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These notes form a survey with proofs of the known results concerning combinatorial
characteristics of the continuum, omitting any mention of consistency results and charac-
teristics closely related to analysis. Essentially the notes are a condensed version of Blass
[0o], which should be browsed to understand some of the background and omitted facts.
At the end of the notes are a diagram indicating the relationships between the numbers,
and indices of terminology and symbols.

We define f < g iff f,g € “w and f(m) < g(m) for all m € w.

We define f <* g iff f,g € “w and ImVYn > m[f(n) < g(n)].

A family 2 C “w is almost dominating iff Vf € “wdg € Z[f <* g|. Let 0 be the
smallest size of a almost dominating family; this is the dominating number.

A family Z C “w is almost unbounded iff there is no f € “w such that Vg € B[g <* f].
Let b be the smallest size of an almost unbounded family.

Theorem 1. (Blass Theorem 2.4) X; < cf(b) =b < cf(d) <0 <2v.

Proof. If {f, : n € w} C “w, define g € “w by setting g(n) = sup{fi(n) : m < n}
for all n € w. Thus if m < n, then f,,(n) < g(n), so f,, <* g. Hence g is a <* bound
for {f, : n € w} C “w. This argument shows that 8; < b. Suppose that cf(b) < b. Let
X be almost unbounded with |X| = b. Then we can write X = {J,t(p) Yo with [Ya| <b
for all @ < cf(b). Choose a bound g* for Y, for each a < cf(b), and then by the above
argument choose a bound h for {g* : a < cf(b)}. Then h is a bound for X, contradiction.
Thus cf(b) = b.

To prove that b < cf(0), let D be a almost dominating family of size d, and write
D= Ua<cf(b) FE,, with each F, of size less than 0. Since then F, is not almost dominating,
there is an f® € “w such that for all g € E, we have f* £* g. Suppose that cf(d) < b,
and accordingly let h € “w be such that f¢ <* h for all a < cf(d). Choose k € D such
that h <* k. Say k € E,. But f* <* h <* k, contradiction.

Finally, obviously “w is almost dominating, so 0 < 2%. O

A scale is a almost dominating family which is well-ordered by <*.

Theorem 2. (Blass Theorem 2.6) b = 0 iff there is a scale.

Proof. =: let D be a almost dominating family of size b; write D = {f, : a < b}.
We define (g, : o < b) by recursion. Suppose that g, has been defined for all « < 3, where
B < b. Then {f, < a < 8} U{gn : @ < B} has size less than b, and so there is a function
h which <*-dominates all of these functions. Let gg(m) = h(m) + 1 for all m € w. Then
clearly g, # gp for all a < . This completes the construction. Clearly {g, : @ < b} is a
scale.

<: let D be a scale. Let B be almost unbounded with |B| = b. For each f € B choose
gr € D such that f <* g¢. Now if h € D, then h is not a bound for B, and so there is an
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f € B such that f £* h. Hence also gf £* h, so h <* g¢. Thus {gs : f € B} is cofinal in
D and hence clearly is itself a almost dominating family. Hence 0 < b, as desired. ]

We consider “w as a topological space: the w-power of the discrete space w. Recall the
definition of a base for this topology. For F a finite subset of w and G € ¥ Z(w), define

Orc={f€“w:3g € GYn e F[f(n) € g(n)]}.

Then {Orc : F € [w]*,G € F2(w)} is a base for the topology on “w. Of course “w is
not compact. We need a characterization of its compact subsets:

Proposition 3. (Blass, remark in the proof of 2.8) Let C' C “w. Then the following are
equivalent:

(i) C is compact.

(ii) C is closed, and there is an F € [],, ¢, [w]<* such that C C 1], c., Fin-

(iii) C is closed, and there is a g € “w such that C C{f € “w: f < g}.

Proof. (i)=(ii): C is closed, as a compact subset of a Hausdorff space. Now for each
m € wlet F, ={f(m): feC} Thus C C ], .., Fm- Suppose that there is an m € w

with F},, infinite. Then
cc U Cmyiominn
nekF,,

with no finite subcover, contradiction.
(il)=-(iii): With F as in (ii), choose g(m) > F,, for all m € w.
(iii)=(i): Suppose that C' is covered by a family .# of open sets. Then

[T10,9(m) C (“w\C)U )7,

mew

so there is a finite subset .%#’ C .%# such that

[T 10.g9(m)] € “e\C) L 7"

mew

Hence C' C |J.#', as desired. O

Let I be a proper ideal on a set X, containing all sets {z} for z € X. Then we define
(Blass, 2.7)

These are respectively the additivity, covering number, uniformity, and cofinality of I. We
also define J#, to be the least o-algebra of subsets of “w containing all the compact sets
(Blass, before 2.8).



Proposition 4. (Blass, remark after 2.7) Suppose that I is a proper ideal on a set X,
containing all sets {x} for x € X. Then add(I) < cf(non([l)).

Proof. Let Y C X with Y ¢ I and |Y| = non([).

Case 1. |Y|is regular. Let Z = {{y} :y € Y}. Then Z C T and UZ =Y ¢ I. So
add(I) < cf(non([I)).

Case 2. Y| is singular. Write Y = J,c¢(jy)) Wa with each [W,| < |[Y|. Then each
Wy el, butY ¢ I, soadd(l) < cf(non([)). ]

Proposition 5. (Blass, remark after 2.7) Suppose that I is a proper ideal on a set X,
containing all sets {x} for x € X. Then add(I) < cov(I). ]

Proposition 6. (Blass, remark after 2.7) Suppose that I is a proper ideal on a set X,
containing all sets {x} for x € X. Then cov(I) < cof([).

Proof. Let Y C X with |Y| = cof(/) and Vz € I3y € Y[z C y|. Then Y = X,
since if x € X then {z} € I; choosing y € Y such that {z} C y, we get x € y and so
zelJY. O

Proposition 7. (Blass, remark after 2.7) Suppose that I is a proper ideal on a set X,
containing all sets {x} for x € X. Then add(I) < cf(cof(I)).

Proof. If cof(I) is regular, this follows from Propositions 5,6. Suppose it is singular.
def

Let Y = Up<ct(cot(r)) Za be such that Vo € I3y € Yz C y], |[Y| = cof(l), and |Za| < [Y|
for all o < cf(cof(I)). For each a < cf(cof(1)) choose x,, € I such that Vy € Z,[z, € y].
Then U, cf(cot(r)) Ta ¢ I, as otherwise there is a y € Y such that U, ct(cot(r)) o € ¥
say y € Z,; then z,, C y, contradiction.

Proposition 8. (Blass, remark after 2.7) Suppose that I is a proper ideal on a set X,
containing all sets {x} for x € X. Then non(I) < cf(cof(I)).

Proof. Let Y C I be such that |Y| = cof(I) and Vz € I3y € Y|z C y|. Since [ is
proper, we have y # X for all y € Y’; choose z, € X\Y. We claim that {z, :y € Y} ¢ I.
Otherwise, choose z € Y such that {z, : y € Y} C 2. Then z, € z, contradiction. U

Propositions 4-8 are summarized in the diagram on the next page.

Lemma 9. For any g € “w we have {f € “w: f <* g} € .

Proof. Let I = {(m,s) : m € w and s € "w}. So [ is countable. Now

{fevw:f<rgtc |J {fevw:f<sulgl(wm)} O

(m,s)el



cof(I
cov(I) non(/
add ([
Proposition 10. (Blass, remark before 2.8 and part of proof of 2.8) For any F C “w the
following are equivalent:
(i) F e X,.

(ii) F is covered by a countable union of compact subsets.
(iii) There is a g € “w such that F C{f € “w: f <* g}.

Proof. (i)=(ii): Let I = {X C “w : X is covered by a countable union of compact
subsets of “w}. Clearly I is a o-ideal containing the compact sets. So 7, C I.

(ii)=(iil): Assume (ii). By Proposition 3 we can write F' C | 5 {f : f < g} for some
countable M C “w. Now M is bounded under <* by Theorem 1, so there is an h € “w
such that g <* h for all g € M. Thus F C {f € “w: f <* h}.

(iii)=(i): by Lemma 3. O

Corollary 11. %, is a proper ideal over “w containing all singletons.

Proof. Obviously it contains all singletons. By Proposition 10(iii), it is proper. O

Theorem 12. (Blass 2.8) add(.#,) = non(.#;) = b and cov(#,) = cof(%,) = 0.
Proof. Easy by Proposition 10(iii). O

(Blass 2.9) An interval partition is a partition P of w whose members are finite intervals.
For such a partition, we introduce the following notation:

P = {[7’5725—1—1) tne W},

where 0 = il < if’ < .... Given two interval partitions P,Q, we say that P almost
dominates @ iff ImVn > mEIk[[zk ,zkH) C [l il ).

(Blass, in the proof of 2.10) Now with each interval partition P we associate a function
funcp € “w as follows. For each x € w, choose n such that = € [iZ il ;), and let
funcp(z) = if,, — 1. Conversely, with each g € “w we associate an interval partition

part, = @) as follows. We define (zg : k € w) by recursion. Let ig’? =0. If sz has been

defined, let ikQJrl be minimum such that igﬂ > sz and for any z < zg we have g(z) < igﬂ.
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Theorem 13. (Blass 2.10) (i) If P is an interval partition and g € “w, and if funcp <* g,
then part, almost dominates P.

(ii) If P is an interval partition and g € “w, and if P almost dominates part,, then
g <* funcp.

(iii) 0 is the smallest size of a family & of interval partitions such that every interval
partition is almost dominated by some member of .

(iv) b is the smallest size of a family & of interval partitions such that there is no
interval partition which almost dominates each member of 2.

Proof. For both (i) and (ii) let, for brevity, Q) = part,,.
(i) Choose p such that funcp(n) < g(n) for all n > p. Take any n > p. Choose k such
that i§ € [if it ;). Take any « € [if,if ). Then p <n <i%, so

i@ <l <a<il,—1=f319) <g(¥) <i%,,.

Thus [if 1,5 40) C [i9, 'SH) as desired.

(ii) By definition, choose m so that for all n > m there is a k such that [i} ,szH) -
[i2) ,I;Ll) P we claim that g(z) < funcp(z). For take m such that
x € [if, n+1) Then n+1 > m, so we can choose k € w such that [z'kQ,ikQH) C Ll ,,il )

Take any x* > 1

Now z < il | < ikQ, so g(z) < ikQH — 1<l , —1=funcp(z), as desired.
(iii) and (iv) follow immediately from (i) and (ii). O
(Blass 3.1) Given X,Y € [w]¥, we say that X splits Y iff Y N X and Y\ X are infinite. A

splitting family is a subset S C [w]* such that every Y € [w]“ is split by some member of
S. The splitting number s is the smallest cardinality of a splitting family.

Lemma 14. (Blass, before 3.3) w < s.

Proof. Suppose that {Y; : i < w} is a splitting family. It is clear how to construct by

recursion an ¢ € “2 such that YE(] ) is infinite for every ¢ < w. Now construct (m; :

<1
i <w by letting m; € ), Y; (])\{mj j < i} for every i < w. Clearly 7Y {m2 i <w}
is not split by any Y;. ]

If P is an interval partition, let ¢(P) = U, c,,[i5n: 15541)- If X € [w]“ define an interval
partition (X ) = @ as follows:

z'OQ:O;

z'ff“ = least j > 49 such that [i€,5) N X # 0.

Lemma 15. (Blass, proof of 3.3) If P almost dominates 1)(X), then ¢(P) splits X .

Proof. Let U(X) = Q, as above. Choose m such that Vn > mEIk[[ikQ,igH) C
WL, n—i—l)] hence Vn[X N [iZ n+1) # (]. So the lemma follows. O

Theorem 16. (Blass 3.3) s <.



Proof. Let D be an almost dominating family of interval partitions, with |D| = d.
Then {¢(P): P € D} is a splitting family by Lemma 14. O

(Blass 3.4) Let n € w\1, k € w\2, f : [w|™ — k, and H C w. Then H is homogeneous for f
iff f [ [H]™ is constant; it is almost homogeneous for f iff there is a finite set ' C H such
that H\F is homogeneous for f.

Proposition 17. If n € w\l and k € w\2, then there is no H € [w]* such that H is
almost homogeneous for all f € " k.

Proof. Suppose that such an H exists. Let H = {mg, my, ...} with mg <mq <---.
Define f : [w]|™ — k by setting, for each Y € [w]",

0 ifY ¢[H|",
f(Y)=4<0 if Y € [H]" and min(Y) has the form ms; for some 1,
1 otherwise.
Clearly H is not almost homogeneous for f, contradiction. ]

(Blass 3.4) We now define, for every positive integer n,

par, = min{|F|: F C “I"2: =3X € [w]“Vf € F[X is almost homogeneous for f}.

Proposition 18. (Blass, after 3.4) s = par;.

Proof. First suppose that F' satisfies the condition in the definiton of par;, with
|F| = par;. Foreach f € Flet Pf={mecw: f(m)=1},and let M = {Ps: f € F}. We
claim that M is a splitting family; this will prove s < par;. So, suppose that Y € [w]“.
Choose f € F' such that Y is not almost homogeneous for f. Then Y N P is infinite, as
otherwise, since f has the constant value 0 on Y\ Py, Y\ Py would be homogeneous for f.
Similarly Y\ Py is infinite.

Second, suppose that S is a splitting family. Let F' be the collection of all characteristic
functions of members of S. So if we show that F' satisfies the conditions in the definition
of par,,, this will prove that s > par;. Suppose that Y € [w]¥, and choose M € S which
splits Y. Let f be the characteristic function of M. If N is any finite subset of Y, then
(YAN)N S and (Y\N)\S are both infinite, and so f is not constant on Y\ N. O

Proposition 19. (Blass, after 3.4) Suppose that 2 < k € w and n is a positive integer.
Then

par, = min{|F|: F C Ik : =3X € [w]*Vf € F[X is almost homogeneous for f]}

Proof. If F' is as in the definition of par,,, clearly F' works as in the right side. So
> holds. Now suppose that F' is as in the right side. For each f € F and ¢ < k define
gri : [w]™ — 2 by setting, for any z € [w]",

e = {0 S0~

1 otherwise.

6



Thus G % {gfi - f € F,i < k} has the same size as X, so it suffices, in order to prove <,
to show that G satisfies the condition in the definition of par,,. So suppose that X € [w]*
and X is almost homogeneous for each gr;. We claim that X is almost homogeneous for
each f € F' (contradiction). For, take any f € F. For each i < k let M; be a finite subset

of X such that gy; is constant on [X\M;]™. We claim that f is constant on [ X\ U, M,],
as desired. For, take any two x,y € X\ |J,.,, M;. Say f(z) = i. Then since x,y € X\ M;,
we get gri(y) = gri(x) = 0, and hence f(y) = i, as desired. ]

Example 20. (Blass, after 3.4) If n is a positive integer and k € w\2, then there is a
countable F C Ik such that there is no M € [w]® such that M is homogeneous for each
feF.

Proof. Let [w]” = {a, : @ < w}, with a, # ag if @ # . For each a < w we define
Jo : [w]|™ — k by setting, for each z € [w]”,

g(x>:{1 ifx:aa,
@ 0 otherwise.

Let F' = {go : @ < w}. Suppose that M € [w]“. Choose o < w so that a, € [M]", and
choose x € [M]"™ with z # ao. Then g,(as) =1 and g (z) = 0, so M is not homogeneous

for g, . O
Lemma 21. (Blass, in proof of 3.5) If m < n, then par,, < par,,. O
Corollary 22. (Blass, in proof of 3.5) par,, <s for every positive integer n. O

Theorem 23. (Blass 3.5) For every integer n > 2, par,, = min(b, s).

Proof. By Corollary 21, par,, < s. Next we show that par, < b. By Lemma 15 it
suffices to take the case n = 2. Let B be an almost unbounded subset of “w with |B| = b.
We may assume that each member of B is strictly increasing. For each g € B define
fo: W 9 by setting for any {z,y} € [w]? with z < v,

fol{z,y}) = {1 if g(z) <y,

0 otherwise.

We claim that there is no set H € [w]“ which is almost homogeneous for all f,’s; this will
prove par,, < b. Suppose that there is such an H.

(1) If K Cw and f,[[K]?] C {0}, then K is finite.

For, assume that K # (), and let x be its first element. If z € K\{z}, then f,({z,2}) =0,
and hence z < g(x). So (1) holds.

Now we define h, k : w — w as follows. For any x € w, h(z) and k(z) are the first and
second elements of H which are greater than x. Now take any g € B; we will show that
g <* k (contradiction). Let F' be a finite subset of H such that f, [ [H\F] is constant. By
(1), this constant value is 1. Thus if z > F', we have h(z), k(z) € H\F and h(z) < k(x), so
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fo({h(z),k(x)}) =1, and hence g(h(z)) < k(z). So g(x) < g(h(x)) < k(z). Thus g <* k,
as desired.

So we have shown < in the theorem.

For >, we prove the following statement by induction on n:

(2) If n is a positive integer, (f¢ : & < k) is a system of members of “/"2 and x < min(s, b),
then there is a set homogeneous for all of the f¢’s.

This holds for n = 1 by Proposition 18. Now suppose that n > 2 and we know the result
for n — 1. Suppose that (f¢ : £ < k) is a sequence of members of "2 with &k < min(b, s).
We want to find a set almost homogeneous for all of them. Let ¢ : w — [w]"! be a
bijection. For each £ < k and p € w let

fep(m) = { fle®@) U mp) il m ¢ c(o),

otherwise.

Thus {fep : &€ < k,p € w} is a family of less than s functions mapping w into 2 (using
Lemma 14). Hence by Proposition 18 there is an infinite set A almost homogeneous for
all of them. So for each { < k and p € w we can choose g¢(p) € w and je(p) € 2 such
that fe,(x) = je(p) for all z € A such that x > ge(p). Write A = {m; : i < w}, m
strictly increasing. For each a € [w]" ! let c¢(a) = je(c ™ ({m; : i € a})). By the inductive
hypothesis, let M be an infinite set almost homogeneous for each je.. Choose be and k¢
such that c¢ takes on the constant value ke on [M\be]" 1. Let B = {m; :i € M}.

(3) If a € [B\my,]" ! then je(c'(a)) = ke.

In fact, write a = {m; : i € s}. Then s C M, and m; > my, and hence i > b, for each
i €. S0 s € [M\be]" ™, s0 ke = ce(s) = je(c™H({m; 1 i € s})) = je(c™(a)). So (3) holds.

Since k < b, choose h such that g¢ <* h for all £ < k. Choose a¢ so that g¢(p) < h(p)
for all p > ae.

Now we define zg < x1 < --- in B by recursion. Suppose that x¢ has been defined for
all s < t. Choose z; € B so that x5 < x4 for all s < ¢, and also h(p) < x; for all p such that
c(p) € [{zo,...,x—1}]" . Let H = {x; : i <w}. We claim that H is almost homogeneous
for each f¢. Let & < k. Choose t such that ¢t > c(p) for each p < a¢, and also t > my,.
Suppose that a € [H\t]". Let m be the largest element of a, and let p = ¢~ !(a\{m}).
Then c¢(p) consists of members of H which are > ¢, so ag < p. Thus g¢(p) < h(p) < m.
Also note that a\{m} € [B\my,]" . So

fe(a) = fep(m) = je(p) = je(c™" (a\{m})) = k. =

(Blass 3.6) A family X C [w]¥ is unsplittable iff there is no a € [w]* such that Vo € X|[zNa
is infinite and x\a is infinite].
Proposition 24. [w|¥ is unsplittable.

Proof. Suppose, on the contrary that a splits [w]¥. Applying this to a itself gives a
contradiction. ]



(Blass 3.6) We define the reaping number ¢ to be the smallest cardinality of an unsplittable
family.

A family X C [w]¥ is o-unsplittable iff there does not exist a countable Y C [w]* such
that Vo € X3y € Y[z Ny is infinite and x\y is infinite].

Proposition 25. [w]|¥ is o-unsplittable.

Proof. Suppose on the contrary that M € [[w]“]S° and M splits [w]*. Write M =

{a; : i < w}. Define recursively ¢ € “2 such that ac? is infinite for all m < w.

<m 1
Define s,,, € ;. af(z)\{sn :n < m} for all m € w. Let a = {s,, : m € w}. Then for all
i <w, aNa; is finite or a\a; is finite, contradiction. O

(Blass 3.6) We define the o- reaping number v, to be the smallest cardinality of a o-
unsplittable family.

Proposition 26. (Blass, after 3.6) v < t,.

Proposition 27. (Blass 3.8) b <.

Proof. Let R C [w]* be unsplittable with |R| = t. We claim that no interval partition
P almost dominates each member of {¢(X) : X € R}. In fact, otherwise by Lemma 15,
©(P) splits R, contradiction. So the proposition follows by Theorem 13(iv). O

Proposition 28. For every positive integer n and every f : [w]™ — 2 there is an X € [w]*
which is homogeneous for f.

Proof. Ramsey’s theorem. ]
(Blass 3.9) For every positive integer, hom,, is the smallest size of a family H C [w]“ such
that for every f: [w]™ — 2 there is an X € H which is almost homogeneous for f.
Proposition 29. For every f : w — w there is an X € [w]|¥ such that f | X is one-one
or f | X is a constant function.

Proof. Define i = j iff f(i) = f(j). If some equivalence class X is infinite, then f [ X
is constant. Otherwise there is an infinite set X with pairwise inequivalent elements, and
then f | X is one-one. ]

(Blass 3.9) hom, . is the smallest size of a family H C [w]“ such that for every f:w — w
there is an X € H such that f [ X is almost one-one or f | X is almost constant. Here
almost one-one means that f [ (X\F) is one-one for some finite F' C X, and almost
constant means that f [ (X\F') is constant for some finite F' C X.

Proposition 30. (Blass, after 3.9) Suppose that n is a positive integer. Then

hom, = min{H : H C [w]” and Vf : [w]" - 23X € H

[X is homogeneous for f]}.
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Proof. Since homogeneous implies almost homogeneous, < holds. Now suppose that
H is as in the definition of almost homogeneous, with |H| = hom,,. Let H' = {X\F :
X € H and F € [X]<¥}. Clearly for every f : [w]® — 2 there is a K € H' such that K is
homogeneous for f. This proves >. ]

Proposition 31. (Blass, after 3.9)

hom; . =min{|H|: H C [w|* and Vf:w —wiX € H
[f I X is one-one orf [ X is constant]}.

Proof. Like the proof of Proposition 30. O

Proposition 32. (Blass, after 3.9) hom; = .

Proof. First let H be as in the definition of homy, with |H| = hom;. We claim that
H is unsplittable. For, suppose that a € [w]¥ and VX € H(X Na is infinite and X\a is
infinite). Let f be the characteristic function of a. Clearly no member of H is almost
homogeneous for f. This is a contradiction. Hence > holds.

Conversely, suppose that H is an unsplittable family, with |H| = . We claim that H

is as in the definition of hom;. For, suppose that f : w — 2. Say wlog that a o {iew:
f(i) = 0} is infinite. Now a does not split H, so there is an X € H such that X Na is
finite or X\a is finite. If X Na is finite, then X \a is homogeneous for f, so X is almost
homogeneous for f. If X\a is finite, then X Na = X\(X\a) is homogeneous for f, so X
is almost homogeneous for f. So < holds. L

Proposition 33. (Blass, after 3.9) If m <n, then hom,, < hom,,.

Proof. Suppose that H C [w]¥, |H| = hom,,, and Vf : [w]” — 23a € Hla is almost
homogeneous for f]. We want to show that Vf : [w]|™ — 23a € H][a is almost homogeneous
for f]. So let f : [w]™ — 2. For each x € [w]™ let z~ be the set consisting of its first
m members. Define g : [w|™ — 2 by setting g(x) = f(z7) for any z € [w]”. Choose
a € H such that a is almost homogeneous for g. Say that F' is a finite subset of H and
g | [H\F]" takes the constant value ¢ € 2. For any = € [H\F|™, let T be the superset of
x obtained by adjoining n — m elements of H\F' all greater than the members of . Then
e =g(x") = f(x), as desired. O

Theorem 34. (Blass 3.10) max(0,t) < homy .

Proof. Suppose that H is as in the definition of hom, ., with |[H| = homy .. If a
splits H, then Vax € H|[x N a is infinite and x\a is infinite], so the characteristic function
on a is neither one-one nor constant on any member of H; cf. Proposition 31. This is a
contradiction. So H is unsplittable, and so t < hom, ..

With each x € H associate an interval partition 7, such that each interval contains
at least three members of x. By Theorem 8(iii) it suffices to show that every interval
partition P is almost dominated by some m,. Define f : w — w by setting f(m) = k
iff m € [ikp,ikpﬂ) for all m € w. Choose x € H such that f | = is one-one or constant,
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using Proposition 26 again. Since obviously f is not constant on z, it follows that f is
one-one on x. It follows that z has at most one element in common with each interval
[if,i,fﬂ). Take any n € w. Then there are at least three integers a,b,c € x such that
ine <a<b<c<ip,. Let f(a) =u, f(b) = v, and f(c) =w. Then

i < a<iygy iy Sb<iyy <y, Se<ingg,
and hence [i7, 8 1) C [iT=,i1%,), as desired. This proves that 0 < hom . O

Theorem 35. (Blass 3.10) hom,, < max(t,,?).

Proof. For n = 1 this is true by Propositions 26 and 32. Now suppose that n > 1
and it is true for n — 1. Let S be a family satisfying the conditions for hom,,_;, with
|S| < max(t,,0). Let R be a o-unsplittable family with |R| = t,. For each A € R let e4
be the strictly increasing enumeration of A. Let D be an almost dominating family such
that |[D| = 0. Let ¢: w — [w]""! be a bijection.

(1)If Ae R, B€ S, and h € D, then there is an infinite subset C' of B with the property
that for all p € w, if egl[c(p)] e [C]"1, ye C, and e;l[c(p)] <y, then h(p) < y.

In fact, we define (x,, : m < w) by recursion. If z, has been defined for all ¢ < m, note
that the set [{x, : ¢ < m}]" ! is finite; choose

Ty € B\({zg : ¢ <m}U{h(p) +1:e;'[c(p)] € [{z,:q<m}]"'}).

Now let C' = {x,, : m € w}. Clearly (1) holds.

Foreach A€ R, B€ S, and h € D we choose C as in (1) and let H(A, B, h) = e [C].
Let E be the collection of all these sets H(A, B, h). We claim that E satisfies the conditions
for hom,, (as desired).

To prove this, let f : [w]™ — 2 be given. For p, m € w define

folm) = { flelp)u{m}) ifm ¢ _C(P),
0 otherwise.
Now by the choice of R, there is an A € R such that for all p € w, either AN f, '[{1}] or
A\ f;1[{1}] is finite. Thus there is a j(p) € 2 and a g(p) € w such that f,(m) = j(p) for
all m > g(p).

For every a € [w]"~! define k(a) = j(c (eala])). By the inductive hypothesis there
is a B € S which is almost homogeneous for k. Choose b and i so that for all a € [B\s]"~!
we have k(a) = i. Also choose h € D which almost dominates g, and choose e so that
h(p) > g(p) whenever p > e.

Choose t so that the following hold:

(2) For all p < e we have ¢(p) C t.
(3) For all u < s we have e (u) < t.
We claim that H(A, B, h)\t is homogenous for f (as desired). To prove this, note the

following consequences of (2) and (3) respectively:
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(2') If e(p) € H(A, B, h)\t, then e < p.
(3)) If eav] € [H(A, B,h)\t]" 1, then s < v.

Now take any a € [H(A, B,h)\t]". Let m be the greatest element of a, and choose p so
that ¢(p) = a\{m}. Thus f(a) = f,(m).

Now by (2’) we have e < p, and so g(p) < h(p). Also, ;" [c(p)] € [C]"7L, e (m) € C,
and e, '[c(p)] < e;'(m). Hence by (1) we get h(p) < e, (m). Now m < ea(m) since
ea is strictly increasing, so egl(m) < m. So altogether we get m > g(p), and hence
fp(m) = j(p).

Next, e '[a\{m}] > s by (3"), so

i(p) = j(c Ha\{m}) = j(c ™ (ealey ' [a\{m}]])) = k(ex' [a\{m}]) = i.
Together with the above, this gives f(a) = i, finishing the proof. ]

Proposition 36. (Blass, remark on page 14) hom; . < homa.

Proof. Let H satisfy the conditions for homs as given in Proposition 30. Now suppose
that f : w — w. Define g : [w]? — 2 by setting, for 4,j € w, i # j,

g({i,j}) = { 1 if f(i) = £(4),

0 otherwise.

Choose X € H such that X is homogeneous for g. Then f | X is one-one or constant. L

Proposition 37. (Blass, page 14) t, < homs.

Proof. Let H be as in Proposition 30, with |H| = home. We want to show that H
is o-unsplittable To this end, suppose that Y € [[w]“]S¥. We want to show that there is
an X € H such that Vy € Y[X Ny is finite or X\y is finite]. Write Y = {y,, : n € w},
and for each n € w let f,, be the characteristic function of y,. Thus we want to show that
some X € H is almost homogeneous for each function f,,. For each z € w define g(z) € “2
by setting (g(x))(n) = f,(x). Define h : [w]?> — 2 by setting, for natural numbers = < v,
h({z,y}) = 0 iff g(x) <jex g(y). Choose X € H homogeneous for g.

Case 1. g | [X]? has constant value 0. Then

(1) Vi € wIw; € wVr > w;[(g(x)) (i) = (g(w:))(@)].

We prove this by induction on i. Assume that it is true for all j < ¢. Let p = max;; w;
(=0ifi=0). If p<z <wvandj <1, then (g(x))(j) = (g(v))(3). Since g(z) <iex g(v),
it follows that (g(x))(7) = 0 = (g(0))(7), or (g(x))(1) = 0 and (g(0))(@) = 1, or (g())(i) =
1= (g(v))(i). So there is a w; > p such that Vx > w;[(g(x))(i) = (g(w;))(7). so (1) holds.
By (1), for any i and any x > w; we have f;(z) = f;(w;), as desired.
Case 2. g | [X]? has constant value 1. Similarly. ]

Theorem 38. (Blass 3.10) hom,, = max{0,t,} and max{o,t} < hom; . < max{d,t,}.
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Proof. Using successively Theorem 34, Proposition 36, Proposition 33, and Theorem
35, we have
max{0, t} < homy . < homy < hom,, < max{d,t,}.

This gives the second statement of the Theorem, and also < in the first statement. Then
Proposition 37 yields the first statement. ]

A chopped real is a pair (z, P) such that x € “2 and P is an interval partition. A real
y € “2 matches a chopped real (z, P) iff z [ I =y | I for infinitely many I € P.

The topology on “2 is determined by the basis consisting of all sets U, = {y € 2 :
z C y} for z C w x 2 a finite function. A subset X C “2 is nowhere dense iff “’2\7 is
dense.

Lemma 39. (Blass, in proof of 5.2) X is nowhere dense iff for every finite function
2 Cw X 2 there is a finite function w C w X 2 such that z C w and U, N X = .

Proof. Suppose that X is nowhere dense and z C w x 2 is a finite function. Then
U\X # 0. Take any f € U,\X. Then there is a finite function ¢ C w x 2 such that
feU;and UyNX =0. Let w= zUt. Then w is as desired. Conversely, suppose that for
every finite function z C w x 2 there is a finite function w C w x 2 such that z C w and
Uy,NX = 0. Let 2z C w x 2 be a finite function. Choose w as indicated. Let f € U,,. Then
f ¢ X, as desired. O

Clearly the union of two nowhere dense sets is nowhere dense.
A subset X C “2 is meager iff X is a countable union of nowhere dense sets.

Theorem 40. (Blass 5.2) A subset M C “2 is meager iff there is a chopped real (x, P)
such that no member of M matches (x, P).

Proof. Let (z, P) = (z,{l, : n € w}) be a chopped real. Then

(1) {y € “2: y matches (x,P)}:ﬂ U{yE“’Q:w 'L, =y | I,}.
k n>k

Now each set {y € “2 : = | I, = y [ I,} is open, since it is equal to Uy,. Hence
U,skly €“2:2 [ I, =y | I,} is open. It is also dense; for suppose that z C w x 2 is
a finite function. Choose n > k such that I,, N dmn(z) = ), and let y € “2 extend z and
z [ I, Theny e U, NU, s, {ve“2:z [ In=y [ I}

Hence (1) says that {y € “2 : y matches (z, P)} is a countable intersection of dense
open sets. Hence its complement is a countable union of nowhere dense sets, i.e., it is
meager. Hence < in the theorem holds.

For the converse, suppose that M is meager; say M = (J, ., F» with each F}, nowhere
dense. Since the union of two nowhere dense sets is nowhere dense, we may assume that
Fy C Fy C ---. Wenow define an interval partition (I,, : n € w) and a sequence of functions
(zn : m € W), each z, € 2. Suppose that these have been defined for all indices < n, so
that (Ig,...,I,_1) are consecutively contiguous. If n = 0 let m = 0; otherwise let m be
the right endpoint of I,,_;. Let (u; : i < 2™) enumerate ™2. We now define consecutively
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contiguous intervals (J; : i < 2™) and functions (w; : i < 2™), each w; € 72, with m the
left endpoint of Jy. Suppose that these have been defined for all 7 < ¢. By Lemma 34
there is a finite function ¢t C w x 2 such that u; U Uj<i w; C tand U N F, = 0. Increasing
t if necessary, we may assume that there is an interval J; starting with m if ¢ = 0 and
contiguous with J; 1 if ¢ > 0 such that t = u; UUj<1j w; for some w; € Ji2. This completes
the construction of (J; : i < 2™) and (w; : i < 2™). Let I, = J, com Ji and 2, = J; com w;-
This completes the construction of (I, : n € w) and (z, : n € w). Let x =, ., Zn-

Let P = (I, : n € w). Then (z,P) is a chopped real. We claim that no member
of M matches (x, P). For, let y € M; say y € F,. We claim that « | I, # y | I,
for all n > k. For, let m be the right endpoint of I,, 1, and set u; = = [ m. Then by
construction Uy, N F,, = 0, where p is the right endpoint of I,,. Since y € F,, it follows

that x [ I, Zy | 1. ]
Now we define Match(z, P) = {y € “2 : y matches (z, P)}.

Proposition 41. (Blass 5.3) Match(z, P) C Match(z’, P') iff for all but finitely many
I€PthereisaJ e P suchthat JC I andz' | J=x]J.

Proof. =: Suppose that Match(x, P) C Match(z’, P’) but there are infinitely many
I € P such that for all J € P/, J C I implies that | J # 2/ | J. Let K be an
infinite pairwise non-contiguous set of such I. We define y | |JK = = | [JK while

y(i) =1 —a'(q) for all ¢ € w\|JK. Thus y € Match(z, P). Hence y € Match(z’, P’). So
LY {jepP .y J=2a | J}is infinite. It follows that J C |JK for all J € L, so
for each J € L there is an I € K such that J C I. Then z | J # 2’ | J, contradicting
ZVJ=yl|J=x]J.

<«: Suppose that y € Match(z, P)\Match(z’, P’), while for all but finitely many I € P
thereisa J € P such that J C T and 2’ [ J =z | J. Thean:ef{IEP:y [ I=x |1}
is infinite, so there are infinitely many I € K such that there is a J € P’ such that J C I
and «’ [ J =« | J. This implies that y € Match(z’, P"), contradiction. O

A is the ideal of meager subsets of “2.

Proposition 42. add(#) < b.

Proof. By Theorem 13(iv), let &2 be a set of interval partitions of size b such that
no interval partition almost dominates all members of &. Fix x € “2. Now by Theorem
40, a set is meager iff it is a subset of “2\Match(y, P) for some chopped real (y, P). In

particular,
def

Y = {“2\Match(z,Q) : Q € &}
is a subset of . Let Z = [JY. We claim that Z is not meager; the proposition follows
from this. For, suppose that Z is meager. By Theorem 40 let (z', P) be a chopped real
such that Z C “2\Match(z’, P). Thus for all Q € & we have Match(z’, P) C Match(z, Q).
By Theorem 41 it follows that P almost dominates each Q € &, contradiction. ]

(Blass 6.1) If .7 is a family of sets, a pseudo-intersection of .# is an infinite set A such
that A C* B for all B € .%.
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(Blass 6.2) A tower is a sequence (T : £ < a) with the following properties:
(1) « is an ordinal, and each T¢ is an infinite subset of w.

(2) If £ < < a, then T;) C* T¢.

(3) {T: : £ < a} does not have a pseudo-intersection.

The tower number t is the smallest ordinal o which is the length of a tower.

Proposition 34. (Blass 6.4) t is a reqular uncountable cardinal.

Proof. Obviously t is a regular cardinal. Now suppose that (T, : n € w) is a sequence
of infinite subsets of w such that T,, C* T,, whenever m < n; we want to show that this
sequence has a pseudo-intersection. For each m € w choose

im € () Tu\{in :n <m}.
n<m
This is possible because T,,\T,, is finite for each n < m, and hence

ﬂ To =Tn\ U (T \T)

n<m nm
is infinite. Clearly {i,, : m € w} is a pseudo-intersection of {71}, : m € w}. O
Clearly there is a tower (T¢ : £ < t) such that T¢\T,, is infinite whenever £ <n < t.

(Blass 6.5) A set 7 C [w]“ is open iff VX, Y € (W[ X C*'Y € ¥ — X € 9]. Z is dense iff
VY € [w]¥3X € 2[X CY]. Obviously [w] itself is dense open. We say that Z is weakly
dense iff VY € [w]¥3X € 2[X C* Y.

Proposition 35. If 2 is weakly dense, then there is a 9’ such that 2 C 2" C [w]¥,
2| = |2'|, and P’ is dense.

Proof. Let 2' = {X € [w]¥ : there is a finite F' C w such that X UF € 9}. O

Proposition 36. For every X € [w]¥ there is a dense open family 2 such that X ¢ 2.
Proof. Let X =Y UZ with Y, Z € [w]* and Y N Z = (). Define

P={Wew*:WC*Yo WC*Zor WnNX is finite}.

Clearly Z is as desired. O

This proposition justifies the following definition: the distributivity number b is the smallest
size of a collection & of dense open sets such that () </ = 0.

Proposition 37. (Blass 6.6, modified)

h = min{|</| : & is a family of open weakly dense sets and mﬁf =0}
= min{x : &(w)/fin is not (k, co)-distributive}
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Proof. Let h' = min{|&/| : & is a family of open weakly dense sets and (|« = 0}
and h” = min{k : #(w)/fin is not (k, c0)-distributive}.

We will use Proposition 14.9 of the BA handbook.

h < b”: Suppose that & (w)/fin is not (k,oco)-distributive. So by Proposition 14.9
there is a family & of partitions of & (w)/fin such that |Z?| < k and & does not have a
common refinement. Let () be maximal subject to the following conditions: @ is a family
of pairwise disjoint nonzero members of #(w)/fin and Va € QVP € &#3b € Pla < b]. Then
@ is not a partition, as otherwise it would refine &2. Let X € [w]“ be such that a-[X] =0
for all a € Q. Let f:w — X be a bijection. For each P € & let

Pp ={Y € [w]*: 3Z € [w]*([Z] € P and [f[Y]] < [2])}.

We claim that Zp is dense open. It is clearly open. Now suppose that W € [w]“. Since
[f[W]] # 0, thereis a Z € [w]* such that [Z] € P and [f[W]]-[Z] #0. Let Y = WNnf~1[Z].
Then YV € [w]¥ and [f[Y]] < [Z]. So Y € Zp. So the claim is established.

Now suppose that ((pc 5 Zp # 0; we will get a contradiction, and this will prove
h < b’ TakeY € Npcyp Zp. For any P € & we have Y € Zp, and so we can choose
Z € [w]¥ such that [Z] € P and [f[Y]] < [Z]. Then [f[Y]] < [X] and Q U{[f[Y]]} satisfies
the conditions defining (), contradiction.

b’ < b: obvious.

h"” < Bb’: Suppose that o7 is a family of open weakly dense sets with empty intersection.
Let k = |&7|. We show that & (w)/fin is not (k, co)-distributive, and this will prove h” < b’.
If 7 € o/, let Py be a maximal set of nonzero pairwise disjoint elements of &(w)/fin such
that Va € PAX € Z(a < [X]). Clearly Py is a partition. Suppose that @) is a common
refinement of {Zp : P € &/ }; we will get a contradiction, which will finish the proof. Take
any [X] € Q. If 2 € &7, then there is a [Y] € Py such that [X] < [Y]. By the definition
of Pg, there is a Z € 2 such that [Y] < [Z]. Then X € Z since Z is open. So X € (| <,
contradiction. O

Proposition 38. (Blass 6.7) The intersection of fewer than § dense open sets is dense
open. Thus b is reqular.

Proof. The second statement clearly follows from the first. Now let .o/ be a family
of dense open sets, with |o/| < h. Clearly (.« is open. To show that it is dense, let
Y € [w]“. Let f:w — Y be a bijection. For each Z € o let 9 = {f~![Z]: Z € 2 and
Z CY}. Clearly 2’ is dense open. Hence we can choose X € ({2’ : ¥ € o/}. Hence
fIX] e N and f[X] CY, as desired. O

Proposition 39. (Blass 6.8) t < h.

Proof. Suppose that o7 is a family of dense open sets with |&/| < t; we want to find
a member of (| &/. Write & = {Z, : a < k} with Kk < t. We now define a sequence
(Ty : a < Kk} by recursion. Let Ty = w. If T, € [w]¥ has been chosen, let T 11 € Dy
be a subset of T,; this is possible because Z, is dense. For a < k limit, let T,, be a
pseudo-intersection of {T : § < a}; this is possible because av < t. This finishes the
construction.

16



By openness we have T, € /. O

Proposition 40. (Blass 6.9) h < b, s.

Proof. By Theorem 18 it suffices to show that f < par,. So, suppose that F' C [w)*9
and |F| < h; we want to find X € [w]* which is almost homogeneous for all f € F. For
each f € Flet 77 = {X € [w]¥ : X is almost homogeneous for f}. We claim that each Z;
is dense open. For openness, suppose that X C*Y € Z;. Choose G, H finite such that
f 1 [Y\G)? is constant and X\Y = H. Then f | [X\(GU H)]?> C f | [Y\G]? is constant;
so X € ¥;. For denseness, take any Y € [w]“. Then f | [Y]?: [Y]? — 2, so by Ramsey’s
theorem there is an infinite X C Y such that f | [X]? is constant; so X € 9y, as desired.

Take H € feF Py. Clearly H is almost homogeneous for all f € F, as desired. O

Proposition 41. (Blass 6.14) If w < k < t, then 2" = 2%,

Proof. By recursion we define ¢, € [w]® for every n € <'2. Let ty = w. If ¢, has been
defined, let ¢, and ¢,; be disjoint infinite subsets of ¢,. If n has limit length o < t and ¢,,;3
has been defined for all 3 < «, in such a way that 8 < v < o implies that ¢,, C* t,3, let
t, be an infinite set C* each t,3 for 5 < a; this is possible because ao < t. Now (t,, : 1 has
length k) is a system of infinite almost disjoint subsets of w, and the desired conclusion
follows. ]

Corollary 42. (Blass 6.15) t < cf(2¢).

Proof. For each k < t we have k < cf(2%) = cf(2*) by Proposition 41. O

(Blass 6.16, 6.17) A family .# C [w]¥ is almost disjoint iff AN B is finite for any two
distinct members A and B of .%. We use MAD to abbreviate “maximal almost disjoint”.
Note that every finite partition of w is MAD.

Proposition 43. (part of Blass 6.18) If &7 is a MAD family, then

A IX e w34 e F[X C* A}

18 dense open.

Proof. Clearly </| is open. Now suppose that Y € [w]“. Then there is an X € &
such that Y N X is infinite. Thus YN X € &/ and YN X C Y, so /| is dense. L

Proposition 44. (part of Blass 6.18) If & is dense open, then there is a MAD family <f
such that o/ |C 9.

Proof. Fix X € %, and let o4 be a partition of X into infinitely many infinite
subsets. Since Z is open, we have @y C Z. Now by Zorn’s lemma let &/ be maximal
subject to these conditions: (1) @ C & C [w]|¥; (2) any two distinct members of &/ are
almost disjoint; (3) & C 2. By (1), &/ is infinite. By (3) and again using the openness
of 7, we have o/ |C 9. Hence it suffices to show that <7 is maximal subject only to (2).
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Suppose that X € [w]“ and X NY is finite for all Y € /. Because Z is dense, choose
Z € 9 such that Z C X. Now &/ U{Z} satisfies (1)—(3) and Z ¢ &7, contradiction. O

Proposition 45. Suppose that &7 is a MAD family and X € [w]“. Then the following
conditions are equivalent:

(i) X ¢ o|.

(ii) There exist distinct a,b € o such that [aNX| = |bN X| =w. O

Proposition 46. (Blass 6.19) b is the smallest size of a collection B of MAD families
such that for all X € [w]* there is an o/ € B such that X ¢ o/ |.

Proof. First suppose that & is a collection of dense open sets such that (& = () and
|&] = b. For each & € &, by Proposition 44 let <75 be a MAD family such that 275 | C 2.
Thus also (g @2l= 0. Hence for any X € [w]* there is a 2 € & such that X ¢ 5.
This proves >.

Conversely, suppose that 4 is as in the proposition, of smallest size. Then {&7|: &7 €
A} is a collection of dense open sets, by Proposition 43. Its intersection is empty, and this
proves <. L]

(Blass, before 6.20) A base matriz tree for [w]“ is a family 7 C [w]“ satisfying the following
conditions:

(1) 7 is a tree under reverse almost inclusion, with root w.
(2) Each level of 7 above the root is a MAD family.
(3) Every X € [w]“ has a subset in 7.

Theorem 47. (Blass 6.20) There is a base matrixz tree of height .

Proof. By the definition of b, let (Z, : @ < h) be a system of dense open sets with
empty intersection. By Proposition 38 we may assume that %, C* 23 if 8 < a <bh. We
define the levels 7,, of the desired tree 7 by induction, as follows. Of course, let 7y = {w}.
Now suppose that A < § is limit, and 7, has been defined for all & < X so that (2) holds.

Then by Propositions 38 and 43, the set £ def Na<x Tl is dense open. By Proposition 44,
let T be a MAD family such that 7\|C E. Note that if « < A and A € T, then A C* B
for some B € T,,. In fact, A € T)|, hence A € T, |, and the existence of B follows.

At a successor stage 2 + 1, let Toq11 be MAD such that Thy11] € Py N (Toal); this
is possible by Propositions 38 and 44.

Now we take a successor stage 2a + 2. Let

Ao ={X € [w]Y : {Y € Ton+1: | X NY| =w}| =2}

We claim:

(1) There is a one-one function ¥, : o, — Taayt1 such that | X N, (X)| = w for all
X € o,.
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In fact, let (X¢ : € < 7y) be a one-one enumeration of <7,, with v <2“. We define 1 (X¢)
by induction. Suppose that 1, (X;) has been defined for all n < . Then we choose

¢a(X£) S {Y € Toat1: |X£ N Y‘ = w}\{¢a(Xn) < 5}7

this is possible since [{Y € Toq41 : |[XeNY| =w}| =2¥ > |F|. Clearly this gives (1).
Now partition each Y € Th,11 into two infinite sets Y and Y, in such a way that if
Y € rng(v), then Y' C 91 (Y). Now we define

T2a+2 = {Y’, Y'Y € T2a+1}.

This finishes the definition of T'.

Clearly the first two conditions in the definition of base matrix tree hold. For the
third condition it suffices to take any X € [w]¥ and show that X € .o, for some o < bh.
We build a subset T” of T which is itself a tree under *D, as follows. The root of T” is w.
Now suppose that the n-th level T}, of T” has been defined so that:

(a) n € w.

(b) All members of T, are on the same level «,, of T.

(c) There are exactly 2™ members of 77 .

(d) X NY is infinite for each Y € T}

Now we claim:

(2) For each Z € T}, there is a Bz < b such that for every v € [5z,h) we have [{Y € T, :
X NZAY is infinite}| > 2.

In fact, Z N X is infinite by (d), and so by the choice of (Z,, : a < B), there is an n < b
such that Z N X ¢ 2n. Hence because the Z¢’s are decreasing, also Z N X ¢ P for any
¢ > n. Take any such §. Since Thei1 € P, we also have Z N X ¢ Toe11. Hence because
Toeyq1 is MAD, there is a Y € Theqy such that ZN X NY is infinite. But also Z N X\Y
is infinite, as otherwise ZNX C* Y and hence Z N X € They1] € Ze, contradiction. This
gives another member Y’ of They; such that Z N X NY” is infinite, again because They; is
MAD. Thus the conclusion of (2) holds.

Now let a1 be the supremum of all 8z for Z € T,. Now let T}, consist of 2"+
elements of T" at level T,,, ., , two successors of each Z € T, each having infinite intersection

with X N Z; thus each of the two successors is C* Z. This finishes the definition of T".

Now by Propositions 34, 38 and 39, b is regular and uncountable. Hence the ordinal

v def SUP,c,, On 18 less than B, so we have a level v + 1 of T. Now let (Z, : n € w)

be a branch through 7”; thus Z, is at level «, in T, and Z,,,1 C* Z,, for all n. Hence
(Zp,NX :n € w)is a C*-decreasing sequence of infinite subsets of w. By Proposition 34,
there is some infinite W C* Z,, N X for all n € w. Then there is a Y € T, such that
W NY is infinite, since T, 11 is MAD. Because T' is a tree, we have Y C* Z,, for each n.
Moreover, Y NW C* Y NZ,NX,soYNX is infinite. Thus we each branch through 7" we
have found a Y below (in the C*-sense) each member of the branch, with Y N X infinite.
Clearly then X € <7Z,. O

(Blass 6.22) A family .# C [w]“ has the strong finite intersection property, SFIP, iff the
intersection of any finite subset of .# is infinite. We define

p = min{|.Z|:.Z C [w]*, .Z has SFIP, but has no pseudo-intersection}.
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This is well defined, since a tower is such a family .%.

Proposition 48. (Blass 6.23) 8; <p < t.

Proof. Obviously p < t. Now suppose that .# = {4,, : m € w} has SFIP; we show
that it has a pseuodo-intersection, thus proving the first inequality in the proposition. Let
B,,=AoN...NA,, for all m € w. Each B,, is infinite. By the argument for the proof of
Proposition 34, {B,, : m € w} has a pseudo-intersection. Hence so does .%. O

Proposition 49. (Blass 6.24) Suppose that (Cy, : n € w) is a sequence of infinite subsets of
w such that C,, C* C), if m < n. Suppose that < is a family of size less than 0 of infinite
subsets of w, each of which has infinite intersection with each C,. Then {C, :n € w} has
a pseudo-intersection B that has infinite intersection with each member of <f .

Proof. Let C}, =(),,,, Cn for all n € w. If A € o/, then

ANC) = (ANC)\ | (Cu\Ci),

m<n

so AN C), is still infinite. So it suffices to work with the C,’s rather than the C),’s.

For each h € “w let B, = U,,c.,(C;, Nh(n)). Then B,\C;, € U,,., h(m), so that
By, C* CJ,. Hence it suffices to find h € “w so that By, has infinite intersection with each
member of 7.

For each A € & and each n € w, let f4(n) be the n-th element of the infinite set
ANC) (starting the numbering at 0). Since |.<7| < 9, the set {fa : A € &/} is not almost
dominating, and so we can choose h € “w such that h £* fa for all A € &/. Thus for each
A € o/, the set {n € w: h(n) > fa(n)} is infinite, so that h(n) N AN C), has at least n
elements for infinitely many n, and so By N A is infinite, as desired. L

Theorem 50. (Blass 6.25) If p = Ny, then t = N;.

Proof. Since N; <t <0, the result follows if 0 = N;. So, assume that 0 > N;.

Let o = {A, : @ < wi} be a family of infinite subsets of w with SFIP but with no
pseudo-intersection. We may assume that o7 is closed under finite intersections. We now
define (T}, : @ < wy) by recursion. Let Ty = w. Now suppose that we have constructed Tz
for all # < « in such a way that:

(1) Thy1 C A@ for 6+ 1 < a,
(2) T has infinite intersection with each A, for each 8 < a,
(3) T, C* Ty if B < v < av.

If v is a successor ordinal 8+ 1, let T,, = Tg N Ag. Clearly (1)—(3) continue to hold. Now
suppose that « is a limit ordinal. Apply the lemma with (C), : n € w) a cofinal subsequence
of (T : f < a) to get T, which continues to satisfy (1)—(3). This finishes the construction.

The T,’s have no pseudo-intersection because of (1). ]
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(Blass 6.26) A family ¢ C [w]¥ is groupwise dense iff it is open and for every interval
partition P, some union of intervals of P belongs to 4. Obviously [w]® itself is groupwise
dense.

Proposition 51. The intersection of all groupwise dense families is empty.

Proof. Let X € [w]¥; we find a groupwise dense family ¢ such that X ¢ ¢. Let
G =1{Yew": X Z" Y}

Clearly X ¢ ¢, and ¢ is open. Now suppose that P is an interval partition. Let Z = {n €
w: [iF,i5 )N X # 0}. Then Z is infinite, since X is infinite. Write Z = U UV with U,V
disjoint and infinite. Let Y = {J, o [iL), n+1) Clearly Y € 4. O

(Blass 6.26) By Proposition 51 we can define the groupwise density number g as follows:

g = min{|7| : H is a system of groupwise dense families and m%ﬂ =0}

Proposition 52. (Blass 6.27.2) The intersection of fewer than g groupwise dense families
18 groupwise dense.

Proof. Let o/ be a collection of groupwise dense families with |.<7/| < g. Clearly (] &/
is open. To check the other condition, let P be an arbitrary interval partition. For each

G c of let
Hy ={X € [w*: [ J[ifil,,) € ¥4}
neX

We want to show that (., He is nonempty, and to do this it suffices to show that each
Hgy is groupwise dense, since |&/| < g.
First suppose that Y C* X € Hy. Then

<U [@57 71;1)) \ ( U [257 5+1)> < U [25, rIzD+1)

ney neX neY\X

and the set on the right is finite. Hence U,y [i7,i5,1) €4, and so Y € Hy.
Second, suppose that () is another 1nterval partition; we want to show that some
union of members of Q is in Hy. Let j, = il e for all p € w. Thus j = i’ i = =il =0, and

. . : . £
Jp = 12—2 < ZZJ,DQH = jp+1. Hence R = {lJp, Jp+1) : p € w} is an interval partition. Hence
p

there is a Z € [w]* such that J,c ;jn,jnt1) €4 Let X ={p:Ine Z(i¥ <p < i§+1)}.
Then

U [257 §+1) = U U{ Uy p+1 : §p<z’§+1}

peX nez

= Uik, il )

in 1 +1
nez "

— U [jnajn+1) S ga

nez
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as desired. ]
Corollary 53. (Blass 6.27.3) g is regular. O

Proposition 54. (Blass 6.27.4) Every groupwise dense family is dense, and so b < g.

Proof. Let ¢ be groupwise dense, and let Y € [w]¥. Let P be an interval partition
such that each interval of P intersects Y. Then ¢ contains the union Z of infinitely many
members of P, and so Z NY is infinite. But ¢ is open, so ZNY € ¥, as desired. O

Proposition 55. (Blass 6.27.4) g <.
Proof. Let Z be a dominating family of size 9. For each f € Z let

Gy ={X € w]*:{n: XNIn,f(n)) =0} is infinite}.

We claim that ¥ is groupwise dense. To show that it is open, suppose that Y C* X € ¥.
If XNin,f(n))=0and (Y\X)N[n, f(n)) =0, then

Y 0[n, f(n) = [(Y N X) 0 [n, f(n))]U[Y\X) N [n, f(n))] = 0.
It follows that
{n: X0 f(n)=0}C{n:YNin f(n)=0tU{n: (Y CX)NIn,f(n) # 0},
and {n : (Y C X)N|[n, f(n)) # 0} is finite, so {n : Y N [n, f(n)) = 0} is infinite, and so
Y e gf.

For the other property of groupwise density, suppose that P is an interval partition.
Define (n(j) : j € w) by recursion as follows. Let n(0) = 0. If n(j) has been defined,

choose n(j +1) > n(j) so that f(i} ;) 1) < i,y Let X = Ue,li ) i1 Thus X
iis an iinﬁnite subset of w. For every j € w, X N [if(j)ﬂ,f(if(j)ﬂ)) =0. So X € ¥, as
esired.

To finish the proof it suffices to show that [ feggf = (). Suppose to the contrary
that X € ﬂfeggf. Define g : w — w by letting g(n) be the least member of X greater
than n, for every n € w. Choose f € & such that ¢ <* f, and choose m € w such that
Vn > m(g(n) < f(n)). Now X € ¢4;. Choose n > m such that X N [n, f(n)) = 0. But
n < g(n) < f(n) and g(n) € X, contradiction. O

Proposition 56. (Blass 7.14) Suppose that 7 ,€ C [w]¥, ||+ |€| < p, and VF € [€]<¥
and all Y € o7, the set (\F'NY is infinite. Then € has a pseudo-intersection X such that
X NY s infinite for all Y € <.

Proof. Define

A ={[C]™: CeT},
o ={{Fecw\n|<*:FNA#D}:Ac, neuw}
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(1) 54 U 7% has the strong finite intersection property.

To prove this, suppose that .# is a finite subset of ¢ and ¥ is a finite set of pairs (A,n)
such that A € o/ and n € w; we want to show that

(%) [C1n [ {Few\n]~:FnA#0}

CeF (An)e¥9

is infinite. Choose m < n for each n such that (A,n) € 4 for some A, and for each A such
that (A,n) € ¢4 for some n, choose p4 € ((.# N A)\n. Then if F is any finite subset of
[w\m] such that py € F for all A for which (A4,n) € G for some n, it follows that F' is in
the set (x).

Thus (1) holds. Note that |74 + || < p, since w < p. Now |[w]<¥| = w, so we can
apply the definition of to Z([w]<*)/fin rather than & (w)/fin. It follows that there is an
& C [w]<* which is a pseudo-intersection of 74 U 5.

Since .# is infinite, clearly also |J.# is infinite.

(2) | # is a pseudo-intersection of €.

For, suppose that C' € ¥. Now .# C* [C]<%. Choose .# C [w]< w such that S\.F C
[C]<“. Let n € w be greater than each member of | J.#. We claim that | J.#\n C C. For,
suppose that m € | .#\n. Choose I € .# such that m € I. Since m > n, we have I ¢ .7.
So I € [C]<¥, and hence m € C, as desired. This proves (2).

Finally, suppose that A € «7. Take any n < w; we show that | J.# N A has a member
> n; this will finish the proof. Now .# C* {F € [w\n|<¥ : FN A # 0}, so we can find a
finite 4 C [w]<¥ such that #\¥ C {F € [w\n]<* : FNA # (}. Take any F € #\¥. Then
F € [w\n]<¥ and FNA#0, so|J-# N A has a member > n. O

Proposition 57. (Blass 7.15) p is regular.

Proof. Suppose not. Let & C [w]* with |</| = p, &7 closed under finite intersections,
and write & = {J,p(p) o, Where [Bo| = w, Bo C B for a < § < cf(p), and [Ba| < p
for each o < cf(p). Moreover, let each %, be closed under finite intersection.

(1) Suppose that € C [w]¥, |€| < p, and VF € [€]<¥ and all Y € &7, the set (JF NY is
infinite. Then % has a pseudo-intersection X such that X NY is infinite for all Y € <.

[Note that this does not follow directly from Proposition 56, since .2 has size p.] To prove
(1), note that for any a < cf(p), the set € U A, has the SFIP and size less than p, so it
has a pseudo-intersection Z,. Now we apply Proposition 56 to ¢ and {Z, : a < cf(p)}:
we get a pseudo-intersection X of € such that X N Z, is infinite for all a < cf(p). For any
Y € o/, choose a < cf(p) with Y € ZA,. Then Z,\Y is finite, hence X N Z,\Y is finite,
hence X NY is infinite, as desired.

Now we are going to define by recursion (C, : a < cf(p)) so that the following
conditions hold:

(2) Cy € [w]v.

(3) C, is a pseudo-intersection of .o7,.
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(4) If B8 < a, then C,\Cj is finite.
(5) VY € & (C, NY is infinite).

As soon as we have done this, a contradiction is reached because C () is a pseudo-
intersection of o7 by (3) and (4).

So, suppose that C, has been defined for all @ < = so that (2)—(5) hold, where
v < cf(p). We want to apply (1) with € replaced by {Cy : a < v} U oZ,. To check the
hypotheses, suppose that F' € [y]<¥, G € [¢/]|<¥, and Y € &/; we want to show that
Noecr Ca NG NY is infinite. Wlog F' # 0 # G. Let 3 be the largest element of F.
Since & is closed under N, we have (JGNY € &/. By (5), Cg NG NY is infinite.
Now U,em (51 (C8\Ca) = Cs\[Nyep\ 5y Ca is finite, so (e Ca NG NY is infinite, as
desired.

So we apply (1) and get C,, such that C, is a pseudo-intersection of {Cy : @ < v} U2,
and C,NY isinfinite forall Y € &. So (2)—(5) hold, and the construction is complete. ]

Now we return to the discussion of MAD families; see Proposition 43 and the following
material.

Proposition 58. (Blass 8.1) There is a MAD family of size 2*.

Proof. Since |{J,,c, "w| = w, it suffices to construct an almost disjoint family
F C Umey, "w]® of size 2. Let
F={{fIm:mew}: fe“2}. ]

The almost disjointness number a is the smallest size of an infinite MAD family. (Blass
8.3)

Proposition 59. (Blass 8.4) b < a.

Proof. Suppose that & is an infinite MAD family. Let (C,, : n € w) be a one-one
enumeration of some of the members of «/. We define

D0:C’OU<w\UC’n>;

ncw

Dn+1 = Cn—l—l\ U Cm

m<n

Clearly (D, : n € w) is a partition of w into infinite subsets. For each n € w, let
fn : Dy, — w be a bijection. Let 7' = &/\{C), : n € w}. Foreach A € o define g4 : w — w
by letting ga(n) be the least natural number such that Ym € AN D, (f.(m) < ga(n)), for
any n € w. We claim that {g4 : A € &/} is unbounded, as desired.

To see this, suppose that g4 <* h for all A € &’. Define X = {f;1(h(n)) : n € w}.
Thus |D,, N X| =1 for all n € w. Hence X is infinite. Now take any A € «7’; we show that
X N A is finite. Choose p € w so that ga(n) < h(n) for all n > p. Then, we claim,

(%) Anx c | JAnDy).

n<p
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(Hence AN X is finite, as desired.) To prove (x), suppose that m € AN X. Choose n € w
so that m = f,1(h(n)). Then m € AN D, so f,(m) < ga(n). But f,(m) = h(n), so it
follows that n < p. O

Proposition 60. (Blass 8.6) If & C [w]¥ and || < 2¥, then &/ N B = D for some
groupwise dense A.

Proof. Assume the hypothesis. Let Z ={Y € [w]* :VX € &/ (X €*Y)}. Clearly #
is open. For the main groupwise dense property, let P be an interval partition. Let € be a
family of 2 infinite almost disjoint subsets of w. For each C' € €, let C" =, lih, ik, ).
Then {C’ : C € €} is still almost disjoint and of size 2. For each C € €, let f(C) be a
member X € &7 such that X C* C’ if there is such a member, and let it be () otherwise.
Then if C, D are distinct members of € and () # f(C), f(D), then clearly f(C) # f(D).
Since f maps the set € of size 2* into the set &7 U {0} of size less than 2%, it follows that
there is a C' € € such that f(C) = (. Thus C' € A, as desired. ]

Proposition 61. (Blass 8.7) g < cf(2¥).

Proof. Write [w]* = U, t(ow) @a, With || < 2% for each o < cf(2¥). By Proposi-
tion 60, for each o < cf(a®) let 2, be groupwise dense with &7, N Z, = (). Then

(N Zo=W*n () Za=| U “|n [ Z.=0.

a<cf(2v) a<cf(2v) a>cf(2v) a<cf(2v)

Hence g < cf(2¥) by the definition of g. O
(Blass 8.8) A family .# C [w]¥ is independent iff for any finite disjoint F,G C .# the set
(Nxer X) N (Nxeq(w\X)) is infinite.

Proposition 62. (Blass, following 8.8) If .# C [w]|¥ is infinite, then it is independent iff
for any finite disjoint F,G C % the set ((\xcp X) N (Nxeq(W\X)) is nonempty.

Proof. =: trivial. <=: Assume the new condition, and suppose that F,G C .# are
finite and disjoint. Then for any finite disjoint H, K C .#\(F U G) we have

(@)}
XeF XeG XeH XeK
and hence ((ycp X) N (Nxeq(w\X)) is infinite. O

Proposition 63. (Blass 8.9) There is a family of 2¥ independent members of [w]“.

Proof. Let C ={(a,B) :a € [w]<¥ and B C #(a)}. Since |C| = w, it suffices to find
2¢ independent subsets of C. For each X C w let cx = {(a,B) € C : anNX € B}. Suppose
that F, G are finite disjoint subsets of Z(w). Let a € [w]|<* be such that X Na # Y Na for
all X € F and Y € G. Take any a’ € [w]<“ such that a Ca’. Let B={a’'NX : X € F}.
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Clearly (a/,B) € cx forall X ¢ F. f Y € G and (d, B) € ¢y, then ' NY € B, so there
isan X € F such that a’ NY =a’ N X. Hence also aNY = a N X, contradiction. O

(Blass 8.11) We define the independence number

i=min{|.# : & C [w]* is maximal independent}.

Proposition 64. (Blass 8.12) v <.

Proof. Let .# C [w]“ be maximal independent, with size i. Let R be the set of all
monomials over .#. By maximality, R satisfies the conditions defining t. ]
Proposition 65. (Blass 8.13) ? <.

Proof. Suppose that .# C [w]“ is independent and |.#| < ?; we show that it is not
maximal.

Let (D,, : n € w) be a one-one enumeration of some of the elements of .#, and let
I = I\{D,, : n € w}. For each ¢ € “2 and each n € w define

k
cs = D",
k<n

Let
o = { ﬂ XN ﬂ (w\X) : F,G are finite disjoint subsets of J} .

XeF XeG

We apply Proposition 49 to (C5 : n € w) and &/ to get a pseudo-intersection B¢ of
{C¢ : n € w} which has infinite intersection with each element of o/. Thus

(1) B € Nien Dz(k) for all n € w.

(2) B® has infinite intersection with each element of 7.
(3) B N B? is finite for distinct ¢, € “2.

This is clear from (1).

(4) There are countable disjoint @, Q" C “2 such that for every p € <“2 there are f € Q
and g € Q' such that p C f and p C g¢.

In fact, enumerate <“2 as (p, : n € w}. Now we define functions f,, g, € “2 by induction
as follows: they are distinct elements of the set

{h€“2:p, ChIN{fim,gm : m < n}.

Then we let Q = {f, :n € w} and Q' = {g,, : n € w}. Clearly (4) holds.

(5) There exists (E° : ¢ € Q U Q') such that the E°’s are pairwise disjoint, £ C B¢, and
B\ E* is finite.
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To prove this, enumerate Q U Q" as (g, : n € w) without repetitions, and let F» =
B\ U, <,, B°™ for all m; clearly (5) then holds.
Now we define
Z=|JE, and 7 =] E.
€EQ e€qQ’
(6) Z has infinite intersection with each set (NycrX) N (Nyeq(W\X)) with F, G finite
disjoint subsets of .7.

In fact, take such F,G. Let I = FN." and G' = GN #’'. Choose n € w such that for
all k € w, if D € FFU G then k < n. Define p € "2 by setting, for each k < n,
1 ifDyeF
k) = { k )
p(k) 0 otherwise.

Choose € € @) such that p C . Then

(e (o) = (0 =)o (new)a( 0 e)

2((0)e (o) (ne)

o* ( N X) N ( N (w\X)) N Be.

XeF' XeG’

D* < N X) N < N (w\X)) N E-.
XeF XeG’

The last intersection is infinite, and is a subset of Z since € € @, as desired; (6) holds.
Similarly,

(7) Z' has infinite intersection with each set (\y.p X N (\xeq(W\X), with F,G finite
disjoint subsets of .#.

Since w\Z O Z’, this finishes the proof. O

For the remainder of these notes we discuss filters and ultrafilters. Unlike Blass, we allow
improper and principal filters in the definition, but in the results we usually require that
filters are proper and contain all cofinite sets. We denote by Cofin the collection of all
cofinite sets.

Proposition 66. (Blass 9.1, 9.2) If % C [w|¥ has the strong finite intersection property,
then
0 # (Cofin U .F)" = {X Cw: ﬂM C* X for some M € [9]@’}.

Proof. If X is in the left side, then there is a finite FF C w and a finite G C .% such
that (w\F)N( G C X. Hence [(G\X C F, showing that X is in the right side. The other

inclusion is proved similarly. ]
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(Blass 9.2) If .7 C #(w) and f : w — w, then we define

FUF))={X Cw: fT[X] e 7}.

Proposition 67. (Blass, after 9.2) Let f : w — w.
() 10 ¢ 7, then 0 ¢ ().
(ii) If F is a filter, then so is f((F)).
(ii3) If F is an ultrafilter, then so is f((F)). O

A function f: A — B is finite-to-one iff ¥b € B(f~1[{b}] is finite).

Proposition 68. (Blass, after 9.2) If f : w — w is finite-to-one and F is a nonprincipal
ultrafilter, then so is f((.F)).
Similarly, if a filter F contains all the cofinite sets, then so does f((F)).

Proof. For any m € w, f~[{m}] is finite; so ft[w\{m}] = (w\f[{m}]) € #, and
hence w\{m} € f((F)). O

Proposition 69. (Blass, in proof of 9.22) If f is finite-to-one and .7 is groupwise dense,
then so is f((F)).

Proof. For openness, suppose that X C* Y € f((#)). Thus f Ly
“HXN\fHY] = f7HX\Y] is finite, so f~1[X] C* f71[Y], and so f![X]
is open. So X € f((%#)), as desired.

Now suppose that P is an interval partition. Define (j,, : m < w) and (k(m) : m < w)
by recursion, as follows j,, = 0 = k(m). Suppose that j,, and k(m) have been defined
so that ffl[[(),i,f(m))] C [0,7m). (This holds trivially for m = 0.) Now ffl[[(),i,f(m))] is
finite, so we can choose k(m + 1) > k(m) so that ) # f~1[[i k(m),zk(m+1))]. Now choose
Jm+1 > Jm so that ffl[[if:(m),if(mﬂ))] C [jms Jm+1)- This finishes the construction.

Let M be an infinite subset of w such that (J,,cpslms Jms+1) € -#. Now by con-
struction, ffl[UmeM[i,f(m)i,f(mH))] C Upmenslms jms1), so by the openness of .7 we get

f_l[UmeM[ikP(m)ikP(mH))] € Z, and so UmGM[ikP(m)ik:P(erl)) € f((.#)), as desired. O

(Blass 9.3) A filter .# on w is feeble iff .7 contains all the cofinite sets, is proper, and there
is a finite-to-one f:w — w such that f((.%)) ={X Cw:w\X is ﬁmte}.

With regard to the following proposition, note that if .% is a proper filter containing
all of the cofinite sets, then .# is closed under almost supersets. In fact, if X € .# and
X C* Y, then X\Y is finite, and so (W\X)UY € #. Intersecting with X, we get
XNY € %, hence Y € ¥

] E Now
€ .% since &

Proposition 70. (Blass 9.4) Let .% C [w]¥ be closed under almost supersets. Then the
following are equivalent:

(i) There is a finite-to-one f such that f((F)) ={X Cw: X is infinite and w\X s
finite}.

(ii) There is a partition P of w into finite sets such that VX € Z({Y € P: XNY = ()}
is finite).
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(i1i) There is an interval partition P such that VX € Z({Y € P: X NY = 0} is
finite).
(iv) {X Cw: X is infinite and w\X € F} is not groupwise dense.

Proof. (i)=-(ii): Assume (i), given by a finite-to-one function f. Let P = {f~}[{m}]:
m € w\{0}. Clearly P is a partition of w into finite sets. Suppose that X € .Z. Let
Z={mew: XN f{m}] =0} Then X C w\f ![Z], since if n € X N f~1[Z] then
f(n) € Z,andson € XNf~1[f(n)], contradiction. Thus X C f~[w\Z],sow\Z € f((.F)).
So w\Z is cofinite, and hence Z is finite. Now if Y € P and X NY = (), choose m € w
such that Y = f~![{m}]; so m € Z. This proves (ii).

(ii)=-(iii): Let P be a partition as in (ii). Let @ be an interval partition such that
for all n € w there is an a € P such that a C [i§,¢§+1). So for each Y € ) we get an
a(Y) € P such that a(Y) C Y. This function a is one-one, and for any X € . it maps
{Ye@Q:XNY =0} into {Z € P: XNZ =0} By (ii) the latter set is finite, and so the
former is also, as desired.

(iii)=(iv): Assume (iii), and let P be as indicated. Suppose that Y is a union of
intervals of P, Y is infinite, and w\Y € #. Then {a € P: (wW\Y)Na=0}={a€ P:a C
Y'} is infinite, contradiction. So (iv) holds.

(iv)=(i): Assume (iv). Let Z be the set in (iv). Then Z is open. For, suppose that
Z is infinite and Z C* Y € 2. Then w\Y C* w\Z, so w\Z € .% by an assumption of the
proposition. Thus Z € Z. This shows that & is open.

So because (iv) holds, it follows that there is an interval partition P such that no
union of intervals of P is in 2. Let f : w — w be defined by f[[iZ, il ;)] = {n} for all
n € w. Now if X C w is cofinite, then w\ f~![X] = f~!{w\X] is finite, and so f~![X] € Z.
Thus X € f((.F)).

Now suppose that X € f((#)). So f~![X] € F#. Now w\f ![X] is a union of
intervals of P, and its complement is in .%, so by the definition of 2 it follows that
[ Hw\X] = w\ f~1[X] is finite. Hence w\X is finite, and so X is cofinite. O

Proposition 71. (Blass 9.5) There is a nonprincipal ultrafilter on w every generating set
of which has size 2%.

Proof. Let .# be an independent set of size 2“. We claim that the set

(%) U { U \X): € [ﬂ]“’}

XeJ

<w

has the strong finite intersection property. To prove this, suppose that F € [.Z]<¥ and

G € [[#]¥]<¥. For every J € G choose K(J) € J\F. Then

Nxn ) U)o ) X0 @\EW),

XeFr JeGYeJ XeFr Jed

and the set on the right is infinite because .# is independent. Thus, as claimed, () has
the strong finite intersection property.
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Hence the set (x), together with the cofinite sets, generates a proper filter, and we
extend it to an ultrafilter U. So U is nonprincipal. Suppose that M generates U and
|M| < 2. We may assume that M is closed under N. For every X € .# we have X € U, and
hence there is a Y (X) € M such that Y(X) C X. Thus Y is a function from .#, which has
size 2¢, into M, which has size < 2“. So there is a Z € M such that {X € . : Y(X) = Z}
is infinite. Let IV be a countable subset of {X € .# : Y/(X) = Z}. Then Z C (,cn W,
but also Uy ey (W\W) € U, 50 0 = ZN Uy en(W\W) € U, contradiction. O

(Blass 9.6) The wultrafilter number is u = min{|X| : X filter-generates a non-principal
ultrafilter}.

Proposition 72. (Blass 9.7) v < u.

Proof. Let X filter-generate a nonprincipal ultrafilter U. We may assume that X is
closed under N. For any a C w, either a € U or (w\a) € U; so there is a b € X such that
bCaorbC (w\a). ]

(Blass 9.8) A m-base for a filter U is a set X C [w]¥ such that for any b € U there is an
a € X such that a C b. Note that it is not required that X C U.

Also, a weak m-base for a filter U is a set X C [w]|¥ such that for any b € U there is
an a € X such that a C* b. Clearly every m-base for U is a weak m-base for U.

Proposition 73. Let X be a weak w-base for a nonprincipal ultrafilter U. Then X is
infinite, and the set

X' ={b\z:be X, z€w<}
is a w-base for U with | X| = |X'|.
Proof. Suppose that X is finite. Let

c= <ﬂ(XﬂU))ﬂ<ﬂ{beU:w\beX}>.

Thus ¢ € U. Since U is nonprincipal, there is a d € U such that d C ¢ and ¢\d is infinite.
Choose x € X such that x C* d. If z € U, then x C* d C ¢ C z, contradiction. If w\z € U,
then z C* d C ¢ C w\z, contradicting x infinite. Thus X is infinite.

Clearly X’ C [w]¥. Suppose that b € U. Choose x € X such that x C* b. Then
xz\(z\b) C b and z\(x\b) € X'. Thus X' is a m-base for U. In particular, it is a weak
m-base, and so it is infinite by the first part of this proof. Since |X'| < |X|Uw and X is
infinite, we have |X'| < |X|. Now X = [, cx {b € X : b\z = ¢ for some z € [w]<“}, and
each set {b € X : b\a = ¢ for some = € [w]<“} is countable, so |X| < |X'|-w = |X'|. So
X| = X 0

Proposition 74. (Blass, in proof of 9.9) Suppose that X C [w]“. Then the following
conditions are equivalent:

(i) X is a weak m-base for some nonprincipal ultrafilter.

(ii) There is a nonprincipal ultrafilter U such that UN{b C w :Va C* bla ¢ X)} = 0.
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(i1i) There does not exist an F € [{b C w : Va C* bla ¢ X)}<¥ such that w\|JF is
finite.

(iv) If P is a finite partition of w, then there exist an a € P and a b € X such that
bC*a.

Proof. (i)=(ii): obvious.

(ii)=-(iii): Assume (ii), but suppose that F' exists as indicated. Since U is nonprincipal,
it follows that |J F' € U, and hence b € U for some b € F, contradicting (ii).

(iii)=(iv): Assume (iii), and suppose that P is a finite partition of w. Then by (iii)
we have P Z {b C w:Va C* b(a ¢ X)}, so there is a b € P such that for some a C* b we
have a € X, as desired.

(iv)=-(iii): Assume (iv), but suppose that F' exists as in (iii). Let F' = {bg, ..., bm—1}.
Define a; = b;\ U, _; b; for i < m, and let a,, = w\|JF. Then P © fa; i <m\ {0} is a
finite partition of w. So choose a; € P and ¢ € X such that ¢ C* a;. So a; is infinite, and
hence i < m. So ¢ C* b;, contradiction.

(iii)=(i): Assume (iii). Let Y = {b C w : Va C* (w\b)(a ¢ X)}. We claim that YV
has fip. For, suppose that G is a finite subset of Y. Let F' = {b Cw : (w\b) € G}. Thus
FC{bCw:VYa " bla ¢ X)} Hence by (iii), (G = w\|J F is infinite, as desired.

Note that, trivially, every cofinite set is in Y. So Y is contained in a nonprincipal
ultrafilter U. We claim that X is a weak m-base for U. To prove this, suppose that b € U,
but Vx € X (z €* b). Thus w\b €Y, so w\b € U, contradiction. O

Proposition 75. (Blass 9.9) v = min{|X| : X is a w-base for some nonprincipal ultrafilter} |

Proof. < holds by the proof of Proposition 72. Now suppose that X C [w]¥ is
unsplittable, with | X| = t. Thus

Va € w]“dr € X(z C* aor z C* (w\a)).
For every a € [w]¥, let i, be a bijection from w onto a. Define

Yo =X,
Yont1 =Y, U{ipla]:be€Y,,ac X},

7 = UYn.

new

Thus |Z] = | X|. We claim that Z is a weak m-base for some nonprincipal ultrafilter; by
Proposition 73, this will complete the proof. To prove this, we apply Proposition 74(iv).
We prove by induction on |P| that if P is a finite partition of w, then there exist a € P
and b € Z such that b C* a. For |P| = 1 we have P = {w} and the conclusion is trivial.
Assume inductively that |[P| =n+1. Let a,b € P, a #b. Let Q = (P\{a,b})U{aUb}. So
@ is a finite partition of w and |@| = n. Hence choose ¢ € @ and d € Z such that d C* ¢. If
¢ € P\{a,b} we are through, so suppose that ¢ = aUb. Note that d = (dNa)U(d\c)U(dNb),
and these three sets are pairwise disjoint. Now clearly each member of Z is infinite. Since
d € Z and d C* ¢, it follows that c is infinite. Also, d\c is finite. Wlog d N a is infinite.
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Say d € Y;,. Choose e € X such that e C* i;'[dNa] or e C* (w\i;'[d N a]). Then
iale] € Yin+1 € Z and igle] CF dNa or igle] C* (d\(dNa)). Thus igle] C* a or igle] C* b,
as desired. 0

Proposition 76. (Blass 9.10, 9.11) If .F is a filter containing the cofinite sets and with a
w-base having fewer than b elements, then F is feeble; in particular, if F is generated by

fewer than b elements, then F is feeble.

Proof. Let .# be as indicated, with a m-basis X of size less than b. We may assume
that the cofinite sets are in X. For each A € X, let P(A) be an interval partition such
that each interval of P(A) contains a point of A. By Theorem 8(iv), there is an interval
partition @ such that for all A € X, @ almost dominates P(A). We claim now that (iii) in
Proposition 70 holds, completing the proof. To see this, suppose that Z € .%, and choose
A € X such that A C Z. Since Q dominates P(A), choose m such that for all n > m there

is a k such that [i, A zﬂA)) C [i%, ffﬂ) Thus if n > m, then for some k,

.P(A) .P(A
Z0[i9,i%) 2 An iy ™, it W) £ 0,

and thus {U € Q : UN Z = ()} is finite, as desired. O

Proposition 77. (Blass 9.10) There is a non-feeble filter containing all cofinite sets and
generated by b sets.

Proof. Case 1. b = 0. By Theorem 8(iii), let (P, : @ < b) be a family of interval
partitions such that every interval partition is almost dominated by some P,. We now
define subsets X, of [w]¥ for & < b by recursion. Let X be all of the cofinite sets.
Suppose that X3 has been defined for all § < a so that |Xg| < max(w,|3|) and Xg has
the strong finite intersection property.

Subcase 1.1. Thereisa Y € (Us., X;)8 such that YN [if=, 5% ) = 0 for infinitely
many n. Then let X, = J p<a X3 Clearly X, has the strong finite intersection property,
and | X,| < max(w, |a]).

Subcase 1.2. A'Y as in Subcase 1.1 does not exist. Let

Xa = UXB U{U[%nabnﬂ)}

B<a new

Clearly |X,| < max(w, |a]). To show that X, has the strong finite intersection property,
suppose that F' € [z, X]=“; we want to show that () F)N Unew[igg , z'g;jﬂ) is infinite.

Clearly N F € (Us<a X;)f. By the subcase we are in, [ F N [z'gﬁ,ifgﬂ) # () for infinitely
many n, so ([ F)N Unebu[igg,iggﬂ) is infinite. This finishes the construction.

Let Z = J,<p Xa- By the construction, for all & < b there is a U € Z such that
U N [if~,il%,) = 0 for infinitely many n. Let .F = (Z)f. Suppose that .7 is feeble; we
shall obtain a contradiction.

By Proposition 70(iii), let @ be an interval partition such that for all V € #, the

set {k: VN[ g,zgﬂ) = (} is finite. Choose o < b such that P, almost dominates Q.
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Thus there is an m such that Vn > m3k([i; ,zgﬂ) - [ifﬂ,iﬁil) Now choose V € Z

such that V' N [zna,znﬂ) = () for infinitely many n. Smce V € #, the set N e {k :
VN [ig ,szH) = ()} is finite. Choose m’ > m so that Zk:+1 < i’ for all k € N. Then for
every n > m’ there is a k(n) such that [zk(n),zk(n)ﬂ) C [ifa ,zfﬂ) But if n > m/, then

VN [i¢ ipn)> lk@(n)ﬂ) CVNli na,@f;l) and the latter set is empty for infinitely many n, so
N is infinite, contradiction. This finishes Case 1.

Case 2. b < 0. Let  C “w be almost unbounded, with |%| = b. For each g € B we
can define ¢’ by ¢’(m) = max{g(n) : n < m}, and we obtain g < ¢’ and ¢'(m) < ¢'(n) if
m < n. Hence we may assume:

(1) If g € # and m < n, then g(m) < g(n).
Given f,g € “w, define fV g by (fVg)
(2) If f,g € A, then fVge B

Now |#| = b < 0, so there is a f € “w not almost dominated by any member of Z. Clearly
we may assume:

(3) If m < n, then f(m) < f(n).
Now for each g € Z# let

(m) = max{f(m),g(m)}. Clearly we may assume:

Xy={necw:g(n) < f(n)}.

Since f £* g, each such set is infinite. If gg, ..., gm_1 € %, then
XgoN...NX = Xp,

9m—1

where h = go V...V gm—1. Hence the set {X, : g € %} is closed under N. Since each
element of this set is infinite, it follows that {X, : g € Z} U{X C w : X is cofinite} has fip,
and so generates a filter . containing all cofinite sets. We finish the proof by assuming
that .# is feeble and getting a contradiction.

By Proposition 70(iii), let P be an interval partition such that

(4) VX € Z{Y € P: XNY =0} is finite).

Now we define f’ € “w by setting, for each k € w, f'(k) = f(i},,), where n is such that
ke il n+1) We claim that for any g € &, g <* f’ (contradlctlon) To prove this, note
that X, € .7, so by (4) we can choose m so that for all n > m, X,N[i¥,i7 ;) # 0. Now take
any k 2 il Choose n so that k € [iZ 42, ). Then n > m, so choose ¢ € i}, il ,) N X,.
Then

g(k) < glc) < fle) < f(ily5) = [ (k). O

Proposition 78. (Blass, following 9.11) Every filter which contains the cofinite sets is the
intersection of at most 2¥ nonprincipal ultrafilters.

Proof. Let .# be a filter which contains the cofinite sets. For each A € & (w)\.Z the
set . # U {w\A} has the strong finite intersection property, and hence is contained in an
ultrafilter &4. Clearly

F= (1 % O
Ac P (w)\F
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Proposition 79. (Blass 9.12) The intersection of fewer than 2% nonprincipal ultrafilters
1 not feeble.

Proof. Suppose to the contrary that % is a family of < 2* nonprincial ultrafilters such

that .F % (% is feeble. Let f :w — w be finite-to-one such that f((#)) ={X Cw: X
is cofinite}. Let &7 be a family of 2 almost disjoint infinite subsets of w. Then for every
Ae o, w\A¢ f((F)), since A is infinite. Hence w\f~1[A4] = f~1[w\A] ¢ .Z, so there is
a 94 € U such that w\ f'[A] ¢ 94, and hence f~1[A] € 4. Now the mapping A — ¥4
maps 7, which has size 2“, into %/, which has size less than 2. Hence we can choose
distinet A, B € o such that ¥4 = ¥p. Hence f~}[ANB] = f~1A]N f~'[B] € 4. But
AN B is finite, and hence so is f~![A N B], since f is finite-to-one. This contradicts ¥4
being nonprincipal. ]

Proposition 80. (Blass 9.13) There is a set % of nonprincipal ultrafilters such that
|% | =0 and there is no finite-to-one function f such that f((\%)) is an ultrafilter.

Proof. By Proposition 8(iii) let & be a family of interval partitions such that | 22| =0
and every interval partition is almost dominated by some member of &2. For each P € &
let Ap and Bp be nonprincipal ultrafilters such that

U [ignﬂ i§n+1) € AP and U [i§n+47 i§n+5) € Bp.

new ncw

Let # = {Ap : P € Z}U{Bp: P € &}. Suppose that f : w — w is a finite-to-one
function such that f(((\%)) is an ultrafilter; we want to get a contradiction. If n € w
and f~[{n}] # 0, let I(n) be the least member of f~1[{n}] and r(n) the largest member.
Note that [ is a one-one function. Now we define (i,, : m € w) by recursion. Let ig = 0
and i; = 1. If 7,, has been defined, where n > 1, let 7,41 be the largest of the following
integers:

in + 1;

max{r(m) : m € w,l(m) € [in_1,in)} + 1 if such m’s exist.

Note here that, since [ is one-one, there are only finitely many m’s such that [(m) €
[in—1,1n). Let @ be the partition with classes {[in,in+1) : 7 € w}. We claim

(1) For each m € w there is an n € w such that f~1[{m}] C [i%, n+2)

In fact, if f~1[{m}] = 0, this is trivially true (take n = 0), while if f=*[{m}] # 0, choose
n so that I(m) € [i€,i% +1)- Then the conclusion of (1) holds by construction.

Now choose P € & such that P almost dominates Q. Thus we can choose m such
that for all n > m there is a k such that [k ,zgﬂ) C [if,if',;). Choose k such that
[i g,@gﬂ) C [¢f,if ,1). Then we claim
(2) For every | > k there is an n such that [, zlcil) C [iL, il o).

For, choose n such that le [if’,iF" ;). By the choice of k we must have n > m. Hence we
can choose s such that [i9, ?+1) C [i 4,4 5). Hence | < s and so [le,zl(il) C [iL, i ,),

as desired.
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Now choose p greater than all m such that there is an [ < k such that § # f~1[{m}] C
[2?7 %%2)

(3) For all m > p there is an n such that f~*[{m}] C [il, il ,).

We may assume that f~1[{m}] # 0. Now by (1) choose [ such that f~'[{m}] C [zl ,zl+2)
Then [ > k by the choice of p, and the desired result follows by (2).
By (3) we have:

ncw ncw

(4) VmZp( om0 U g dingr) = 0 or S O g s Gings) = ®>

(5) f [U [igns @8n+1)] nf [U [@8n+4a @§n+5)] is finite.

necw ncw

In fact, suppose that m > p and m € f [, e, [itn, igns1)]- Choose k € U, e, likn, ik, 1)
such that m = f(p). Thus p € fﬁl[{m}] A Unew[igmign—i—l)? and so by (4) we have
m¢ f [Unew[18n+4728n+5)}- So (5) holds.

By (5), one of the sets there is not in f((%)). Say that C = U, c,,[ign, ikn41) and
flC] ¢ f((%)). Hence w\f[C] € f((%)), so that f~lw\f[C]] € Y% < Ap. Hence
Cn fw\f[C]] € Ap. But if m € C N f~w\f[C]], then m € C and f(m) € w\f[C],

contradiction. m

(Blass 9.14) For % C [w]“ we define

~F =W\,
Fr~={X €W :w\X € .7},
F ={X € W] : w\X ¢ .7}

Proposition 81. (Blass, following 9.14, proof of 9.22) Suppose that # C [w]“. Then

(i) M(F~) = (~F )= F.

(i) If f is finite-to-one, then f((~F)) = ~f((F)).

(iti) If [ is finite-to-one, then f((F~)) = f((F))~.

(iv) If F is closed under supersets, then F = {X € [w]¥ : VY € F(X NY # 0}).

(v) If & is a proper filter, then F C Z.

(vi) If F is a proper filter, then ¥ is an ultrafilter iff F = Z .

Proof. (i): Let a € [w]. Then a € ~(F~) iff a ¢ (F~) iff w\a ¢ F iff a € Z.
And a € (~F)~ iff w\a € (~F) iff w\a ¢ F iff a € Z.

(ii): For any a, a € f((~F)) iff f~la] € ~F iff f~a] ¢ F iff not(f~[a] € F) iff
not(a € f((.F))) iff a € ~f((F)).
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(iii): For any a, a € f((F~)) iff f~[a] € (F~) iff W\f 'a] € Z iff flw\a] € F
iff (w\a) € £(()) iffa € (f(F))~).

(iv): Suppose that X € #. If Y € . and X NY = 0, then Y C (w\X), hence
(W\X) € Z, contradicting X € Z. Now suppose that VY € Z(X NY # (). Then
WX ¢.Z,s0 X €Z.

(v): obvious.

(vi): Assume that .Z is a filter. If it is an ultrafilter and X € Z, then we cannot
have (w\X) € .#, and hence X € .%. Conversely, suppose that . = F. Let X C w, and
suppose that X ¢ .7. So X ¢ Z, and hence (w\X) € .Z7. So .Z is an ultrafilter. O

Proposition 82. (Blass 9.15) Suppose that 2, % C [w]¥, |Z'| < g, and & ~ is groupwise
dense.

Then there is a finite-to-one f:w — w such that VX € Z3Y € #(f]Y] C f[X]).
Proof. First we note:
(1) For all Y € ¢ and all finite F', the sets Y\F and Y U F are in %

For, Y C* (Y\F), hence (w\(Y\F)) C* (w\Y) € (#~), and # ~ is groupwise dense, so
(W\(Y\F)) € (#~), and hence (Y\F) € &. Similarly, (Y UF) € #.
Now for each X € 27, let

Gy ={Z € [w]*:3Y € ZVa,be Z([a,b)NY #0 — [a,b)N X £ ()}.

We claim that ¢x is groupwise dense. First we show that it is open. So, suppose that
W C* Z € 9x. Choose Y € % according to Z € ¥x. For each integer m, let m’ be the
least member of X which is greater than m. Now let

Y=Y\ |J b.pyu (J [ad+1)

beW\Z a€W\Z

Thus Y’ € % by (1). Now suppose that a,b € W and [a,b) NY" # 0.

Case 1. a,b € Z. Then [a,b) N X # () by the choice of Y.

Case 2. b€ W\Z. Then [a,b) N Y’ = (), contradiction.

Case 3. b€ Z, but a € W\Z. Choose ¢ € [a,b)NY’. Then o’ < ¢ by the definition of
Y’ soa’ € [a,b)N X, as desired.

Thus we have shown that ¢y is open.

Now we turn to the “real” groupwise density property. Thus suppose that P is an
interval partition; we want to show that some union of intervals of P is in ¥x. We define
(jn : n < w) by recursion. Let jo = 0 = i}’. Having defined j, to be some if’, choose il
so that [jn,i2) N X # (. Then let j,.1 = il . Let Q = {[jn,jns1) : 7 € w}. Thus each
interval of () intersects X, and is a union of intervals of P. So it suffices to show that some
union of intervals of @) is in ¥x.

Since % ~ is groupwise dense, there is some infinite M C w such that the set Z def
Unenrlins ng1) isin @~ Let Y = w\Z; s0 Y € %. We claim that Z € ¥x, as witnessed
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by Y. For, suppose that a,b € Z and [a,b) NY # (). Thus a < b and there is a ¢ € w\Z
such that a < ¢ < b. So there is an n such that [j,, jn+1) C [a,b). Hence [a,b) N X D
[4ns Jn+1) N X # (0. This finishes the proof that ¥x is groupwise dense.

Now since | 2| < g, we can choose Z € [\ycqy ¥x. Since each ¥x is open and
Z U{0} C* Z, we may assume that 0 € Z. Define f : w — w by setting f(n) = |[{m € Z:
m < n}|. Since 0 € Z, we always have f(n) > 0. Write Z = {i,, : n € w} in increasing
order. Then for any positive integer n, f~'[{n}] = [in_1,i,). Now suppose that a € Y.
Let f(a) =n. Then a € f~'[{n}] = [in_1,4n). Thus i, 1,4, € Z and [iy_1,in) NY # 0.
Hence [in—1,%,) N X # 0. Choose d € [in—1,i,) N X. Then f(d) = n. This shows that
7Iv] < fx]. 0

Proposition 83. (Blass 9.17) For any proper filter % containing all cofinite sets, F 1is
unsplittable iff F is an ultrafilter.

Proof. =: Assume that .%# is unsplittable. Thus
(%) Va € [w|*Ir € Flx C" aor x CF (w\a).

Now let a C w. If a is finite, then (w\a) € .#. Suppose that a is infinite. Choose x by ().
If x C* a, then x\a is finite, hence a U (w\z) € F, s0 a € .Z.
If x C* (w\a), then x Na is finite, hence (w\z) U (w\a) € .Z, so (w\a) € Z.

Thus % is an ultrafilter.
<: obvious. O

Proposition 84. (Blass 9.16, 9.17) Assume that v < g. Then for any proper filter F
containing all cofinite sets, either F is feeble or there is a finite-to-one f : w — w such
that f((.F)) is a nonprincipal ultrafilter.

Proof. Assume that .# is not feeble. Let 2" C [w]¥ be unsplittable, with | 2| = .
By Proposition 70(iv), .# ~ is groupwise dense. Hence we can apply Proposition 82 to 2~
and .# to obtain a finite-to-one f such that VX € 2°3Y € .Z(f[Y] C f[X)).

Now it suffices by Proposition 83 to show that f((.#)) is unsplittable. Let a € [w]
be given. Choose # € 2 such that x C* f~![a] or z C (w\f~a]). (If f~1[a] is finite, any
element of 2" will work.) Then choose y € .% such that f[y] C f[z]. Then y C f~1[f[z]],
so f7Yflz]] € Z, so that flz] € f((F)). Since flz] C* a or flz] C* (w\a), the proof is
complete. ]
(Blass 9.17) The principle of filter dichotomy is the statement that for every proper filter

Z containing all cofinite sets, either .# is feeble or there is a finite-to-one f : w — w such
that f((.%)) is an ultrafilter. Thus Proposition 84 says that v < g implies filter dichotomy.

Proposition 85. (Blass 9.18, 9.19) Assume filter dichotomy. Then for any family </ of
fewer than 2% nonprincipal ultrafilters there is a finite-to-one f such that f(%)) = f((¥))
forany U,V € .

Proof. By Proposition 79, (.o is not feeble, so there is a finite-to-one f such that
f((N&)) is an ultrafilter. Suppose that %,7 € & and X € f((%)). So f71[X] € %.
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If (wW\X) € f((NF)), then w\fX] = flw\X] € N« C %, contradiction. So
X e f((N)), hence f~HX]e N CV¥,s0 X € f((V)). O

(Blass 9.19) Near coherence of filters, NCF for short, is the statment that for any two
nonprincipal ultrafilters %, ¥ there is a finite-to-one f such that f((%)) = f((#)). Thus

a special case of Proposition 84 is that filter dichotomy implies NCF.

Proposition 86. (Blass 9.19) The following conditions are equivalent:
(i) NCF.
(ii) For any two proper filters %, 9 containing the cofinite sets, there is a finite-to-one

function f such that f((F))U f((¥)) has fip.

Proof. (i)=(ii): Assume (i) and the hypothesis of (ii). Extend .#, ¢ to ultrafilters
F', 4" respectively. By NCF, let f be finite-to-one such that f((.#')) = f((¢’)). Since
FUFNULID) C f((F))Uf(¥))f((ZF')), the conclusion of (ii) follows.

(ii)=-(i): Assume (ii) and suppose that .# and ¢ are ultrafilters. Applying (ii), we
get a finite-to-one f such that f((.#)) U f((¢)) has fip. Since f((-#)) and f((¥¢)) are
ultrafilters, they must be identical. ]

Proposition 87. (Blass 9.20) Filter dichotomy implies that b = u and 0 = 2%.

Proof. By Proposition 80 let &7 be a collection of nonprincipal ultrafilters such that
|o/| = 0 and there is no finite-to-one function f such that f(([).</)) is an ultrafilter. By
filter dichotomy, the filter () <7 is feeble. By Proposition 79, 0 = 2%.

By Proposition 77 let .# be a non-feeble filter containing all cofinite sets which is
generated by a set X such that |X| = b. We may assume that X is closed under N.
By filter dichotomy, there is a finite-to-one function f such that f((.#)) is an ultrafilter.
Let Y = {fla] : a € X}. Thus |Y| < b. Moreover, ¥ C f((F)). For, if a € X, then
a C f71[fla]] and so f~1[f[a]] € .Z, and so fla] € f((F)). Now Y generates f((.%)). For
suppose that a € f((F)). Thus f~t[a] € Z, so there is an z € X such that x C f~[a].
Hence f[z] C a, as desired. It follows that u < b. The other inclusion holds by Propositions
22 and 72. O

Proposition 88. (Blass 9.22) Assume that u < g. Suppose that % C |[w]* is closed under
almost supersets. Then there is a finite-to-one f such that one of the following conditions
holds:

(i) f(#)) ={X € [w]¥: X is cofinite}.

(it) f(#)) = [w]*.

(i5i) f((#)) is a nonprincipal ultrafilter.

Proof. Let # be as indicated.

Suppose that % ~ is not groupwise dense. Then by Proposition 70, (i) holds.

Suppose that ~%  is not groupwise dense. Now ~% = ~% ~~, so by Proposition 70
we see that f((~% ~)) is the collection of all cofinite sets. Suppose that a € [w]“\f((#)).
Then f~1[a] ¢ %, so f~lla] € ~%, hence f~tw\a] = w\f [a] € ~#~, so w\a €
f((~% ~)), hence w\a is cofinite, contradiction. So (ii) holds.

Thus we may assume:
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(1) # ~ is groupwise dense.
(2) ~% is groupwise dense.

By (1) and Proposition 82, there is a finite-to-one function g such that VX € 2°3Y €
Y (g[Y] € g[X]). Hence

3) 9((#)) < 9((#)).

In fact, suppose that a € g((%)). Then g~'[a] € U, so we can choose X € 2 such that
X C g Ya]. Then we can choose Y € % such that g[Y] C g[X]. Then Y C g~ 1[g[X]] C
g t[a], so g71[a] € # since ¥ is closed under almost supersets. So a € g((%)), as desired
for (3).

(4) {g9]X]: X € 2} is a base for g((%)).

In fact, let a € g((%)). Thus g~ '[a] € %, so there is an X € 2 such that X C g~ '[a].
Hence ¢g[X] C a, as desired.

Now by (2) and Propositions 69 and 81, g((~%)) = g((~# ~~)) = g((~Z ~))~
is groupwise dense. Hence we can apply Proposition 82 with 2 and % replaced by
{9[X] : X € Z'} and g((~% ~)) to obtain a finite-to-one function f such that VX €
23 € g((~#~))(f[Y] C flg[X]]). Hence

(5) f((9((%)))) € fF((g((~Z'~)))).

In fact, let a € f((g((%)))). Thus f~'[a] € g((%)), so by (4), choose X € 2 such that
g|X] C f~![a]. Then choose Y € g((~%~)) such that f[Y] C f[g[X]]). Thus f[Y] C a,
so Y C f~1[a], and it follows that f~t[a] € g((~% ~)). Hence a € f((g((~#~)))). This
proves (5).

It follows from (5) using Proposition 81 that

F(g((#)))) € ~F((9((#))))~;  hence
F(g((@)))~ € ~f((9((%))));  hence
F((g((2))) € ~f(g((%))))~
By Proposition 81 we have ~/((9((%))))~ = [((9((%)))). So we have f((4((#)))) C
F(g((%))))-
The other inclusion follows from (3), so (iii) holds. O

(Blass 9.23) An ultrafilter % on w is selective iff % is nonprincipal and for every function
f:w — w there is an a € U such that f | a is one-one or constant.

An ultrafilter % on w is a P-point iff %/ is nonprincipal and for every function f :
w — w there is an a € U such that f | a is finite-to-one or constant.

An ultrafilter % on w is a Q-point iff %/ is nonprincipal and for every finite-to-one
function f :w — w there is an a € U such that f | a is one-one.

Proposition 89. (Blass 9.24) An ultrafilter is selective iff it is both a P-point and a
Q-point. ]
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Proposition 90. (Blass 9.24) For any nonprincipal ultrafilter % the following conditions
are equivalent:

(i) % is selective.

(ii) If P is a partition of w and a ¢ % for all a € P, then there is a d € % such that
land| =1 for all a € P.

Proof. (i)=-(ii): Assume (i) and the hypothesis of (ii). Then P is clearly infinite.
Write P = {a,, : n € w} with a one-one. For each m € w, let f(m) be the unique n such
that n € a,,. Now we apply (i). If f is constant on d € %, say with value n, then d C a,
and so a, € %, contradiction. So f is one-one on some d € % . Thus |[dNa,| <1 for all
n € w. Hence there is an e O d such that [eNa,| =1 for all n € w, and e € %.

(ii)=>(i): Assume (ii), and suppose that f : w — w. Then {f~[{n}] : n € w}\{0} is
a partition of w. If f~1[{n}] € % for some n, then f is constant on this member of % .
So, suppose that f~[{n}] ¢ % for all n € w. Then by (ii), there is a d € % such that
ldN f~1[{n}]| = 1 for all n € w for which f~![{n}] # 0. Thus f is one-one on d. O

Proposition 91. (Blass 9.24) For any nonprincipal ultrafilter % the following conditions
are equivalent:

(i) % is a P-point.

(ii) For every sequence {(a, : n € w) of members of % such that a,, C a, if n < m,
the family {a, : n € w} has a pseudo-intersection which is in % .

(iii) For every sequence {(a, : n € w) of members of % such that a,, C* a, if n < m,
the family {a,, : n € w} has a pseudo-intersection which is in % .

Proof. (i)=-(ii): Assume (i) and the hypothesis of (ii). Define ¢ = ), ., an. If
c € %, we are through, so suppose that w\c € . Now let by = w, and b, 1 = a,\c.
Then (b, : n € w) is such that by = w, bi11 C b; for all 4, each b; € %, and (N, bi = 0.
If there is an ¢ such that b; = b; for all j > 4, again we are through, so suppose that for
every ¢ there is a j > ¢ such that b; # b;. Then there is a strictly increasing sequence
(m(j) : j <w) such that m(0) = 0 and b,(j41) C bpy(y) for all j. Note that for each n € w
there is a largest j such that n € b,,(;). Now define f : w — w by setting f(n) = j where j
is largest such that n € by,(;). Thus f[by,;)\bm(j+1)] = {j}. Choose d € % such that f is
finite-to-one or constant on d. If f takes the constant value j on d, then d C by, (jy\bm(j+1)
and hence w\by,(j+1) € %, contradiction. So f is finite-to-one on d. Now for any i < w we
have f(n) < j for all n € d\by,(jy, 50 d\by,(j) € 714, so that d\by ;) is finite. Thus d is
the required pseudo-intersection.

(ii)=(iii): Assume (ii) and the hypothesis of (iii). Let b,, =(),,,,, @n for each m € w.
Then by (ii) let d be a pseudo-intersection of (b,, : m € w). If m € w, then b,, C a,,, and
hence d\a,, C d\b,, so that d\a,, is finite. Thus d is a pseudo-intersection of (a,, : m € w).

(iii)=-(i): Assume (iii), and suppose that f : w — w. For each n € w let a,, = {m €
w: f(m) > n}. Thus a,, C a, if n < m.

Case 1. There is an n € w such that a, ¢ %. So w\a, € %. Now

w\an ={mew: f(m) <n}=|J{mew: f(m) =i},

<n
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so there is an ¢ < n such that {m € w: f(m) =i} € %. This means that f is constant on
a member of % .

Case 2. a, € % for all n € w. Then by (iii), let d be a pseudo-intersection of
(an :n € w). Then for any n € w, {m € d: f(m) = n} C d\an,+1, and the latter set is
finite. So f is finite-to-one on d. ]

For the next proposition we consider the Boolean algebra &?(w)/fin. Elements of this BA
are denoted by [a] with @ C w. If % is a nonprincipal ultrafilter on w, then {[a] : a € %}
is an ultrafilter on & (w)/fin, as is easily checked. This ultrafilter will be denoted by %”’.
Note that for any subset a of w, a € % iff [a] € %'. In fact, = is clear, so suppose that
[a] € 7'. Then there is a b € % such that [a] = [b]. Hence b\a is finite, so a U (w\b) € % .
Since b € % , it follows by taking intersections that a € 7. Every ultrafilter on & (w)/fin
has the form %’ for some nonprincipal ultrafilter % on w, as is easily seen.

Proposition 92. (Blass 9.24) For any nonprincipal ultrafilter % the following conditions
are equivalent:

(i) % is a P-point.

(ii) Let 2" = Ult(P(w)/fin). If O is a countable collection of open neighborhoods of
W' in X, then there is an open neighborhood V' of %' such that V C (0.

Proof. (i)=-(ii): Assume (i) and the hypothesis of (ii). For each U € & choose
ay € % such that S([ay]) € U. Write & = {U(m) : m € w}. Let by, = [[,,<,, @u(m)- By
(i), choose ¢ € % such that ¢ is a pseudo-intersection of (b,, : m € w). Thus Z’ € S([]).
We claim that S([c]) € () &. (As desired.) To prove this, suppose that U € % and ¥ is a
nonprincipal ultrafilter on w such that ¥’ € S([c]). Thus [¢] € ¥, s0 c € ¥. Now ¢ C* ay,
so c\ay is finite and hence (w\c) Uay € ¥ and hence ay € #. Hence ¥’ € S([ay]), and
so ¥’ € U, as desired.

(ii)=(i): Assume (ii), and, in order to apply Proposition 91, assume that (a,, : m € w)
is a sequence of members of % such that a,, C a,, if n < m. Then

0 € (S([am]) : m € w}

is a countable collection of open neighborhoods of %’. Hence by (ii), there is an open
neighborhood V' of %’ such that V' C (0. Let d be a subset of w such that ' € S([d]) C
V. Then we have [d] € %', hence d € %. Now if m € w, then S([a,,]) € O, and so
S([d]) €V C S([am]). Hence [d] < [an,], so that d\a,, is finite, as desired. O

Proposition 93. (Blass 9.24) There is a nonprincipal ultrafilter on w which is neither a
P-point nor a Q-point.

Proof. Let f:w — w X w be a bijection. Let % be a nonprincipal ultrafilter on w.
Then we define

V={XCw:{acw:{bew: (ab) e fIX|}eU} e W}

We claim that 7 is the desired nonprincipal ultrafilter. The proof of this takes several
easy steps. For brevity let ZX = {b € w: (a,b) € f[X]} for any a € w. Thus the definition
of ¥ can be abbreviated as follows:

V={XCuw:{acw:Z eU}ecU}.
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1) ¢ ¥. For, f[] = 0, and for any a € w, Z° = {b € w : (a,b) € 0} = 0. So
{facw:Zcwy={acw:0ecW}=0¢%. Thush ¢ V.

2)If X CY and X € ¥, then Y € ¥. For, f[X] C f[Y], so for any a € w, ZX C ZY.
Now {a € w: ZX € %} € %. Since for any a, ZX € % implies that ZY € %, we have
{acw:ZXecw)Clacw:ZY €U}, and it follows that {a €w: ZY e %} € %. So
Yev.

3)If X, Y € ¥, then X NY € ¥. Note that for any a € w,
ZXNZY ={bcw:(a,b) € fIX]}N{bcw: (a,b)c f[Y]}
={bew:(a,d) € fIX]N f[Y]}

={bcw:(a,b) e fIXNY]}
= ZXY,

Hence for any a, ZX € % and ZY € % imply that ZX"Y € %/. So
{facw:Z¥ e nfacw: 2 cwyC{lacw: ZXY cu}.
Since the two sets on the left here are in %, so is the set on the right, and this implies
that XNY € 7.
4) If X Cw, then X € ¥ or (w\X) € ¥. For, suppose that X ¢ #. Thus {a € w: ZX €
Uy ¢ U,s0{ac€w:ZX ¢ U} e U, hence {a €w: (W\ZX) €U} € U. Now
W\ZX ={bcw:b¢ ZX}
={bew:(a,b) ¢ fIX]}

={bew:(a,b) e flw\X]}
= 7\X,

It follows that {a € w: Z&\~ € %} € %, and so (w\X) € V.
Note that so far we have shown that ¥ is an ultrafilter on w.

5) ¥ is nonprincipal. For, if m € w, let f(m) = (¢,d). Then for any a € w,

ZM™ ={bew: (a,b) € flw\{m}]

_{w if a # ¢,
|l w\{d} ifa=c

At any rate, ZZ\W™ e %, So {a e w: ZZ\N™ e Y =w e %, and so (w\{m}) € 7.

6) ¥ is not a P-point. To prove this, define g : w — w by setting g(a) = 15°(f(a)) for
any a € w. Here for any ordered pair (u,v), 15%(u,v) = u and 2"4(u,v) = v. Suppose
that X € ¥ is such that g [ X is finite-to-one. Now () ¢ %, so we can choose a € w such
that ZX € %. The set ZX is infinite, and for any b € ZX we have (a,b) € f[X] and so
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g(f~Y(a,b)) = a, and f~(a,b) € X, contradicting that g is finite-to-one on X. Suppose
that g is constant on X. For distinct members ag,a; of {a € w : ZX € % and members
bo € ZX by € ZX, we have (ag, by), (a1,b1) € X and

ap? aq’

9(fHao,bo)) = ao # a1 = g(f (a1, b1)),

contradiction.
Thus 7 is not a P-point.

7) ¥ is not a Q-point. This time, define h : w — w by setting, for any z € w,

by = { 20D T IIE) <241 )),

€T otherwise.

Then h is finite-to-one, since for any m € w we have h=t[{m}] C {m} U{f 1(a,m) : a <
m}.

Let X = {f~'(a,b) : a,b € w and a < b}. For any a € w we have ZX = {b € w :
(a,b) € f[X]} ={b€w:a,b€wanda < b}. This is a cofinite set, so ZX € % . Hence
{a€w:ZX €U} =we %. This shows that X € 7.

Now suppose that h is one-one on Y € #'. Thus h is also one-one on X NY. Now
since % is nonprincipal, choose distinct members ag,a; € {a € w : ZX € %}. Now
w\(max(ap, a1) + 1) is cofinite, so Z; N ZX Nw\(max(ag,a1) + 1) € %; choose b in this
set. Then b € ZxX N Z; and ag,a1 < b, so h(f~*(ag,b)) = b = h(f'(a1,b)). Since
f~Y(agp,b) and f~'(a1,b) are distinct members of X, this is a contradiction. O

Proposition 94. (Blass 9.25.1) If 2¥ = 0, then every proper filter containing all cofinite
sets and generated by < 2 sets is contained in a P-point.

Proof. Assume the hypothesis, with .# a filter containing all cofinite sets and gener-
ated by < 2¢ sets. Let (S : a < 2¢) enumerate all sequences (T}, : m € w) of members
of [w]* such that T, C T, for n < m. We define (F“ : a < 2¢) by recursion so that each
F is a proper filter. Let Z#° = .Z. If « is a limit ordinal < 2%, let .F< = U6<a TP,
Now assume that .#“ has been defined, so that it is a proper filter generated by less than
2% elements, with a < 2¢.

If there is an n such that S¢ ¢ Z<, let F*! be generated by .Z* U {w\S%}. Clearly
Z 21 is then a proper filter generated by less than 2¢ elements.

Suppose that there is no such n. Then we apply Proposition 49 to #< and (S : n € w)
to get a set U € [w]* which has infinite intersection with each member of #* and is a
pseudo-intersection of {S< : n € w}. Let #*T! be generated by #*U{U}. Clearly .Z>*1
is then a proper filter generated by less than 2“ elements.

Now we claim that if % is an ultrafilter containing .#**!, then % is a P-point. To
prove this, we apply Proposition 9.1. Suppose that (a, : n € w) is a sequence of members
of % such that a,, C a, if n < m. Choose a < 2% such that S* = (a, : n € w). If
Se ¢ Z9 then w\a, = w\S¢ € F2 C %, contradiction. Hence there is no such n, and
so by construction there is a pseudo-intersection U of {a,, : n € w} such that U € % . ]
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Proposition 95. (Blass 9.25.2) There is a proper filter containing the cofinite sets and
generated by 0 sets which cannot be extended to a P-point.

Proof. Let f:w — w X w be a bijection. Let D be an almost dominating family of
size 0. Let . be the filter generated by the following set:

{X : w\X is finite}
U{{m e w:15(f(m)) >n}:ncw}
U{{m € w:2"(f(m)) > g(1**(f(m)))} : g € D}.

We claim that .# is proper. Otherwise there are finite F' C w and G C D such that

(%) () {m € w: 1 (f(m) = n} 1 (1) 2°4(F(m)) > g(1(f(m)))} = 0.

neFr geG

But if p = max(F) and ¢ > g(p) for each g € G, then f~!(p,q) is a member of (x),
contradiction.

Now suppose that % is an ultrafilter containing .%# and it is a P-point. Let h(x) =
15%(f(z)) for all z € w. Choose a € % such that h is constant or finite-to-one on a. Suppose
that it is constant on a, say with value n. Choose p € an{m : 13*(f(m)) > n+ 1}. Then
h(p) > n + 1, contradiction.

Hence h is finite-to-one on a. For any z= € a, if h(m) = = for some m, let h(z) =
max{2"4(f(m)) : h(m) = z}; this is legal because h is finite-to-one on a. If z ¢ a, or if
h= [{z}] =0, let h(z) = 0. Choose g € D such that k <* g. Choose m so that k(p) < g(p)
for all p > m. Take

pean{z:2°(f(z)) > g(1"(f(2))} N{z : 1 (f(x)) = m}.

Thus h(p) = 1°*(f(p)) = m, so

22 (f(p) < k(h(p) < g(h(p)) < 2°((P)).

contradiction. m

Proposition 96. (Blass 9.25.3) Every nonprincipal ultrafilter generated by fewer than 0
sets is a P-point.

Proof. Let % be a nonprincipal ultrafilter generated by D, with |D| < 0. We may
assume that D is closed under N. To apply Proposition 91, suppose that (S, : n € w)
is a system of members of %, with S,,, C S,, if n < m. By Proposition 49 let V' be a
pseudo-intersection of {S,, : m € w} which has infinite intersection with each member of
D. Then V € % (as desired). For, otherwise (w\V) € %, and so there is an a € D such
that a\w\V, so that a NV = (), contradiction. O

Main theorems
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Ny < cf(b) <cf(d) <. Theorem 1.
w1 < s. Lemma 9.

s < 0. Theorem 11.

b < t. Proposition 22.

t is regular and uncountable. Proposition 34.
b is regular. Proposition 38.

t < b. Proposition 39.

h < b,s. Proposition 40.

t < cf(2¥). Corollary 42.

N; < p < t. Proposition 48.

p is regular. Proposition 57.

b < a. Proposition 59.

t < i. Proposition 64.

0 < i. Proposition 65.

t < u. Proposition 72.
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b g

o W1

Note: the inequality s < cf(0) is not proved in these notes or in Blass [co]; see Mildenberger
[01].
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