study of logic itself. Much
of logic, particularly the more classical portions, is concerned with problems
of effectiveness, e.g., to try to have an effective method for recognizing theo-
rems in a given mathematical theory. This justifies treating effectiveness before
logic.

We shall briefly talk about these intuitive notions of effectiveness now,
and in the course of this part we shall try to give intuitive versions for some
of our main theorems and proofs. In fact, such intuitive versions are frequently
enlightening and can be translated into rigorous proofs so easily that, with
practice, they can take the place of some of the usual rigorous proofs. Under-
lying all of the notions we shall discuss is the main notion of an effective
procedure. By an effective procedure we understand a purely mechanical, step
by step process which begins with a finite amount of data and proceeds to an
end result, or perhaps proceeds forever, producing output as it goes. An
effective procedure must be specified in advance, in all details, in a cookbook
fashion: first do this, then do that, etc. The specifications must be given in a
finite amount of space and must be completely unambiguous. All the data
are given in a discrete, finite form, and the operating procedure is also to
occupy just a finite amount of physical space. To avoid complications, how-
ever, we put no limit on the (finite) sizes of the data, operating specifications,
or the procedure itself. Many examples of effective procedures are familiar to
us all. There are the usual algorithms for adding and multiplying decimal



Part 1: Recursive Function Theory

numbers; for finding the roots of quadratic equations; for approximating =
to any desired degree of accuracy, etc. It is quite clear that each of these
algorithms can be specified in enough detail to qualify as an effective pro-
cedure in our sense. For most purposes it is not necessary to be any more
explicit or precise than this about what an effective procedure really is.
Mathematics abounds in algorithms, and usually they are easily recognizable
as such. With the advent of large scale computers, a great number of mathe-
matical algorithms have been worked out explicitly as effective procedures in
the hardware or software of computers. However, once we start considering
the possibility of negative results—showing that some procedure is not
effective—it becomes essential to have a precise mathematical notion of
effective procedure.

Using the notion of effective procedure, one can subject common mathe-
matical notions to a process of effectivization. Thus a function f: 4 — B is
effective if there is an effective procedure which, given any element a e 4,
mechanically produces fa in a finite amount of time. A set 4 is effective if
there is an effective procedure which, given any object @, will decide in a
finite amount of time whether a € 4 or a ¢ A. A set A is effectively enumerable
if there is an effective function f mapping w onto A, or, equivalently, if there
is an effective procedure which generates all of the members of A4, one after
another. A real number is effective if the function giving its decimal expansion
is effective. We shall see several concrete and detailed examples of the
effectivization of mathematical notions in this part.

To give a rigorous definition of effective procedure requires considerable
abstraction from the intuitive notion. We can, however, simplify the problem
of giving such a definition in several ways. First, because all such procedures
act upon finite and discrete (not continuous) data, one can restrict attention
to the natural numbers as input and output. Indeed, the natural numbers
can be used to code any finite and discrete data, simply by effectively assigning
numbers to the data; this idea is called Gddel numbering, or arithmetization,
and we shall see many applications of it. Second, among the various mathe-
matical notions applicable to natural numbers, it is reasonable to concentrate
our efforts on effectivizing just one of them, that of a function. Most of the
other effectiveness notions can be easily expressed using the notion of an
effective function, as we shall see.

These two restrictions then enable us to pose a well-defined problem of
applied mathematics: single out rigorously a class of number-theoretic func-
tions which coincides with the intuitive class of effective number-theoretic
functions. This part is devoted to this problem and to the exposition of some
deeper aspects of the theory of effective procedures. There are many rigorous
versions of the notion of effective function. For each of these versions one
can give persuasive arguments that the intuitive notion has been faithfully
captured. All of the versions turn out to be equivalent, which again makes it
plausible that they form adequate rigorous versions of the intuitive notion.
In this part we base our exposition on the version involving Turing machines.

12



Part 1: Recursive Function Theory

Roughly speaking, with them effectivity is identified with calculability by a ma-
chine. We also discuss definitions of effectivity involving closure conditions—
explicitly defining the class of effective functions. Another verson is that of
Markov algorithms, corresponding closely to the intuitive notion of (written)
algorithm. In the exercises we also discuss a version involving generalized
digital computers, and the Herbrand—Gdédel-Kleene calculus of functions. In
Part III another important version—syntactic definability in number theory—
is discussed. Thus there will be available to the reader a variety of equivalent
rigorous versions of effectiveness. Different ones of these versions appeal to
different mathematicians. Each one seems a little arbitrary, and additions to
each are natural to suggest. It turns out, though, that almost all of these
additions are superfluous in the sense that they can be effected in some way
by the original notion. We shall give a few remarks on this topic as we proceed.

13



Turing Machines

In this chapter we shall present a popular mathematical version of
effectiveness, Turing computability, which will form our main rigorous basis
for the mathematical discussion of effectivity. Actually in this section we
present only some of the basic definitions concerning Turing machines and
some elementary results which both illuminate these definitions and form a
basis for later work. The definition of Turing computability itself is found
in Chapter 3. After giving the formal definition of a Turing machine we
discuss briefly the motivation behind the definition.

In our exposition of Turing machines we follow Hermes [2] rather closely.
A Turing machine (intuitively) consists of a mass of machinery, a reading
head, and a tape infinite in both directions. The machine may be in any of
finitely many internal states. The tape is divided up into squares called fields
of the tape (see figure).

L PP PP d

Left " reading head Right

Mass of
machinery

The machine proceeds step by step. At a given step it takes an action depend-
ing on what state it is in and upon what it finds on the field that the reading
head is on. We allow only two symbols, 0 and 1, to be on a given field, and all
but finitely many of the fields have O on them. These are the actions the
machine can take:

(1) Write 0 on the given field (first erasing what is there).
(2) Write 1 on the given field (first erasing what is there).

14



Chapter 1: Turing Machines

(3) Move tape one square to the right.
(4) Move tape one square to the left.
(5) Stop.

We now want to make this rigorous.

Definition 1.1. A Turing machine is a matrix of the form

a 0 n d,
a1 v, dy
¢z 0 v, ds
¢ 1 v, d,

¢ 0 van_y dopy

Cn 1 Vagn d2n

Cn 0 Vam—1 dom-y
em 1 vgn dom

where: ¢, ..., c, are distinct members of w, vi,...,v5,€{0, 1,2, 3,4}
and dy,...,dsne{C1,. .., Cn}. C1, .- .,Cyp are called states. ¢, is called the
initial state of the machine.

We think of a row ¢; ¢ v; d; of this matrix as giving the following informa-

tion: when the machine is in state ¢; and scans the symbol ¢ on the tape, it
takes action v; and then moves into state d,. Here the action given by v, is
as follows:

Uy
Uy
]
7]
Uy

= 0: write 0 on scanned square;

= 1: write 1 on scanned square;

= 2: move tape one square to the right;
= 3: move tape one square to the left;
= 4: stop.

To make this precise, we proceed as follows:

Definition 1.2. Let Z be the set of all (negative and nonnegative) integers.

A tape description is a function F mapping Z into {0, 1} which is 0 except
for finitely many values. A configuration of a given Turing machine T
is a triple (F, d, e) such that F is a tape description, d is a state, and e is
an integer (which tells us, intuitively, where the reading head is). A com-
putation step of T is a pair ((F, d, e), (F', d’, ¢')) of configurations such
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Part 1: Recursive Function Theory

that: if the line of the Turing machine beginning with (d, Fe) is (d, Fe, w, ),
then:

ifw=0 then F' =F§ d =f, ¢ =e;
ifw=1 then F'=F¢ d =f €& =e;
ifw=2 then F'=F, d =f e =e—-1;
ifw=3 then F'=F d=f e =e+ 1.

Here F¢ is the function (F ~ {(e, Fe)}) U {(e, &)}. Thus F¢ is the tape
description acting like F except possibly at e, and Fée = e. A computation
of T is a finite sequence {(Fy, dq, €g), - . ., (Fp, dn, €,)> of configurations
such that dy = ¢y, ((Fi, d;, ), (Fi+1, di 1, €i41)) 1S @ computation step for
each i < m, and the row of the Turing machine beginning (d,,, Fe,) has
4 as its third entry.

The way a Turing machine runs has now been described. To compute a
function f, roughly speaking we hand the machine a number x and it produces
JSxas an output. Since only zeros and ones appear on a tape, we cannot literally
hand x to the machine; it must be coded by zeros and ones. The mathematically
most obvious way of coding x is to use its binary representation as a ‘‘deci-
mal”’ with base 2. However, this is inconvenient, in view of the very primitive
operations which a Turing machine can perform. We elect instead to represent
X by a sequence of x + 1 one’s. (This is sometimes called the rally notation.)
The extra “one” is added in order to be able to recognize the code of the
number zero as different from a zero entry on the tape whose purpose is just
as a blank. The precise way in which functions are computed by a Turing
machine will be defined in Chapter 3. In this chapter we want to see how
these rather primitive looking machines can nevertheless perform some
intricate operations on strings of zeros and ones. These results will be useful
in Chapter 3 and later work.

Using the intuitive notion of coding we can argue as follows that Turing
machines are really quite powerful: We have seen informally how to represent
any number on a tape. A sequence of numbers can be represented by putting
blanks (zeros) between the strings of ones representing the numbers. By using
two blanks one can code several blocks of numbers, or one can use the two
blanks to recognize a portion of the tape set aside for a special purpose. By
repeated adjoining of a one, it is possible to add with a Turing machine; and
by repeated addition, one can multiply. Since a new state depends on the
currently scanned symbol, it is possible to set up different actions depending
upon what is on the tape. And we are not really restricted to just one square
in this decision making, since by using several states we can examine any
restricted portion of the tape.

In the general theory of Turing machines, one allows several symbols
instead of just 0 and 1 (see, e.g., [2]). However, it is clearly possible to code
these different symbols by different strings of 1’s. Several tapes may also be
allowed. Again such a modification can be coded within our machines; in
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Chapter 1: Turing Machines

the case of two tapes, for example, one may instead use odd and even
numbered squares on a single tape.

These intuitive comments on the strength of Turing machines of course
would require proof. Some of them will be proved later, and we hope that
they will all seem plausible after we have worked with Turing machines a
while. For a more detailed argument on the strength of Turing machines see
the introduction to [2].

Definition 1.3. T}, is the following machine:

0 0 21
01 21
1 0 4 1
11 41

Proposition 1.4. For any tape description F and any ecZ, {(F,0,e),
(F, 1, e — 1)) is a computation of Tyigy;.

Thus Tr.y, merely moves the tape one square to the right, and then stops.

Definition 1.5. Ty is the following machine:

0 0 31
01 31
1 0 41
1 1 41

Proposition 1.6. For any tape description F and any ecZ, {(F,0,e),
(F, 1, e + 1)) is a computation of Ties.

Thus T;; moves the tape one square to the left and then stops.

Definition 1.7. T, is the following machine:
0040
0100
Proposition 1.8. For any tape description F and any e € Z, (i) if Fe = 0, then
{(F, 0, e)> is a computation of Ty; (ii) if Fe = 1, then {(F, 0, e), (F§, 0, e)>

is a computation of T,. Thus T, writes a 0 if a zero is not here, but does not
move the tape.

17



Part 1: Recursive Function Theory

Definition 1.9. T is the following machine:

0010
0140

Proposition 1.10. For any tape description F and any e € Z, (i) if Fe = 0, then
((F, 0, e), (F$, 0, e)> is a computation of Ty; (ii) if Fe = 1, then {(F, 0, e))
is a computation of Ty. T, writes a 1 if a 1 is not there, but does not move
the tape.

Definition 1.11. If @ is any set and m € w, let ™ be the unique element of
ma}y. Thus a™ is an m-termed sequence of a’s, a™ = <{a,a,...,ay (m
times). If x and y are finite sequences, say x = <{x,,..., Xp_1» and y =

{Por e+ os Yno1ps We let xy = {(Xo, - - -» Xm—15 Yos - - -» Yn—1,. Frequently we
write a for <{a).

Definition 1.12. 7 .cexo is the following machine:

00 21
01 21
1 0 41
1110

A computation with T, can be indicated as follows, where we use an
obvious notation:

—0 1™
0 1(m-1)

a

— 01" ?11la

D> > >R

011mDg
A

0 l(m) a
A

0
Reading head

Thus 7} seex o finds the first O to the left of the square it first looks at and
stops at that 0. In this and future cases we shall not formulate an exact
theorem describing such a fact; we now feel the reader can in principle
translate such informal statements as the above into a rigorous form.

18



Chapter 1: Turing Machines

Definition 1.13. T, ... is the following machine:

0 0 31
01 31
1 0 41
1 110

T, seox o finds the first O to the right of the square it first looks at and stops
at that 0.

Definition 1.14. 7., is the following machine:

0 0 21
01 2 1
1 000
11 41

T;seex1 finds the first 1 to the left of the square it first looks at and stops
at that 1. It may be that no such 1 exists; then the machine continues forever,
and no computation exists.

Definition 1.15. 7, ... 18 the following machine:

0 0 3 1
01 31
1 000
1 1 41

T, seexc1 finds the first 1 to the right of the square it first looks at and stops
at that 1. But again, it may be that no such 1 exists.

Definition 1.16. Suppose M, N, and P are Turing machines with pairwise
disjoint sets of states. By M — N we mean the machine obtained by
writing down N after M, after first replacing all rows of M of the forms
(c04dyor(c’ 1 4d)bytherows(c, 0 0 e)or(c’ 1 1 ¢) respectively,
where e is the initial state of N. By

M if 0

ifll

P

N

we mean the machine obtained by writing down M, then N, then P, after
first replacing all rows of M of the forms (¢ 0 4 d) or (¢’ 1 4 d’) by the
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Part 1: Recursive Function Theory

rows (¢ 0 0 e) or (¢’ 1 1 ¢') respectively, where e is the initial state of
N and ¢’ is the initial state of P.

Obviously we can change the states of a Turing machine by a one-one
mapping without effecting what it does to a tape description. Hence we can
apply the notation just introduced to machines even if they do not have
pairwise disjoint sets of states. Furthermore, the above notation can be
combined into large ‘““flow charts” in an obvious way.

Definition 1.17. T, is the following machine:

Start

I

if 0 if0 if 0
Trigm ———T1— Tier, = 11— Tigees — T, — Trigm — T > Tseercs — Ty

lifl lifl lifi

StOp T'lseekl Tr seek 1
T, T;
T‘r seek 1 Tz seek 1

(Here by Tigne T Stop we mean that the row (1 1 4 1) of Ty 1S not to

be changed.)

This machine just finds a 1 and stops there. It must look both left and
right to find such a 1; 1’s are written (but later erased) to keep track of how
far the search has gone, so that the final tape description is the same as the
initial one. If the tape is blank initially the computation continues forever.

Since this is a rather complicated procedure we again indicate in detail a
computation using Ty, ;. First we have two trivial cases:

Starting with 1 a Starting with 0 1
A A
la 01
A A
la 01
A A
11
A
11
A
11
A
01
A
01
A
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Chapter 1: Turing Machines

In the nontrivial case we start with — 0™ 0 0™ —; m > 0:
A

Start
O(m) 0 O(n)
A

Qm-1 0 O»+D)

A
Qm-1) 1 0(n+1)
A
om-1 1 0 om
A
0(m—i) 1 0(21—2) 0 0(n—i+1)
A
O(m—i) 1 0(2i—2) 1 O(n—i+1)
A
O(m—i) l 0(2i—2) 1 O(n—i+1)
A

O(m—i) 0 0(2i—2) 1 0(n—1‘.+1)
A

O(m—i—l) 0 0(2i—1) 1 0(n-i+1)
A

O(m—i—l) 1 0(21'—1) 1 O(n-i+1)
A

O(rn——i—l) 1 0(21’—1) 1 0(n—i+1)
A
O(M—i—l) 1 O(Zi—l) 0 0(n——i+1)
A
0(m—i—1) 1 0(2{) 0 0(1!—1)
A
Here i = 1 initially, and the portion beyond 0™~1 1 0©2-2 ( 0™ ~i+D takes
A
place only if i < m and i < n. Thus, if we start with — 1 0™ 0 0™ —, and
A

n + 1 > m, we end as follows (setting i = m):

11 0(2m—2) 0 0(n—m+1)
A

11 0(2m—-2) 1 0(n—m+1)

>

oem-2) 1 Qn-m+1
oem=-2 1 n-m+D
o@em-1 1 Qn-m+D
1 0©2m-D O(n—m+1)
Qn-m+1)

1 0(2m -1

0(n+m+1)

St SO Sk S >0 D> e
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Part 1: Recursive Function Theory

On the other hand, if we start with — 0™ 00™ 1 — andn + 1 < m we end
A

as follows (setting i = n + 1):

0(m-n-1) 1 O(Zn) 0 1
A
Qm-n-1 1 0(2n) 11
A
O(m—-n—l) 1 0em 11
A
O(in—n—l) 0 0(2n) 11
A
0(m—n—2) 0 0(2n+1) 11
A
0(m—n~2) 1 0(2n+1) 11
A
0(m—n——2) 1 0(2n+1) 1 1
A
Qm-n-2) 1 (O2n+1) 01
A
0(m—n—2) 1 0(2n+2) 1
A
0(m—n—-2) 1 0(2n+2) 1
A
Qm-n-2> ) O2n+2 |
A
0(m+n+1) 1
A

Definition 1.18. T4 is the following machine:

if 1
if 0
Start — Ty seeco —> Trigny — Tiert

T, .na moves the tape to the right until finding 00, and stops on the right-
most of these two zeros. T;.,q does not start counting zeros until moving
the tape.

Definition 1.19. T4 is the following machine:

if 1
if 0
Start — Tr seek 0 Tleft > L right

T, .na moves the tape to the left until finding 00, and stops on the left-most
of these two zeros. T,.,q does not start counting zeros until moving the
tape.
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Chapter 1: Turing Machines

Definition 1.20. T;.,.., is the following machine:

[ |

if 1
Start — Tiere — Tiege RLE To — Trgne — T

lifo
Tr!ghn
The action of T} ans 18 indicated thus, in the case of interest to us:

a0 1(b+1) 0 —
A

a 1(b+l) 0 0
A
The tape is otherwise unchanged.

Definition 1.21. 7., is the following machine:

|

if 1
Start — Tiseexo — Tiigne —> Ty — T} trans

Jiro

T'l trans

T, snire acts as follows in the case of interest to us:
0 1(x+1) 0 1(y+1) 0
A

0 1(11+1) 0 0(x+2)
A
The tape to the left and right of this portion of x + y + 5 symbols is
unchanged.

Definition 1.22. T3, is the following machine:

I |

if 1
Start — Tiseexo — Tright e Tleft, > drseek0 > Tlshlft

liro

7“1 trans

|

TlseekO

|

Tright

|

7‘1 trans
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Part 1: Recursive Function Theory

T:n acts as follows in the case of interest to us:

0@ [0+ () (X1+D () ... ( [xm-D+D () 1@+ Q
A

1@+ 0(p)
A

wherep = xo + X, +-- -+ Xp_1 + 2m + 2. Incase m = 0, it works like
this:

o@ 1(1/+1) 0
A

1@+ o @
A

In each case the tape is otherwise unchanged. Here ““fin” abbreviates

“finish.”
This machine will be used at the end of computations to erase scratchwork.

Definition 1.23. T,,,, is the following machine:

it 1 "
Start — TlseekO - Tvleft > Ty — T geeco — Trseeko — T1 = Tiseerco— Tiseexo = 1

lifo
Tr seek 0
T.opy acts as follows:

0 1+ g Q=+
A

0 1%+ 1(x+1) ()
A

The tape is otherwise unchanged.

A machine M repeated m > 0 times will be indicated by M™ in our
diagrams.

Definition 1.24. For n > 0, T, c.py is the following machine:

n
Tr seek 0

ito
,, i1 1 -
Start — TTseexo = Tlere > Ty — Tlsbexo — T1— Tlnseelko — T
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Chapter 1: Turing Machines

T copy acts as follows:

0 @0+ ( [@l+D (g ... [*-D+D ( *0+2)
A
0 [®¥0+D ( [&1+D (g ... Q ]x-D+D ( ... [*0+D (
A

The tape is otherwise unchanged. This machine copies the #th block to the

left.

These are all the basic machines needed to compute functions. We shall
return to Turing machines after discussing some classes of number-theoretic
functions.
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EXERCISES

1.25. Give an example of a Turing machine which gets in a loop—repeats some
configurations over and over.

1.26. Give an example of a Turing machine which never stops, but doesn’t get
in a loop.

1.27°. Prove rigorously that T;....s does what is said in the text.

1.28’. Prove rigorously that T;snr, does what is said in the text.

1.29°. Prove rigorously that T, does what is said in the text.

1.30’. Prove rigorously that T,,,, does what is said in the text.

1.31’. Prove rigorously that 7}, ..,y does what is said in the text.

1.32. Show that there is no Turing machine which, started at an arbitrary
position, will find the left-most 1 on the tape.

1.33. Construct a Turing machine which will print the sequence 11001100. ...

1.34. Construct a Turing machine that stops iff there are at least two one’s on

the tape.
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Elementary recursive and
primitive recursive functions

To show that many number-theoretic functions are Turing computable,
it is convenient to distinguish some functions by closure conditions.

The class of elementary recursive functions which we shall now define in
this way is a class of intuitively effective functions which contains most of
the effective functions actually encountered in practice. However, not every
effective function is elementary recursive. Toward the end of the chapter we
introduce the wider class of primitive recursive functions, which still does not
cover all kinds of intuitively effective functions. In the next chapter we go
from primitive recursive functions to a class of functions, the recursive func-
tions, intuitively corresponding to the entire class of effective functions. An
elementary recursive function is just a function obtainable from the usual
arithmetic operations of addition, subtraction, multiplication, and division
by composition, summation, and multiplication. Most of this chapter is
concerned with listing out some elementary functions and with giving oper-
ations which lead from elementary functions to elementary functions. This is
necessary in order to be able to easily recognize that some of the rather
complicated intuitively effective functions are, in fact, elementary recursive.
A more detailed treatment of the topics of this section can be found in
Péter [2].

Definition 2.1. A number-theoretic function is a function which is, for some
positive integer m, an m-ary operation on w. The class of elementary
recursive, or for brevity elementary functions, is the intersection of all
classes A4 of number-theoretic functions such that, first of all, the following
specific functions are in A4:

(1) +, the usual 2-ary operation of addition;
(2) -, the usual 2-ary operation of multiplication;

26



Chapter 2: Elementary recursive and primitive recursive functions

(3) the 2-ary operation f such that f(m, n) = [m — n| for all m, n € w;

(4) the 2-ary operation f such that f(m, n) is the greatest nonnegative
integer <m/n (if n # 0), 0 if n = 0; we denote f(m, n) by [m/n];

(5) for each positive integer » and each i < n, the n-ary operation f on w
such that for all x,, ..., x,_; € 0, f(Xo, . . ., Xp—1) = X;; f1s denoted by
U7, it is called an identity or projection function.

Second, and last, 4 is required to be closed under the following operations
upon number-theoretic functions:

(a) The operation of composition. If fis an m-ary function, and g, . . .,

gn_1 are n-ary functions, then the composition of fwith go, ..., gn-1
is denoted by K2 (£ go, - . ., &€n-1); it is defined to be the #-ary function
4 such that for all xq,..., x,_; € w,

/Z(XO, L ] -Xn—l) :f(go(xo’ R -XnAl)’ cets gm—l(XOs revs xn—l))'

(b) The operation of summation. If fis an m-ary function, then g (m-ary)
is obtained from f'by summation, in symbols g = > f; if for all x, .. .,
Xpm—1 €E w,

g(X09 R ) Xm—l) = z {f(XO’ sy Xm—2s y) : y < xmfl}

[note that if m = 1 the definition reads

gx = > f;
y<x
for any m, we have g(xg, .. ., xn_3, 0) = 0 by convention].

(¢) The operation of multiplication. If fis an m-ary function, then g
(m-ary) is obtained from f by multiplication, in symbols g =[] f, if
for all xq,..., Xp_1 € w,

g(xo,- . 'aXm—l) = H{f(xo,- <oy Xm—2, y))’ < -xm—l}

[if x,,_, = 0, the right hand side is 1 by convention].

It should be evident that each elementary function is effectively calculable
in the intuitive sense. To convince oneself of this, it is enough to argue that
each of the functions (1)-(5) above is effectively calculable, and that the class
of effectively calculable functions is closed under the operations (a)-(c). For
(1)-(5), the ordinary school algorithms suffice for this argument. As to (a)—(c),
suppose, for example, that f, an m-ary function, is effectively calculable, and
we wish to show that > falso is. Given x,, .. ., X,_1 € w, we merely calculate
F(X0s oy Xme2:0)y f(X0s s Xy 1)y oo s fXos « v oy Xm—gy Xm—1 — 1), which
we can do since fis effectively calculable, and then we add them all up by the
school process, giving us (2 f)(xg, . . .» Xp-1)-

Proposition 2.2. Suppose fis m-ary, go, - . ., §u-, are n-ary, and hg, . . ., hy—1
are p-ary. Then

K%(KT'['(f;go, ~~-,gmal)§/7o7---,/7n—1) = K} (f; K3 (8o hoy oo s Pine)s -1,
Kg (gm—l;hO: cre hn—l))'
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Part 1: Recursive Function Theory

Proor. If xq, ..., X, 1 € w, then, with / = left hand side and r = right hand
side,

H(Xos ooy Xpo1) = (K2 (S5 805+ -0 &) 10(X0s - o3 Xp1)y o s Fn1( Xy + o s Xpo1))
=f(g0(/70(X0, ] Xp—l)’ LRI hn—l(xm e xp—l)), cees
Em-1(ho(Xos - o s Xp_1)s .y B 1(Xos - - o5 Xp_1)))
= fUKS (g0 hos -+ s Ma )Xoy« s Xp1)s oo s
(Kg (gm—l 5 hOa ceey hn—l))(x()s v -xp—l))
= r(Xgs -+ s Xp-1)- O

The following theorem is the usual set-theoretical consequence of a
definition like 2.1.

Proposition 2.3, A4 number-theoretic function f is elementary iff there is a
finite sequence <{go.,...,gu_1y Of number-theoretic functions such that
gu_1 = [, and for each i < k one of the following conditions holds:

@) &= +,
@) g = -,
(iif) g = subtraction (in the sense of 2.1(3)),
(iv) g = division (in the sense of 2.1(4)),
(v) g; = U? for some n > 0, some j < n,
(vf) g is n-ary, and for some m > O there exist j < iand kg, ..., kn_1 <1
such that g; is m-ary, gios - - -» Sem-1, are n-ary, and g, = K» (g;;
Lros -+ +» Seam— 1) (g4 is obtained from earlier functions by composition),
(vii) there is a j < isuch that g, = > (g;),
(viii) there is aj < i such that g; = [ 1(g;).

PrROOF. Let 4 be the set of all f such that there is a finite sequence of the
kind described in the theorem. By considering I-termed sequences it is easy
to see that +, -, subtraction, division, and U7} are all in 4 (for any n > 0
and j < n). Suppose f€ A, fis m-ary, ho, ..., hn_1€ A, all of ho, ..., N,_,
are n-ary. Choose a finite sequence <{gq, ..., g1, such that g,._, = f and
or each i < k one of the conditions (i/)-(viii) holds for g;. For each j < m
choose a finite sequence <{/; 4, ..., /; ,;_1> such that /; ,,_; = /i; and for each
i < a; one of the conditions (i/)—(ziii) holds for /;;. Then consideration of the
sequence

<g05 R gk—l’ ]0,0’ R lO,uO-la R lm—l,o’ LRI

[md,a(m—l)’ KR (f5 hoy ooy o))

shows that K? (f: ho, ..., h,-1) € A. Thus A4 is closed under composition.
If fe A, so that a sequence {gg, ..., &1, exists as in the theorem, then
consideration of {g¢, ..., gv_1. > f>and {go, ..., 8-1, ] 1 f> show that > f,
T1f€ A. Hence every elementary function appears in A. This proves =. If
fe A, with {go, ..., g.—1> given as in the theorem, then it is easily shown by
induction on / that g; is elementary for each i < k. In particular, f = g, _;
is elementary; this proves <=. O
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Chapter 2: Elementary recursive and primitive recursive functions

We now proceed to show that many garden-variety number-theoretic
functions are elementary and that simple operations on elementary functions
again give elementary functions.

For later purposes it is convenient to formulate results of the second kind
in a more general way. A class 4 of number-theoretic functions is said to be
closed under elementary recursive operations provided A contains all the
elementary functions 2.1(1)—(5) and is closed under composition, summation,
and multiplication. Obviously the class of all elementary functions is closed
under elementary recursive operations. So will be all of the wider classes of
effective functions which we discuss later.

Proposition 2.4, Let A be closed under elementary recursive operations. If f

is m-ary and f € A, and 7 is a permutation of {0, . . ., m — 1}, then the m-ary
Junction g such that g(xg, ..., Xn_1) = f(Xp05 + - +» Xaem—1)) JOr all xq, ...,
Xp-1 €Ew is also in A.

Proor. g = Kn(f; UR,, ..., Ufn_1n). 0

Proposition 2.5 (Identification of variables). Let A be closed under ele-
mentary recursive operations. If f is m-ary, m > 1, and fe A, then the

(m — 1)-ary function g such that g(xo, ..., Xm-2) = f(Xos - - -5 Xm—2, Xo) fOr
all xo, ..., Xp_s€Ewisin A.
PROOF‘ g= Km-l(f9 UE)n—19~", ,7;::%, Ug‘_l)' D

By means of 2.4 and 2.5 variables can be identified in an arbitrary number
of places. Thus if fis 3-ary elementary, so is the function g with g(x, ) =
f(x, y, y), forif h(x, v, z) = f(y, x, 2), his elementary by 2.4; letting k(x, y) =
h(x, y, x) for all x, y € w, k is elementary by 2.5, and g(x, y) = k(y, x) for all
X, y € w, 80 g is elementary by 2.4. Usually it is just as easy in cases like this
to use the method of proof of 2.4 and 2.5.

Proposition 2.6 (Adjoining apparent variables). Let A be closed under ele-
mentary recursive operations. If f is m-ary and f€ A, then the (m + 1)-ary

function g such that g(xo, ..., Xp) = f(Xo, ..., Xp_1) for all xq, ..., Xp € w,
isin A.
Proor. g = Kn,,(f;Ug*,..., Untd). 0
Definition 2.7

(i) Forn > 0, m € w, C% is the n-ary function such that C? (xg, ..., Xn_1)
= mforall x,,..., x,_1 € w.
(ii) sg and sg are unary functions; for x € w,

{0 ifx=0,
sgx =

1 if x #0,
_ _{1 ifx =0,
S8X =0 ifx#£0.
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(iii) 4 is a unary function:
0 fx=0
A= -1 ifx#0

(iv) By convention, 0° = 1, 0* = 0 for x # 0; 0! = 1.
(v) s is a unary function: sx = x + 1 for all x € w.

} for all x € w.

Thus C7, is the n-ary constant function with value m. The functions sg and
Sg are of a technical usefulness. / is the predecessor function and ¢ the suc-
cessor function.

Proposition 2.8. The following functions are elementary:

(i) C& (for n # 0)
(i) o
(iii) sg
(iv) sg
(v) exponentiation
(vi) factorial
(i) 4
PrOOF
(1) C§is elementary: C3 x = |x — x| for all x € w.
(2) sgis elementary: sg x = [ [, .. C} y, for all x € w.
(3) sgis elementary: sg x = 5g 5g x for all x € w.
(4) Ciis elementary: Ci x = 5g C} x for all x € w.
(5) Ci is elementary: (by induction on m) CL,; x = CL x + C} x for all
X € w.
(6) Cpn, is elementary: CZ (xq,..., X,_1) = CL U%(xo,..., x,_,) for all
Xy vy Xp_1 E @,
(7) 6:9x = x + Clx
(8) exponentiation: x¥ = [ [,., U2 (x, 2).
(9) factorial: x! = [ [, oz.
(10) £ : ix = |x — Cix]|-sg x. O

Definition 2.9

(i) By an me-ary number-theoretic relation (im > 0) we mean a set of
m-tuples of natural numbers. "w is the set of all m-tuples of natural
numbers. As usual, we identify 'w and w, in an informal way.

(ii) If R is an m-ary number-theoretic relation, its characteristic function
Xz> 1S the m-ary number-theoretic function such that for all x,, .. .,
Xm-1 € w,

_ 0 if<x0""9xm—1>¢-Ra
Xe(X0 -+ 5 Xm) = {1 if <X, ..., Xn_ 1> €R.

(#ii) An m-ary number-theoretic relation R is elementary if x5 is elementary.
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The definition 2.9(iii) is motivated by our intuitive feeling that a relation
R is effective iff x5 is an effective function. In fact, if we have an effective
procedure for determining membership in R, then we can effectively calculate
xr as follows. Given any object a, determine whether a € R or a ¢ R. In the
first case, yza = 1, and in the second case, yza = 0. Conversely, suppose we
have an effective procedure for calculating values of x;. Given any object a,
calculate yza. If ygpa = 1, then a € R. If yza = 0, then a ¢ R.

Given any class A4 of number-theoretic functions, an m-ary number-
theoretic relation R is said to be an A-relation if yz € A.

Proposition 2.10. 0 and w are elementary; if x € w then {x} is elementary.

PrOOF. xo = C} and yx, = Cl. If xew, then for any yew, yuny =
5g (Ix — y|); hence xy = g (IC3 ¥y — U§ yD)- ad

By 2.10, {x} is always on effectively decidable set. Intuitively speaking,
to check whether y € {x} we simply check if y = x (surely an effective matter).
As an example, let B = {0} if Fermat’s last theorem is true, while B = 0 if it
is false. B is an effectively decidable set, although we do not know now
whether 0 € B or not. Thus there is a decision procedure for membership in
B, but we don’t know what it is (it is either the obvious one for {0} or the
obvious one for 0).

Proposition 2.11. Let A be closed under elementary recursive operations. If R
and S are A-relations, then so are RN S, RU S, and "w ~ R.

Proor. For all X0s + e 05 Xm—1, XRnS(-XOa ] xm—l) = XR(x09 Tt xm—l)'Xs(xo,
) xm—l)’ XT(XO’ ey xm—l) = S_gXR(XO, B xm—1)9 with T = "w ~ R, Ry
S =m0~ [("w~ R)N ("w ~ )] |

Corollary 2.12. Every finite subset of w is elementary, and so is every cofinite
set.
Proposition 2.13. The binary relations <, <, =, =, # are elementary.
Proor. Forany x, y € w,
x<(x, ) = 5g [ox/oy] = 5g [+ U3 (x, y)/s UZ (x, »)].
Thus < is elementary. Further
x#(x, ) = sg(Ix — y)),

so # is elementary. Finally, < = (<« U =), 2 = (Pw ~ <), > = (Pw ~ <),
== (%w ~ #). O]

Proposition 2.14 (Bounded existential quantifier). Let 4 be closed under
elementary recursive operations. Suppose R is an m-ary A-relation. Let
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S = {(Xps--.y Xm_1y:thereisay < x,_, suchthat{xo, ..., Xn_a, V> € R}.
Then S is an A-relation.

PROOF.  xs(Xo, .. .5 Xm—1) = S8 2 {Xp(X0s - . -» Xm-2, ¥) 1 ¥ < Xp_1}. 0

Proposition 2.15 (Bounded universal quantifier). Let 4 be closed under
elementary recursive operations. Suppose R is an m-ary A-relation. Let
T ={<{Xpy-+»Xm_1p: for every y < X,_, we have {xq, ..., Xp_2, ¥> € R}.
Then T is an A-relation.

Proor. Let S be as in 2.14, with R replaced by ™w ~ R. Then T =
Mw ~ S. O

Definition 2.16 (Bounded minimum). Let R be an m-ary relation. For all
Xgs+ -+ Xm—1 € w, let
the least y < x,_; such that {(xq, ..., Xp_2, > € R,
SXos ooy Xmo1) = if there is such a y,
0 otherwise.

S(xo, ..., Xp_q) is denoted by py < xp,_1R(Xxg, ..., Xp_as P).

Proposition 2.17. Let A be closed under elementary recursive operations. If R
is an m-ary A-relation, then the function f of 2.16 is a member of A.

Proor. Note that

(1) sg Z Xe(Xos o5 Xm—2, ) =

y<i

{1 if {xo5 .oy Xpo1, ¥y ¢ Rforally < i,
0 otherwise.

Let g(xo, ..., Xmo0,0) = 858 Dy ci xa(Xos - - -, Xm—_g, ¥) for all xq, ..., Xpn_s
i€ w. Thus g e A. From (1) we see that

X0y -+ s Xm—1) if there is a y <

z {8(x0s -+ oy Xpmogy dl) i < Xpp_y} = Xm-1suchthat {xg, ..., Xn_2, VY ER,
Xp_1 otherwise.
Hence
SOy oy Xmo1) = SE&(X0s + s Xm1)- D {&8(X0s - > Xmozy 90) 1§ < Xp_1},
so fe A. L

The rather technical proof of 2.17 may be compared with a proof of the
intuitive version of the proposition, which goes: if R is an m-ary effective
relation, then the function f of 2.16 is effective. In fact, to calculate
S(xo, . - .5 Xm-1), We test successively whether (x,, ..., X,_2, 0> € R, {x, ...,
Xm_g, 1D ER, ..., {Xps .+, Xm_g, Xm_1y € R. If at some point we reach an i
such that <{xo, ..., Xp_2, I) € R, we set f(X,, ..., Xn—1) = i and stop testing.
If we complete our testing without finding such an i we set f(xo, . . ., Xn_1) = 0.

Proposition 2.18 (Definition by cases). Let A be closed under elementary
recursive operations. Suppose g, . ..,8n_1 are n-ary members of A,
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Ry, ..., R, _, are pairwise disjoint n-ary A-relations with J;<n, Ri= "w,

and f is the n-ary function such that, for all x,, ..., X, € w,
gO(xO’--~9xn—1) l:f(.X'(),. LR} xn—1>ER09
gl(xO’--~s xn—l) U<x0:'~-’ xn—1>ER19

Slros - - sxnd) = Q7
Zm-1(Xoy -+ -5 Xn_1) if {Xoy -y Xn-1)ERp_1.
Then f< A.
Proor. For any x,,...,X,_; € w,
J(Xos -+ -5 Xp—1) = Xro(X0s - - +» Xn-1)"&o(X0s - + -5 Xn_1) + -+

+ Xrom-1(Xo0s -+ > Xno1) 8m-1(X0s - - -5 Xn_1). O

Definition 2,19
(i) for x, y e w, let
xX—y ifx >y,

YTV ifx <y
(i) x ifx <
. ~ <
mln(x,y)—{y ifx > y.
(iii) (by induction). For m > 2, min,, (X, . . ., Xp_1) = min (min,, _; (x,,

v vy Xm—2)s Xm—1), With min, (x, ¥) = min (x, y).

(iv) max (x, y), max, (xo, . . ., Xn_1) Similarly.

(v) rm (x, y) = remainder upon dividing x by y, if y % 0; rm (x, 0) = 0.
i) | = {(x, y) : x divides y} = {(x, y) : there is a z such that y = x-z}.
(vii) PM = {x : x is a positive prime}.

Proposition 2.20. A/l of the functions and relations of 2.19 are elementary.

Proor. Obvious, as concerns (i)-(iv). For (v),

For (vi), note that x|y iff there is a z such that y = x-z iff thereisa z < y
such that y = x-z; now see 2.14. Finally, p € PM iff for every x < p, either
not x[porx = 1,and p # 0, p # 1; cf, 2.15. O

Definition 2.21. For every k let p, be the (k + 1)st prime; thus p, = 2,
pl = 3,p2 = 5,....

Proposition 2.22 (Number-theoretic). For every k, p,, < exp (2, 2¥).
Proor. By induction on k. Trivial for k£ = 0, 1. Induction step, k > 0:

Pr+1 < Po- .- Pr — 1 (Euclid)
<exp(2,29-...-exp(2,2¥) — 1  (induction hypothesis)

= QZ{exp(2,)ii<k} _ ]

=exp (2t — 1) — 1 < exp (2F*Y). O
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Proposition 2.23. p is elementary.

Proor. Let N = {(x, y): x, ye PM, x < y, and y is the next prime after x}.
Thus N = {(x, y): x, ye PM and x < y and for all z < y, either z < x or
not z ¢ PM}, so N is elementary. Let Pr = {(x, k) : x is the (k + 1)st prime}.
Thus (x, k) € Prif xe PM and 3, ., xemy = k, so Pr is elementary. Finally,
Pr = px < exp (2, 2¥) + 1((x, k) € Pr), so p is elementary. J

Definition 2.24. If a =0 or a =1, let (a); = 0. If a > 1 let (a); be the
exponent of p; in the prime decomposition of a. Sometimes we write (a)i
instead of (a);.

Proposition 2.25. () is elementary.

PrOOF. (a); = px < a(pf|a and not py*1a). O
Definition 2.26. la = greatest i such that p;|x (=0 if x = 0 or 1).

Proposition 2.27. 1 is elementary.

ProOF. la = pi < a[p;|x and Vj < a(i < j = p;{a)]. O

We now proceed to study a larger class of functions, the class of primitive
recursive functions. Most of the effective functions encountered in the litera-
ture were actually shown to be primitive recursive. Actually most of them are
even elementary, and usually this can easily be shown. We feel that it is only
an historical accident that elementary functions are not more widely discussed
than primitive recursive functions.

Definition 2.28. The class of primitive recursive functions is the intersection
of all classes A of functions such that ¢, UPe 4 foralln > O0Oand i < n,
and such that A is closed under composition and under the following two
operations:

(i) The parameterized operation of primitive recursion: if fis m-ary and A
(m + 2)-ary, m > 0, then define g recursively as follows:

g(x09 s Xmo1s O) =f(x0, RS xm—l)a
g(XOs s Xmo1s dy) = h(XO, e Xm-1, )5 g(XOa cees Xm—1s J’)),

forall xq, ..., Xn_1, ¥ € w. Then g is obtained from f and h by primitive
recursion, in symbols g = R™(f; h).
(ii) The no-parameter operation of primitive recursion: if a€ w and h is
2-ary, define g:
gO = a,
gy = h(y, gy),
for all y € w. In symbols g = R%a, h).
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A relation R is primitive recursive iff y5 is a primitive recursion function.

Note that the operations of primitive recursion are rather special kinds
of recursive or inductive definitions. Many recursive definitions can be
reduced to primitive recursive ones; see, e.g., the important course-of-values
recursion, 2.33. But there are recursive definitions which cannot be reduced
to primitive recursion. See, e.g., Theorem 3.6. The class of general recursive
functions introduced in the next section encompasses all of the natural
notions of recursive definitions.

Clearly the primitive recursive schema affords an effective procedure for
calculating values of R™(f, h), if f and 4 are effectively calculable. Similarly
for R%a, #). Thus every primitive recursive function is effectively calculable
in the intuitive sense.

Analogously to 2.3 we have:

Proposition 2.29. A number-theoretic function f is primitive recursive iff there
is a finite sequence {go, . . ., &x_1y Of functions such that g, ., = f, and for
each i < k one of the following conditions holds:

(@) & =9
(i) g = U% for somen > 0,j < n,
(iii) as in 2.3 (vi) (composition),
(iv) there exist j, h < i and me w, m # 0, such that g; is m-ary, g, is
(m + 2)-ary, and g; = R™(g;, g1),
(v) there exist j < i and a € w such that g; is 2-ary and g; = R%a, g;).

A class A of number-theoretic functions is said to be closed under primitive
recursive operations provided A contains all the primitive recursive functions
s, UP and is closed under the primitive recursive operations given in 2.28,
including composition.

Theorem 2.30. If A is closed under primitive recursive operations, then A is
closed under elementary recursive operations. In particular, every elementary
Sfunction is primitive recursive.

ProoF
(1) 4 is primitive recursive. For,

40 =0,
73y = Uy, A).

(2) = is primitive recursive. For,
x = 0= U}x,
x=a9y=U3(x,y,x=y).
(3) C} is primitive recursive:

tx=Uix = Ujx.
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(4) + is primitive recursive:
x + 0 = U}x,
x+ oy =0sUS(x,y,x + p.
(5) - is primitive recursive:
x-0 = C}x,
x-ap =xp+x=+U(x, x), U3 (x, y, x-)).
©) |x=yl=G=»n+0=x.
(7) sg is primitive recursive: sg x = 1 = x.
(8) sg (x) = sgsgx.
(9) rm is primitive recursive. Define
f(x3 0) =0,
fx, ay) = of(x, y)-sg|x — of(x, y).
Then rm (x, y) = f(y, x).
(10) Division is primitive recursive. Define

Sf(x,0) =0,
f(X, dy) :f(x’ y) + —S-g IX — JIm (x, J/)|
Then [x/y] = f(y, x).
Now assume that 4 is closed under primitive recursive operations. In
particular, A is closed under composition.

(11) A is closed under summation. For, suppose f€ A4, fm-ary, and g = > f.
Then

g(xgs v e Xp_2,0) =0,
g(x0> ey Xm—2s OZ) = Z f(xo, cees Xmo2s y)

y<dIz

= Z f(x0>~">xm—2’ J’) +f(x0’--'9xm—29 Z)

y<z
= g(Xgs -+ s Xm-2,2) + f(X05 - - s X2, Z).
Hence g € A.
(12) A is closed under multiplication.
This is proved similarly. The proof of 2.30 is complete. O

The converse of 2.30 fails; see 2.45.

To express another important property of primitive recursion, we need a
new coding device. Given a finite sequence {x,, . . ., X, -1y of natural numbers,
it is natural to code it by the single integer [ [; ., pf***. The added one in the
exponents is essential for uncoding, to distinguish between the codes for
{2,3,0> and (2, 3), for example. The mapping that assigns to each finite
sequence of natural numbers its code as above is a one-one function into w.
From the code y the original sequence x is easily extracted:

X = <(y)0_ ls R} (y)ly - 1>

The following definition gives a special instance of this coding device:
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Definition 2.31. If fis an m-ary number-theoretic function, we define £, the
course-of-values function for f, as follows: f is again m-ary, and for any
X0y e 03 Xm-1 € w,

Jor o or Xmo) = [ {pfeommmm=bb1:j < 3,

Thus f(x,, - - ., Xn_1) codes the whole sequence {f(xo, ..., Xm_2,0), ...,
S(Xos - - s Xm—2y Xm_1 — 1)>. Note that f(xg, ..., Xu_g,0) = 1.

Proposition 2.32. Let A be closed under primitive recursive operations. Then
fedifffe A
PrOOF. Assume first that fe 4. Then

f~(x0>~- <5 Xm—2, 0) = l’

f(xm s X dy) — H p{(xo,...,x(m—z),i)+1

i<oy

:f(xm ey Xmegs y),pi(xo ..... x(m—2),y)+1
= h(an vy X9, y,f(xo, cees Xm—2s y)):

where (2o, . . ., Zpn) = Zp-pLEL =™+ for all z,, . . ., z, € w. Conversely,
if fe A4, then
0s+++9Xm—-1) = 05«5 Am=2y 9Am—1))x(m-1)
Sflx Xn-1) = (f(x X2, 9Xm-1))

so fe A. d

The next proposition shows that recursion in which the successor step
depends on several preceding values can still be reduced to primitive recursion.

Proposition 2.33 (Course-of-values recursion). Let A be closed under primitive
recursive operations. Suppose f is an m-ary function and h is an (m + 1)-ary
member of A such that, for all x,, ..., Xp_1 € w,

f(xO’ e xm—l) = h(xo, LRI xm—la.f(xm ey xm—l))'
Then fe A.
PrOOF
f(-xO) sy Xm—9 0) = 1’
F(Xos - -+ Xm—gy ) = I—[ PexOscsxm =20 +1

i<oy

_ 0,..., -2),
—f(xo,---,xm—z, y)_pg(x x(m—-2),»)+1

_ h(x0,..., -2),y,/(x0,..., -2),

— f(xo, s X y),py(x x(m —2),y,f(x x(m—2),y)) +1

Thus fe A. By 2.32, fe A. O
Next we show how close elementary functions are to primitive recursive

functions—the class of elementary functions is closed under a restricted kind
of primitive recursion.
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Proposition 2.34 (Bounded primitive recursion)

(i) Suppose m > 0, f and h are elementary, m-ary and (m + 2)-ary
respectively, g = R™(f, h), k is elementary, and g(x,..., x,) <
k(xo, ..., xn) for all x,, ..., x, € w. Then g is elementary.

(if) Suppose h is a binary elementary function, g = R%a, h) (with a € w),
and gx < kx for all x € w, with k elementary. Then g is elementary.

Proor. (i) For any x,, ..., X,, Z€ w let

S(xo,- . wxm) = (xm + 1) z k(XOs ces Xm-1, Z)'

kr<xm

Let R consist of all (m + 2)-tuples <xo, ..., X, > such that there is a g <
pi<'a’cl0 ..... xm) SO that

) (9)o = f(X05 - - -5 Xm—1)

and, for all z < x,,

) (@zs1 = h(Xo5 . . .5 Xm-1, 2, (9)2)

and, finally, y = (g)xn. Obviously R is elementary. Now (i) follows from
3) 8(xo, s Xp) = py < kX, .- oy X)[{Xos + + +» Xm» YD € R].

To prove (3), assume that x,,..., X, € w, let ¢ be the sequence <{g(x,, ...,

Xm-150)s ..., 8(X0s .. .» Xpm_1, Xm)p, and let

g=1]] ot

i<xm

Then for each i < x,, we have
ti < k(x0’ sy Xm—1s l) < z k(x05 sy Xmo1s Z)

and so

Furthermore, g satisfies the conditions (1), (2). Thus <{x,, . .., Xum, g(x0, . . .,
Xm)> € R.Itisalsoclear that (x, . .., x,, y> € Rimpliesthaty = g(xo, ..., Xn),
so (3) holds.

Condition (i) is proved similarly. O

As our final result of this chapter we shall give an example of a primitive
recursive function which is not elementary.

Definition 2.35. < is the binary operation on  given by the following
conditions: for any m, n € o,

a(m,0) = m,
a(m,n + 1) = m™™m,
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Thus a(m, n) is the iterated exponential, m raised to the m power n times.
Although exponentiation is elementary by 2.8(v), we shall see that iterated
exponentiation is not. The reason is that it grows faster than any elementary
function; see 2.44. Obviously, we have:

Lemma 2.36. « is primitive recursive.

Lemma 2.37. m < a(m, n) for all m, n.
ProOF. We may assume that m # 0. Now we prove 2.37 by induction on n:
a(m,-0) = m. Assuming m < a(m, n),

a(m,n + 1) = m*™™ > ;™ > m. O
Lemma 2.38. «(m,n) < a(m,n + 1) forallm > 1 and all n € w.

PROOF. a(m,n + 1) = m*™"™ > a(m, n). (]

Lemma 2.39. a(m,n) < a(m + 1, n) for all m # 0 and all n € w.

Proor. We proceed by inductiononn: a(m,0) =m < m + 1 = a(m + 1,0).
Assuming our result for #,

a(m,n + 1) = m*™"» < (m + 1)*m»
< (m+ 1)*m+im — o(m + 1,0 + 1). O

Lemma 2.40. a(m, n) + a(m, p) < a(m, max (n, p) + 1) for all m > 1 and
alln, pew.

PROOF. a(m, n) + a(m, p) < 2a(m, max (n, p)) by 2.38

<

< Ja(m,max (n,p)) < pp@m,max (n,p))

= a(m, max (n, p) + 1). O

Lemma 2.41. «(m, n)-a(m, p) < a(m, max (n, p) + 1) for allm > 1 and all
n,peaw.

Proor. If n = p = 0 then the inequality is obvious. Hence assume that
n # 0orp # 0. Then

a(m, max (n, p))? by 2.38

d(m’ n)-a(m, p) =<
— (ma(m, max (n,p) - 1))2 = pp2e(m, max (n,p) - 1)
<

meXP (2, a(m,max (n,p) —1)) m&(m, max (n,p))

a(m, max (n, p) + 1). O
Lemma 2.42. a(m,n)*™? < o(m, max (p + 2,n + 1)) for all m > 1 and
all n, p € w.
Proor. For n = 0 we have
a(m, n)*™? = m*™P = g(m,p + 1) < a(m, max (p + 2, n + 1))
(using 2.38). If n # 0 we have

a(m’ n)a(m,p) = pem.n—1)ya(m,p) < m@mmax(n-1,p)+1) by 2.41
= a(m,max (p + 2,n + 1)). O
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Lemma 2.43. «(a(m, n), p) < a(m,n + 2p) for allm > 1 and all n, p € w.
PrOOF. We proceed by induction on p:

w(a(m, n),0) = a(m,n) = a(m,n + 2-0).
Assuming our result for p, we then have

ala(m, n), p + 1) alm, p)* @M mP) < g(m, p)* T2

a(m,max (n + 2p + 2,n + 1)) by 2.42
a(m,n + 2(p + 1)). 0

oA

Lemma 2.44. [f g is a k-ary elementary function then there is an m € w such
that for all xq, ..., x._ 1 €w, If max(xg,...,Xx,_1) > 1 then g(x,, ...,
Xe_1) < @(max (xg, - .., X;;_1), M).

Proor. Let 4 be the set of all functions g (of any rank) for which there is
such an m. To prove the lemma it suffices to show that A is closed under
elementary recursive operations.

) +eA.

In fact, let m = 2: for any x,, x, € w With max (xg, x;) > 1,

Xo + x; < max (xg, X;) + max (xq, X;)
= a{max (x,, x1), 0) + «(max (x,, x1), 0)
< a{(max (xg, x1), 1) + a(max (xg, x3), 1) by 2.38
< a(max (xq, X1), 2) by 2.40
Thus (1) holds, Analogously,
2 € A.
3) fe A, where f(m, n) = |m — n| for all m, n € w.

For if max (x,, x;) > I, then |x, — x;] < max (xo, x;) = «(max (x,, x;), 0) <
a(max (x,, x1), 1). Similarly, the next two statements hold:

4) feA, where f(m, n) = [m/n] for all m, n € w.
&) Urte A, for any positive n € w and any i < n.
6) A is closed under composition.

For, suppose f is m-ary, gg,...,8n-1 are n-ary, and f, go,..., gn_1 € A.
Choose p, qo, - -->qgn_1 € @ such that max (xo,..., x,_1) > | implies that
f(x0s .+ Xp_1) < a(max (Xo, ..., Xn_1), p), and such that for each i < m,
max (Xg, . .., Xn_1) > L impliesthatg,(xy, . .., X, 1) < @(max(xg, ...,Xp_1),4:)-
Let h = KPP (f; 80, -, 8m-1)- Let

s=max{qg:i <m}+ 2p+ max{f(Xg,---s Xm_1)  Xpy-vus Xp_1 < 1} + L.

Now suppose that max (xq, ..., x,-;) > 1. Then if go(xo, ..., Xp_1),. .-,
gn-1{X0s .- -» Xn_1) < 1, we obviously have

h(x07 LR} xnfl) :f(gO(XOa RS anI)a RS} gn~1(x07 RS Xn—l))
<5 < a(max (Xg,..., Xp_1), 5) by 2.38
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Assume now that max {g,(xo, ..., X,_1):i < m} > 1. Then

h(xos . .. Xn-1) = f(80(X0, - - o5 Xn=1)y - - -5 En-1(X0, - . o5 Xn_1))
< a(max {gi(xg, ..., Xo_1) : i < m}, p)

< a@(max {a(max {x,,..., X,_1},q):i < m}, p) by 2.39

= a(a(max {x09 B xn—l}’ max {q05 et qm—l})s P) by 2'38

< a(max {xq, ..., Xp_1}, Max {qo, ..., m-1} + 2p) by 2.43

< @(max{x,, ..., X,_1}, 5) by 2.38
@) A is closed under >.
In fact, suppose fe A4, say f is m-ary, and let g = 5 f. Since fe A, choose
p€w such that max (xq,...,x,_;) > 1 implies that f(x,,..., X, 1) <

a(max (Xg, - . ., Xm_1), p). Let
g=p+ 1+ max{f(xe,..., Xn_1)IX0s--+» Xm_1 < 1}
Then forany xo, ..., Xp_1 € w, f(Xp, ..., Xp_1) < @(max (xo, ..., Xp_1,2), q),

using 2.38. Thus if max (x,, ..., x,_;) > 1 we have

g(XOs"-:-xm—l) = Z f(xo,'~"xm—2’ }’)

y<x(m-—1)

< Z a(max (xo,- vy Xm—2 y7 2)5 q)

y<x(m-—1)
< a(max (Xg, . . .5 Xn-1),4) by 2.39
y<x(m-1)
= “(max (x0a L) xm—l)a q)'-xm—l
< a(max(x, ..., Xp_1),q) - @(max (xg, ..., Xn_1),q) by 2.37
< a(max (Xg, ..., Xn-1),q + 1) by 2.41
Similarly, using 2.42,
®) A is closed under [ .
This completes the proof of 2.44. ]

Theorem 2.45. There are primitive recursive functions which are not elementary
in fact, « is such a function.

Proor. By 2.36, « is primitive recursive. Suppose « is elementary. Let
Jm = a(m, m) for all m € w. Thus fis elementary. By 2.44 choose m € w such
that x > 1 implies that fx < «(x, m). Then

am+ 2,m+2) =f(m+2) < a(m + 2, m)
<am+2,m+ 2) by 2.38
contradiction. O
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EXERCISES

2.46.

2.47.

2.48.

2.49.

Show that the following functions are elementary:

max y < z((xo, - - -, Xm-2, ¥) € R),
1 vy Xm—2, = . .
@) (o, s Xm-2, 2) {=0 if there is no such y,

where R is elementary.

(2) g(x0y - .s Xm—-2,¥) = max{f(xo,..., Xm-2, 2) : z < y}, with f element-
ary.

3) glxoy ...y Xm—-2, ) = min {f(xo, ..., Xm-2, 2) : Z < y}, with f element-
ary.

Show that the following functions and relations are elementary:

(1) (a, b) = gcd (greatest common divisor) ofaand b, =0ifa = Oorb = 0.

(2) sa = sum of positive divisors of a.

(3) the set of perfect numbers, i.e., numbers a with sa = 2a.

(4) the Euler ¢ function: ga = the number of elements of {x:1 < x < a}
with (x, @) = 1.

Let fn = [e-n] = greatest integer <e-n, for every n € w, where ¢ is the base
of the natural system of logarithms. Show that f is elementary. Hint:
write

B 11 1 1
1 n! n! 1
= ] —_ v —_— —_— P
n!(”'+1!+ +n!)+(n+1)!+

Let Sn = n! + n!/1! +..-+ n!/n!. Define S primitive recursively, but
show that is bounded by an elementary function. Let Rn = 1/(n + 1)! +.-.
(Note: R is not a number-theoretic function, since its values are actually
transcendental.) Show that for n > 1, Rn < 1/n!. Hence conclude that
[e-n] = [Sn/(n — 1)!] for n > 1, as desired.

Show that (:;) (combinatorial symbol) is elementary.

The purpose of the following two exercises is to show how one can be
rigorous in applying the results of this section in showing that functions or
relations are elementary. However, later we shall not use these exercises, since
the application of results of this section are obvious anyway. Both exercises
have to do with certain formal languages which are special cases of languages
which will be discussed in detail later.

2.50
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2.51

2.52.
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each fe A introduce a symbol R;. Allow, in addition, variables v,, vy,
vs,.... We define term: any variable standing alone is a term. If fe A4,
f m-ary (m > 0), and oy, ..., 0,—; are terms, then so is R;00,...,Gp—1.
These are all the terms.

Let i be such that all the variables appearing in a certain term = are in
the list vy, . . ., v;. Define gi:

givo,...,0) =7

for all v, . . ., v; € w, where each R; occurring in 7 is interpreted as f. Show
that g; € A. [Try induction on how 7 is built up.]

(CoMPLEX EXPLICIT DEFINITION). For each elementary function fintroduce a
symbol F;, and for each elementary relation R a symbol Z;. Also let N,
N, ... be some more symbols, and v, v, . . . variables. For logical symbols
wetaked, V,u, =, v, A,—>, <>, =. Special symbols: (,), <. We define terms
and formulas simultaneously and recursively:

(1) v;is a term;

(2) if fis an m-ary elementary function and oy, ..., o, -1 are terms, then
Fi(ogy...,0m-1) is a term;

(3) N,is a term;

(4) if R is an m-ary elementary relation and o, ..., on-1 are terms, then
(0o, . ..,0m-1) is a formula;

(5) if o, 7 are terms then ¢ = 7 is a formula;

(6) if p and ¢ are formulas then so are —p, @ V ¢, ¢ A 3, @ — 3, @ <> J;

(7) if v; does not occur in a term o, and if ¢ is a formula, then v; < o, ¢
and Yv; < o, ¢ are formulas;

(8) under the assumptions of (7), uv; < o, @ is a term.

These are all the terms and formulas. Now show:

(9) if oisaterm whose variables areinthe listv,, . . ., vy, andif fi(vo, . . .,0) =
o forall vy, ..., v €w, then f% is elementary;
(10) if @ is a formula whose variables are in the list v, . . ., v, and if R, =
{Kvoy ..., U Vg, ..., 0 €Ew and @}, then R is elementary.

In (9) and (10), the symbol F; is to be interpreted as f; %y as R; N; as i,
and the other symbols are to have their natural meanings.

Suggestion: prove (9), (10) simultaneously by induction on how ¢ and ¢
are built up.

Suppose g and g’ are l-ary primitive recursive and %2 and A’ are 3-ary
primitive recursive. Define f and f’ simultaneously :

f(x,0) = g(x), fC,y + 1) = bi(f(x, ), f(x, y), X)
f(x,0)=g'(x), f(x,y+1)=HrHSf(xD),[(x),x).

Show that f and f” are primitive recursive. Hint: define f"(x, y) = 2/¢*¥.
3!’(x.y).
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2.53. Suppose that g is 1-ary primitive recursive, / is 4-ary primitive recursive and
fis defined as follows:

f©,n) =f(1,n) = gn
f(m + 1,n) = h(f(m — 1, n), f(m, n), m, n) for m > 0.

Show that fis primitive recursive.

2.54. Show that there are exactly R, primitive recursive functions. Show that
there is a number-theoretic function which is not primitive recursive.



Recursive Functions;
Turing Computability

In this chapter we shall give three versions of the notion of effectively
calculable function: recursive functions (defined explicitly by means of closure
conditions), an analogous but less redundant version due to Julia Robinson,
and the notion of Turing computable function, based upon Turing machines.
These three notions will be shown to be equivalent ; here the results of Chapters
1 and 2 serve as essential lemmas. In the exercises, three further equivalent
notions are outlined: a variant of our official definition of recursiveness, the
Godel-Herbrand-Kleene calculus, and a generalized computer version which
is even closer to actual computers than Turing machines. As stated in the
introduction to this part, none of these different versions stands out as over-
whelmingly superior to the others in any reasonable way. The versions
involving closure conditions are mathematically the simplest. The ones using
generalized machines seem the most intuitively appealing. The Kleene calculus
and the Markov algorithms of the next section are closest to the kinds of
symbol manipulations and algorithmic procedures that one works out on
paper or within natural languages. Take your pick.

Definition 3.1. Let m > 1. An m-ary number-theoretic function f is called
special ifforall x,, ..., X, _o € wthereisa ysuch that f(x,, ..., Xp_o, ¥) =
0. If fis a special function, we let
k(xq, . .., Xn-2) = the least y such that f(x,,..., Xp_2, y) = 0.
We write “puy(f(xo,...» Xm-2,y) = 0)” for “k(xo,..., xn-2)”. The
operation of passing from f to k is called the operation of (unbounded)
minimalization.
The class of general recursive functions is the intersection of all classes
A of functions such that s, U € 4 for all n > 0 and i < n, and such that
A is closed under composition, primitive recursion, and minimalization
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(applied to special functions). A relation R is general recursive iff yp is
general recursive. Frequently, both for functions and relations, we shall
say merely recursive instead of general recursive. A class A of number-
theoretic functions is said to be closed under general recursive operations
provided that 4 contains all the functions 4, U} and is closed under com-
position, primitive recursion, and minimalization (applied to special
functions).

Several comments on Definition 3.1 should be made before we proceed.
First, the minimalization operator used in 3.1 is somewhat different from the
one in 2.16, and the difference in their notations reflects this. We shall see
later that this difference is essential (see, e.g., 3.6). To see that all general
recursive functions are effectively calculable it suffices to assume that f is
an m-ary special effectively calculable function with m > 1 and that k is
obtained from f by minimalization and argue that & is effectively calculable.
In fact, given x,, . . ., X, _, € w, start computing f(xo, . . ., Xp—2, 0), f(xo, ...,
Xm—39, 1),.... Since f is special, O eventually appears in this sequence. The
first y for which f(xq, ..., Xn_a, ¥) = O is the desired value of k at <{x,,...,
Xn -2y, and the calculation can then terminate. Thus the assumption that f
is special is very crucial. Otherwise, for some arguments this procedure would
continue forever without yielding an output.

We can argue as follows, intuitively, that every effectively calculable
function is general recursive. Let f, m-ary, be effectively calculable. We then

have a finitary procedure P to calculate it. Given an argument {xq, ..., Xp_1>,
from P we make a calculation c; the last step of the calculation has the value
f(xq, ..., Xxn_1y coded in it. Let T consist of all sequences (P, Xq, . . ., X1, C>

of this sort. Presumably T itself is effectively calculable and probably more
easily calculable than f. By a coding device we may assume that P € w and
c € w. Let V be the function that finds the output f(x,,..., x,_,) within c.
Now it is reasonable to suppose that both T and V are simple enough that
they are recursive, for no matter how complicated f is, T and V must be
very routinely calculable. Also, it is reasonable to assume that ¢ is uniquely
determined by P and x,, ..., x,_;. Hence

f(x05- LR} xm-—l) = V[LC(-S—g XT(P, X0s oo 05 Xm—15 C) = 0)’

so f'is recursive. We shall see that this intuitive argument is very close to the
rigorous argument that every Turing computable function is recursive.
Church’s thesis is the philosophical principle that every effectively calculable
function is recursive. This principle is important in supplying motivation for
our notion of recursiveness. We shall not use it, however, in our formal
development. Later, especially in Part III, we shall use what we will call the
weak Church’s thesis, which is just that certain definite arguments and con-
structions which we shall make are to be seen to be recursive (or even
elementary) without a detailed proof. The weak Church’s thesis rests on the
same foot as the common feeling that most mathematics can be formalized
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within set theory. Of course we can take extensive practice with checking the
weak Church’s thesis as strong evidence for Church’s thesis itself.

Theorem 3.2. If A is closed under recursive operations, then A is closed under
primitive recursive operations. In particular, every primitive recursive
Sfunction is recursive.

Now we want to see that there is a recursive function which is not primitive
recursive. The argument which we shall use for this purpose is of some
independent interest, so we shall first formulate it somewhat abstractly.

Definition 3.3. Let 4 be a collection of number-theoretic functions. A binary
number-theoretic function f is said to be wuniversal for unary members of
A provided that for every unary g € A there is an m € w such that for every
new, f(m,n) = gn.

Theorem 3.4. Let A be a set of number-theoretic functions closed under
elementary recursive operations. If f is universal for unary members of A,
then f¢ A.

Proor. Assumethat fe A. Let gm = f(m, m) + 1forallme w. Thus g € 4.
Since fis universal for unary members of 4, choose m € w such that f(m, n) =
gn for all n e w. Then gm = f(m, m) = f(m, m) + 1, contradiction. O

The proof just given is an instance of the Cantor diagonal argument. Other
instances will play an important role in this part as well as in Part III; see,
e.g., 15.18 and 15.20.

Lemma 3.5. There is a general recursive function which is universal for unary
primitive recursive functions.

Proor. We first define an auxiliary binary function % by a kind of recursion
which is not primitive recursion, and afterwards we will show that 4 is
actually general recursive. We accompany the recursive definition with in-
formal comments. We think of a number x as coding information about an
associated primitive recursive function f: (x), is the number of arguments
of £, and the next prime factor of x indicates in which case of the construction
of 2.29 we are in. The definition of A(x, y) for arbitrary x, y € w breaks into
the following cases depending upon x:

Case 1 (Successor). x = 2. Let A(x, y) = () + 1 for all y.
Case 2 (Identity functions). x = 2"-3'*1 where i < n. Let A(x, y) = (p),
for all y.
Case 3 (Composition). x = 2"-5™"-p3-p2-... -pi™3Y, with n, m > 0.
For any y, let
h(x, y) = h(g, pg™®¥- ... -pul1~ D).

Note here that ¢ < x and r0,...,r(m — 1) < x, so the recursion is legal.
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Case 4 (Primitive recursion without parameters). x = 2-79.11¢ with
g > 0. We define A(x, y) by recursion on y:

h(x,1) = a,
h(x, 2y+1) = h(q’ 2y_3h(x. exp (2.1/))),
h(x,z) =0 for z not of the form 2*.

Case 5 (Primitive recursion with parameters). x = 2™*!.112-13" with
m > 0 and ¢ > 0. We define A(x, y) by recursion on y. First let y be given
with (), = 0. We set

h(x, y) = h(g, )
h(x, y-pa*?) = h(r, y-pa-prit = ™).

Case 6. For x not of one of the above forms, let 4(x, y) = O for all y.
This completes the recursive definition of /. We first claim:

(1) for every me w ~ 1 and for every m-ary primitive recursive function f
there is an x € w ~ 1 such that, for all yo,..., yp-1 € w,

Soy s Ymo1) = h(x, P8+ ... - DT D).
Indeed, let " be the set of all fsuch that an x exists. Then, for all y,
h2,2%) =y + 1,
so s € I'. Next, suppose i < n. Then for any y,, ..., yn_1 € v,
A3, PO LR ) =

so U? e I". To show that I' is closed under composition, suppose that fe I,
Zor--s8&m-1 €, f mary, and g, ..., gn_1 each n-ary. Choose u € w for f
and vy, ..., 0,1 €w for go, ..., gn_1 respectively so that (1) holds for f,

U800 v} 8m-1> Um—1. Let x = 2%.5m.p¥.ps0. . .p7m3D, Then for any
Yos -+ > Yn-1 € w wWe have, with z = p§®- ... -pi®T Y, gi(yo, - - -, Ya-1) = £ for
each i < m,
h(x, Z) = h(u, pg(vo,z), L .p%(g(in—l),z))
= h(u, p¥- ... -pim7v

=f(g0(y0’ B} yn—l); ey gm—1()’o, BRIEE} yn—l))'

Thus T is closed under composition. To show that T' is closed under primitive
recursion without parameters, suppose f € I, fbinary, with associated number
g so that (1) works, and suppose that x = 21-7¢-11%. Let kO = q, k(n + 1) =
f(n, kn) for all n € w. Then we show that ky = h(x, 2¥) for all y € w by induc-
tion on y:

h(x,2°) = a = kO,
h(X, 2U+1) = h(q, 2y,3h(x,exp (2.1/)))
= h(g,2*-3%)
= f(3kp) = k(y + 1.
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It is similarly show that T is closed under primitive recursion with parameters.
Thus (1) holds.

Now let f(x, y) = h(x, 2¥) for all x, y € w. Then by (1), f is universal for
unary primitive recursive functions. Hence it only remains to show that A
(and hence f) is general recursive. This proof can easily be modified to show
that almost any legal kind of recursion leads to a general recursive function.
This kind of proof is, however, very laborious. There is a much easier way of
proving this kind of thing: see the comments following the recursion theorem
in Chapter 5.

The computation of /i(x, y) can be done in finitely many steps, in which
we compute successively certain other values of /i: h(aq, b)), . . ., h(am -1, bp-1).
We identify this sequence of computations with the number pg°- ... -p&™1 b,
where, for each i < m, ¢i = 29t.3%. 508D Thjs intuitive idea should be kept
in mind in checking the following statement, which clearly shows that / is
general recursive. For brevity, we write (a),; (or (a);; or (a)(i, j)) in place of
((a),);; similar abbreviations hold for (((a);),), etc.

Statement. For any x, y € w, h(x, ¥) = (2),..9, Wwhere z is the least « such
that w > 2, (u),0 = X, (W)1,1 = », and for each i/ < lu one of the following
holds:

(2) (U)o = 2 and (u);p = (U)o + 1;
(3) Wu)o = 1 and (u)ig; — 1 < (U)ioo and (u)iz = (WG, 1, (U)o, — 1);
(4) (Wigo # 0, (Wior = 0, (W2 # 0, l(u)io < (4)02 + 3, and there is a j < i
such that (u);0 = (W)i0s, HW)j1 < (U)ioo — 1, for all k < (u);p, there is a
g < i such that ()g = (Wi0,k+40 W1 = (W), and (U)ge = (U);1x, and,
finally, ();2 = (4);2;
(5) (t)ioo = 1, (W01 = (Wio2 = 0, (U)ios # 0, lu)y < 4, and one of the
following three cases holds:
(5) (W = 1 and (4);z = (Wioe;
(5”) there is a w < (u); such that (u);; = 2***, and there is a j < i such
that (4);o = (4)ios and for some k < i, (U)xo = (U)o, (W)i1 = 2%,
(u);, = 2*-3®k2 and W)jo = (W)iz;
(5”) there is no w < (u); such that (v);; = 2%, and (u);; = 0;
(6) (oo > 1, (U)ior = (Wioz = (W)ioz = 0, (W)i0g # O, I(w);p < 5, and one of
the following conditions holds (with (u);,o — 1 = m for brevity):
(6') ()im = 0 and there is a j < i such that (u);0 = (U)ioe, W);1 = (U1,
and (u);2 = (U)i2;
(6") (W)im # 0,say (w);, = t-pn, and there exist j, k < i such that (1), =
(u)iosv(u)jl = 1-€XP (Pm+ 15 (Wi2)s Wio = (U)i0, (W)i1 = t,and (u); =
)PY

(7) none of the above, and (u);; = 0.

To check this statement carefully, let 4 be the set of all # > 2 satisfying the
condition above beginning *‘for each / < lu”’. Then the following condition
is clear:
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(8) ifu, ve A, then u-[ [j<1, pPLii1 € A4,
(9) for all x, y € w, there is a u € 4 with (¥), 0 = x and (¥),., = y; for any
such u, (U)o = Alx, p).
Condition (9) is established by induction on x.
This completes the proof of 3.5. O

Theorem 3.6. There is a recursive function which is not primitive recursive.

Theorem 3.7. There are exactly R, recursive functions.

PrROOE. Let A, consist of all of the functions s, UF with i < n. Thus |4,| =
No. Having defined A,, let 4, consist of all members of A4, together with
all functions obtainable from members of A4, by one application of com-
position, primitive recursion, or minimalization (applied to special functions).
Thus if |4,] = X,, then |4,,:| = Ry. Clearly, then, [ 4. = No.
Obviously U,e, 4, is exactly the set of all recursive functions. !

Theorem 3.8. There is a number-theoretic function which is not recursive.

Although Theorem 3.8 follows from 3.7 purely on grounds of cardinality,
we can also explicitly exhibit a nonrecursive function. Let fg, f1,... be an
enumeration of all unary recursive functions (by 3.7). Define gm = f,m + 1
for all m € w. Then g is obviously not in our enumeration, so g is not recur-
sive. We are really just repeating the proof of Theorem 3.4 here in a special
case.

We now turn to the notion of a Turing computable function.

Definition 3.9

() If g = <go,---,&m—1y 15 a finite sequence of 0’s and I's and Fis a
tape description (recall Definition 1.2), then we say that g lies on F begin-
ning at q and ending at n (where g, n € Z), provided that Fg = g0, F(q + 1) =
8- Fo=gun_1(thusn=qg + m —1).

(if) An m-ary number-theoretic function fis Turing computable iff there
is a Turing machine M, with notation as in Definition 1.1, such that for
every tape description F, allg,ne Z,and all x,, . .., X,_; € w, if 01*0+D
0-..01*m-Db+D Jies on F beginning at g and ending at », and if Fi = O for
all i > n, then there is a computation {(F, ¢, n + 1),(Gy, a1, by), ...,
(Gp_1, a,_1, b,_1)) of M having the following properties:

(1) G,_,i = Fiforalli <n+ 1;

(2) 19&0.xm=10+D |ies on G,., beginning at n + 2 and ending at
bp—l - 1;

3) G,_;i=0foralli > b,_;.

We then say that fis computed by M.

There are, of course, several arbitrary aspects in this definition of com-
putable function. Many details could be changed without modifying in an
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essential way the power of the notion. We have simply specified in a detailed
way how an input for the machine is to be presented and how the output is
to be located. The condition (1) is particularly useful in combining several
computations. Now we show that every recursive function is Turing computable.

Lemma 3.10. o is Turing computable.
PROOF. A machine for s is:

Tcopy - Tl e Tleft- ,:]

Lemma 3.11. U} is Turing computable.

Proor. The machine is T, _jcopy- OJ

Lemma 3.12. The class of Turing computable functions is closed under
composition.
PrOOF. Suppose f m-ary, go, .- ., 8n_1 H-ary. Suppose f, go, ..., &m—1 are€
computed by M, N, ..., N,_, respectively. Then the following machine
ComplItes Kg (f; o>+ -» gm—l):
neft g Tl - 711eft e 71<7;L+1)c01::y - Tlnseeko - Tright e TO — Trend e
No —> T3 4 pyeopy = N1 —> -+ = Ty 1ycopy = Nim—1 = Timt im - moeny —>
:r(m+(m—2)n)copy—) e > Tmcopy - M — Tfin- D

Lemma 3.13. The class of Turing computable functions is closed under primi-
tive recursion without a parameter.

Proor. Suppose that fis a binary operation on w, computed by a machine
M, and gew. Let g0 =aqa, gn + 1) = f(n, gn) for all new. Then the
following machine computes g:

T'lefc - Tl g Tle[t - T2 copy > Tl seek 0 — 7 Tright g TO e Trend -

a+1l if 1
Tiery = (T = Teqe) — T, copy —> Trigne —> To — Trigne — Tiere —>

if 1
T}erc - Tl - Tlert - T3 copy —> M — T4copy — Tright, - TO ~> I right ? Tleft -

lifo

Tfin
v . I

lifo

Tfin D

Lemma 3.14. The class of Turing computable functions is closed under primi-
tive recursion with parameters.

ProOF. Suppose that fis m-ary, m > 0, g is (m + 2)-ary and that they are

computed by M and N respectively. Let A(xo, - . ., Xn-1, 0) = f(X0, - . -» Xm-1)»
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hxgy .. s Xm-1, ¥+ 1) = g(x0,...s Xn_1, V. 8(X0, ..., X1, ¥)). Then the
following machine computes /:

m +1
TleIL d Tl e Tlefn e T2 copy ~7> T(m+3)copy - Tl";eeko - Trighc -
if 1
TO - Trend - M — T(m+ 2)copy ~ Trigm - TO g Trlght Tleft. g
lifo
Tfm
m if 1
T(m+ 2)copy ~> 7ﬂleff. - T1 - ﬂern - T(m+ 3)copy > N e 7W(m+4) copy ~> Trlght >
li( 0
m+1 Tfin
Tier, — Tty copy

Lemma 3.15. The class of Turing computable functions is closed under
minimalization (applied to special functions).

PrROOF. Let f be an m-ary special function, m > 1, and suppose that fis
computed by a machine M. Let g(xo, ..., Xn-2) = W[f(X0s. ..\ Xpooy y) =
0] for all xq, ..., X,_o € w. Then the following machine computes g:

\ lifo
if 1 |
Tt = Ty —> Tieqe — M — Tggny — Ty — Trigne — Ty — Trlght,
l if 0 irt
Stop O

Summarizing Lemmas 3.10-3.15, we have:
Lemma 3.16. Every general recursive function is Turing computable.

We now want to get the converse of 3.16. This requires Godel numbering.
This process, whose name is just a catch-word for the process of number-
theoretically effectivizing nonnumber-theoretic concepts (already hinted at in
the introduction to this part), has already been used twice in less crucial
contexts. In discussing course-of-values recursion, we numbered finite se-
quences of numbers; see 2.31. And in constructing a function universal for
unary primitive recursive functions essentially we numbered construction
sequences for primitive recursive functions; see 3.5. Now we want to effectively
number various of the concepts surrounding the notion of Turing machine.
Besides our immediate purpose of proving the equivalence of Turing com-
putability and recursiveness, this effectivization will be important for our
later discussion of general recursion theory.

The script letter 4 will be used for Godel numbering functions throughout
this book ; we will usually just depend on the context to distinguish the various
particular uses of ** 4.
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Definition 3.17. Let E be the set of even numbers. Let T be the class of all
Turing machines. If M is a Turing machine, with notation as in 1.1, we let
the Gédel number of M, ¢M, be the number

It

i<2m

where, foreachi < zm’ fi = 2cli+2/21, JaB)i+ D), §uiE+ 1), Jdi+ 1)
Lemma 3.18. 4*T is elementary.

Proor. Forany x € w, x € *Tif Ix is odd, x > 1, for every i < lx we have
((x))2 < 5, for every i < lx there is a j < Ix such that ((x),)s = ((x),)e, for
every [ < lx, if i is even then ((x),)o = ((xX)i+1)e, and for all i, j < lx, if
i+ 2 < j, then ((x);)o # ((x),)0, and if 7 is even then ((x);); = 0, while if i is
odd, ((x)), = 1. O

Definition 3.19. If Fis a tape description, then the Gddel number of F, ¢F,
is the number

0
ket
] I pi 5
i=0
where

F(i/2) if i is even,

ki = F(—(@i + 1)/2)  ifiis odd.

Note that a natural number m is the G6del number of some tape descrip-
tion iff Vx < Im((m), < 2) and m # 0.

Definition 3.20. A complete configuration is a quadruple (M, F, d, ) such
that (F, d, e) is a configuration in the Turing machine M. C is the set of
all complete configurations. The Gddel number g(M, F, d, e) of such a
complete configuration is the number

29M.35F.54.7n
where
"= 2e ife =0,
T l—2e-1 ife < 0.
Lemma 3.21. 4*C is elementary.
Proof. For any x € w, x € g*C iff Vi < 1(x),(((x),): < 2), (x), # 0, (x)o €
#*T, and there is an i < 1(x), such that (x); = (((x)o):)o, and lx < 3. ]

Definition 3.22. (i) For any e€ Z, let

_ [2e ife =20,
I T\ —2e—1 ife<0O.
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For any x € w, let

X+ 2 if x is even,
Sfox =40 ifx =1,

x—2 if xis odd and x > 1,

1 if x =0,

x — 2 if xis even and x > O,
fix =
x+2 if x is odd.

Lemma 3.23. f, and f, are elementary. For any e € Z we have fyge = g(e + 1)
and f, ge = g(e — 1).
ProoOF

2e + 1) e=>0
) fo2e e>0 __ o . .
ﬁ)ye—{fo(_ze_ 1) e<0}—{0 e=—1 }—y(@+1),

—2e — 3 e < —1

20e—1) e>0
- ge = fi2e ex=0 _ )] - o
frge {fl(_ze— 1) e < 0} {_2eil o } gle=1). O

Lemma 3.24. Let R, = {(x,n, ¢, y): x = gF for some tape description F,
n = ge for some ecZ, ¢ =0 or e =1, and y = g(F9)}. Then R, is
elementary.

PROOF. (x,n,e,y)e Ry iff Vi<lx((x);<?2), x#0, e<?2, and y =

[x/p&"]- ps. O

Lemma 3.25. Let R, = {(x, y) : x is the Gddel number of a complete con-
figuration (M, F, d, e), y is the Godel number of a complete configuration
(M, F',d', e) (same M), and ((F,d, e), (F', d’, €")) is a computation step}.
Then R, is elementary.

ProOF. Forany x, y, (x, y) € R, iff x € g*C, y € 4*C, (x)o = (»)o, and there

is an i < 1((x)o) such that (x); = (((x)o)i)o» (((¥)o)1)1 = ((*¥)1)(xy3» and one of
the following conditions holds:

(@) (((x)o))2 = 0, ((x)1, (x)3, 0, (¥)1) € Ro, (¥)2 = (((x)o)i)s, and ()3 = (X)a;
() (Xo))2 = 1, (X1, (X)3, 1, (1) € Ro, (9)2 = (((X)o)i)3, and (¥)3 = (x)s;
(©) (D)2 = 2, (M1 = (X1, (P2 = (X)o))s, and (¥)s = f2((x)3);

(d) ((Xo))2 = 3, W1 = (X1, P2 = ((X)o))a; and (¥)s = fo((X)a)- d

Definition 3.26. A complete computation is a sequence M = (M, F,, d,, e,),
...,(M, F,, d,, e,)> such that {(F,, do, e;), ..., (Fn, dun, €m)y iS a com-
putation in M. The Gddel number of such a complete computation is the

number
l I piM-Fode),

i<m

Let R, be the set of all Godel numbers of complete computations.
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Lemma 3.27. R, is elementary.

Proor. For any x, x € R, iff for every i < lx, (x); € #*C, and ((((x)o)o)o)o =
((x)0)2, and for every i < Ix, ((x);, (x);41) € Ry, and there is an i < 1((x)o)o

such that (((x)o)o))o = ()2 ((X)0)o))1 = (((X))1)anmrss and
((((*)0)o)))z = 4. O

Definition 3.28. If 4 is a finite sequence of 0’s and 1’s, we let

yh = pi:i+1.

i<Dmnh

For any x € w, let fox = [ i<, P?.
Lemma 3.29. f; is elementary, and fox = g1**? for any x.
Definition 3.30. For any x, y € w, Cat (x, ¥) = x-] [iz1, Pi¥%i41.

Lemma 3.31. If h and k are finite sequences of 0’s and 1’s, then g(hk) =
Cat (gh, gk). (Recall the definition of hk from 1.11.)

Definition 3.32. fix = Cat (2, f2x). For m > 1,
fg'(-an LR ] xm—-l) = Cat (fsm_l(xm R xm—2)7 Cat (2,.f2xm—1))-

Lemma 3.33. % is elementary for each m, and f%(xo, ..., Xm-1) =
y(0 10+ (...0 1(x(m—1)+1))_

Lemma 3.34. Let Rz = {(x,y,m,n): x is the Gddel number of a tape
description F, y is the Gddel number of a finite sequence h of O’s and 1’s»
m = ge andn = ge' for certain e, ¢’ € Z, and h lies on F beginning at e and
ending at e'}. Then R is elementary.

Proor. For any x,y,m,n(x,y,mnyeR; iff y #0, Vi < Ix((x); < 2),
x # 0,eithery=1and m=n,orelse y > 1, forevery i < 1y[(y); = 1 or
() = 2], and there is a z < (m + 2y)? such that (2), = m, f3((2);)) = (2)i41
foreachi < lz,1z = 1y, (z),, = n, and for each i < 1z, (X)) = (), = 1. [

The notations f, f1, f2, /5, R, Ri, Re, R; will not be used beyond the
present section. The relations T,, introduced next, however, are fundamental
for the aspects of recursion theory dealt with in Chapters 5 and 6.

Definition 3.35. For m > 0 let T,, = {(e, X, .., Xm_1, 4): € is the Godel
number of a Turing machine M, and u is the Gédel number of a complete
computation {(M, Fy, do, vo), . .., (M, F,, d,, v,)> such that 01=°+D Q...
0 1=m-b+D Jies on F, ending at —1, F, is zero otherwise, v, = 0, and
F,1=1}
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Note that for any e, Xo, ..., Xn_1 € w there is at most one u such that
(e’ X05 -+ Xm-1, u) ETm-
Lemma 3.36. T, is elementary.

ProoF. For any e, Xg,.-., Xn—1, 4, (&, X0, ..., Xm_1, Uy €T, iff €€ p*T

U € Ry, ()o)o = €, (o)1, /B(X0, - - +» Xm—-1), S, 1) € Ryand Vt < ((u)o), (¢ 0odd
and f > 5 = ((()o)1): = 0) and Vr < ((w)o); (¢ even = (((#))1): = 0) for some

s < ((@Wo)1; ((U)o)s = 0, and (((Ww)1)2 = 1. O

Definition 3.37. For any x € » let
Vx = py < x[((0h1, Cat (f23, 2), 2,2y + 4) € R5]

Obviously V is elementary.

Lemma 3.38. Every Turing computable function is recursive.

Proor. lLet M be a Turing machine which computes f as described in
Definition 3.9(ii), and let e = gM. Then for any xo, ..., Xp-1 € w,

f(xo, sy xm—l) = V/“'u[(ea X0se + o5 Xm—1s u) € Tm]a

as desired. O
Theorem 3.39. A function is Turing computable iff it is recursive.

We close this chapter with a variant of the notion of recursiveness due to
Julia Robinson [3]. It will be useful to us later on. The idea is to simplify the
definition of recursive function by using rather complicated initial functions
but very simple recursive operations.

Definition 3.40. [+/]is the function such that [4/x] = greatest integer < +/x
for each x € w. Also, for any x € w we let Exc x = x — [y/x]?; this is the
excess of x over a square.

Lemma 3.41. [+/] and Exc are elementary.

Proor. [4/x] < x for all x € w. Further,

[v0] = 0

_[Inl  ifn+ 1 # (Vn] + 13
[V + D] = [vnl + 1 otherwise

=[vnl +5g|n + 1 — ([vn] + 1)?|
Thus we may use 2.34. Finally, Excn = n =~ [v/n]> O

The next definition and theorem introduce special cases of the important
device of pairing functions, extensively used in recursive function theory.
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Definition 3.42. (i) J(a,b) = ((@ + b)® + b)> + aforalla, b € w. (ii) Lx =
Exc [v/x] for all x € w.

Theorem 3.43
(i) J and L are elementary;
(if) Exc0 = 0and LO = 0;
@iii) if Exc(a+ 1) # 0, then Exc(a+ 1) =Exca+ 1 and L{a + 1) =
La;
(iv) Exc J(a, b) = a;
(v) LI(a, b) = b;
(i) Jis1 — 1.

PrOOF. (i) and (ii) are obvious. As to (iif), choose x such that a = x? +
Exca < (x + 1) Since Exc (@ + 1) # 0, it is then clear that Exc (@ + 1) =
Exca + 1. Furthermore, clearly x2 <a<(x+ 1)2 and x2<a+ 1<
(x + 1)%,s0 x = [v/a] = [v/(a + 1)] and hence La = L(a + 1).

To prove (iv), note that

(@ + b)) + b)? < J(a, b)
<((@a+b2+b*+2a+b2+2b+1
={a+ b2+ b+ 1)
Hence Exc J(a, b) = a, and (iv) holds. Furthermore, clearly from the above
[vI(a, b)] = (a + b)® + b; since

(a + b)? < [v/1(a, b)]
<@+b?*+2a+2b+1

=(a+b+ 1)?
we infer that LI(a, b) = Exc [+/J(a, b)] = b, as desired in (v). Finally, (vi) is a
purely set-theoretical consequence of (iv) and (v). O

For the next results we assume a very modest acquaintance with number
theory; see any number theory textbook.

Theorem 3.44 (Number-theoretic: The Chinese remainder theorem). Let
my, . .., Mmy_, be natural numbers > 1, withr > 1, the m;’s pairwise relatively
prime. Let aq, . .., a,_, be any r natural numbers. Then there is an x € w
such that x = a(mod m,) for all i < r.

Proor. By induction on r; we first take the case r = 2. Since m, and m,
are relatively prime, there exist integers (positive, negative, or zero) s and ¢
such that 1 = mes + myt. Then ay, — a; = mys(a, — a;) + myt(a, — ay).
Choose u € w such that ay, — mys(a, — a,) + umem, > 0, and let x = a, —
mgs(ay — a;) + umgm,. Then x = g,(mod my),and x = a, + m,t(a, — a,) +
umem, = a,(mod m,), as desired.

Now we assume the theorem true for r and prove it with “‘r”’ replaced by

57



Part 1: Recursive Function Theory

“r + 1. Withs, t,uasabove, choose xe wsuchthat x = a, — mys(a, — a,) +
umom,(mod mym;), x = a(mod m,),...,x = a(mod m,). Then x = a,
(mod my,) and, since a, — mys(a, — a,) = a, + myt(a, — a;), x = a;(mod m,)
as desired. O

Definition 3.45. For all x, i € w let B(x, i) = rm (Exc x, 1 + (i + 1)Lx).

Theorem 3.46 (Number-theoretic: Godel’s B-function lemma). For any
finite sequence Yy, . . ., Y-, of natural numbers there is an x € w such that
B(x, i) = y; for each i < n.

PrOOF. Let s be the maximum of yo, ..., y,-1, n. Foreach i < nlet m; =
1 4+ (i + 1)-s! Then fori < j < nthe integers m; and m; are relatively prime.
For, if a prime p divides both m; and my;, it also divides m; — m; = (j + 1)-
st — (i + 1)-s! = (j — i)-s! Now pf1s!, since p|1 + (i + 1)s!. Hence p|j —
i. Butj — i < n < s, and hence this would imply that p|s!, which we know
is impossible. Thus indeed m; and m; are relatively prime.

Hence by the Chinese remainder theorem choose v such that

v = y,(mod m) for each i < n.

Let x = J(v, s!). Then Exc x = v by 3.43(iv), and Lx = s! by 3.43(v). Hence
if i < n we have

B(x,i) = rm (Exc x, 1 + (i + 1)Lx)
rm (v, m;)

=W O

Definition 3.47. If fis a 1-place function with range w, let f<"Vy = ux(fx = y)
for all y € w. We say that £~ ¥ is obtained from f by inversion.

Theorem 3.48 (Julia Robinson). The class of recursive functions is the inter-
section of all classes A of functions such that +, s, Exc, Ut € A (for0 < i <
n), and such that A is closed under the operations of composition, and of
inversion (applied to functions with range w).

Proor. Clearly the indicated intersection is a subset of the class of recursive
functions (f*"Py = ux(|fx — y| = 0), so we have here a special case of
minimalization). Now suppose that A is a class with the properties indicated
in the statement of the theorem. We want to show that every recursive func-
tion is in 4. This will take several steps.

The general idea of the proof is this: Inversion is a special case of minimal-
ization, and the general case is obtained from inversion by using pairing
functions. Primitive recursion is obtained by representing the computation
of a function f as a finite sequence of the successive values of f, coding the
sequence into one number using the B function, and selecting that number
out by minimalization.

Our proof will begin with some preliminaries, giving a stock of members
of A, which leads to the fact that the pairing functions are in 4. First note
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that for any x € w, x* < x2 + x < (x + 1)?, and hence Exc (x2 + x) = x.
Thus

) Exc has range w.
Next,
(2) Exct=V (2x) = x% + 2x for all x € w.

For, obviously Exc (x% + 2x) = 2x. If Exc (y) = 2x with y < x% + 2x, we
may write y = z2 + 2x < (z + 1)>and so z < x and hence (z + 1)? = 22 +
2z + 1 < z%2 + 2x < (z + 1)?, a contradiction. Thus (2) holds.

Again,

(3) Exc"P(2x + 1) =x2 + 4x + 2 for all x € w.

For, (x+ 12 =x24+2x+1 <x2+4x+2<xT+4x + 4= (x + 2)7
and hence Exc (x2 + 4x + 2) = 2x + 1. Now suppose Exc (y) = 2x + 1,
with y < x? + 4x + 2. Choose z such that y = z2 4+ 2x + | < (z + 1)2
Then z2 + 2x+ 1l =y < x2+4x + 2 =(x+ 1)2+ 2x + 1, and hence
z<x. Hence z+ 12 =224+2z+1 <22+ 2x+1=ypy<(z+ 1)? a
contradiction. Thus (3) holds.

From (2) we see that Cix = 0 = Exc o Exc"V(x + x) for all x€ w;
hence

4 Cle A.
Hence by composition with o,
(&) Cred forall » > 0 and all m € w.

Now let x ©y = Exc (Exc'"P (2x + 2y) + 3x + y + 4) for all x, ye w.
Thus

(6) O € A.
Now if x > y, then

x+y+2P=x+y)?+4x+4y+ 4
Sx+ ) ?P+2x+p+3x+y+4

=Exc""V(2x+2y)+3x+y+ 4 by (2)
<{x+py?*+6x+6y+9
=(x4+y+ 33>~

Hence

7N xXOy=x—y ify <x.

Let fx = x2 for all x € w. Then by (2), (7), fx = Exc""? (2x) — 2x for all
X € w, SO

(8) feA.
Next note that sg x = Exc J4(x2) and 5g x = | © sg x for all x € w. Thus
) sg, Sg e A.
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Furthermore,
(10) Exc o s has range w.

For, Exc 40 = 0, and if x # 0, then Exc o(x2 + x — 1) = x.
Now using 3.43(iii) we see that sx = Exc (Exc o ¢)"P(x) for all x € w.
Hence

(1) f£EA.
Recall that E is the set of even numbers. Next we show
(12) xE(x) = Exc 95 Exc"VYx for all x € w.

For, if x = 2y, then

Exc 90 Exc " x = Exc g5 (% + 2y) by (2)
= Exc(y* + 2y + 2)

if x =2y + 1, then

Exc o0 Exc"P x = Excos (3?2 + 4y + 2) by (3)
=Exc(®*+4+ 4
= 0.
From (12) we have:
(13) xE € 4.
Now let gx = 2 Exc x + §g yEx for all x € w. Thus
(14) ge A.
We claim:
(15) g has range w.

For, if x = 2y then, since y*> + y is even, g(3? + y) = 2Exc ()? + y) =
2y = x. If x = 2y + 1 then, since (y + 1)2 + yis odd, g((y + 1)2 4+ ») =
2y+1=nx

Let Ax = [x/2] = greatest integer y < x/2 for all x € w. Then

(16) hx = Exc g~ Vx for all x € w, and hence h e A.

For, 2 Exc g~ Vx + §g xEg'"Px = x for any x; thus if x is even, then
2 Exc g~ Vx = x; while if x is odd, 2 Exc g"Px + 1 = x, as desired.
For any x € w, let kx = [(Exc £x)/2] + sg x. Thus

a7n keA.
Furthermore,
(183) k(x?) = x for all x.

For,if x = Othe resultis obvious. If x # 0,then fx® = x> — 1 = (x — 1)®> +
2x — 2, Exc ix? = 2x — 2, and hence k(x?) = x, as desired.
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Let Ix = [4/x] for all x € w. Then by (18), Ix = k(x @ Exc x), so

(19) le A

Hence by (8) and (19)

(20) J,LeA.

21 ifx <y thenx®y=3x+y+ 3.
For,

x+y+1)P=x+y2+2x+2p+1
<(x+y*+5x+3y+4
<(x+y?+4x+ 4y + 4
=(x+y+ 2>
Sincex © y = Exc ((x + )2 + 2(x + ») + 3x + y + 4), (21) now follows.

22) 206, =5g[(xE©»OBx+ y+ 3)] for all x, yew, and
hence x . € A.

For, if x > y then

glxONOBx+y+ 3] =sgl(x —»)OGBx +y + 3)] by (7)
=sg(B3x-3y+3x+y+3+3) byl
sg (6x — 2y + 6)

=1
If x < y, then
glxONeBx+y+3]=0Cx+y+3)OGx+y+3)by(2])
=0 (by (7)
(23) ‘e A.

For, x-y = [((x + »)*© x5 O /2] for all x, yew. Let m(x, y) =
|x — y| for all x, y € w. Then

(29) meAd,

for m(x, y) = x=(x, »)-(x© ») + x-(3, ¥)-(y © x).
With the aid of the auxiliary functions which we have shown to be in 4,
we can now show how minimalization can be reduced to inversion.

Suppose f'is a 2-ary special function, fe 4. Let gx = py(f(x, y) =
0), for all x € w. Then for all x € w, gx = Luz(f(Exc z,Lz) = 0,
Excz + Lz = [v/[+/2z]], and Exc z = x) (and for each x there
always is a z satisfying the conditions in parentheses).

(25)

To prove this, let x € w be given. Let z = J(x, gx). Then f(Exc z, Lz) =
f(x, gx) = 0 by 3.43; Excz + Lz = x + gx = [v/[+/Z]] by direct computa-
tion, and Exc z = x. Clearly also Lz = gx. It remains to show that our choice
of z gives the least integer s satisfying the conditions of the u — operator.
Assume that f(Exc s, Ls) = 0, Excs + Ls = [v/[+/s]], and Excs = x. Say
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s=p>+ x<(p+ 1)® Then [+/s] = p, and Ls = Excp. Say p = ¢*> +
Ls < (g + 1) Then [v/[v/s]] = g. Thus x + Ls = ¢q. Since f(Exc s, Ls) =
0, we have gx < Ls. Hence x + gx < ¢, (x + gx)? < ¢% (x + gx)® + gx <
p, [(x + gx)? + gx]? < p%, and z = J(x, gx) < p? + x = s, as desired. Thus
(25) is established.

(26) Under the hypothesis of (25) we have g € A4.

For, let nz = sg f(Exc z, Lz)-5g (JExc z + Lz — [+/[v/2]]|)- Exc z. By (25),
n has range w, and clearly n € A. Clearly for any x € w we have gx = sg x-
g0 + Ln'"Yx,s0 ge A.

Next,

(27) if fis special, f€ A4, and g is obtained from f by minimalization,
then g € 4.
For suppose f is m-ary, m > 1. We proceed by induction on m; the case
m = 2 is given by (26). Inductively assume that m > 2. Define /' by
fl(x()’ R xm—2) = f(EXC X0s LXO’ P S TR xm—2)’

for all xg,..., xn_2€w. Clearly f’ is special, since f is. Let g’ be obtained
from f’ by minimalization. By the induction hypothesis, g’ € 4. Now if
Xgs + - -» Xm_g € w, then
g(xo, RS ) xm—2) = ,U'}’(f(xo» vy Xm—25 Y) = 0)
/“’y(f(EXC J(XOa X1)7 LJ(XOs xl)’ Xoy oo vy Xm—2, }’) = 0)
= ,U'y(f'(J(Xo’ x1)5 X2, s Xm*Z’ J’) = 0)
= g,(J(x0> xl)’ Xy ov ey Xm-—-2);
hence g € A by (20).
For all x, y € w let g(x, y) = [x/y].

(28) geA.

For, if x, y € w then

[x/y]

pz(y-oz > zory = 0)
:U‘Z(XZ(X’ )’"JZ)')’ = 0)7

so g € A by (27) and (22).
Now since rm (x, y) = x © ([x/y]-y), we have

(29) rm € A.
Hence by (20),
(30) BeA.

Now we can take care of primitive recursion.

Suppose g is obtained from fand / by primitive recursion, f m-ary

and /1 (m + 2)-ary, m > 0. Then for any xq,..., X1, V€ w,
(31) g(xo, - --» Xp-1, ¥) = Bpz[B(z,0) = f(xo, ..., Xn_y) and

uw(B(z, W) # h(xg, .. -y Xm—1, W, B(z, w)) Or W = y) = v}, »);

such z and w always exist, for any xq, ..., X1, V € w.
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To prove (31), let x,,..., X,_1, ¥ € w be given. By Theorem 3.46 choose z
such that B(z, i) = g(xo, ..., Xp-1, [) for each i < y. Thus if ow < y we have

B(Z, GW) = g(x09 ey Xm—1, dW)
= h(an e Xm-1, W, g(xm ey Xm—1s W))
= h(xOs ey Xm—1, W, B(Zs W))

Hence
,LLW(B(Z, 4W) 7é h(x0’ MRS ] xm—l’ w, B(Z, W)) orw = y) = y

Furthermore, B(z, 0) = g(xo, ..., Xn-1, 0) = f(xo, ..., Xn_1). Hence there is
a z of the sort mentioned in (31). Let ¢ be the least such z. By induction on i
it is easily seen that for any i < y we have (¢, i) = g(xo, . .., Xn_1, i). Hence
B(t, ») = g(xos - - -» Xm—1, ¥), as desired.

Under the hypothesis of (31), if in addition f and & are in A,

(32) then g € A.

For, first let
k'(xo, s Xm-1,)5 2, W) = S_g |B(Z’ dw) - h(xo, cees Xmo1, W, B(Z9 W))l 'Sg(lW - yl)
for all x,, ..., Xn-1, ¥, 2, w € w. Then k' € 4 by (9), (24), and (30). Further-
more, obviously k' is special and
g(xOs LICICE ] xm—la }’) = ﬁ(,u.Z[ﬁ(Z, 0) = f(x0’ cvey xm—l) and
.‘"W(k’(xo, ceey xm—la y9 Z, W) = 0) = y]ay)

Let K"(Xo, . . . Xm-1, ¥, 2) = uw(k' (X0, - - -; Xm_1, ¥, 2, w) = 0) for all x,, ...,
Xm-1, ¥» Z€ w. Thenk” € Aby (27). Letk"(x,, . . ., Xm—-1, ¥» 2) = sg (|B(z, 0) —
SXos oo oy Xm-D)|) + sg (|k"(X05 - - -» Xm—-1, ¥, 2) — y|). Then k"€ 4, and by
(31) k" is special; moreover,

g(x0’ ey Xm—1, y) = B(I‘Z(k”(xo, s Xm—1, Y, Z) = 0)’ y)°
Hence g € A, as desired.

If g is obtained from a and 4 by primitive recursion, a € w and A

(33) binary and 4 € A4, then g € A.

The proof is similar to that of (32).

Thus 4, U} € 4, and A4 is closed under composition, primitive recursion,
and minimalization (applied to special functions). Hence, every recursive
function is in 4, and the proof of 3.48 is complete. J

Definition 3.49. Let P be the two-place operation on one place functions
such that
P(f, &)(x) = fx + gx

for all one place functions f, g and all x € w.
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Theorem 3.50. The class of 1-place recursive functions is the intersection of
all sets A of 1-place functions such that s, Exc € A and A is closed under
K1, P, and inversion (applied to functions with range w).

Proor. Clearly the intersection indicated is included in the class of 1-place
recursive functions. Now suppose that A4 satisfies the conditions of the
theorem. Note that U} € 4, since U} = K (Exc, Exct™V). If fis a I-place
recursive function, then f = K! (f, U}). Hence in order to show that all
I-place recursive functions are in 4 (which is all that remains for the proof),
it suffices to prove the statement

*) if fis an m-ary general recursive function and g, ..., gn..1 € 4,
then KT (f; 805+ -» &m-1) € 4.

To prove (*), let B be the set of all fsuch that if fis m-ary and g, . . ., gn-.1 € 4
then K7 (f; go, - - ., &n-1) € A. Note that for funary we have fe 4 iff f€ B.
Hence +, 5, Exc, U € B(for0 < i < n < w)and Bis closed under inversion,
applied to functions with range w. To show that B is closed under composi-
tion, assume that f (m-ary) is in B, that A, ..., h,_, (all n-ary) are in B, and
that go, ..., gn—; € A. Then by 2.2,

K’ll (K,: (f, hO, LS hm~l);g0" LR gn—l)
= Knll (f’ KT{ (hO;gOa' . -,gn—l)a- . aKgll (hm-l;gm- . ',gn~1))'
NOW l('1L (hO;gO,'~-’gn—1)a-~-,l(71L (hm—l;go’”'vgn‘l)eA» SO
KQ(K': (f;/70,~-‘,hm—l);gOy--wgn—l)EA'

Thus, g, . . ., g, -1 being arbitrary, K (f; hq, . .., hn_1) € B. Hence by 3.48
the proof is complete. O
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EXERCISES

3.51. Show that the set I' in the proof of 3.5 is closed under primitive recursion
with parameters.

3.52%, Let f(O, y) =y + 1, f(x + 1,0) :f(x, 1), and f(x + l,y + 1) —
f(x, f(x + 1, »)). Show that fis recursive.

3.53*. (continuing 3.52*). Show that fis not primitive recursive. Hint: prove the
following in succession (for any x, y € w):

) y < f(x,»);
Q) f(x,y) < flx,y + 1);
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3.54.

3.55.

3.56.
3.57.
3.58.

3.59.

3.60.
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Q) flx,y + 1) < flx + 1, p);

@) flx,y) < flx + 1,»);

G fL,y)=y+2

6) f(2,y) =2y + 3;

(7) for any cy, ..., ¢, there is a d such that for all x, X, .., f(¢c;, x) <
fd, x) (prove first for r = 2, taking d = max (cy, ¢2) + 4);

(8) for every primitive recursive function g (say with » places) there is a ¢
such that for all xi, ..., x5, g(x1, ..., xn) < flce,x1 + -+ Xp);

(9) fis not primitive recursive.

What difficulty would arise in deleting ““ primitive’” from Lemma 3.5 [show
that 3.5 would then be false, but also indicate how a proof roughly similar
to that given for 3.5 would break down].

Express a Turing machine to compute + directly in terms of the machines
of Chapter 1, i.e., don’t use results of this section.

The set {#M : M is a Turing machine with exactly five states} is elementary.
Prove (33) in the proof of 3.48 in detail.

The class of recursive functions is the intersection of all classes 4 of
functions such that s, UFe€ A (each n > 0, each [ with i < n), +€ A4,
—€ A, € A, and A is closed under composition and under minimalization
(applied to special functions). Thus we have here another equivalent
definition of the notion of recursive function; this version, or slight
variations of it, are frequently found in the literature.

Let Ji(x, ) = 2*. 2y + 1) — 1 for all x, ye w, let K1x = (x + 1), and
let Lix = ([(x + 1/exp (2, K;x)] — 1)/2. Then show:

(1) Ji, Ki, L, are elementary

(2) Ji(Kyx, Lix) = x

3) KiJi(x, ) = x

@) LiJix, y) =y

(5) Jy maps w X w 1 — 1 ontow

For any x, yew, let Jo(x, y) = [(x + )% + 3x + y1/2, QOix =
[((v8x + D]+ 1)/2] = 1, Qox = 2x — (Q1x)?, Kox = (Qax — 0:X%)/2,
and L.x = O,x — Kyx. Prove analogs of 3.59(1)-(5). Hint: Define
fiw X w->w X w by putting

_Jx+1Ly-1 ify #0,
f(x’y)_{(o,x+ ) ify=0.

(The function f describes a certain easily visualized procedure of going
through all pairs (x, »).)

Prove that J.f(x, y) = Jo(x,») + 1 for all x, yew. Thus J; is the
natural mapping w X w > w associated with f. Then show successively
that J, maps w X w onto w and that for all x, y e w, Q1Jo(x,¥) = x + ¥,
QaJ2(x,y) = 3x + y, KoJao(x,y) = x,LoJo(x, ¥) = y. Then Jo( Kox, L2X) =
x follows easily since J, is onto.
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3.61*. If f is a 1-place number-theoretic function, we define f™ (temporary
notation) by induction:

fox = x for all x e w,
frtix = ff"x for all x e w.

The function g such that gn = "0 for all n € w is said to be obtained from
f by iteration.
Prove the following theorem:

Theorem (R. M. Robinson). The class of primitive recursive functions is the
intersection of all classes A of functions such that ¢, Exc, +, U} € A whenever
i < new and A is closed under composition and iteration.

Hint: As in the proof of 3.48 the essential thing is to show that each primitive
recursive function is in A4, where A satisfies the conditions of the theorem. Proceed
stepwise:

(1) C3, sg,5g€ A.

(2) Let fx = x + 2Sg Exc (x + 4) + 1. Then fe A.

(3) Let gx = x + 2[+/x]. Then g € A.

(4) Let hx = x2. Then he A.

(5) Let x©y = Exc [(x + )2 + 3x + y + 1]. Then ©e 4.

(6) Letax =5gx + 258 (x © 1). Then o € A4.

(7) Let 8 be obtained from « by iteration, yx = x + 1 + Bx, ¢ obtained from
y by iteration, kx = [x/2] for all x; then 3 > Bx = x (mod 3), and k, =
ex — x,and k€ A.

(8) Let ix = [v/x]. Then ic A.

O -,J,Le A

(10) Suppose j € 4, and k is defined from j as follows:

k0 = 0,
k(n + 1) = j(n, kn).

Then k € A. Hint: define k'n = J(n, kn) for all n € w.
(11) Suppose f1 € 4, and f; is defined from f; as follows:

f(a, 0) = a,
fola, n + 1) = fi(n, foa, n)).

Then f; € A. Hint: define I0 = 0, I(n + 1) = fo(Ln, Excn).
(12) Suppose f1, f2 € 4, and f; is defined as follows:

fs(a, 0) = fia,
fala, n + 1) = faln, fa(a, ).
Then f; € A. Hint: define l(a, 0) = a, l(a,n + 1) = J(a, f3(a, n))
(13) If f4, fs € A, and fs is defined by:

fe(a, 0) = faa,
fe(a, n + 1) = fi(a, n, fe(a, n)),

1

then fg € A.
(14) A is closed under primitive recursion.
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3.63*

3.64*
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Using 3.61, show that the class of all 1-ary primitive recursive functions
is the intersection of all classes 4 such that s, Exce 4 and A4 is closed
under iteration, K}, and P.

(HErRBRAND—-GODEL-KLEENE CcALCULUS). We outline another equivalent
version of recursiveness. We need a small formal system:
Variables: vo, v, vo, . . . ;
Individual constant: 0;
Operation symbols: £, (m-ary), gm.. (m-ary) for all mew ~ 1, new; s
(unary).

By induction we define A0 =0, A(m + 1) = s Am for all me w;
we denote Am sometimes by m. Now we define terms:

1) <vo;

(2) <0>;

(3) if o is a term, so is g0}

4) if mew ~ 1 and o,...,0,-1 are terms, so are fno¢---0n_1 and
EmnGo* * *Opm-1 fOr each ne w;

(5) terms are formed only in these ways.

An equation is an expression ¢ = T with o, 7 terms.

A system of equations is a finite sequence of equations. If E is a system
of equations, say E = {gq, . . ., m-1, then an E-derivation is a finite
sequence <o, . . ., P, 1> of equations such that for each i < n one
of the following holds:

6) 3j < m = g3

(7) 3j < i3 variable « 3 me w (¢ is obtained from i; by replacing each
occurrence of « in ; by m);

(8) 3/, k < iy has the form o = 7, §; has the form f,x,---%X,_, = y or
8y¥o" - "Xp_1 =Yy, and ¢ is obtained from i, by replacing one occur-
rence of fyXo+ - -Xp_1 (OF 8pgXo- - -Xp—1) in 7 by Xx.

We write E | x to mean that there is an E-derivation with last member y.

Now an m-place number-theoretic function k is called Herbrand-
Godel-Kleene recursive if there is a system E of equations such that
Vxo- - -Vxm- i VW(EF fuXo-+ Xm—1 = ¥y iff k(xq, ..., Xm_1) = Y).

Show that k is Herbrand-Goédel-Kleene recursive iff it is recursive.

Hint: To show that every recursive function is HGK recursive, let 4
be the collection of all functions k (say k is m-ary) such that there is a set
E of equations and an assignment of n-ary operations to the n-ary opera-
tion symbols occurring in members of E (for all n € w), k assigned to f,,,
under which all members of E become intuitively true for any values
assigned to the variables and such that Vx,- - -Vx, .3y (EFf.Xo - X -1
y). Show that A satisfies the conditions of Exercise 3.58 and hence that
every recursive function is Herbrand-Godel-Kleene recursive.

To show the converse, do a Godel numbering. Let Ty, = {(e, xo, . . .,
Xm-1, #): e is the GOdel number of a system E of equations and u is the
Godel number of an E-derivation with last term of the form f,Xo- - *Xn—-1 =
y}. Given such a u, V'u is the y mentioned. Then see the proof of 3.38.

(INFINITE DIGITAL COMPUTER). Yet another equivalent form of recursive-
ness is obtained by generalizing a first-generation digital computer. We

67






