Invariants of countable Boolean algebras
and Ketonen’s theorem

These are notes which are intended to give details in Ershov’s system of invariants of count-
able Boolean algebras, and in Pierce’s treatment of Ketonen’s theorem. In the first part,
concerning the invariants, we also use the treatment of Pinus. We assume an elementary
knowledge of Boolean algebras; see e.g. the book of Koppelberg.

I. Invariants of countable Boolean algebras

1. Elementary theory

A distributive lattice with 0 (A, +,-,0) is relatively complemented iff Va,b € Ala < b —
dc € Ala+c = band a-c = 0]]. ABID is the class of all relatively complemented distributive
lattices with 0. “ABID” abbreviates “abstract ideal”.

Proposition 1.1. If A is a ABID and a,b € A with a < b, then there is a unique c € A
such that a +c =0 and a - ¢ = 0]].

Proof. Suppose that ¢,d € A witha+c=b,a-c=0,a+d=0>b, a-d=0. Then
c=c-(a+c)=c-b=c-(a+d)=c-a+c-d=c-d<d. Similarly d < c. O

If Ais a ABID and a,b € A, then a-b < a, and we let a\b be the unique ¢ such that
a-b+c=aanda-b-c=0. Note that Vb € A[0\b=0]. If A = (A4, +,-,0) is a ABID, then
we define A’ = (A, +,-,0,)\).

Proposition 1.2. If A and B are ABIDs and f is a homomorphism from A to B, then
Va,b € Alf(a\b) = f(a)\f(b)].
Proof.

(a\b) = f(a-b- (a\b)) = £(0) = 0. =

Thus if f is a homomorphism from a ABID A into a ABID B, then f is a homomorphism
from A’ into B’.

Proposition 1.3. If A is a ABID, B is a BA, and (A,+4,-a) is a subalgebra of
(B,+B,-B), then Ya,b € Ala\b = a - (-b)].

Proof. Assume the hypotheses, and suppose that a,b € A. Then

a\b = (a\b) - (a-b+a\b) = (a\b) -a = (a\b) - (a-b+a- (—b))
(a\b) a-(=b)<a-(-b)=a-(=b)a
a-(=b)-(a- b+a\b) a-(=b) - (a\b) < a\b. O

Proposition 1.4. If A is a ABID, then the following are equivalent:
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(i) Je € AVa € Ala < €.
(i) There is an e € A such that (A,+,-,—,0,¢€) is a BA, where Va € Al—a = e\a].

Proof. (i)=(ii): Assume (i), with e as indicated. Define — as in (ii). Then a + —a =
a+(e\a)=e-a+(e\a)=eand a-—a=a-(e\a)=e-a-(e\a) =0.
(ii)=(i): clear. ]

Proposition 1.5. Every finitely generated ABID is a BA.

Proof. If A is a ABID generated by a finite set F, then every element of A is <
> F. 0

Proposition 1.6. Every BA A is a maximal ideal in another BA B, where Ya,b €
Ala+ab=a+pbanda-ob=c-pb], whileVa € A|—pa =14 -5 —pal.

Proof. Define f(a) = (0,a) for all a € A. Then f is an injection of A into 2 x A. Let
X be such that ANX = @ and | X| = |A]. Let g be a bijection from X onto {(1,a) : a € A}.

Define B = AU X and define operations on B so that f U g is an isomorphism of B with
2 x A. Then for all a,b € A,

(fUg)la+pb)=(fUg)(a)+ (fUg)®)= f(a)+ f(b)
= (Ova) + (07 b) = (O,CL+A b) = (ng>(a +A b)§

hence a+pb = a+40. Similarly a-pb = a-4b. Further, if a € A, then (fUg)(14-p—pa) =
(0,14)-—(0,a) = (0, —aa) = (fUg)(—aa) and hence 1 4-p—pa = — aa. Next, suppose that
a,be Banda<pb€ A. Thena-pb=a,so (fUg)(a) = (fUg)(a-sb) = (fUg)(a)-(0,b);
hence (fUg)(a) = (0,z) for some z, so a € A. It follows that A is an ideal in B. For any
be B,ifb¢ Athenbe X, hence (fUg)(—pb) = —(fUg)(b) = —g(b) = —(1,b) = (0, —b);
hence —b € A. So A is a maximal ideal in B. O

An ideal in a ABID A is a subset I C A such that 0 € I, I is closed under +, and
Vac AVbeIla<bel —acl| Iisprimeiff Va,bec Ala-bel —ae€lorbell.

Proposition 1.7. If I is an ideal in a ABID A, then (I,+,-,0) is a ABID.

Proof. Given a,b € I with a < b, we have b\a € I. O

Proposition 1.8. If A is a ABID, a,b € A, and a # b, then there is a prime ideal [
containing one of a,b but not the other.

Proof. Wlog a £ b. Then {z € A : x < b} is a member of &/ o {I : I is an ideal

on A with b € I and Yu > afu ¢ I}]. By Zorn’s lemma let I be a maximal member of 7.
Suppose that z -y € I, but z,y ¢ I. Then the ideal generated by I U {x} is not in 7, so
there exist 2/ € I and u > a such that v < x + 2/. Similarly there are y' € I and v > a
such that v <y+y'. Thena <u-v<(z+2') - (y+y)=z-y+z-y+2"-y+a2' -y €1,
contradiction. ]



Proposition 1.9. Any ABID A is isomorphic to a ABID B of the form
B = (B,u,n, D).

Moreover, for any a,b € B, a\gb is the usual set-theoretic relative complement a\b.
B consists of subsets of some set X, and each I € X is a member of some b € B.

Proof. Let A be any ABID. Let X be the set of all proper prime ideals in A. For
eachaec Alet f(a)={I € X :a¢ I}. Then

Iefla+d) iff a+b¢l
iff a¢lorb¢l
iff 1€ f(a)U f(b);
Ief(a-b) iff a-b¢1
iff a¢Ilandb¢I;
e f0) iff 0¢1I
iff  F.

Moreover,
(%) Va,b e AVI € X[a\b ¢ I iff a ¢ I and b € I].

In fact, suppose that a,b € A and I € X. First suppose that a\b ¢ I. Clearly then a ¢ I.
Now (a\b) - b =0 € I implies that b € I. Second, suppose that a ¢ I, b€ I, and a\b € 1.
Then a = a-b+(a\b) € I, contradiction. So (%) holds. By (), I € f(a\b)iff I € f(a)\f(b).
Now f is one-one. For, suppose that a,b € A and a # b. By Proposition 1.8, wlog
there is a prime ideal I such that a € I and b ¢ I. Hence I ¢ f(a) but I € f(b).
If I € X, then [ is proper, so there is an a € A\I. Then I € f(a). O

Proposition 1.10. If A is a ABID which is not a BA, then A is a mazimal ideal in some
BA B, with Va,b € Ala+ab=a+pb,a-ab=a-pb, and a\ab = a-p —pb|. Moreover,
B=AU{-z:z2€ A} and An{—x:2€ A} =10.

Proof. By Proposition 1.9 we may assume that A = (A,U,N, ), such that Ya,b €
Ala\b is the set-theoretic relative complement]. Moreover, A consists of subsets of some
set X, and each z € X is a member of some a € A. Now let B be the Boolean algebra of
subsets of X generated by A.

1.10(1) B=AU{X\a:a € A}.

In fact, it suffices to note that the set on the right is closed under -. For a,b € A we have
a-be A an(X\b) =a\be A. Finally, (X\a) N (X\b) = X\(aUb). So 1.10(1) holds.

1.10(2) An{X\a:a € A} = 0.
In fact, if a € A and X\a € A then X € A, contradiction.
1.10(3) Ya,be Bjbe Aand a Cb — a € A].



For, suppose that a,b € B, b€ A, a Cb, and a ¢ A. By 1.10(1) there is a ¢ € A such that
a= X\c. Then X\c = (X\c)Nb=>b\ce A, contradicting 1.10(2).

Now A is an ideal in B. For, obviously ) € A. If a,b € A, then clearly aUb € A. If
a,be B,be A;anda Cb,and a ¢ A, then by (1), X\a € A, and hence X = bU(X\a) € A,
contradiction. So A is an ideal in B.

By 1.10(1), A is maximal. O

Elementary arithmetic in a ABID can be carried out using the part of Propositions 1.6
and 1.10 that says that a\b = a - —b in the associated BA.

For any ABID A and any a,b € A, let aAb = (a\b) + (b\a). The proof of the following
proposition illustrates the use of Propositions 1.6 and 1.10.

Proposition 1.11. aA(bAc) = (alAb)Ac.
Proof.

als(bAc) = (a\((b\c) + (c\D))) + (((b\c) + (c\))\a)
=a-—(b-—c+c-—=b)+(b-—c+c-—b) - —a
=a-(-b+c) (—c+b)+b-—c-—a+c-—b-—a
=a-—b-—c+a-c-b+b-—c-—a+c-—-b-—a
=a-—b-—c+a-b-c+—-a-b-—c+—-a-—-b-¢

(alAb)Ac=(a-—b+b-—a)-—c+c-—(a-—b+b-—a)
=a-—b-—c+b-—a-—c+c-(—a+0b)-(—=b+a)
=a-—b-—c+b-—a-—c+c-—a-—b+c-b-a
=a-—b-—c+—-a-b-—c+—-a-—b-c+a-b-c O

Proposition 1.12. If R is a congruence relation on a ABID A, a,b,a’,b' € A, aRd’, and
bRV, then (a\b)R(a'\V').

Proof. Assume the hypotheses. For each z € A let [z] be the equivalence class of
x under R. Define f(z) = [z] for all x € A. Then f is a homomorphism. Hence by
Proposition 1.2, f(a\b) = f(a)\f(b) = f(a)\f(V') = f(a’\}') and the result follows. ]

Proposition 1.13. Let A be a ABID.

(i) If R is a congruence on A, then Ip o {a € A:aR0} is an ideal in A.

(ii) If I is an ideal on A, then Rj et {(a,b) : (a\b) + (b\a) € I} is a congruence on
A.

(iii) Ry, = R for any congruence R on A.
(iv) Ir, = I for any ideal I on A.

Proof. (i): Assume that R is a congruence on A. Since 0RO, I is nonempty. Suppose
that @ < b € Ig. Thus bR0O. Hence a = (a-b)R(a-0) = 0, so a € Ig. Suppose that a,b € Ig.
Then aR0 and bRO, so (a +b)R(0+0) =0 and a+b € Iy.
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(ii): Assume that I is an ideal on A. Suppose that aR;b and cR;d. Then

(a+c)\(b+d) = (a\(b+d)) + (c\(b+d))
= (a\b) - (a\d) + (c\b) - (c\d)
< (a\b) + (c\d) € I,

and similarly (b+ d)\(a+¢) € I, so (a+ ¢)R;(b+ d). Also,

(a-c)\(b-d) = ((a-c)\b) + ((a-c)\d)
((@\b) - (c\b)) + ((a\d) - (c\d))
< (a\b) + (c\d) € I,

and similarly (b-d)\(a-c) € I, s0 (a-c)R;(b-d).

This shows that R; is a congruence on A.

(iii): assume that R is a congruence on A. Suppose that aR;,b. Thus ((a\b)+(b\a)) €
IR, so ((a\b) + (b\a))R0O. Now

[(@\0) + (B\a)\a = [(a\b)\a] + [(b\a)\a]
= (b\a).

Thus (b\a) = ([(a\b) + (b\a)]\a)R(0\a) = 0, so a+b = ((b\a) + a)Ra. Similarly (a + b)Rb,
so alth.

Conversely, suppose that aRb. Then 0 = (a\a)R(a\b), so (a\b) € Ir. Similarly
(b\a) € IR, so [(a\b) + (b\a)] € Ir. Thus aR;,b.

(iv): assume that I is an ideal on A. Suppose that a € Ig,. Thus aR;0, so a =
[(\0) + (0\a)] € I.

Conversely suppose that a € I. Again, a = [(a\0) + (0\a)], so aR;0, hence a € Ig,.

L

A filter on a ABID A is a subset F' of A such that F' is nonempty, F is closed under -, and
Va,be Ab>a € F —-bec F]. f AisaABIDanda € Aweletat ={bc A:a-b=0}.
For F a filter, F+ = J,.pa™.

Proposition 1.14. a* is an ideal of A. L

Proposition 1.15. If F is a filter on a ABID A, then F~* is an ideal of A.

Proof. Fixxz € F. Then 0 € 2+, 500 € F+. Suppose that u,v € F+. Choose a,b € F
such that v € a+ and v € b+. Thusa-u=0=0b-v. Nowa-b€ F and (u+v)-a-b=0,
sou+v € (a-b)t and so u+ v € F+. Finally, suppose that a < b € F+. Say y € F and
beyt. Thenb -y =0, and hence a-y = 0. So a € y*- and hence a € F*. ]

Proposition 1.16. If A is a ABID and F is a filter on A, then Rp. = {(a,b) : Jc €
F[((a\b) + (b\a)) - ¢ = 0]} O



Proposition 1.17. If A is a ABID and a € A, then A | a is a BA. O

Proposition 1.18. If A is a ABID and a € A, define f(x) = (x - a,z\a). Then f is an

isomorphism of A onto (A | a) x a*.

Proof. If x € A, then (2\a)-a =0, so x\a € a*. Clearly f preserves the operations.
Ifr <aandy € at, theny =y-a+y\a=1y\aand so f(x +y) = (z,y). Thus f maps
onto (A | a) x a*. Suppose that f(z) = f(y). Thus -a = y-a and z\a = y\a. So
x=xz-a+zx\a=y-a+y\a=y. So fis one-one. O

Let A be a ABID, a € A, and I an ideal of A. Then we let [a]; be the equivalence class of
a under the ideal I; thus [a]; = {aAb: b e I}.

Proposition 1.19. Suppose that X generates a ABID A and f : X — B with B a ABID.
Then f extends to a homomorphism f+ : A — B iff

Vme\{O}VnEwVaemXVbG”X[<Hai>\ b =0

<m j<n

<H f(a»)\ > fby) | =0].

<m j<n

Proof. =: Clear. <: assume the indicated condition. Now A = (J{(F) : F €
[X]<“}, so it suffices to find for each F' € [X]<“ a homomorpism gp : (F) — B extending
f. Now (F) is a BA, with unit > F. Moreover, —z for any x € (F) is (D F)\z. Now
f | F maps into the BA B [ (3_ f[F]). We claim that

(%) Vm,nEwVaGmXVbG”X[H a; - H(—bj) =0— H f(a;) - H(_f(bj)) =0].

i<m j<n <m j<n

Here m = 0 is possible, with [[, ., a; = > F; similarly [, _, f(a:)) = >_ f[F]. To prove ()
it suffices to note that [,_, (—=b;) = [[,.,,(QCF)\bj) = X2 F)\ D, by, and similarly
[T, (=f(b5) = O FIFD\ 22,2, f(bj). So (x) follows from the indicated condition.
Now by (*) there is a homomorphism gp from the BA (F) into the BA B [ (>_ f[F])
which extends f. Clearly gr is as desired. ]

Proposition 1.20. If A, B are ABIDs, L C A is a chain which generates A, and f : L —
B, then f extends to a homomorphism from A into B iff f is increasing.

Proof. By Proposition 1.19. L
Proposition 1.21. If A, B are ABIDs, L C A is a chain which generates A, and f : L —
B, then f extends to an isomorphism from A into B iffVa,a’ € Lja < o' iff f(a) < f(a’)].

Proof. By Proposition 1.19. L

Proposition 1.22. If L is a linear order which generates ABIDs A, B, then there is an
isomorphism of A onto B which is the identity on L. ]

6



2. Examples

For any linear order L which has a least element, Intalg(L) is the Boolean algebra of
subsets of L generated by the half-open intervals [a,b) with @ < b in L. This notion is
carefully analysed in the Boolean algebra handbook. Now we define the interval algebra
over L, as a ABID, to be

Intalgd(L) = {[ao, bo) U...uU [am,l, bmfl) TmEw,ag<byp<a <---< bmfl}

Here we allow m = 0; so () € Intalg,(L). Note that co is not adjoined, so Intalg,(L) is in
general not a BA. Thus, for example, Intalg(w) and Intalg,(w) are different as sets.

Proposition 2.1. Intalg,(L) is closed under U,N,\. Hence Intalg,(L) is a ABID.

Proof. For closure under N it suffices to prove that
(*) [C, d) N ([CLQ, bo) U...uU [am_l, bm_1)> € Intalgd(L)

whenever ¢ < d and ag < bg < a1 < --- < by,—1. To prove this, for each ¢ < m let
s; = max(c, a;) and t; = min(d, b;). Thus [¢,d) N [a;, b;) = [si,t;), which is nonempty iff
si<t;. Lee M ={i<m:s; <t;}. Ifi,j € Mandi < j, thens; <t; <b <a; <sj.
If M = (), then (%) is empty. If M # () and we enumerate M in increasing order as
k(0) <--- < k(n—1), then (%) is [sk(0), tr(0)) U--- U [Skn—1)s tk(n—1)). This shows closure
under N.

For closure under U it suffices to show that

() le,d) U lag,bo) U...U[am—1,bm—1) € Intalg,(L)

whenever ¢ < d and ag < bg < a; < --- < b,,_1. To prove this we consider several cases.
Case 1. by,—1 < c. Then (xx) is [ag,bo) U ... U[am—1,bm—_1) Ulc, d).
Case 2. by,—1 = c. Then (*x) is [ag, bo) U ... U [am—2,bm—2) U [am—1,d).
Case 3. ¢ < ay.
Subcase 3.1. d < ag. Then (x%) is clear.
Subcase 3.2. i < m, a; < d < b;. Then (xx) is [¢,b;) U [aj41,bi41) U -+ U
[amfla bm71)~
Subcase 3.3. i < m —1, b; <d < aj4+1. Then (%) is [¢,d) U [aj41,bi41) U -+ U
[am—la bm—l)-
Subcase 3.4. by,—1 < d. Then (xx) is [c, d).
Case 4. ag < c < b,,_1 <d.
Subcase 4.1. a; < ¢ < b;. Then (xx) is [ag,bg) U ... U [a;, d).
Subcase 4.2. i <m—1and b; < ¢ < a;+1. Then (xx) is [ag, bg)U. ..U[a;, b;) Ulc, d).
Case 5. ag < c < b,,—1 and d < b,,,_1. Let

xr = [C, bm_1> U [CLQ,bQ) U...U [am_l,bm_l),
Yy = [ao, d) U [CL(), b()) Uu...U [am,l, bmfl).

7



Note that [¢, by,—1)N[ag, d) = [c, d). Hence xNy is equal to (xx). Hence, because Intalg, (L)
is closed under N, it suffices to show that z,y € Intalg,(L). First we consider z.

Subcase 5.1. a; < ¢ < b;. Then x is [ag,by) U...U[a;,by—1).

Subcase 5.2. i <m—1and b; < ¢ < a;y1. Then z is [ag, bo)U. . .U[a;, b;)U[c, b—1)-

Thus x € Intalg,;(L). Now we consider y.
Subcase 5.5. a; < d <b;. Then y is [ag,b;) U [ai+1,bi+1) U+ Ulam—1,bm—1).
Subcase 5.4. i <m—1and b; < d < a;4+1. Then y is [ag,d) U [a;41,bi41) U ... U
[am—la bm—l)-
Thus y € Intalg,(L).
This completes the proof of closure under U.
To show closure under \, note that Vz € A[(0\z) = 0], and if m # 0 then

([CLQ, bo) U...u [am_l, bm_l))\([CQ, do) U...u [Cn_l, dn—l))
= U ([CLZ', bi)\([CO, do) U... U [Cnfl, dnfl))),

<m

and for all ¢ < m,

(@i, bi)\([co, do) U ... U [en—1,dn-1)) = () ([ai, bi)\[cj, dy))-

j<n

Hence by the above it suffices to note that for ¢ < m and j < n the element [a;, b;)\[c;, d;)
is in Intalg,(L). We show this by cases.
Case 1. b; < ¢;. Then [a;, b;)\[cj,d;) = [as, bs).
Case 2. a; < cj < b;.
Subcase 2.1. b; < d;. Then [a;, b;)\[cj,d;) = [as, ¢;).
Subcase 2.2. dj < b;. Then [ai,bi)\[cj,dj) = [CLZ',CJ') U [dj, bz)
Case 3. c¢j < a;.
Subcase 3.1. b; < d;. Then [a;,b;)\[cj,d;) = 0.
Subcase 3.2. a; < dj < b;. Then [a;,b;)\[c;,d;) = [d;, b;).
Subcase 3.3. d; < a;. Then [a;, b;)\[c;j,d;) = [as, b;). ]

3. Vaught’s theorem

Let A and B be ABIDs. A V-correspondence between A and B is a relation R C A x B
such that the following conditions hold:

(V1) Va € A[(a,0) € R iff a = 0].

(V2) Wb € BJ(0,b) € R iff b= 0).
(V3) Y(a,b) € RVc € A3dy,dy € Bl(a-c,b-dy), (a\c,b\do), (a+ ¢, b+dy),(c\a,d1\b) € R].
(V4) Y(a,b) € RVd € B3cg,c1 € Al(a-cg,b-d), (a\co,b\d), (a+ c1,b+d), (c1\a,d\b) € R].

Proposition 3.1. If R is a V-correspondence between countably infinite ABIDs A, B,
then A and B are isomorphic.



Proof. Assume the hypotheses. Let cg = 0, ¢y, ... enumerate all elements of A and
do = 0,dq,... all elements of B. We now define finite linearly ordered sets Ly C L; C
-+ C A and strictly increasing functions gg : Ly — B, g1 : L1 — B, ... such that for each
n € w the following conditions hold:

3.1(1) If L,, = {ao,...,ar} with ag < --- < ar and Vi < k[b; = gn(a;)], then (a,br) € R
and Vi < k‘[(CLZ’Jrl\CLZ', bz+1\bz) € R.

3'1(2> 9n+1 an = Gn-
3.1(3) co,...,cn € (Ly), where (L,) is the subalgebra of (A, +,-,\,0) generated by L,.
3.1(4) do, . . .,dn € {gn[Ln))-

We define Ly = {0} and go = {(0,0)}. Clearly 3.1(1), 3.1(3) and 3.1(4) hold for n = 0.
Now suppose that L,, and g,, have been defined for all m < n so that 3.1(1)-3.1(4) hold.
Say L, = {ao,...,ar} with ag < --- < a and Vi < k[b; = gn(a;)]. For i <k let a); = a;.
For i < klet ap, 1 = cpy1-aiy1 +ai. Let ayy | = coyr + ag.

3.1(5) ap < -+ <agy,.

In fact, for i <k we have ay; = a; < ap; 1 < aip1 = ab; o, and ahy, = ap < ahy .

3.1(6) Vi < klah; 1 \ah; = cny1 - (@ig1\ai)].

In fact, if i < k then ab; 1 \ab; = (cny1-@ip1+ai)\a; = (Cng1-@ig1)\@i = Cny1- (@ip1\as).
3.1(7) Vi <klab;o\ah; 11 = (@iy1\ai)\cnya]-

In fact, if i < k then ay; o\ay; 11 = air1\((cnt1 - @iv1) + ai) = (@iy1\(cnt1 - aiy1)) -
(aiv1\ai) = (aip1\cny1) - (@ir1\ai) = (@ir1\ai)\cny-

3.1(8) ahpqq \aog = Cnt1\ai-
For, a1 \ab, = (cnt1 + ar)\ax = cnp1\ax.
Now by 3.1(1), if i < k, we have (a;+1\as, bi+1\b;) € R. Hence by (V3) there exist
d; € B for i < k such that
((@i+1\@:) - cptr, (biy1\bi) - df) € R and
((ai1\ai)\ens1, (bip1\bi)\d;) € R.

Also, (ag,br) € R, so there is a dj, € B such that
(ar + cny1,bx +di,) € R and (cny1\ak, d)\bx) € R.

Now for all # < k let b, = b;. For all ¢ < k let by, = b; + ((big1\bs) - d;), and let
by = br + dj.
3.1(9) by < - < by,

To prove this, first note that for any ¢ < k we have b; = gn(a;) < gn(ait1) = biy1.
Hence if i < k, then b/21 = bz S bz + ((bz—f—l\bz) . d; = b/2i+1 S bi—l—l = b/2i+2‘ AlSO,
bl2k:71 = blz(k—1)+1 = b1+ ((bx\br—1) 'd;cfl) <bp = bl2k: < bl2k:+1~
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3.1(10) Vi < k[by; 1 \b5; = (biy1\bs) - dj].

In fact, if 7 < k then bh; 1 \b5; = ((bi+1\bi) - di)\bi = ((bi+1\bi)\bs) - (d\bi) = (big1\bi) -
(di\b;) = (bit1\bi) - d;

3.1(11) Vi < k[by; 5\bh; 1 = (big1\bi)\dj].

For, if ©+ < k, then

Vhiro\boir1 = biva\(bi + ((bix1\bi) - d}))

= (bi+1\bi) - (b1 \((big1\bi) - d}))
= (bit1\b;) - ((bz+1\( i+1\0i)) + (bit1\d;))
= (bit1\bs) - (big1 - bi + (bit1\d})

( z+1\b )\d

3.1(12) bl2k+1\b2k = d}\by.
FOI‘ b2k+1\b2k = (bk; + d/ )\bk = d;g\bk
3.1(13) Vj < 2k + 1[(a},,\a, b}, \) € R].

In fact, for ¢+ < k we have

al2i+1\a/2i = Cpt1 - (ai+1\a;) by 3.1(6),
,2i+1\bl2i = (bir1\b;) - d; Dby 3.1(10).

So (ab; 1 \ag;, by, 1 \b5;) € R by the definition of d;.
Also, for i < k we have

a/2i+2\a/21+1 = (a;+1\a;)\cnsr1 by 3.1(7);
hitra\boip1 = (bix1\bi)\d; by 3.1(11).

So (a4 0\t 1, b540\bsi11) € R by the definition of dj.
Finally,

Ao y1\0o = Cny1\ax by 3.1(8);
oky1\bop = dj\br by 3.1(12).

So (@b, 1 \a5y, byt 1 \byy,) € R by the definition of dj.
This proves 3.1(13).
3.1(14) (ahpqq, bopyq) € R

For, a,2k+1 = (a’2k+1\a’2k) + (a,2k+1 ) al2k:) = (cnt1\ax) + ar = cny1 + ap by 3.1(8), and
b1 = bx + dj,. Hence (ahy, 1,05, 1) € R by the definition of dj.

3.1(15) Vj < 2k + 1[a} = a);; < b, =) 4]
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In fact, suppose that j < 2k + 1 and @} = a}, ;. Then a},;\a’; = 0, and so by 3.1(13) and
(V2), g+1\b/ =0. So b, = b, -b; =b.. The other direction is similar, using 3.1(13)
and (V1).

3.1(16) Vi < klas; < ag;yq Or ag; 1 < Ay o).

This follows from 3.1(1) and 3.1(5), since a); = a; < a;41 = a22+2

Now we let ay < --- < a; be ag,...,a5, , in increasing order, and set L; ,, =
{ag,...,a)'}. Further, if a] = a’ we let b” = b;. This is unambigous by 3.1(15) and
31(16 Let Gni1(ay) —b” Now al = A}y 1, SO

)
3.1(17) (a}, b)) € R
by 3.1(14). Suppose that j <. Say a} = a; with a} < aj ;. Then a7, ; =aj ,, so
3.1(18) (af  \a7, b7 \b7) € R
by 3.1(13).
Now if i < k then ay; = a; and by; = b;. For a} = aj; we have g, (a}) = b = by, =
bi = gn(a;) = gn(ay;) = gn(a H)

3.1(19) Vi < k[i >0 — a; = (a;\ai—1) + (a;—1\ai—2) + - - - + (a1\ao)].

We prove 3.1(19) by induction on i. It is true for i = 1 since ag = 0. Assume it for ¢ < k.

Then a1 = (@ir1-ai) +(air1\ai) = (@ir1\ai) +a; = (aip1\ai) +(a\a;—1) +---+(a1\ao).
So 3.1(19) holds.
Now for k = 0 we have ap =0, aj, =0, a} =c¢1, c1 =a} € Ly. If k> 0, then

Cn4+1 = Cp41 " Ok + Cn+1\CLk = Z(Cn+1 . (CLH_l\Cli) + Cn+1\ak by 31(19)

i<k
= Z(a’gi+1\a'2i) + aby1\ab, by 3.1(6) and 3.1(8)
i<k
S Ln+1

Now for i <[ let by; = b; and for 7 < [ let by, | = (dpy1-0, 1) +0]. Let b | = dny1+b;.
3.1(20) b < -+ < B,
In fact, for i <1 we have by; = b < byi, | < b} | = by, 5, and by = b} < by), ;.

3.1(21) Vi < UL ML = dnsr - (B \BY)).

In fact, if ¢ < I then b%; | \by; = (dpy1- b +0)\b) = (dny1 - 0] 1)\b) = dpyr - (0 1\B]).
3.1(22) Vi < [0\l = (6 \B)\ ).

In fact, if i <1 then by; o\ 1 = b’ 1 \((dnga-0i 1) +b7) = (071 \(dnga-biy1))- (071 \b)) =
(b1 \dn1) - (071 \b)) = (071 \b )\ 1

3.1(23) b, \bYf = du \BY.
For, b \bgj = (du1 + BNGY = dug \BY.
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Now by 3.1(18), if i < I, we have (a]_;\aj, by \b]') € R. Hence by (V4) there exist
e; € A for i < [ such that

(( z+1\a//) 62',( z+1\b//) : n+1) € R and
((a z+1\a”)\e“( i;l\b;/)\dnqtl) € R.

Also, by 3.1(17) (a;, ") € R, so by (V4) there is a ¢; € A such that
(a) + e, +dntr), (e\aj, dnt1\b)) € R.

Now for all i < I let a3 = aj. For all i < [ let ay; ; = ai + ((af,;\a]) - €;), and let

1
122
ay ., = a; +ey.

3.1(24) ay/ <--- < a’2’l’+1

For, first note that for any ¢ < [ we have a] = gn+1(b”) < g b)) = al,,. Hence
1f”/z < I, then aj] = Cll” < aj + ((a z+1\a//) i —”?2z+1 < ajyy = agiyo. Also, agy_y =
Ao(1—1)+1 = =+ (a\a)_y) - a1 S af = ag) < ahjy.

3.1(25) Vi < llagiyq\ag; = (aiyi\ai) - eil.

In fact, if # < [ then a’g’{+1\a"’ = ((afy1\ai)-e)\ai” = ((aiy1\ai)\ai) - (ei\ai) = (aiy1\ay)-

(ei\ai) = (ai}1\ai) - e
3.1(26) Vi < l[“’z’z{+2\“/2,z{+1 (ai’ 1 \ai)\eil.

For, if i <1, then a5 ,\ag; = i’y \(6f + (a1 \a) - €:)) = (a1 \af) - (a1 \ (01 \ai) -

e;)) = (aiy1\a7) - (aii1\ei) = (aiy1\a7)\ei.
3.1(27) ag; 1 \ay = e;\aj’.
For, ag 1 \ay = (a] + e)\a)' = e/\a]’.
3.1(28) Vj < 2l + 1[(af 1 \a}', b} 1 \b}") € R].
In fact, for ¢+ < [ we have
a,2/1,+1\am = ( H—l\a”) €; by 31(25)7
B\ = d - (B1\B) Dy 3.1(21),
So (ab; 1 \ab;, b’”+1\b’2'1’) € R by the definition of e;.
Also, for ¢ < [ we have
a/2,z/'+2 a/2,z/'+1 (a z+1\au)\€z by 3.1(26);
b3i+2\b3i1 = (01 \bi \dnt1 by 3.1(22).
So (ab; 1 o\ag; 1,05 ,9\b3; 1) € R by the definition of e;.
Finally,
ag1\ay = e\aj by 3.1(27);
4\ = dnsi\bi by 3.1(23).
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So (ag;, 1 \ay;, by 1 \by;) € R by the definition of e;.
This proves 3.1(28).

3.1(29) (574, 0544) € R

For, af,, = (a4, \a4h) + (6, - a%0) = (e\af) + af = 1 +af' by 31(27), and b, =
bj' + dny1. Hence (a4, ,,b5;,,) € R by the definition of ;.

3.1(30) Vj < 2l + 1[a}’ = @y < b = b\ ]

In fact, suppose that j < 20 +1 and @}’ = @’} ;. Then a7’ ;\a}’ = 0, and so by 3.1(28) and
(V2), b\ \bY" = 0. So by = b7, - b" = b}’". The other direction is similar, using 3.1(28)
and (V1).

3.1(31) Vi < l[ay; < ag;,q or ay; < ab;, ol

This follows since a3; = aj < a;j ;| = a3, ,, using the definition of a” following 3.1(16).

Now we let af’ < --- < al’ be ay’,..., a3/ | in increasing order, and set L, =
{ap’s ..., a’}. Further, if a;% = @}’ we let b = b/’. This is unambigous by 3.1(30). Let
In+1(al’) =", Now al’ = a4, so (al’,bl) € R by 3.1(29). Suppose that j < s. Say

ay’ = aj’ with i’ < ai},. Then a%',; = a}}, so (aj};\ay", b 1\b;") € R by 3.1(28).

We prove 3.1(32) by induction on i. It is true for i = 1 since b = 0. Assume it for ¢ < [.
Then b, = (6 bY)-+ (B \BY) = (63 \BY) 4 = (b4 \B) o (BB ) -+ (B \B§).
So 3.1(32) holds.

Now s > 0, and

dpi1 = dng1 -0 + dna \B =) (dngr - (0 \B))) + dnya\b) by 3.1(32)

i<l
=Y (V371 \b3;) + by, \bs; by 3.1(21) and 3.1(23)
i<l
€ Lpy1.

3.1(33) Ly, C L4 1.

In fact, let ¢ < k, so that a; is a typical element of L,,. Then a}, = a;. Say j < s and
aj = ay;. Then ay; = aff. There is a u < s such that a;’ = aj’. Then a;’ € Ly 1, proving

3.1(33).

For, let 4,j,u be as in the proof of 3.1(33). Then g,i1(a;) = gni1(al’) = b%. Now
ai = ayj, so biy = by; = bff. Since af = aj,;, we have b = by; = b; = gn(a;). This proves
3.1(34).

We have now verified 3.1(1)-3.1(4) for n + 1. It follows that J, ., gn is strictly
increasing from a generating chain of A to a generating chain of B. By Proposition 1.22

this union extends to an isomorphism from A onto B. ]

13



Let A and B be BAs. A weak V -relation between A and B is a relation R C A x B such
that the following conditions hold:

(V5) (0,b) € Riff b= 0.

(V6) If (a,b) € R and ¢ € A, then there exist do,d; € B such that (a - ¢,b -
dp), (a\c,b\dp), (a + ¢, b+ d1), (c\a,d1\b) € R.

Proposition 3.2. Suppose that A and B are BAs, A is countable, and R is a weak V -
relation between A and B. Then there is a homomorphism f : A — B such that for every
a € A there exist m € w\{0} and b € ™A such that

(i) Vi < m|(bi, f(bi)) € R].

(ii) b is pairwise disjoint and ), _, b; = a.

Proof. Assume the hypotheses. Let 0 = c¢g,cq,... enumerate the members of A
without repetitions. Let Ly = {0} and fy = {(0,0)}. Suppose that Lo C ... C L,, and
fo, - ., fn have been defined, so that each L; is a finite linearly ordered subset of A and each
fi is an increasing function from L; into B. Say L, = {eo, ..., ex}, with eg < - -+ < eg. For
alli < k let f,(e;) = gi- We assume Vi < k[(e;, g;) € R] and Vi < k[(e;41\€4, git1\9:) € R].
For alli <k let ey, = e;. Foralli < klet eh, | = cpy1-€ip1+e;, andlet ey | = cpp1 +ep.
Then

32(1) ey <e) <--- < e’2k+1.

To prove 3.2(1) we show by induction on j that ej < ... < e;- for all j < 2k + 1. The
case j = 0 is trivial. Now assume that j < 2k + 1 and e < ... !

< e;. Forj =0,
e1 =co-e1teg=ey = ey If j =20 withi# 0, then e} = ey =¢; < ey y =€) . If
J=2i+1, then € = e, 1 = cpy1-€iy1+ € < eip1 =€y 9 =€,
Also we have for all i < k

€hir1\€2 = ((cny1-€iv1) +ei)\e
= cnt1 - (ei+1\€41);
6/2i+2\€/2i+1 = ei41\(Cnt1 - €ir1 + €;)
=eiy1 - —(Cny1 - €ig1 +€;)
= €1 (—Cns1 + (—€iq1)) - (=€)
= eit1 - (=cnt1) - ()

= (eit1\€i)\Cnt1-

Also,
6/2k+1\€/2k = (Cpt1 + ek:)\ek? = Cn+1\€k:~

Now by (V6), for each i < k, with a,b, ¢ replaced by e;11\€;, gir1\gi, Cnt1, We obtain
h} € B such that

((eir1\€i) - Cnr1s (gir1\gi) - hi), ((eix1\ei)\cny1, (9i11\g:)\P;) € R
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and with a, b, ¢ replaced by ey, g, cn+1 We get hj. € B such that

(ek + Cng1, gk + hi)s (Cng1\exs Py \gk) € R.

For all i < k let g5, = g, and for all i < k let g5, = g; + ((gi+1\gs) - h;). Also, let
Jopt1 = 9k + hy,. Then
32(2) g0 <91 < < goppa-

In fact, we prove 3.2(2) by showing that gy < ... < g; for all j < 2k + 1 by induction on
j. This is trivial for j = 0. Assume that it holds for j < 2k + 1. If j = 2/ and @ < k,
then g} = 95 = 9i < g3;41- Further, g5, = gr < g9,y If j = 2i+1 < 2k + 1, then
95 = 9511 = i + ((9i+1\9i) - hi) < Giv1 = Goip0 = Gj11-

Now for any i < k,

92i4+1\92; = (9; + ((9i+1\91) - hi))\gi
= (gi+1\9:) - i3
92i+2\92i41 = gi+1\(gi + ((gi+1\gs) - 7))
= Gi+1 - —(9i + git1 - (=gi) - hy)
= gi+1 - (=9:) - (=gi+1 + gi + (=h7)
= gi+1 - (—g:) - (—h7)
- (gz’—i—l\gi)\h;'
Also,
Gak+1\92k = (9 + Pj)\gk = h}.\ -
It follows that Vi < 2k + 1[(e; 1 \e;, 9541\9;) € R]. Also, (€5, 1,95%:41) € R.
3.2(3) If i < 2k +1 and e = ¢, then g; = g;_ ;.
In fact, suppose that e; = €j, ;. Then e ;\e; = 0. and so by (V5), g;,,\g; = 0 and hence
9 = Giy1-
Now let L, 1 = {eq,...,e5, 1} and fnii(ej) = g; for all i < 2k + 1.
324) Vi < k[i >0 —e; = (e;\ei—1) + (ei—1\€i—2) + - + (e1\eo)].

We prove 3.2(4) by induction on 4. It is true for i = 1 since ey = 0. Assume it for i < k.
Then €i+1 = (€i+1 . 61) + (€i+1\€i) = (€i+1\€i) + €, = (614_1\61) + (62'\61_1) —+ -+ (61\60).
So 3.2(4) holds.

Now
k—1 k—1
Cnt1 = Cpt1-ept(cnti\ex) = Cn+1'Z(ei+1\ei) (cnt1\ex) = Z (€241 \€25) +(€2p41\€08)-
1=0 1=0

This proves that ¢,y is in the subalgebra of A generated by L,+1 and also at the final
stage gives (i) and (ii). ]
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If A and B are BAs, a subset R of A x B is a V-relation between A and B iff the following
conditions hold:

Theorem 3.3. If R is a V-relation between denumerable BAs A and B, then there is an
isomorphism f from A onto B such that for any x € A there existn € w and y € "A such
that Vi,jenfi#j—yi-y; =0 and x =, _, y; and y;Rf(y;) for all i < n.

Proof. Let A= {a;:i€w}and B={b;:i € w}. Wenow define c € “Aand d € “B
by recursion. Let ¢p = 1 and dy = 1. Now suppose that c¢; and d; have been defined for
all 7 < 2i so that the following conditions hold:

3.3(1) {(c¢j,d;) : j < 2i} extends to an isomorphism f from ({¢; : j < 2i}) into B.

3.3(2) For each x € ({¢; : j < 2i}) there exist n € w and y € "({¢; : j < 2i}) such that
Vi,j<nli#j—y-yj=0andxz=7>,_ yxand ypeRf(yx) for all k < n.

Clearly 3.3(1) and 3.3(2) hold for i = 0. Now we let co;41 = a;. Let the atoms of
({cj : 7 <2i}) be eg, ..., e, without repetitions. Take any k with k& < n. Then there exist
m € wand y € "({c; : j < 2i}) such that Vi,j <ml[i #j —y;-y; =0/ and ex, = >, ., wi
and y;Rf(y;) for all [ < m. Since ey is an atom, there is an [ < m such that y; = ex. So
eka(ek). Thus

3.3(3) Yk < nlepRf(er)].

Now ey, = e-a;+eg-—a;, so by (V12) there exist uy, vg such that ug-vy = 0, f(ex) = ur+vg,
(er - a;)Rug, and (e - —a;)Ruy. Let dojp1 = ), ., ur. To show that f U {(coit1,d2i41)}
extends to an isomorphism of ({¢; : j < 2i + 1}) into B, by Sikorski’s extension criterion
it suffices to take any = € ({¢; : j < 2i}) and show that (z - c2i+1 =0 < f(x) - dair1 = 0)
and (z - —coi11 = 0 < f(x) - —d2ip1 = 0). Write =3,/ ex.

Suppose that z - cg;41 = 0. Thus = -a; = 0, so Vk € Mlex - a; = 0]. Since Vk <
n[(ek - a;) Rug), it follows by (V10) that Vk € M[u, = 0]. Hence

F@)-daipr =Y (fl@)-ue) < D> (f(x)- flew) = Y flz-ex) =0.

k¢ M k¢ M k¢ M

Conversely, suppose that x - co;41 # 0. Say k € M and ey, - a; # 0. Since (eg - a;) Ruy, it
follows by (V9) that uy # 0. Then f(x) - d2ir1 > f(er) - doiy1 > ug # 0.

Suppose that = - —cg9;41 = 0. Thus z - —a; = 0, so Vk € Mle, - —a; = 0]. Since
VEk < n[(er-—a;)Ruvyg], it follows by (V10) that Vk € M[v, = 0], hence Vk € Mux = f(ex)],
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hence Vk € M[—uy = f(—ex)]. Hence

f@) —doipr = f(x)- [ —we < f@) - [ —uw = f@)- [] £(—ex)

k<n keM kEM
=f (Z €k> : H f(—ex) =0.
keM keM

Conversely suppose that x - —cg;41 # 0. Say kK € M and ey, - —a; # 0. So by (V9), v, # 0.
Then f(x) - —d2iy1 > f(ex) - —doit1 > vk # 0.
Thus we have shown

3.3(4) {(¢j,d;) : j < 2i+ 1} extends to an isomorphism f’ from ({¢; : j < 2i+1}) into B;
and f’ extends f.

Now we claim

3.3(5) For each = € ({c; : j <2i+1}) there exist m € w and y € ™({c; : j < 2i+1}) such
that Vi,j <ml[i #j — y;-y; =0l and 2 = >, _ yx and ypRf'(yx) for all k < m.

For, suppose that « € ({¢; : j <2i+ 1}). Then there are 2/, 2" € ({¢; : j < 2i}) such that
r=2a"-cyq1+2" - —coip1. Say 2’ =),y enand 27 =30, v ex. Then

r=1- C2i+1 + - —C2i41 = Z e+ Z (er - Coiv1) + Z (ex - —C2it1).

keMNN keM\N keN\M
For k € M N N we have e, Rf(ex) = f'(ex). For k € M\N we have
(e - c2iv1) = (ex - ai)Rug = f(ex) - daiy1 = fex) - f'(caiv1) = f'(er - caiv1).
For k € N\M we have
(er - —cair1) = (ex - —ai)Rog = f(ex) - —dair1 = flex) - f'(—caiv1) = f'(ex - —caiv1).

This proves 3.3(5).

Now we let dg;1o = b;. Let the atoms of ({d; : j < 2i + 1}) be eo,..., e, without
repetitions. Take any k with & < n. Then there exist m € w and y € " ({¢; : j < 2i +1})
such Vi,j € nli # j — y;-y; = 0] and f'"(ex) = >, vt and yRf(y;) for all I < m.
Since ey, is an atom, there is an [ < m such that y; = f"~1(ex). So f'~!(ex)Rey. Thus

3.3(6) Vk < n[f' " (ex)Rey].

Now e = eg-b;+ex-—b;, so by (V11) there exist uy, vy such that ug-v, = 0, f/~(er) = up+
Vg, upR(ex-b;), and vy R(ep-—b;). Let caipo = D, -, ur. To show that f'U{(coit2,d2i42)}
extends to an isomorphism of ({¢; : j < 2i+2}) into B, by Sikorski’s extension criterion it
suffices to take any z € ({¢; : j < 2¢+1}) and show that (z-c2i42 =0« f'(x) - daiye = 0)
and (z - —coip2 = 0 < f'(x) - —daip2 = 0). Write f'(z) =D 1 cps €k
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0, so Vk € Mlex - b; = 0]. Since

Suppose that f'(z) - dojt2 = 0. Thus f'(z) - b, =
= 0]. Hence

ugR(ey - b;), it follows from (V9) that Vk € M[uy

Tocgiza= Y (xou) < Y (- f TN ew) = Y TN (@) er) = 0.

k¢ M k¢ M kg M

Conversely suppose that f/'(x) - dajro # 0. Say k € M and ey, - do;12 # 0. So ey - b; # 0.
Hence by (V10), uj, # 0. Hence x-caip2 > > e /7€) Caiva = [/ (ew) Caivr = up # 0.

Suppose that f/(z) - —dgiy2 = 0. Thus f'(z) - —b; = 0, so Yk € Mlex - —b; = 0].
Hence by (V9), Vk € Mo, = 0]. So Vk € M[f'~*(er) = ug). Hence f'(z) = 3 1cpr€h =
D keM fI(f = ew)) = > kem f'(uk). Hence @ =37, -y uk. So

x-—czi+2:x-H—uk: Zuk-H—uk:O

i<n keM i<n

Conversely suppose that f'(z) - —dait2 # 0. Say k € M and e - —b; # 0. Then by (V10)
vp # 0. Now o+ —coi10 > f/"Hew) - vp = v # 0.
Thus we have shown

3.3(7) {(cj,d;) : j < 2i+2} extends to an isomorphism f” from ({¢; : j < 2i+ 2}) into B;
and f” extends f’.

Now we claim

3.3(8) For each x € ({c; : j < 2i+2}) there exist m € w and y € ™ ({c; : j < 2i+2}) such
that Vi,j <mli #j —y;-y; =0l and x = >, _,. yr and ypRf(yx) for all k < m.

For, suppose that z € ({¢; : j <2i+2}). Then f"(z) € ({d; : j < 2i+ 2}), so there exist
o', 2" € ({d; 1 j <20+ 1}) such that f"(x) = 2’ - dajyo + 2" - —daiyo. Say o' =3, .0 ek
and 2" =3, _er. Then

f”(ac) =z - d2i+2 + x - _d2i+2 = Z e+ Z (ek : d2i+2) + Z (ek : _d2i+2)-

ke MNN ke M\N keN\M
For k € M N N we have f'~!(e)Rey. For k € M\ N we have
(ek - daire) = (ex - b)) R up = f 7 Hek) - caiva = £ ek - daita),
For k € N\M we have
(e - —dait2) = (e - —bi) R vp = [/ ex) - —caiva = [ (en - —daita).
This proves 3.3(8). O
Proposition 3.4. Suppose that R is a relation between countable BAs such that the
following conditions hold:

(i) If ARB with |B| =1 then |A| = 1.
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(ii) If ARB with |A| =1, then |B| = 1.

(iii) If ARB and A = Ay X Ay then there exist By, By such that B = By x By, AgRBy,
and A1RB;.

(iv) If ARB and B = By x By then there exist Ag, A1 such that A = Agx Ay, AgRBy,
and AlRBl.

Then ARB implies that A = B.

Proof. Assume the hypotheses, and suppose that ARB. Let S = {(a,b) :a € A,b €
B, and (A [ a)R(B [ b). Then S is a V-relation between A and B, so A= B by Theorem
3.3. U

4. Superatomic ABIDs

An element a of a ABID a is an atom iff a # 0 and Vb € Ajb-a=0o0rb-a =al. Ais
atomless iff it has no atoms, and atomic iff Vb € A[b # 0 — Jafa is an atom and a < b]].
A is superatomic iff every homomorphic image of A is atomic. A ABID is trivial iff it has
only one element. Note that the trivial ABID is atomless, atomic, and superatomic. Now
for any ABID A we define

Io(A) = {0};
Iot1(A) ={a € A:la];, (a) is a finite sum of atoms of A/I,(A)}

I(A) = | I(A) for X limit.
a<A

Note that I, C Io41, since Va € I, [[a], (a) = 0] and 0 is a finite sum of atoms of A/1,(A).

Proposition 4.1. Let A be a ABID, and o and ~y ordinals.

(i) L(A/1a(A) = {lal1, ) : 0 € Lo (A)}.
(it) There is an isomorphism f from (A/I1,(A))/I1,(A/1,(A)) onto A/Ini~(A) such

that Ya € A[f5([lalr, )], a/1.04)) = a]1., 4

Proof. Induction on 7. It is clear for v = 0. Assume it for 4. To prove (i) for
v+ 1, let [a];, a) € Iy41(A/14(A)). Then exist an m € w and for each i < m atoms

[[Ci]IQ(A)]IW(A/Ia(A) of (A/IQ(A»/IW(A/IQ(A)) such that

() ol )1, (a/nacayy = D _lleil1a)r 1.y

<m
By (ii) for v, for each i < m, [ci]1,, (a) is an atom of A/I,,,(A), and by applying f,
to (x) we have [a]r, . (a) = D pmlcilrn, a)- Thus a € Inyy41(A). This proves that
I 1(A/IL(A)) € {lalr,a) : @ € Ioyy41(A)}. The other inclusion is proved similarly, so
(1) holds for v+ 1. For (ii) for v+ 1,

[l 1o ()11 (A7 1)) = 0] 10140 (4710 ()
iff [G]IQ(A)A[G/]IQ(A) € 1,+1(A/1,(A))
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iff [CLACL,][&(A) S ]7+1(A/IQ(A))
iff 3b € Ioqys1(A4)[[ala'];, a) = [b]1,(a)] by (i) for v+ 1,
HE 3 € Loy st (A)]((aAd)) A € I (A)]

iff a/\a’ € Ia+7+1(A) iff [a] Toiri1(A) = [a/]]a+7+1(‘4).

Now (ii) for v + 1 follows.
The case with ~ limit is straightforward. ]

Proposition 4.2. Let A be a ABID and o and [ ordinals with f < a. For a € I1,(A)
we denote by lal} (4 the equivalence class of a in Io(A), while [a]1,(a) is the equivalence
class of a in A. Then there is an isomorphism f from I,(A)/Ig(A) into A/Iz(A) such
that Va € 1,(A) [f([a]’l.B(A)) = [a]IB(A)]. Moreover, for any a € 1,(A), [a]’IB(A) is an atom
of In(A)/15(A) iff [alrsa) is an atom of A/Ig(A).

Proof. The first part of the proposition is clear. Now suppose that a € I,(A) and
[a]’IB(A) is an atom of I,(A)/I3(A). Suppose that b € A and [b]7,4) < [a]7,(4). Then
b\a € Ig(A). Sob=">b-a+b\a € I,(A). Hence b € I5(A) or (a\b) € Ig(A). So [a]1,(a) is
an atom of A/Ig(A).

Conversely, suppose that [a]7,(4) is an atom of A/Ig(A). Suppose that b € I,(A)
and [b]llg(A) < [a]’IB(A). Then (b\a) c ]@(A), SO [b]lg(A) < [a]lg(A)' So b € I@(A) or
(a\b) € 13(A). Hence [a]’IB(A) is an atom of Ig(A)/I3(A). ]

Proposition 4.3. V3 < a[lg(1,(A)) = 13(A)].
Proof. Induction on . It is clear for § = 0. Now assume it for 5. Suppose that

z € Igy1(1a(A)). Say
2] 110 a)) = D _Wil14 (10 (a))

<m

with each [yi]7,(1.(4)) an atom of I,(A)/I5(1.(A)). Thus by the inductive hypothesis,

[z] I3(A) = Z [yi]lg(A)a

<m

and by Proposition 4.2, each [y;]1,(4) an atom of A/Ig(A). Thus zA Y, i € I(A), so
x € Ig41(A). The converse is similar.
The limit step is clear. L

The atomic rank of A is the least ordinal ar(A) = « such that I,(A) = I,+1(A).
Proposition 4.4. If A is an atomic ABID and A is a maximal ideal in a BA B, then B
18 atomic.

Proof. Suppose that b € B and B | b is nontrivial and atomless. Let u, v be nonzero
and disjoint with u+v < b. Then u,v ¢ A. In fact, suppose that u € A. Let a be an atom
of A with a < u. Then a < b, so there is a nonzero w € B with w < a. But w € A since A
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is an ideal, contradicting a being an atom of A. Similarly v ¢ A. say u = —a and v = —c¢
with a,c € A. Then 0 = u-v = (—a) - (—c¢) and hence a + ¢ = 1, contradiction. O

Proposition 4.5. If A is a ABID, A is a maximal ideal in a BA B, and f : B — C is a
surjective homomorphism with C' nontrivial, then f[A] = C or f[A] is a mazimal ideal in

C.

Proof. Assume the hypotheses. Clearly f[A] is closed under +. If ¢ < f(a) with
ce€ Canda € A, choose xz € B such that ¢ = f(z). Then f(z-a) = f(z)-f(a) =c f(a) = c.
Since x - a € A, this shows that ¢ € f[A]. Thus f[4] is an ideal of C. Now Vz € Bjx € A
or —x € A]. If ¢ € C, choose x € B such that f(z) = c. Then ¢ € f[A] or —c € f[A]; the
conclusion follows. OJ

Proposition 4.6. If A is a superatomic ABID and A is a maximal ideal in a BA B, then
B s superatomic.

Proof. Assume the hypotheses, and let f : B — C be a surjective homomorphism,
with C nontrivial. By Proposition 4.5 we have two cases.

Case 1. f[A] = C. Then C is atomic, since A is superatomic.

Case 2. f[A] is a maximal ideal in C. Then f[A] is atomic since A is superatomic,
and then C is atomic by Proposition 4.4. ]

Proposition 4.7. If A is an atomless ABID which is not a BA, B is a BA, and (A, +,-)
is a subalgebra of (B, +,-), then the subalgebra A’ of B generated by A has at most one
atom.

Proof. First note that A’ = AU{—c:c € A}. For, if a,b € A, then

a-pb=a-4be A,
a-p (—pb) =a\abe A by Proposition 1.3;
(—Ba) ‘B (—Bb) = —B(Cl +A b)

Now suppose that A’ has two distinct atoms x,y. Then there exist a,b € A such that
x = —a and y = —b. Then (—a) - (—b) =0, so a + b = 1, contradiction. O

Proposition 4.8. For any ABID A the following conditions are equivalent:
(i) A is superatomic.
(ii) No nontrivial homomorphic image of A is atomless.
(iii) Every subalgebra of A is atomic.
(iv) Every subalgebra of A has an atom.
(v) =3a € CAYq,r € Qg <1 — a, < a,].
(01) Loy (4) = 4.

Proof. (i)=(ii): obvious.

(ii)=(i): Assume that (i) fails; so there is a homomorphic image B of A which is not
atomic. Hence there is a b € B such that B [ b is atomless and nontrivial. Clearly B [ b
is a homomorphic image of A, so (ii) fails.
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(i)=-(iii): Suppose that A is a superatomic ABID and B is a non-atomic subalgebra
of A. Thus A is not a BA. Say b € B\{0} with no atoms of B below b. So B [ b is
atomless. By Proposition 1.10, A is a maximal ideal in some BA C. By Proposition 4.6, C
is superatomic. Hence C' | b is superatomic. But B [ b is an atomless subalgebra of C' | b,
contradiction.

(iii)=(iv): obvious.

(iv)=(v): Assume that (iv) holds but (v) fails; so we get a € @A such that Vg,r €
Qlg < r — a4 < a,]. Let B be the subalgebra of (A4,+,-,\,0) generated by rng(a).

4.8(1) B consists of all finite sums of elements of {a, : ¢ € Q} U{a,\a, : ¢, € Q,r < q}.

In fact, let S be the set of all such finite sums. Obviously S contains rng(a) and is closed
under +. To see that it is closed under - it suffices to note that

Aq - Ar = Qmin(q,r);
a\a; ift<r<gq,
if t <r,then aq-(ar\ar) =1 a\ar ft<qg<r,
0 ifg<t<r.
if r < qandt< s, then

‘ _J Gmin(g,s) \@max(r,r) if max(r,t) < min(q, s),
(ag\ar) - (as\ar) = {O if min(q, s) < max(r,t)

For closure under \, note that

_ Jag\a, ifr<gq,
aq\ar—{o if g <nr;

if t <7, then a,\(a;\at) = (ag\ar) + Armin(q,t)s

it < r, then (ar\at)\aq — {gr\amax(%t) i g 2 27

if r <qandt<s,then (ag\a,)\(as\a¢) = (ag\Cmax(r,s)) + (Amin(q,t) \Cr)-

Thus 4.8(1) holds.

Now let = be an atom of B. By (1) we may assume that one of the following two cases
holds:

Case 1. x = a4 for some g € Q. Let r be a rational less than ¢g. Then 0 < a, < ag,
contradiction.

Case 2. © = a4\a, for some ¢,r € Q with r < ¢q. Choose t € Q such that r < t < q.
Then 0 < ag\a:r < a4\ar, contradiction. To see that a,\a; < a4\a,, note that a, < a,
hence ag\a; < ag\ar. Also, (ag\a,)\(ag\at) = ai\ar, so az\ar < ag\ar.

(v)=(1): Assume that (i) fails; so there is a homomorphism f of A onto a ABID B
which is not atomic. Then there is a nonzero b € B such that B | b is atomless. For any
a € Alet g(a) = f(a) Nb. Then g is a homomorphism from A onto B | b.

We now construct b € @(B | b). Let (¢; : i € w) be a one-one enumeration of Q. We
define ¢ € “(B [ b)\{0} by recursion. Let ¢y € (B | b)\{0} be arbitrary. Now suppose that
co, - - -,Cm—1 have been constructed so that the following condition holds:
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4.8(2) If p is the permutation of m such that g,y < -+ < gpm—1), then ¢y < --- <
Cp(m—1)-

To define ¢,, we consider three cases.

Case 1. YVi < m[qm < ¢]. Let ¢, be such that Vi < m[e,, < ¢].

Case 2. Vi < m[q; < gm]. Let ¢, be such that Vi < mle; < ¢

Case 8. Fi < m — 1[gp) < @m < Gp@i+1)]- Take d such that 0 < d < ¢p(;41)\Cps) and
let ¢, = ¢p, +d.
Clearly in any case 4.8(2) holds for m + 1.

Now for any r € Q choose ¢ € w such that r = ¢;, and let b, = ¢;. Suppose that
r,s € Qand r < s. Say r = ¢; and s = ¢;. Let m = max(i,j) + 1. Let p be the
permutation of m such that g,y < -+ < gp(m—1)- Say i = p(u) and j = p(v). Then r < s
implies that ¢; < q;, hence gp,) < gp(v), hence u < v, hence ¢,,) < ¢p(v), hence ¢; < ¢,
hence b, < b;.

Now for each r € Q let d, € A be such that g(d,) = b,. We now define e,, for each
t € w by recursion. Let e,, = dg,. Suppose that ey, ..., €4, have been defined so that the
following conditions hold:

48(3> Vi < m[g(e%) = qu]
4.8(4) Vi,j < mlby, < by, — €4, < eg;].
Then we define

Cqmi1 — <de+1 : H{e%‘ ) S m, me+1 < bql})
+ Z{e%‘\de+1 : 7’ S m, bQi < me+1}'

Clearly 4.8(3) holds for m + 1. Now suppose that i < m. If b,, < by, .,
mlbg, ., < by, — eq, < eg,;], and so eg, < eq,. .- By 4.8(3), eq, < eq,y- by,
then Vj <mlb;, <by,.., — €q <eql,and so e, ., <eq. By 4.8(3), g, < eq,.

Thus 4.8(3) and 4.8(4) hold for all m, giving —(v).

(ii)=-(vi): Assume (ii). If I,;(a) # A, then A/I,.(4) is nontrivial and atomless, con-
tradicting (ii).

(vi)=(iv): Assume that (iv) fails. Let B be a nontrivial atomless subalgebra of A.
We claim

4.8(5) BNI,(A) = {0} for all a.

then V5 <
< by,

Of course this will show that (vi) fails. We prove 4.8(5) by induction on «. It is obvious for
a = 0. Assume it for «, but suppose that 0 # b € BN1I,+1(A). Then there exist cg, ..., cm
such that each [c;]r, (a) is an atom in A/1,(A) and [b];, (a) = [colr,(a) + - + [em]1.(a)-

There are disjoint nonzero dy,...,d,,+1 € B with each d; < b. For each ¢ < m + 1 there
is a nonempty subset M; of m + 1 such that [d;];, a) = ZjeMi [cil1.(a). The sets M; are
pairwise disjoint, contradiction. The induction step is clear, so 4.8(5) holds. O

Proposition 4.9. If A is a ABID and « is an ordinal, then I,(A) is superatomic.
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Proof. By Proposition 4.8(vi) it suffices to show that I,41(In(A)) = In(I14(A)). The
inclusion D is clear. Suppose that € I,41(lo(A)). Then in particular z € I,(A). By
Proposition 4.3, I,(I,(A)) = I,(A). O

If A is a superatomic ABID, then «a,(A) is the least ordinal 3 such that A/Iz(A) has a
greatest element. Thus a.(A4) < ar(A). If a,(A) < ar(A), then ar(A) is a successor ordinal.
If a,(A) = ar(A) and ar(A) is a successor ordinal 3+ 1, then A/Ig(A) has infinitely many
atoms.

If a,(A) = ar(A), we set a*(A) = ar(A) and n(A) = 0. If a,(A) < ar(A), then o*(A)
is the 3 such that ar(A) = B+ 1; then A/I,-(4)(A) is a finite BA, and we let n(A) be the
number of atoms of A/I,-(4)(A). Note that in any case a.(A4) < a*(A). The atomic type
of a superatomic ABID A is the triple 75(A) = (a*(A), ax(A),n(A)). Note that 74 applies
only to superatomic ABIDs. If A is the trivial BA, then 75(A) = (0,0,0). If A is a finite
BA with n atoms, then 75(A) = (0,0, n).

Proposition 4.10. For any superatomic ABID A with 75(A) = (B,a,n) one of the
following holds:

(i)n>0,03>a, and a < ar(A) = [+ 1.

(i) B =« and n = 0. -

Proposition 4.11. If A and B are ABIDs and « is an ordinal, then:

(Z) Ia(A X B) = Ia(A) X Ia(B)'

(ii) There is an isomorphism of (AX B)/I,(A X B) onto (A/1,(A)) X (B/1,(B)) such
that Va € AVb € B[f([(a,)]r,(axp)) = ([a]r.,(a), [bl1.(5))-

Proof. Induction on . It is clear for a = 0. Now assume it for a. For (i) for o 4 1,
first suppose that (a,b) € I,+1(A x B). Say

[(a,b)]1,axB) = [(cosdo)]1,axB) + -+ [(em—1,dm—1)]1.(AxB)

with each [(c;, d;)]r, (axp) an atom of (A x B)/I,(A x B). We apply (ii) for a: for each
i <m, f([(ci,di)]1,axBy) = ([ci]1,(a)s [dil1, (B))- Tt follows that we can write m = M UN
with M and N disjoint, Vi € M|[d;]1, () = 0 and [c;], () is an atom of A/I,(A)] and Vi €
Nllei]r,ca) = 0 and [d;]1, () is an atom of B/I,(B)]. Hence [a];, (a) = Y ;carlCil1.(a), and
soa € I,y1(A). Similarly b € I,11(B). This proves that I, 11(AXB) C I41(A)XIo11(B).
The other inclusion is proved similarly, so (i) holds for a4+ 1. (ii) for o 4 1 is clear.

The limit step is clear. L

Proposition 4.12. For any ABIDs A, B, ar(A x B) = max(ar(A), ar(B)).
Proof. Let v = ar(A x B). Then by Proposition 4.11,

1,(A) x I,(B) = I,(A x B) = I, 41 (A X B) = I,11(A) x I, 11(B).

Hence I,(A) = I,41(A) and I,(B) = I,41(B). So max(ar(A),ar(B)) < v. On the other
hand, let o = ar(A) and § = ar(B). Let § = max(«a, ). Then by Proposition 4.11,

I(;(A X B) = ]5(14) X ]5(3) = ]5+1(A) X .[5+1(B) = ]5+1(A X B).
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Hence the assertion of the proposition follows. ]

Proposition 4.13. If A and B are superatomic ABIDS, then so is A X B.

Proof. By Proposition 4.12, ar(A x B) = max(ar(A),ar(B). By Theorem 4.8,
Ir(a)(A) = A and I,,(p)(B) = B. Hence by Proposition 4.11,

Iar(AXB) (A X B) = ar(AXB)(A) X Iar(AXB) (B) = A x B.
So by Theorem 4.8, A x B is superatomic. O

Proposition 4.14. Suppose that Ay and As are superatomic ABIDs, with 14(A;) =
(o1, B1,m1) and 75(Az2) = (a2, B2,n2). Define v = max(ai, az), § = max(f1, f2) and

n1 if as < anq,
m =< Ng if ap < ag,
N1 + no ifOél = (9.

Then 14(A1 X Ag) = (7,0, m).
Proof. First we show that
4.14(1) o, (A1 x Ag) = max(a. (A1), ax(A2)).

For, let v = a,(A; x Az). Then (A; x Ag)/I,(A1 x Az) has a greatest element. By
Proposition 4.11, (A1/1,(A1)) x (A2/1,(A2)) has a greatest element (x,y). Clearly x is
the greatest element of A;/I,(A1) and y is the greatest element of As/I,(As). Hence
max (o (A1), ax(A2)) < ax(A; x Ag). The other inequality is clear also. So 4.14(1) holds.

Now we consider some cases.

Case 1. a,(A1) < ar(A4;) and a,(Az) < ar(Ag). Then ar(A;) = a*(A;) + 1 and
ar(As) = a*(As) + 1. Also, (A1 x Az) = max(a. (A1), as(Ag)) < max(ar(A;),ar(As)) =
ar(A; x As). Hence ar(A; x As) = a*(A; X A2) + 1 and n(A4; x Ay) is the number of
atoms in (Ay X A1)/Iox(a, x4,)(A1 X A2). Also, max(a* (A1), a*(Az)) = a* (A x Ay), since
ar(A; x Ay) = max(ar(A4),ar(As)).

Subcase 1.1. aI‘(A1> < aI‘(A2>. Then (Al XAQ)/IQ*(AQ)(Al XAQ) = AQ/Ia*(AQ)(Ag).
Hence n(A; x Az) = n(Asz), as desired.
Subcase 1.2. ar(As) < ar(A;). This is symmetric to Subcase 1.1.
Subcase 1.3. ar(A;) = ar(Asz). Then
(A1 X A2) /Lo (a,) (A1 X A2) = (A1 /Lo (a,)(A1)) X (A2/Iax(a,)(A2))-

Hence n(A; x As) = n(A;) - n(Asz), as desired.

Case 2. a,(A1) = ar(A;) and ar(As) < ar(A;). Now a,(Ag) < ar(As) < ar(4;) =
(A1), s0 a, (A X Ag) = (A1) = ar(A4;) = max(ar(A4y,ar(As)) = ar(A4; x As). Hence
n(A; x As) = 0. Also, a*(4; x Az) = ar(A; x As) = ar(A;) = a*(A;). Moreover,
a*(Ag) < ar(Az) < ar(A4;) = a*(A1). Hence a*(A; x Az) = max(a*(A;1),a*(Az)). Since
a*(Ag2) < a*(Ay) and n(A;) = 0, this is as desired.
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Case 3. a,(A;) = ar(A;) and ar(Ag) = ar(4;). T
(A1 X Ag) = a (A1) = ar(A; x Ag). So a*(A;) = ar(A;). Since a.(A; x Ag) = ar(A; x
As), we have a*(A; x Ag) = ar(A; x Az) = ar(A;) = a*(41) = max(a*(A41),a*(Asz)).
Note that n(A;) = n(A4; x A2) = 0. Now if a,(A2) < ar(Ag) then the condition on m
holds. If o, (Az) = ar(Asz), then n(As) = 0 and again the condition on m holds.

Case 4. a,(A;) =ar(A;) and ar(A;) < ar(As).

Subcase 4.1. a.(A2) < ar(Ag). Say a*(Az) = e with ar(A2) = € + 1. Then
ar(A;) < g, so (A1 x Ag)/I.(A1 x Ag) =2 Ag/I.(As). Hence a*(A; x Ay) = e. Since
a*(A;) < ar(A;) we have a*(4;) < e. So a*(A; x Az) = max(a*(A41),a"(A2)). Now
n(A;) =0 and n(A; x As) = n(As), so the conditions on m hold.

Subcase 4.2. a.(Az) = ar(Az). Then a*(A3) = ar(As) and the conditions in the
proposition are clear.

Case 5. a,(Ay) = ar(Ag). This is symmetric to cases 2—4. O

hen ar(A4; x As) = ar(A;) and
)-

Proposition 4.15. If A is a superatomic BA, then 75(A) = (a*(A),0,n) with ar(A) =
a*(A) +1 and n > 0 is the finite number of atoms in A/I,-(4)(A). ]

Proposition 4.16. If A is a ABID, a € A, and « is an ordinal, then I,(A)N (A ] a) =
Io(A T a) and there is an isomorphism fo of (A ] a)/I(A | a) onto (A/1,(A)) | la]r, (a)
such that fo([b]1,(ata)) = (b1, (a) for all b < a.

Proof. Induction on a. It is clear for o = 0. Assume it is true for «, and suppose
that b € Io11(A)N(A [ a). Then there exist o, ..., -1 € A such that each [c;]7, (4) is an
atom of A/I,(A) and [b]7,(ay = [colr, (a) + -+ [em—1]1,(a). Since b < a, we may assume
that each ¢; < a. Then f '[ci]r, (a) = [¢i]r.(at) is an atom of (A | a)/Io(A | a) and
[b]la(Afa) = [CO]IQ(A[a) + -+ [Cmfl]la(A[ay Hence b € ]a+1(A i CL). Thus Ia+1(A) N (A i
a) C In+1(A [ a). The other inclusion is proved similarly, so In+1(A)N (A a) = In41(A |
a).

Now for all b, b’ < a,

[b]1a+1(14fa) = [b/]]a+1(A la) iff oAV c Ia+1(A f Cl)
it DAY € Iosi(A)

iff  [b] Ini1(A) = [b/]1a+1(A)'

Hence f,+1 exists as indicated.
The limit case is clear. 0

Proposition 4.17. Suppose that A is a superatomic BA, 175(A) = («,0,m), and B,n,7,p
are such that « = max(B,~) and

n if v < B,

{p if B<7,
m =
p+n if f=1.

Then there is an a € A such that 7s(A [ a) = (5,0,n) and 75(A | (—a)) = (7,0, p).
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Proof. Assume the hypotheses.

Case 1. [ < . Then A/Ig(A) is infinite and superatomic, so we can choose
bi,...,by € A such that [bi]r,a),- -, [bn]1,(a) are distinct atoms of A/Iz(A). We may
assume that by,...,b, are pairwise disjoint. Let a = b; + --- 4+ b,. Then by Proposition
4.16, (A [ a)/I5(A | a) = (A/I5(A)) I [a]rsa), s0 (A | a)/Ig(A | a) is finite with exactly
n atoms. Hence 75(A [ a) = (,0,n). By Proposition 4.14, 75(A | (—a)) = (v,0,m).

Case 2. v < (. This is symmetric to Case 1.

Case 3. 3 = . Now A/I,(A) has exactly m atoms. Let [b1],(a),---,[bn]1;04) be
n of them. We may assume that bq,...,b, are pairwise disjoint. Let a = by 4+ --- + b,,.
Clearly a is as desired. ]

Proposition 4.18. If two superatomic countable BAs have the same atomic type, then
they are isomorphic.

Proof. Let A and B be superatomic countable BAs each with type (a,0,m). We
may assume that a # 0; then A and B are infinite. Define

aRb iff a€ A, beB, (Al a)=r1y(B D), 7s(A | (=a)) = 7,(B | (=b)).

We check the conditions (V1)—(V4) for a V-correspondence. (V1) and (V2) are clear. Now
by symmetry it suffices to treat (V3). So, suppose that aRb and ¢ € A. Say 74(A |

a) = 7(B [ b) = (6,0,n), 75(A | (a-¢)) = (7,0,p), 7s(A | (a-—¢)) = (4,0,9), and
Ts(A | (—a)) = 75(B | (=b)) = (¢,0,7). By Proposition 4.14 we have § = max(v,d), and

P if 0 <,
n:{q if v <9,
p+q ify=9.

Hence by Proposition 4.17 there is a dy < b such that 74(B | dy) = (v,0,p) and 75(B |
(b-—dp)) = (0,0, q). Thus 75(A [ (a-c)) = 75(B [ dp) and 75(A | (a-—c)) = 75(B | (b-—dp)).
Now B [ (=do) = (B | —b) x (B | (b- —dp)), so by Proposition 4.14 we get

4.18(1) 75(B | (—dp)) = (¢,0,t), where ¢ = max(e, d) and

r if § < ¢),
t=1<gq if e <9,
r+q ifd=e.

Butalso A | (—a+—c) 2 A (—a+a-—c) =2 (A (—a))x(A [ (a-—c)and 75(A | (—a)) =
Ts(B | (=b)) and 75(A | (a-—c)) = 1s(B | (b- —dp)), so by Proposition 4.14 and 4.18(1)
we get 75(A | (—a+ —c¢)) = 75(B | (—dp)). Thus

4.18(2) (a-c)R(b- dp).

Now A (ma+c¢)=A](—a+c-a)Z(A](-a)) x (A (c-a))and B [ (=b+dy) =
(B | (=b) x (B ]dp). Since 75(A | (—a)) =715(B [ (=b)) and 75(A | (¢-a) = 75(B [ dy), it
follows from Proposition 4.14 that 75(A [ (—a + ¢)) = 75(—b+ dgy). Thus
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4.18(3) (a- —c)R(b- —dp).

Now let 75(A | (—a - —c) = (¢,0,s) and 75(A | (—a-¢) = (¢,0,t). Then by Proposition
4.14 we get ¢ = max(p, 1) and

t it ¢ <,

s it ¢ < o,
r:{
s+t ifp=n1.

Since 74(B [ (=b)) = 75(A | (—a)), it follows from Proposition 4.17 that there is a d; < —b
such that 74(B [ d1) = 75(A | (—a- —¢)) and 75(B | (=b- —dy)) = 75(A | (—a - ¢)) Now
Al (at+c)=A | (atc—a)=Z (AT a)x(A| (¢-—a))and B | (b+—dy) = B | (b+—dy-—b) =
(B b)x(B [ (—di-—b). Since 75(A [ a) = 15(B [ b) and 75(A | (¢-—a)) = 75(B | (—d1-—D),
it follows from Proposition 4.14 that 75(A | (a +¢)) = 75(B | (b+ —d;)). Thus

4.18(4) (a+ ¢)R(b+ —dy).

Now A | (—c+a) = A | (a+—c-—a) = (A | a) x (A{(=c- —a)) and B | (dy +b) = B |
(b+dy-—b) = (B [b)x (B (dy-—b). Since 75(A | a) =14(B [ b) and 75(A | (—c-—a)) =
Ts(dy - —b), it follows from Proposition 4.14 that 7,(A | (—c+a)) = 75(B | (d1 +b)). Thus

4.18(5) (c- —a)R(—d; - —b).

Now 4.18(2)-4.18(5) verify (V3). 0
If A is a countable superatomic BA, we define the invariant of A to be INV(A) =
(0,*(A),0,n(A)). INV is the set of all invariants of countable superatomic BAs.

Theorem A. (i) INVy = {(0,,0,n) : « a countable ordinal, n a positive integer} U
{(0,0,0,0)}.
(ii) For any countable superatomic BAs A, B, A= B iff INV(A) = INV(B). O

Proposition 4.19. For every a > 0 and m > 0, 75(Intalg(w® - m)) = (a, 0, m).
Proof. Let A = Intalg(w® - m). We claim that for all § < «,

4.19(1) atoms(A/I(A)) = {[[w* i+ w’ - & w* i wf - (E+ D)sca) 11 <n, & <w}
4.19(2) A/13(A) is generated by the increasing sequence

{[[0,0” - )14y : € <w}T

0,0 +w - O]1,a) 1 € <w}™

0,0 (n—1) + w1 a) : € <w}.

We prove these statements by induction on 3. They are clear for 3 = 0. Assume them for
B. Then they are clear for §+ 1. Now assume that 7 is limit < w® and 4.19(1) and 4.19(2)
hold for all 8 <. Then for any i < n and §{ < w®, [[w*-i+w”-§, WY i+wWY - (§+1))]1 (a)
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is an atom of A/I,(A). In fact, first note that each member of I,(A) is a finite union of
intervals [¢, ) with 1) — ¢ < ~; hence [[w i+ wY - §,w* i+ w7 - (£ +1))]1,a) # 0. Now
suppose that i < n, £ < w®, and § < w?. Choose 3 < v so that § < w”. Say B+ ¢ = 7.
Then

Wi+ 0w €0 i+ w? - €+0)),(a)

w* i+ w’ W §w* i+ w’ W €+ 6], (a

w* i+’ w g w i+ w’ W &+ (a
lw® i+’ w € w® i w? (W €+ 1)) a) =0

VAN VANI

Now 4.19(1) and 4.19(2) follow for ~.
So 4.19(1) and 4.19(2) hold for all § < a. It follows that A/I,(A) is generated by

{0, w0 ays -5 [[w - (0= 1), 00) |1, ()}

So A/I,(A) is finite with n atoms. Hence 75(A4) = (a, 0, m).

0

Corollary 4.20. If A is a countable superatomic BA with 74(A) = (a,0,m), then A
Intalg(w® - m).

O 1R

A commutative monoid with 0 is an algebra (M, +,0) such that + is commutative and
associative, and Vo € M[x + 0 = = 0 + z]. BA is the set of all BAs with universe

contained in in some o < w. For A, B € BA, A + B is a member of BA isomorphic to
A x B. 0 is the one-element BA. Let M be the set wy x (w\{0}) U {0’} with + defined as
follows on M:

(o, m) if a > g,
(a, m)+ (B,n) =< (B,n) if a < g,
(e, m+n) if a=p;

(a,m)+0" =0+ (a,m) = (o, m);
040 =0

SBA is the submonoid of BA consisting of superatomic BAs with universe contained in
w.

Theorem 4.21. (SBA,+,0) = (M, +,0'). O

Proposition 4.22. If a is a nonzero ordinal, A is a superatomic ABID, 175(A) = (a, a, 0),
B < a, and n € w\{0}, then there is an a € A such that 7,(A | a) = (8,0,n) and
7s(at) = (a, , 0).

Proof. A/Ig(A) is infinite and superatomic, so we can choose by,...,b, € A such
that [b1]r,(a), - - [bn]1s(a) are distinct atoms of A/I3(A). We may assume that by, ..., by,
are pairwise disjoint. Let a = by + ---+ b,. Then by Proposition 4.16, (A [ a)/Iz(A |
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a) = (A/1g(A)) T [alrsa), so (A ] a)/Ig(A | a) is finite with exactly n atoms. Hence
7s(A ] a) = (8,0,n). Then 75(at) = (a, a, 0) by Propositions 1.18 and 4.14. O

Proposition 4.23. For any countable ordinal o and any countable superatomic ABIDs
A, B, if rs(A) = (o, ,0) = 74(B), then A= B.

Proof. Assume the hypotheses. Let R = {(a,b) € Ax B:a=b=0,0r a# 0 #b,
A | a2 B b}. It suffices now to show that R is a V-correspondence between A and B.
Clearly (V1) and (V2) hold. By symmetry, now, it suffices to check (V3). So suppose that
aRb and ¢ € A. Let f be an isomorphism from A | a onto B | b. Let dy = f(a-¢). Then
Al(a-¢)= B (b-dy)and A | (a\c) = B | (b\dp). So (a-c)R(b-dy) and (a\c)R(b\dp).

Next, (c\a) € at. By Proposition 1.18 we have A = (A | a) x a’. Say 74(4 |
b) = 75(A | a) = (8,0,n). By Proposition 4.14 we have § < «. Hence by Proposition
4.14, 7,(b*) = (o, a,0). Say 75(c\a) = (8',0,n/). Then 8’ < a by Proposition 4.14. By
Proposition 4.21 let d; € b be such that 7,(b* | dy) = (8,0,n') and 74(di") = (o, , 0).
Then

Al(a+)=Al(a+(Aa) = (ATa)x A (\a) = (B[b)x (Bld)=B][(b+d).
Hence (a+ ¢)R(b+ dy). Also,
AT(\a)= (B [dy) =B (d\b).
Hence (c\a)R(d:\b). O

Proposition 4.24. For every a > 0, 75(Intalg,(w®)) = («, o, 0).
Proof. Let A = Intalg,(w®). We prove the following statement by induction on :
4.23(1) For all 8 < «, A/I3(A) is generated by

{100, w” - )] 1,4y 1 € <w}.

This is obvious for 8 = 0 and the induction steps are clear. From 4.23(1) it is clear that

A/I,(A) = {0}. O

Corollary 4.25. If « is a countable ordinal and A is a superatomic ABID with 14(A) =
(o, ,0), then A = Intalg,(w®). O

Proposition 4.26. Suppose that A is a countable superatomic ABID, o > (3 > 0 and
n € w\{0}. Suppose that 74(A) = (o, 3,n). Then A = Intalg(w® -n) x Intalg,(w”).

Proof. Assume the hypotheses. Let [ao]r, ()., [an—1]1,(a) be the distinct atoms
of A/1,(A). We may assume that a; -a; = 0 for i # j. Let b= >, _ a;. Then 7,(A |
b) = (a,0,n). By Proposition 4.14, 7,(b*) = (3, 3,0). Now the desired result follows from
Proposition 1.18 and Corollaries 4.20 and 4.25. ]

Proposition 4.27. If o < 3 and n € w, then Intalg(w® - n) x Intalg,(w?) = Intalg,(w?).
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Proof. By Propositions 4.19 and 4.24,
7s(Intalg(w® - n)) = («,0,n) and TS(Intalgd(wﬁ)) = (8,0,0).

Then by Proposition 4.14, 7, (Intalg(w® - n) x Intalg,(w?)) = (3, 3,0). Hence the desired
conclusion follows from Corollary 4.25. L

Proposition 4.28. If A and B are countable superatomic ABIDs such that 75(A) = 15(B),
then A= B.

Proof. By Proposition 4.26. L

Proposition 4.29. Suppose that A is a countable superatomic ABID, and let T5(A) =
(o, B,n). Also suppose given ordinals g,y and natural numbers ng,ny such that the
following conditions hold:

(i) o = max(ag, aq).

(iii) ng > 0.

(iv) If ny =0, then oy = 3.

(v) If a1 < g, then ng = n.

(vi) If ag < aq, then ny = n.

(vii) If ag = a1, then ng +ny = n.
Then there is an a € A such that 7,(A | a) = (ap,0,n9) and 75(at) = (a1, B,n1).

Proof. Case 1. n = 0. Then a = . By (iii), (v), (vii), ap < ;. Hence the
ABID A/I,,(A) has at least ng distinct atoms [a;]7, (4) for i <ng. We may assume that
a;-a; =0fori#j. Let b= a;. Then 74(A | b) = (ap,0,n0). By Proposition 4.17,
75(b1) = (o, @, 0), as desired.

Case 2. n # 0. Then ar(A) = a+ 1, and A/I,(A) is finite with n atoms.

Subcase 2.1. oy < . Then v = aq and ny = n by (vi). Now A/I,,(A) has
infinitely many atoms. Let [a;]r, (a) be an atom for i < ng. We may assume that
aj-a;=0fori##j. Let b=) a;. Then 74(A | b) = (v, 0,n0). By Proposition 4.14,
TS(bJ‘) = (Oél,ﬂ, nl).

Subcase 2.2. agp = a and ng < n. By (v), oy = a. Hence by (vii), n; = n — ny.
Let [ailr, (a) Pe an atom for i < ng. We may assume that a; - a; = 0 for i # j. Let
b=73icn, @i Then 75(A | b) = (ap, 0,n0). By Proposition 4.14, 7s(b1) = (a1, B,n1).

Subcase 2.3. ag = a and ng = n.

Subsubcase 2.3.2. o1 = . Then n; = 0 by (vii), and oy = ( by (iv). Let
[@i]1,,(4) be an atom for i < ng. We may assume that a; - a; = 0 for i # j. Let
b=7>icn, @ Then 75(A | b) = (ap, 0,n0). By Proposition 4.14, 7s(b1) = (a1, B,n1).

Subcase 3.2. a1 < a.

Subsubcase 3.2.1. ny = 0. So a; = [ by (iv). Let f be an isomorphism
of A onto Intalg(w® - n) x Intalg,(w”). Let b = f~1(1,0). Then 7(b) = (a,0,n) and
(b)) = (8,5,0).

Subsubcase 3.2.2. ny # 0. Now 8 < aq, so A/I,,(A) is a BA. It has infinitely
many atoms since o; < a. Let [a] In, (A) be distinct atoms for ¢ < n;. We may assume

1<ng

1<ng
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that a; - a; =0 fori #j. Let b=73",_, a;. Then 7(A [ b) = (a1,0,n;). By Proposition
4.14, 7(b*) = (o, B,n). Let g be an isomorphism from b+ onto Intalg(w®-n) x Intalg,(w?).
Let ¢ = g71(1,0). Then 7(A | ¢) = (a,0,n). For any x € ¢ let f(z) = (x-b,z\b). Then
f(x) € (A]b) x{yebt:y-g~1(1,0) =0}. Clearly f is one-one and is a homomorpism.
If y € (A]b)and z € b+ with z-¢71(1,0) =0, then y + z € ¢+, and f(y + 2) = (y, 2). So
f is an isomorphism, and hence 7(ct) = (a1, 3,n1), as desired. O

Proposition 4.30. If J is an ideal in a ABID A and « is an ordinal, then

(i) Va|J NI, (A) = 1,(J)].

(ii) {([a]r, (), lalr,a)) = @ € J} is an isomorphism of J/1,(J) onto an ideal of
A/l (A).

Proof. Induction on «. It is clear for & = 0. Assume it for a. First we prove (i)
for a + 1. Suppose that z € J N Io41(A). Then we can write [z];, 4y = ;. [¥il 1. (4)5
where each [y];, (4) is an atom of A/I,(A). Let y; = y; - x for all i < m. Then for each
i < m, yiNy; = yi\r € Io(A), so [yilr.a) = [¥ilr.ca). Note that Vi < m[y; € J]. By
(ii) for a, [yi]1, () is an atom of J/I(J). Now zA ) € JN1,(A), so by (i) for a,
eAY Y € 1o(J). Tt follows that z € 1o 1(J).

Conversely, suppose that « € I,41(J). Then we can write

[x]la(J) = Z([yi]la(J)a

<m

/
i<m Yi

with each [y;]7, () an atom of J/I,(J). Then by (ii) for o, each [y];,(a) is an atom of
A/l (A). Also, A Y, yi € Io(J) € Io(A). So x € Io11(A). This proves (i) for a + 1.
To prove (ii) for a + 1, suppose that a,a’ € J. Then

[alr. ) = a1 iff ald € I.(J)
iff  ald' € 1,(A).

Then (ii) follows.
The limit case is clear. [l

Corollary 4.31. For any ordinals o, 3, Intalg,(w®) x Intalg,(w?) = Intalg,, (w™ax(«A)).
Proof. By Proposition 4.14. O

Corollary 4.32. Let A be a countable superatomic ABID, 15(A) = (a, ,0), B < «,
m € w\{0}. Then there is an a € A such that 7s(A | a) = (3,0,m) and 75(at) = (a, @, 0).

Proof. Replace A, «, 3,n, ag, a1,n9,n1 by A, a, 0,0, 3, a, m,0 in Proposition 4.29.
O

5. Countable BAs in general

Proposition 5.1. If A is a BA, J is a superatomic ideal of A, and A/J is atomless, then
Vall,(A) C J].
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Proof. Suppose not, and let & be minimum such that I,(A) € J. Clearly then
« is a successor ordinal 3 + 1. Say z € Io(A)\J. Write [x]7,04) = > ;. [¥il1;04) with
each [y;]r,(a) an atom of A/Ig(A). Wlog each y; < x. Now zA ), vy, € Iz(A), so
2\, vi € J. It follows that there is an i < m such that y; ¢ J. Choose v ¢ J with
[u]; < [ys]g. Let ' = u-y;. Since u\y; € J, it follows that u’ ¢ J. Hence u’ ¢ Ig(A), so
[u']1,04) = [Wil1,4)- Hence y;\u' € I3(A), and so y;\u' € J, contradiction. O]

Proposition 5.2. If A is a BA, J is a superatomic ideal of A, and A/J is atomless, then
Lr(a)(A) = J.

Proof. By Proposition 4.30, Iy(a)+1(J) = JNaray+1(A) = JNIara)(A) = Lava)(J).
Hence ar(.J) < ar(A) and Iya)(J) = J C L) (A). By Proposition 4.30, Ioa)(A) € J
So Iar(A)(A) =J. ]

For any ABID A define the atomic type of A to be 7(A) o Ts(Lar(a)(A4)). The atomic

type of an element a € A is 7(a) def Ts((A T a) N Ipa)(A4)). If A is superatomic, then
Lya)(A) = A, and hence 7(A) = 7,(A). A function f : A — « is additive iff f(0) = 0
and for all a,b € A, f(a+b) = max{f(a), f(b)}. The middle entry of 7(A) is denoted by
0’(A), and the middle entry of 7(a) by o’(a). These entries are also called special. Thus
o'(A) is the least 3 such that I,;(4)(A)/I5(Lara)(A)) has a greatest element, and for each
a € A, o'(a) is the least 3 such that ((A [ a) N L4y (A))/I3((A T a) N Iiy(a)(A)) has a
greatest element. By convention, ¢/(0) = 0. A BA A is special iff it is atomic with atomic
type (ar(A),ar(A),0).

Proposition 5.3. Suppose that A is a ABID, 7(A) = (o, 8,n), a € A, d'(a) = 7,
o'(at) =4, and (ag,v,m) and (aq,6,k) are such that

(i) g > 7, a1 > 9§, and o = max(ag, aq).

(ii) If oy < o, then m = n.

(1i3) If ap < a1, then k = n.

(iv) If ap = aq, then m + k = n.

(v) If m = 0 then ay = 7.

(vi) If k = 0 then ay = 4.
Then there is a b € A such that [a]lar<A>(A) = [b]lar(A)(A% 7(A | b) = (ag,y,m), and
(b)) = (a1, 6, k).

Proof. Assume the hypotheses. We may assume that |[A| > 1. Let A" = I,,(4)(A).
Let f be an isomorphism from (A [ a) N A" onto Intalg(w? - p) x Intalg,(w?), and let g be
an isomorphism from a* N A’ onto Intalg(w® - ¢) x Intalg,(w®). Then

A’ = Intalg(w? - p) x Intalg(w® - ¢) x Intalg,(w?) x Intalg,(w®);

Intalg(w? - p) x Intalg(w® - ¢) = Intalg(w® - n);
Intalg,(w”) x Intalg,(w®) = Intalg,(w”).
Let d = f~1(1,0) + ¢~%(1,0). Then A’ | d = Intalg(w® - n).
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Case 1. n # 0.

Subcase 1.1. m # 0 # k. We apply Proposition 4.29 with 3, A, ng,n; replaced
by 0,A" | d,m,k to get an element ¢ € A" | d such that 74,(A" | ¢) = (ap,0,m) and
(et N (A 1 d) = (a1,0,k). Let b = c+a\f(1,0). Now ¢ < d = f~1(1,0) + ¢~ 1(1,0)
and a- g~ 1(1,0) = 0, so ¢- (a\f(1,0)) = 0 and 7(a\ f(1,0)) = (v,7,0). Hence 7(A | b) =

(g, v, m). Now we claim
531) b NA ={x+y:z,yc Az <d\c,y-(a+g '(1,0)) =0}

In fact if # < d\c, then x - ¢ = 0. Also, d\f(1,0) = g(1,0) < a*, so z - (a\f(1,0)) <
(d\c) - (a\f(1,0)) < d- (a\f(1,0)) = 0. Also, if y- (a + ¢~ 1(1,0)) = 0, then y - d =
y-(f711,0)+¢97%(1,0)) <y-(a+g~1(1,0)) = 0. Hence y-c = 0. Clearly y-(a\f(1,0)) = 0,
so y - b= 0. Hence the right side of 5.3(1) is contained in the left side. Now suppose that
z€btNA' Then z = z- (d\c) + 2z\(d\c). So to show that z is in the right side of 5.3(1)
it suffices to show that y - (a + g~ 1(1,0)) = 0, where y = z\(d\c). Now y = (2\d) + z - c.
But z-¢ = 0 since z-b = 0. We have a - (2\d) = z- (a\d) < f(1,0)\d = 0. Next,
g 1(1,0) - (2\d) < ¢g7'(1,0)\d = 0. All of this proves 5.3(1).

Now y-(a+g~1(1,0)) = 0iff y € a+\g(1,0). Now if y € at\g(1,0), then y-(d\c) = y-
(f~4(1,0)+g71(1,0)\c = y- f~1(0,1)\c = 0. Thus with x and y as in (1) we have z-y = 0.
Hence from (1) we get b+ N A’ = (A’ | (d\c) x (a+\g(1,0)) Now (A’ | (d\c) = (1,0, k)
and 75(at\g(1,0)) = (4,6,0). Hence 7(b') = (a1, 6, k).

Finally, a\f(1,0) < b and so a\b < f(1,0); hence a\b € A’. Also, b\a = c\a < ¢
hence b\a € A’. Thus aAbe A’.

Subcase 1.2. m = 0. Then by (v), ag = 7. Let b = a\f~1(1,0). By (iii) and
(iv), n = k. Since m = 0 and n # 0, by (ii) we have oy < a3; hence @ = a3. Then
7(A | b) = (7,7,0). Now b+ = at + f(1,0), so 7(b*) = (a,6,n) = (a1,d,k). Clearly
albe A

Subcase 1.3. k = 0. Then by (vi), ag = 6. Also, by (iii) a; < ap; so & = agp. By
(ii) and (iv), m = n. Let b = a +d. Then 7(A | b) = (a,7y,n) = (a,7y,m). We have
btNnA' ={rcA:z-(a+d) =0} and so 7(bt) = (§,4,0). Clearly a/\b € A’

Case 2. n=0. Then o = 3.

Subcase 2.1. m =k = 0. By (v) and (vi), a is as desired.

Subcase 2.2. m # 0. Then by (ii) and (iv), ap < a3. So o = ay. By (iii),
k = 0. Hence by (vi), a3 = §. Since ag > =, we have v < «a. max(y,d) = «, so
§ = a. Hence 74(at N A’) = (6,6,0). Now we apply Corollary 4.32 with A,a, 3, m
replaced by at N A’,§, g, m. This gives ¢ € at N A’ such that 7,(A4’ | ¢) = (o, 0,m) and
rs({zr€atnA :2-c=0})=(4,00).

Subsubcase 2.2.1. p = 0. Then 7(A | a)
(ATD)NA =Z(ATa)NnA")x (A]c),and so 7(A [ b)
A2 (a+c) =0}, so7(bt) = (6,6,0).

Subsubcase 2.2.2. p # 0.

(7777()) Let b = a + ¢. Then
(a0,y,m). Now b+ N A" = {z €

5.3(2) ¢ < a.

In fact, suppose that ¢ = a. Since v < «, it follows that v < ar((A | a) N A") and so
ar((A]a)NA") =a+ 1. Since ar(A4’) = «, this is a contradiction.
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Let b = a\f1(1,0) +c. Then A | b= (A ] (a\f"1(1,0))) x (A ] ¢). Now 7(A |
(a\f~1(1,0))) = (v,7,0) and 7(A4 | ¢) = (ag,0,m). Hence 7(A | b) = (ag,y, m).

53B3)btnA ={z+y:x-(a+c)=0,y < f1(1,0)}.
In fact, D is clear. Now suppose that z € b* N A’ and z- f~(1,0) = 0. Then

0=2z-(a\f1(1,0)4+¢c)=2-(a\f1(1,0) +2-c
=z-(a\f H1,0) +z-a-f11,0)+z-c=z-(a+c).

So 5.3(3) holds.
It follows that b* N A’ =2 {z :z-(a+c) =0} x (A ] f71(1,0)). Now {z : z- (a +
c¢) = 0} = Intalg,(w’) and (A | f~1(1,0)) = Intalg(w? - p). Hence by Proposition 4.27,
7(bt) = (6,4,0).
Subcase 2.3. k # 0. Then by (iii) and (iv), a1 < ap and m = 0. Hence oy = 7y by
(v). d <ays0d <. Hence o = max(v,d) = . Hence 7(A | a) = (,7,0). Now we apply
Corollary 4.32 with A, o, 3, m replaced by (A [ a)NA’,7,v,0. This givesc € (A | a)NA’)
such that 7(A | ¢) = (a1,0,k) and 7s({z : x < a,x-c=0}) = (v,7,0).
Subsubcase 2.3.2. ¢ = 0. Then 7(at) = (6,9,0). Let b =a\c. Then 7(A | b) =
(757, 0).
53(4) bt ={y+z:y-a=0,2<c}.

In fact, D is clear, and if x € b+ and z-¢ =0, then 0 = x- (a\c¢) = - (a\c) +7-a-c = x-aq,
proving C.
It follows that b+ N A’ = (at N A’) x (A | ¢). Hence 7(b) = (a1, 6, k), as desired.
Subsubcase 2.3.2. q # 0.

5.3(5) € < a.

This is proved as for 5.3(2).

Let b = a\c+g¢~1(1,0). Then (A | b)N A’ = Intalg,(w?) x Intalg(w® - q) = Intalg,(w")
by Proposition 4.27. So 7(A | b) = (7,7,0). Now b* NA' = {z+y:2-(a+ g 1(1,0)) =
0,y <c}. Hence bX NA" = {z: 2 (a+9¢71(1,0)) =0} x (A4 | ¢). Hence 7(b*) = (1,9, k).
L
Proposition 5.4. If A is a ABID, a € A, J is an ideal of A, and (3 is an ordinal, then

(i) To((A 1) 1.7) = (A | @) (1 I(])].

(1i) There is an isomorphism f of (A [ a)NJ)/Ig((A | a) N J) onto (J/I15(J)) |
(aAIg(J)) such that for any v € (A a)NJ, f([x]1,ata)nn)) = (@150

Proof. For brevity let B = (A [ a) N J. We prove the proposition by induction on /.
It is clear for § = 0. Now assume it for §. Suppose that z € Iz41(B). Then there exist
an m € w and elements y; € B for i < m such that each [y;]7,(p) is an atom in B/I5(B)
and [7]7,(B) = D_;emVil1s(m). Hence xA Y, y; € I5(B), so by the inductive hypothesis
(@AYo nvi) € Ig(J). Also by the inductive hypothesis each f([yi]r,8) = [¥il1,(0)
is an atom in J/Ig(J). Applying f to the equation [z];, By = >, ., [Wil1,(B) We get
[]15(0) = DiemWil1y (- Hence x € Igy1(J). Thus we have C in (i) for 8 + 1. Reversing
these steps we get D also. So (i) holds for 8 + 1.
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For (ii) for 5+ 1, we have for any z,2’ € A | a

] 1,0 (ata)nsy = [0 (At I (@A) € Ig 11 (A Ta)n J))
iff  (zAz') € Iz(J) by (i) for B+ 1

iff (2], = [#]1,00)-

Now (ii) for 8+ 1 follows.
The limit case is clear. O

Proposition 5.5. For any ABID A let « = o'(A). Then o' | A is an additive function
with range contained in o + 1.

Proof. We have ¢'(0) = 0.
5.5(1) Va € A[o’(a) < o'(A4)].

For, suppose that a € A. In(a)(A)/Ia(lara)(A)) has a largest element [b]la(lar<A>(A))a
where b € I,.(4)(A). Now we apply Proposition 5.4, with J = I,;4)(A). Note that
(a-b) € (A1 a)N Lya(A). We claim that [a - blr, ((ata)n1,, 4y () 1S the greatest element
of (AT a)N Lyay(A))/Ia((A ] a) N Iua)(A)). For, suppose that ¢ € (A [ a) N Iha)(A).
Then [C]]a(Iar(A)(A)) c Iar(A)(A)/]a(Iar(A)(A))7 and hence [C]]a(]ar(A)(A)) S [b]la(-’ar(A)(A))'
But also [e]r, (1,,a)(4)) = [al1a (turaya))> 50 1610 (tunay () = [0 b1 (1unay (4))- ApPlying
f_l from PI‘OpOSitiOIl 5.4 we get [C] Io((Ala)NIar(a)(A)) < [CL : b]Ia((Ara)mIar(A)(A))' This proves
the claim. Hence (1) holds. It follows that the range of o/ | A is contained in a + 1.
5.5(2) Va,b € Ala < b— o'(a) < o' ()].

In fact, suppose that a,b € A and a < b. Let 3 = o’(b). Then ((A [ b) N Iova)(A))/Is((A T
b)N1ar(a)(A)) has a largest element [d]lﬁ((Arb)ﬂIar(A)(A))' By Proposition 5.4, [d]jﬁ(]ar(A)(A))
is the largest element of (Ir(a)(A)/Is(Lar(a)(A))) T [bl15(10cay(a))- We claim that (a -
d)AI((A 1 a) N Ia)(A)) is the greatest element of

((A f CL) N Iar(A) (A))/Iﬁ((A f a) N Iar(A) (A))

For, suppose that ¢ € (A [ @) N Loy(4)(A). Then [C]Iﬁ(lar(A)(A)) < [b]lﬁ(lar(A)(A))’ and hence
[C]-’B(Iar(A)(A)) < [d]IB(Iar(A)(A))' But also [C]I,B(-’ar(A)(A)) < [a]IB(Iar(A)(A))7 SO

(€15 (Taray () = @ A1y (Taray (4))-
Applying f_l from PI‘OpOSitiOIl 5.4 we get [C]]ﬁ((Ara)mIar(A)(A)) < [a : d]-’ﬁ((Afa)ﬂlar(A)(A))'
This proves the claim. Hence 5.5(2) holds.

Now let a,b € A. By 5.5(2), max{o’(a),o’(b)} < o'(a+b). Let f = max{c'(a),o’(b)}.
Then by Proposition 5.4, there exist a largest element [c]r, 7., (4 of

(Lar(A))/15(Lar(a)(A))) | (aDIp(Lar(a)(A)),

and a largest element [d], Lara(A)) Of

(Tax(A))/15(Lar(a)(A))) T (OAI5(Lar(a)y(A)).
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Now we claim that [c + d]l,@(lar<A>(A)) is the largest element of
(Iar(A) (A»/Iﬁ(lar(A) (A))> r ((CL + b)AIB(Iar(A) (A)>

For, suppose that [2]1,(1,, 4 4) € (Tar(a)(A))/Is(Lar(a)(A))) T ((@ + b)ALg(Lar(a)(A)).
Then

2] 15 (v ay(4)) = [+ Ql1g (10 ay (4)) + (2 Bl 15 (1 ay (4))
<t (Targay () T (A 15 (1ray (A)
= [C + d]IB(Iar(A)(A)) =

A countable BA A is normal iff 7(A) = (ar(A),ar(A4),0) and A/I,.4)(A) = Fr(w).

Proposition 5.6. Suppose that A is a countable BA, d,d' € A, and [d|1, , (a) =
[d']1,,a(4)- Then a (A d) =a.(A]d).

Proof. Note that if a € I,;(4)(A) then a,(A [ a) = 0. Since d- —d' € I,,(4)(A) and
d" - —d € I;(4)(A), we have

(A 1 d) = max(a.(A | (d-d)),a.(A ] (d-=d))) = (A ] (d-d)),
and similarly a, (A [ d') = a(A | (d-d")). ]

Proposition 5.7. Suppose that A is normal and g is an isomorphism from A/l a)(A)
onto Fr(w). Then there is a function rag : Fr(w) — (o (A) + 1) such that for all d € A,
74g(9([d]1,,04) (1)) = (A [ d). Moreover, if a,b € Fr(w) and a-b =0, then ray(a +b) =
max(rag(a), 7ay(b)).

Proof. ., is well-defined, since if g([d]z,, , (a)) = 9([d']1,, 4 (a)) then [d]7, . (a)) =
g([d/]lar(A)(A)) and so by Proposition 5.6, a,(A [ d) = ax(A [ d'). 744 maps into a, +1 by
Proposition 5.5. If a,b € Fr(w) and a - b = 0, choose d,d’ € A such that 9([d]lar<A>(A)) =a
and g([d']1,, 4 (a)) =b. We may assume that d - d’ = 0. Then by Proposition 4.14,

ragla+b) =g([d+dp, 1) = ax(A T (d+d))
= max(a,(A | d),a.(A | d')) = max(rag(a),ra4(b)). O

Theorem 5.8. Suppose that Ay and Ao are normal BAs with the same atomic type, and
91 : A1/ Lra, (A1) — Fr(w) and go : As /I a,)(A2) — Fr(w) are isomorphisms. Then the
following are equivalent:

(i) A1 = As.

(ii) There is an automorphism k of Fr(w) such that ra, 4, = 14,4, 0 k.

Proof. (i)=-(ii): Suppose that s is an isomorphism of 4; onto As. Now there is an iso-
morphism st of Ay /I (a,)(A1) onto Ag /I, (a,)(Asz) such that Va € Al[s+([a]far(Al)(Al)) =
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[$(a)] 14y (A2)- Lt k = gaostogy . So k is an automorphism of Fr(w). For any a € Fr(w)
let d € Ay be such that g1([d]s,,,,,(a,)) = a. Then

T 4595 ((@)) = 7450, (k(91([d) 1, 4,y (A1) = T2g5 (92(5T ([d] 1, 4,5 A1))
= T 459 (92([8(D)] 1,04, (42)) = (A2 [ (5(d)) = (A1 [ d)
=TAg (g(([d]far(Al)(A1)))> =TAig (CL)

(ii)=(i): Assume that k is an automorphism of Fr(w) such that 74,4, = 74,4, © k.
Define

R :{(a7 b) €A1 x Ay k(gl([a]far(Al)(Aﬂ)) = 92([b]1ar(A2)(A2))7
T(A1 [ a) = 7(A2 [ b),7(A1 [ (=a)) = 7(A2 [ (=0))}.
We verify that this is a V-correspondence. If (0,b) € R, then 7(A; [ 0) = 7(A2 [ b), so

b= 0. Conversely, b = 0 clearly implies that (0,b) € R. So (V1) holds. (V2) is similar.
Now by symmetry it suffices to prove (V3). So suppose that (a,b) € R and ¢ € A;.

(a) There is a do < b such that g2([do]z,, s (3) = k(91([a - 1,4, A1), T(A1 T (a-¢)) =
7(Az [ do), 7(A1 [ (a\c)) = 7(Az | (0\do)), 7(A1 | (—a + —¢)) = 7(A2 [ (=b+ —dy)), and
7(A1 [ (—a+c¢)) =7(A2 | (=b+ dyp)).

Assuming that (a) holds, we have

92([0\do] 1, (A2) = 92([V] 1, (42))\92([d0] T, 4, (45))
gl([a]lar(Al)(Al)\k(g]-([a ) C]Iar(Al)(Al))
gl([a\(a ’ C)]Iar(Al)(Al)) = k(gl([a\c]lar(Al)(Al))'

Hence (a-¢,b-dp) € R and (a\c, b\dp) € R.
To prove (a), let x = k(g1([a - C]Iar(Al)(Al))). Then 74,4,(91([a - C]Iar(Al)(Al))> =
TAzgs (k(gl([a ’ C]Iar(Al)(A1)>) = TAsg0 (x> and

TA1g1 (gl([a\c)]lar(Al)(Al)) =TAzg2 (k(gl([G\C]Iar(Al)(Al))))
= T a9, (k(91([al 1, ), (a0))\E(91([a - €1, 0, a0))
= T 4,595 (92([0] 1,4, (1)) \@)-

Now since k(g1([alr,, 4,,(41))) = 92([0]1,,(4,(42), there is a y < b such that

92([y]far(A2)(A2) = k(g1([a- C]Iar(Al)(Al)'

Now let T(Al f CL) = (avﬁan)v T(Al f (CL ’ C)) = (Oé(),’}/,m), and T(Al f (a\c)) = (051,5, k)
Now a*(Al [ y) = TA292(92([y]Iar(A2)(A2) = 7“,4292(]{7(91([@ ’ C]Iar(Al)(Al))) = TAig (gl([a ’
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C]Iar(Al)(Al))) = a*(Al I (CL : C) = ~. Also,

O (AQ [ (b\y)> = TAzg2 (92([b\y]far(A2)(A2)))
= TAzgs (92([b]lar(A2)(AQ))\92([y] Tar(ag)(A2) ))
= TAzgz(k(gl([ ]I (Al)(Al)))\k(gl([a C]I (Al)(Al))))
= T'Aag2 (K(91([a\C]L,, 4,y (41)))
=TAig (gl([a\ ]]ar(Al)(Al)) O (CL\C) = 0.
Now we apply Proposition 5.3 with A, a replaced by As [ b,y. This gives dy < b such
that [Y]7,, a1 (A218) = [dol1,a, 10 (A210)s T(A2 [ do) = (a0,7,m) = 7(A1 | (a-¢), and
7(As | (b\do)) = (1,0, k) = 7(A;1 | (a\c)). This gives the first part of (a).

Now let 7(A; [ (—a)) = (a2, ¢, q). Then by Proposition 4.14, 7((A; | (—a)) x (A1 |
(a\c))> = (asﬂﬁﬂ“), where agz = max(al, 042), lﬁ = max(gp, 5)7 and

q if ap < g,
r:{k if ag < ay,
q+k if a1 = as.

Since T(Az [ (b)) =7(A1 | (—a)) and 7(Az2 | (b\do)) = 7(A;1 | (a\c)), it follows that

T((A1 [ (=a)) x (A1 | (a\e)) = 7((A2 [ (=b)) x (A2 [ (b\do)).
Now
(A1 [ (=a)) x (A1 [ (a\c)) = Ay [ (—a+a\c) = A1 [ (—a+ —c)

and
(A2 T (=0)) x (A2 | (b\do) = Az | (—b+ (b\do)) = A2 | (—b+ —do).

—c)) = 7(As | (=b+ —dp)). Now by Proposition 4.14, 7((A; |
c))) = (a4, p,u) where ay = max(ag, az), p = max(7y, ), and

q if ap < g,
u=<m if ag < g,

m+q if ag = as.

Hence 7(A; | (—a +
(—a)) x (A1 [ (a-

Since 7(A1 | (—a)) =7(A | (=b)) and 7(A; [ (a-c)) = 7(Az | dp), it follows that

T((A1 [ (=a)) x (A1 [ (a-¢))) =7((A2 [ (=b)) x (A2 [ do)).

Now

(A1 1 (=a)) x (A1 [ (a-¢)) 2 Ay [ (—a+a-c) = Ay [ (—a+0)

and
(Aa [ (=b)) x (A2 [ do) = Ax [ (=b+do).

Hence 7(A; [ (—a+¢)) =7(As | (=b+ dp)).
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This proves (a).

(b) There is a dy < —bsuch that ga([di]1,, ., (4,)) = k(g1([\a]1,, 4, a0))): T(A | (a+c)) =
T(B [ (b+di)), T(A ] ((=a) - (=¢)) = 7(B [ ((=b) - (=d1)), 7(A [ (c\a)) = 7(B [ (d1\b)),
and 7(A | (a+ —¢)) =7(B | (b+ —dy)).

Assuming that (b) holds, we have
92([b+ dil1,, 4,y (42)) = 92([0] 1,00, (42)) + 92([d1] 1,0, (42)

= k(g91([alr,, 4, (42) + E(g1([A\a]1,, 4, (a2))
k(gi(la + clr,,a,(42))-

Hence (a +¢,b+dy) € R and (c\a,d;\b) € R.
To prove (b), let « = k(g1([c\alr,,(4,,(41)))- Then

Targ (G1([A\al L, 4, (A1) = Tasg. (K(g1([e\a]1,, 4, (A1) = TA2g. ().

Now since k(g1([—alr, (A1>(A1))) = 92([=b]1,,(u,)(42)); there is a y < —b such that
92([U)1r(ay) (42)) = kg ( [ ([(=a) - (=)]bapayyan))- Say 7(A T (=a)) = («,B,n),
T(A ] (=a)-(—c)) = (ap,v,m), and 7(A | (c\a)) = (a1,6, k). Then

0" (Y) = 71205 (92([U] 1,11, (42))) = 7202 (K(92(AL T ([(=0) - (=) 1y 4, (41)))))
= 4191 (91(A1 T ([(=0) - (=) 10 (a0)) = 0 ((=a) - (=€) = 7.

Also,

o' (=) - (=¥)) = 14592 (92([(=0) - (=) 1, 4, (42)))

= 7450 (92([=0] 1,0 a, ) (42)) - 92([~ V] 1 ay) (42))

= 1450, (R(91([=0l 1,4,y a0) - K(g1([a + €]r,,a,ya0)
= T 459, (k(g1([e\a] 1,4, (A1)

=ra,, (91([\a]1,, 4, 40)))

=o'(c\a) = 4.

Now we apply Proposition 5.3 with A, a replaced by Ay [ (—b),y. This gives d; < —b such
that dlﬂlar(Agr(fb))(A [ (—b)) = yAIar(AQr(,b))(A [ (—b)), T(AQ i dl) = (Cko,’)/,m),
and 7(4y | ((=b)\d1)) = (a1,d,k). As in the proof of (a), 92([d1]1ar(A2)(A2)> =
k(gl([c\a]far(Al)(Al)))'

Then 7(As [ ((=b) - d1) = 7(Ay | d1) = (ag,v,m) = 7(A1 | ((—a) - (—¢))), and
T(As | ((=b) - (—=dy)) = (1,8, k) = 7(A1 | (c\a)). Now let 7(A4; [ a) = (az2,¢,p). Then
by Proposition 4.14,

T((Al ra) X (Al f (C\CL)) = (a37¢7Q)7
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where ag = max(ae, aq), ¥ = max(p, d), and
P if o < ao,
q= { k if g < g,
p—i—k if a1 = (9.

It follows that

7((A1 [ a) x (A1 [ (c\a)) =7((A2 [ b) x (A2 [ (((=d1) - (=D))).

1(\TOW Ay )[)(a +c)= (A1 [a)x (A1 ] (c\a) and Ay [ (b+ —dy),s0 T(A1 [ (a+¢)) =7(A2 |
b+ —dy)).

Next, 7((A1 [ a) x (A1 [ ((=a) - (=¢)))) = (a4, p, 5), where ay = max(as, ag), p =
max(7, ¢), and

P if ag < g,

m if as < ap,
S =
m+p ifOz():Ckg.

It follows that

T((A1 Ta) x (A1 [ ((=a) - (=0)))) = 7((A2 [ b) x (A2 [ ((=)) - d1)))-
Now Al r (CL+ —C) = (Al [a) X (Al r ((—CL) . (—C)) and AQ r (b+ —dl) = (AQ rb) X (AQ r
((=b) -dy)). Hence 7(a + —c) = 7(b+ dy). O
If Ais a normal BA with atomic type «, and g is an isomorphism of A/I,.(4)(A) onto

Fr(w), then INV(A) = (1,a, {ragoh : h € Aut(Fr(w))}).

Theorem B. If A and B are normal BAs, then A= B iff INV(A) = INV(B).

Proof. Let INV(A) = (1,a,{ragoh : h € Aut(Fr(w))}) and INV(B) = (1, 5, {rproh :
h € Aut(Fr(w))}). =: Suppose that h is an isomorphism of A onto B. Then obviously
a = (3. By Theorem 5.8 there is an automorphism [ of Fr(w) such that r44 = rprol. Then

(¥) {rproh : h € Aut(Fr(w))}) = {ragoh: h € Aut(Fr(w))}).

In fact, if h € Aut(Fr(w)), then rgr oh =rgrolol ™t oh =ra,0l7' oh. So C holds in
(x). The other inclusion follows similarly.

<: Suppose that INV(A) = INV(B). In particular, « = 3. We have r4, € {rproh:
h € Aut(Fr(w))}. So there is an h € Aut(Fr(w)) such that r44 = rpi o h. By Proposition
58, A= B. L

We also define INV; = {(1,a,{roh : h € Aut(Fr(w)),r: Fr(w) — o+ 1,r(1) = a}). Thus
if A is a normal BA, then INV(A) € INV;. The next portion of these notes is aimed at
showing that for every o € INV; there is a normal BA A such that INV(A) = a.

If (B,, : n € w) is a system of BAs, we define

ZBn:{fE HBn:{iew:fi;éO}isﬁnite}

necw ncw
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Proposition 5.9. > _ B, is an ideal in [], . Bn. ]

ncw

Proposition 5.10. Let B & (Bn : n € w) be a system of BAs. For each x € [[, ., Bn

let h(z) ={y € Y ,co Bn:y <a}. For X,;Y €rmg(h) let X'Y =XNY and X +'Y =
{u+v:ue X andveY}. For X € mg(h) let /X ={ued.  _ By :Vre Xuxz=0l]}.
Then

(i) B’ def (rng(h), +',-",{0},> ", co, Bn) is a BA.

(ii) h is an isomorphism of [],, .., Bn onto B'.

(iii) Yo,y € [],co, Bnlh(z) N ="R(y) = {0} U{w € >, ., Bnlw <2 and w -y = 0]}.

Proof. (iii) is clear. Now it suffices to prove (ii). Suppose that =,y € [], ., Bn, and
f € cwBn. Then

ncw

feh(x) hy)iff (f <z and f <vy)iff f <az-yiff f€h(z-y).

feh(x)+ ny) iff FJueh(x)Iveh(y)|f=u-+u]
iff  Ju,vfu <z and v <y and f =u-+ v
i f<a+y
iff  feh(r+y).

fen(—) iff f<-—u
iff Vg e h(x)[f -g=0]
iff e —'h(z).

Clearly h(0) = {0} and h(1) = >_, ., Bn.

Finally, suppose that x,y € [],,c,, Bn and z # y; say x- —y # 0. Choose f € h(z-—y)
with f # 0. Then f € h(z) and f < —y, hence f € —'h(y). So f € h(z) " —'h(y). Hence
h(x) 7 ~h(y) £ {0}, and so h(z) £ h(y). 0

Proposition 5.11. If A is a special ABID and ¢'(A) = a + 1, then there is a system
(B :n € w) of superatomic BAs each of atomic type («,0,1) such that A=) _ B,.

Proof. We know that A 2 Intalg,(w®™!). For each n € w let B,, = Intalg([w™-n,w®-

(n +1))). Clearly each B, has atomic type (,0,1). Now for each £ < w®™ and i € w
define

W i,w* (i4+1)) fw* (i4+1)<E,
(f([0,8))i = q [w*-i,8) ifw*- (1 +1) <& <w- (i+1),
0 if &€ <w 1.

Clearly f maps {[0,&) : £ < w®™1} into Y new Bn, and x < gy iff f(z) < f(y). Since the
domain of f generates Intalg,(w®*!) and the range of f generates cw Bn, by Proposition
1.21 f extends to an isomorphism of Intalg,(w®*!) onto > _ B,. ]

ncw
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Proposition 5.12. If A is a special ABID, o'(A) is a limit ordinal, and (a,, : n € w)
is a strictly increasing sequence of ordinals with supremum o'(A), then there is a system
(Bn : n € w) of superatomic BAs such that each B, has atomic type (c,4+1,0,1) and

A= . Bn.
Proof. Let 3 = o/(A). Thus A = Intalg,(w”). For each n € w let

B,, = Intalg(jw®", w*+1)).

Clearly each B, has atomic type (a,41,0,1). A= %" _ B, asin the proof of Proposition
5.11. L]

If B= (B, :n € w) is a sequence of BAs and [ is an ordinal, we define

*Ig = {f € H B, :Vn € w[f(n) € Iﬁ(Bn)]}.

ncw

Proposition 5.13. If (B, : n € w) is a system of ABIDs and (3 is an ordinal, then
(Z) Iﬁ(ZnEw Bn) = Znew Iﬁ(Bn)

(i) There is an onto isomorphism

1’ (z Bn) I, (z Bn) B IB)

ncw new necw

such that for any x € ), . B, and m € w, (f([x]IB (2 Bn))m = [Tml1,(Bm)-
new

Proof. Induction on . It is clear for 8 = 0. Suppose that x € Ig41(D> ]
Then we can write

B,).

ncw

[1’]15(2”@ B,) = > <[yi]fﬂ(2new Bﬂ)) ’

<m
where each [yi]lﬂ (> is an atom of (3. Bn)/Is(>_,c. Bn). Hence

5.)

new

Ay €1 <Z Bn> =) Is(By).

<m necw new

Now for each n € w, (xA Y, Yi)n € Ig(By) and for each i < m, [yin]1,(B,) 15 0 or an
atom. Thus [v,]7,(B,) = [ZKm yi"]IB(Bn)' So x,, € Ig11(By). This proves C in (i) for
B+ 1.

Now suppose that z € . Ig11(Bn). Let F = {n € w: z, # 0}. For each n € F
we can write

Znl ) = O (Winl1s(s.));

J<mn
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where each [yjn]1,(B,) is an atom in B,/I3(B,). For each n € F and j < m, define
y‘;n G Zmew Bm by
_ { Yjn ifm=mn,

!
(yj n)m 0 otherwise.

Then (([¥j,)15(8,) * k € w) is an atom in }, . (Br/Is(By)). Hence by the inductive
hypothesis for (ii), [y;»n]lﬁ (. B.) is an atom in (}_, ., Bn)/1s(>,c., Bn). Now for
any p € F, "

Zzy;q = Zyjp

eFj<m j<m
EE N rd 1y, ST I5(Bp)

= > Winlia,) = [#pl1,8,)

j<my
For p € w\F we have (3 cp > i<, ¥j)p = 0= 2p. Hence for all p € w,
2 2 Y = [l
geF j<my
P=15(Bp)

Hence by (ii) for g, for all p € w,

— /
(s ) = (|2 X
new p quj<mq »
- Z Z Vi) 15(32 ., Bn)
qgeF j<my p
Hence
], =2 > yjqz B,
B(Zneu qu]<mq 5 )
This shows that x € Iﬁ(znew B,,). Hence (i) for 5+ 1 holds.
Now for (ii), if x,2" € > . Bn, then

_ . /
x-’5+1 (Zne“ Bn) - xl’ﬁﬂ (ZnEw Bn) iff (an: ) c Iﬁ—i—l (Z Bn>

ncw

iff (zAa)) € Is(Bn

ncw

iff  Vn € w[(zAz"), € I541(By)]

iff  Vn € wllwnlr,, (8. = [Thl1s (B,
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Hence (ii) for 5+ 1 follows.
The limit case is clear. [l

Proposition 5.14. If A is a special ABID and (B,, : n € w) is as in Propositions 5.11 or
5.12, then [],,c., Bn € *IE(A).

Proof. Let § = 0'(A). Then 3 = o'(3_, ., Bn), and ZnEWB I 32 new Bn) =
Y new 13(Br) using Proposition 5.13. Hence Vn € w[B,, = I3(B,)]. if fell,c.B
then Vn € w([f(n) € 13(B,,)], so that f € *Ig.

Proposition 5.15. Let 3 an ordinal and B < (Bn :n € w) of BAs. Let h be as in
Proposition 5.10, and suppose that x € [], ., Bn. Then h(z) C I5(3_ B,) iff x € *IE.

Proof. First suppose that h(z) C I5(>,,c, Bn). ThusVy e Y  _ Buly<z —yc
I3(3 .., Bn)ls so by Proposition 5.13, Vy € >, - Bnly <z —y € > . 1s(By)]. Now
take any n € w. Define y € [] B,, by

ncw

mew
oz, fm=n,
Im =30 iftm #n.

Theny € ), c, Bnandy <z, soyc ) . I3(B,)]. Hence x, =y, € I3(B,). Since n

is arbitrary, z € *I5

Second, suppose that x € *Ig. Take any y € h(z). Theny € > . B, and y < z.
Now Vn € wlz, € Ig(B,)], so Vn € wly, € Ig(By,). Then by Proposition 5.13, y €

Iﬁ(zn@; B,,. ]
def

ncw

Let A be a special ABID. Let (B,, : n € w) be as in Propositions 5.11 or 5.12. Then A* =
[1.co Bn/ > pnew Bn. Now for each 8 < 0/(A) we define U5(A) = {[a]z p iac *IB}.
ncw "

Now if d € A*, say d = [a ]Z 5. With a € ], c,, Bn. By Proposition 5.14, a € *IE(A).
Hence d € W,/(4)(A). For cach d € A* let p(d) =min{f :d € Ug(A)}.

Proposition 5.16. Let A be a ABID, J an ideal in A, and 8 an ordinal. Then

(i) JB = L [alr,cay :a € J} is an ideal in A/Ig(A).

(ii) There is an isomorphism f of J/I5(J) onto J°(A) such that f([a]r,(s)) = [al1,ca)
for alla € J.

(ZZZ) Ilg(J) = Jﬁ[ﬁ(A)

Proof. For (i), J” is clearly closed under +. Suppose that a € J, b € A, and
bl 1,04y < [al1,(a)- Then b-a € J and bA(b-a) = b\a € Iz(A). So [b]1,ca) = [a-b]1,ca) € J”.
So (i) holds.

Now we prove (ii) and (iii) by induction on . They are clear for 8 = 0. For (iii) for
B+ 1, first suppose that a € Igy1(J). Then we can write [a]7,(7) = >, [¥il1,(s), Where
each [y;]1,(s) is an atom of J/Iz(J). By (ii) for 8, [a]r,(a) = D icm[¥il1sa)- Also, (ii)
implies that each [y;];,(4) is an atom of A/Ig(A). Hence a € Igy1(A). The converse is
similar.
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For 8+ 1 for (ii), if a,a’ € J then
[a]15+1(J) = [a/]fg-u(J) iff (CLAG“/) S IﬁJrl(‘])
iff (alAd’) € Ig41(A) Dby (iii) for 8+ 1,
iff [a]IB+I(A) = [a,]IBJrl(A)‘
Now (iii) follows.

The limit step is clear. L

Proposition 5.17. Let A be a special ABID, let B be as in Proposition 5.11 or 5.12, and
let x € [],,c., Bn- Then p ([a:]z Bn) =o' (h(z)).

Proof. Let A" = Y . B,. By Proposition 4.26 there is an a € h(x) such that
h(z) 2 (A" [ a) x{be€ A :b-a = 0}, with o/(h(z)) = c/({b € A" : b-a = 0}).
Hence I,/ (pz)({b € A" :b-a =0}) = {bc A :b-a = 0}. By Proposition 4.30,
{be A :b-a= O} C Iy (4A). Nowa € h(z) C > ., Bn € [l,en Bn- So we can
form —a € []

new

(1) {be A :b-a =0} = h(—a).

In fact, (b€ A" and b-a =0) iff (b € A" and b < —a) iff b € h(—a). So (1) holds.

Hence h(z) = (A’ | a)xh(—a),so ([],,c, Bn | %) = (I],e0 Bn | h=1(a))x (IT,co Bn |
(=a)). Thus h(—a) € I, (h)(A’). Hence by Proposition 5.15, —a € *If(h(m)). So
[—ala € Vor(nz))(A). Now a € > ., Bn, so [—aJar = [z]a. It follows that p([x]a) <
o' (h(z)).

Suppose that v % p([x]ar) < o'(h(x)). Then [z]ar € U, (A). Hence thereisabe *I?
such that [z]ar = [blar. Now h(b) C I,(>_, ., Bn), so o'(h (b)) < 7. Choose ¢ € h(b) so
that {x € h(b) : © - ¢ = 0} is special. Thus o’({z € h(b) : x - ¢ = 0}) = o'(h(b)). Hence
h(b-—c)={x € h(b) : x-c=0} C I,/ nu). Hence by Proposition 5.15, b- —c € *If(h(b)).
Then 2A(b- —c) = a:AbAbA(b —c)e A It follows that there is a finite F' C w such that
Vn € w\F[x, = b, - —c,]. Define e € ) n by

ncw

nEw

. :{1 ifnelF,
" 0 ifn¢kF.

Also, define €’ € > n by

new

/ _{xn ifnekF,
e

" lo ifné¢F.
Then h(z) = (h(z) [ €) x {y € h(z) :y-€¢ =0},s0 {y € h(x) : y-€e =0} is specml with

)
o'(h(z)) =’ ({y € h(z) :y-€ =0}). Also, {y € h(z) : y- 6—0} lyeh(r):y-e =0}
Now define e” € > By, by

e//:{bn~—cn ianF,

" 0 ifngF.
Let M ={y € h(b-—c) :y-e’" =0}. Then M is special with ¢/(M) = o'(h(b- —c)).
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2)Vye Ally<a-—€iffy <b-(—c)- (=€")].

For, suppose that y < z-—¢€’. If n € F, then z,, - —€), =0, so y, = 0. If n € W\F, then
Y<Tp = by - —Cy; also —ell =1, so y, < —e”. This proves =

Suppose that y < b-(—c) - (=€")]. If n € F, then b, - —¢, - —e€ll =0, so y, = 0. If
n € w\F, then y,, < b, - —¢, = x,,. Also, —e/, =1, s0 y,, < —e/,. This proves <.

So (2) holds.

Now v < o'(h(z)) =o'({y € h(z) : y- e =0}) =o' (h(b) - —c- —€") =o' (h(b- —c) =
o’(h(b)) <, contradiction. ]

Proposition 5.18. Let A be a special ABID, and let (B, : n € w) be as above. Then p
maps A* into o’'(A) + 1, p is additive, and p(d) = 0 implies that d = 0.

Proof. By Proposition 4.30, for any = € [[,,c., Bn, Lo7(a)(h(z)) = h(z) N 1,4y (A) =
h(2)NIyr(a)+1(A) = Iy (ay41(h(x)) and so by Proposition 5.17, p([x]z g, =0 (h(z)) <
Cw

0’(A). Hence p maps A* into 0/(A) + 1. Clearly p(0) = 0 and p(d) = Onimplies that d = 0.
Now suppose given d,e € A*; say d = [d’]z 5 and e = [e’]z 5. - Then
new n n

new

pld+e) = p([d]5

g =0+l

new

neEw Bn + [e/]z
"(h(d" +¢")) =o' (h(d") + h(e')) by Proposition 5.10
(M) + o' () = p(d]y>  p)r(€ly  p,)=pld)+ple). O

new

necw

o
=0
Proposition 5.19. For any special ABID A, any d € A*, and any B < p(d) there is a
do € A such that dy < d, p(dy) = B, and p(d\dp) = p(d).

Proof. Suppose that A is a ABID, d € A*, and § < p(d). Say p(d) =~. If 5 =0,
take dy = 0. Assume that 3 # 0. Let §9 < 67 < --- be such that each §; is a successor
ordinal and sup,,c,, 9, = 8. Choose k € [, . By so that d = [k:]z B,"

new

5.19(1) Ve < y[{n € w: k(n) ¢ I.(B,)} is infinite].
Otherwise, let F' = {n € w : k(n) §é I.(B,)}. Let g | (W\F) =k | (w\F) with Vn €
wlg(n) € I.(B,)]. Then d = [k:]z [g]znew B, » contradicting p(d) = 7.

Case 1. ¥n € w[d, < []. Lot i € w. By 5.19(1), choose n; € w such that k(n;) ¢
Is,(Bn,). Say 75(Bn, | k(n;)) = (£,0,m). Then B, | k(n;) = Intalg(w®-m) and so §; < &.
Say g is an isomorphism from B,,, | k(n;) onto Intalg(w® - m). Let a = [0,w%), an element

of Intalg(w® - m). Then 74(Intalg(w® - m) | a) = (6;,0,1). Let d; et g 1(a) € By, | k(n;).
Then 74(By) I di) = (6;,0,1). Now we define

iy ) doy i n=ng,
h(")—{o itn ¢ {no,na, ...}

Let d' = [h’]z 5. Then by Proposition 5.17, p(d’) = o’(h(h')). Now h’ € *I5(A),
new
so by Proposition 5.15, h(h") C Ig(A). Hence by Proposition 4.30, h(h') C Iz(h(h')), so
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o'(h(h")) < B. If € < B, then clearly b’ ¢ *I.(A). So o’(h(h')) £ €. Thus o'(h(h')) = 5.
So p(d') = B. If B < ~, then p(d\d') = = by Proposition 5.18. Suppose that 5 = ~. Then
define
h//( ) { d27,+1 1f n="ni+i1,
0 1fn§é{n1,n3,...}.

Let d” = [h”]znew 5, - Then as above, p(d") = 8. Clearly d” < d\d’, so p(d\d') =
Case 2. =0+ 1 for some 6. By 5.9(1), choose distinct n; € w for i < w such that
k(ni) ¢ I5(Bn,;). Say 7s(Bn, | k(ni)) = (§,0,m). Then B, | k(n;) = Intalg(w® - m)
and so § < & Say g is an isomorphism from B,, | k(n;) onto Intalg(w® - m). Let
= [0,w°), an element of Intalg(w® - m). Then 7,(Intalg(w® - m) | a) = (6,0,1). Hence
d; & g~ Y(Intalg(ws - m) [ a) < k(n;) and 74(d;) = (6,0,1). Now we define

rooy ) doy i n=mng,
h(")—{o it ¢ {no,na,...}.

Let d' = [h’]z 5, By Proposition 5.17, p(d’) = o'(h(h')). Now h' € *I5(A), so by

Proposition 5.15, h(h') C I5(A). Hence by Proposition 4.30, Is(h(R')) = h(h') N I5(A) =
h(h'). thus h(h') C I4(K), so o (h(R)) < B.

5.19(2) o’ (h(I')) = B.

In fact, suppose that o’(h(h')) = ¢ < . Since p(d') = o’(h(R")), it follows that there is an
e € *IP such that d’ = [e ]Z . Thus [h’]z B, = [e]z B, S0 W Ae €
Cw

new

Let F be finite such that Vn ¢ w\F[h’( ) = e(n)]. Take i with ng; ¢ F. Then h’(ngz) =
dai = e(ng;) € I.(By,), contradiction.

So p(d') = 3. If B < ~, then p(d\d') = v by Proposition 5.18. Suppose that 5 = .
Then define

nEw

h/l( ) d22—|—1 it n = n2i+1,
0 ifngé{nl,ng,...}.

Let d’ = [h"] - Then as above, p(d”) = 3. Clearly d” < d\d', so p(d\d’) = 3. O

necw

Proposition 5.20. Let B be a special ABID, a = o'(B), A a countable BA, andr: A —
a + 1 an additive function, with r(1) = a. Then there is a homomorphism f : A — B*

such that Vd € A[r(d) = p(f(d))].

Proof. Assume the hypotheses. Let R = {(a,b) € A x B* : r(a) = p(b) and
r(—a) = p(=b)}. We verify the conditions (V5) and (V6) in the definition of a weak
V-relation. Condition (V5) is clear. Now suppose that (a,b) € R and ¢ € A. Let
r(a) = B, r(—a) =, r(a-c) =4, r(a\c) = n. By the additivity of r, max(3,7v) = « and
max(d,n) = (.

Case 1. 6 <n. In Proposition 5.19 replace § and d by § and b. So § < 3 = r(a) = p(b)
gives a dy < b such that p(dp) = 0 =r(a-c) and p(b\dp) = p(b) =r(a) = B =n=r(a\c).
Also, p(b-dy) = p(do) =r(a-c).
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Case 2. 1< 6. Son < =r(a) = p(b) gives a d; < b such that p(d;) =n = r(a\c)
and p(b\dy) = p(b) =r(a) = =6 =r(a-c). Also, p(b-dy) = p(d1) = r(a\c). Setting
do = —dy we get p(b-do) =r(a-c) and p(b\dy) = r(a\c).
Now
r(—a+ —c) = r(—a+ a\c) = max(r(—a),r(a\c)
= max(p(=b), p(b\do)) = p(=b + b\do) = p(=b + —do);
r(—a+c¢)=r(—a+a-c)=max(r(—a),r(a-c))
= max(p(=b), p(b- do)) = p(=b+b-do) = p(—b + do).
This shows that (a - ¢, dy), (a\c, b\dy) € R.

Now —a =c¢-—a+ —c- —a, so r(—a) = max(r(c\a),r(—c- —a).

Case 1. r(—a) = r(—c- —a). By Proposition 5.19 there is a di < —b such that
p(dy) =r(c\a) and p(—=b-—dy) = p(=b). Thus p(di\b) = p(d1) = r(c\a). Then r(a+c) =
r(a + (c\a)) = max(r(a),r(c\a)) = max(p(b), p(d1\b)) = p(d1 +b). Also, r(—a - —c) =
r(—a) = p(=b) = p(=b-—dy). Also, r(—c+a) =r(—c-—a+a) = max(r(—c- —a),r(a)) =
max(p(—b-—di), p(b)) = p(=b-—d1 +b) = p(—dy+b). Hence (a+c,b+d;), (c\a,d;\b) € R.

Case 2. r(—a) = r(c\a). By Proposition 5.19 there is a d; < —b such that p(dy) =
r(—c-—a) and p(=b- —dy) = p(=b). Thus p(di1\b) = p(d1) = r(—c- —a). Next,

r(a+c) =r(a+ (c\a)) = max(r(a),r(c\a))
);r(=a)) =r(1) = a = p(1) = max(p(b), p(=b))
= max(p(b), p(—b- —d1)) = p(b+ —b- —d1) = p(b+ —d1).
Next, r(c\a) = r(—a) = p(=b) = p(—d; - —b). Finally,
r(—c+a)=r(—c-—a+a) =max(r(—c-—a),r(a))
— max(p(di\D), p(B)) = p((d\b) +B) = p(ds +b).
This verifies (V6). Hence by Proposition 3.2 we get a homomorphism f : A — B* with
the additional property described there. Suppose that a € A. Choose m € w and b € ™A
so that (i)—(ii) of Proposition 3.2 hold. Then r(a) = max{r(b;) : i < m} = max{p(f(b;)) :
i < m} = p(f(a)). m

= max(r(a),r

Proposition 5.21. Suppose that « is an ordinal, and s : Fr(w) — a + 1 is an additive
function such that s(1) = «. Then there exist a BA A such that 7(A) = (o, ,0) and an
isomorphism g of A/I.ay(A) onto Fr(w) such that ray = s.

Proof. Let C = Intalg;(w®). By Proposition 5.20 let f’ be a homomorphism from
Fr(w) into C* such that Vd € Fr(w)[s(d) = p(f'(d))]. Let f be an isomorphism from C
onto ) .. By. Let h and B’ be as in Proposition 5.10. Let

D ={(u,h(x)) : u € Fr(w),z € H By, f'(u ]anw Bn};
I'={(0,h(f(c))) : c € C};
V(u, h(z)) € D[w(u, h(x)) = ul;

ve e Clt(e) = (0, h(f(e))];
V(u, h(x)) € DII([(u, h(2))]1) = u].
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Clearly

5.21(1) D is a subalgebra of the BA Fr(w) x rng(h).
5.21(2) I’ is an ideal in D.

5.21(3) w is a homomorphism from D into Fr(w)
5.21(4) t is an isomorphic embedding of C' into D.

5.21(5) [ is well-defined, and is an isomorphism of D /I’ onto Fr(w).

In fact, clearly [ is well-defined, and is a homomorphism of D /I’ onto Fr(w). To see that
it is one-one, suppose that [([(u, h(x))];) = 0. Thus u = 0. Since (u, h(z)) € D, we have
re), . Bn Sayx = f(c) with c € C. Then (u,h(x)) = (0,h(f(c)) € I, as desired.

Now let E,t',l’ be such that C C FE, t’ is an isomorphism of E onto D, t' | C = t,
and Vb € E[l'([blc) = I([t'(b)]1/)]. So I’ is an isomorphism from E/C onto Fr(w). Now for
any d € Frw) write d = I’([e]c). Note by Proposition 5.1 that I,,g)(£) € C. Hence

521(6)  rer(d) =rerl'(le]c) = rEr ('([eln, 4 E) = ax(E T e) = a.(D [ t'(e)).

Say t'(e) = (u, h(z)). Now
F'(d) = f'(U[ele) = FUIE(@e) = f(U(w, ha@Dle) = f/(u) = [2]yy  p -

Hence by Proposition 5.17 we get
5.21(7) s(d) = p(f'(d)) = a.(h(z)).

Now we claim that for any «,

5.21(8) 1(D | (u, h(2))) = {0} X L (h(x)).

5.21(9) For any (p,q) € D | (u, h(z)) let fao([(p, )]I (Dl(u,h(z)))) = (P; [ |1 (h(z)))- Then
fa is well-defined, and is an isomorphism of (D | (u,h(x))/I.(D | (u,h(x)))) onto
{(', V)1, (hay) T 0" < u,v < h(2), f(u') = v}

Note that 5.12(9) with @ = a.(D | (u,h(x))) gives a.(D | t'(e)) = a.(h(z)). Together
with 5.21(6) and 5.21(7) this finishes the proof.

5.21(8) and 5.21(9) are clear for &« = 0. Now assume them for a. Suppose that (s,t) €
Ioi1(D | (u,h(z))). Then there are atoms [(z;,¥:)]1, (D(u,h(z))) Of (D [ (u,h(x)))/Io(D |

(u, h(x))) for © < m such that [(Sat)]Ia(B[(u,h(a:))) = Zz<m[(zz,yz)]j (D|(u, h(w)))- Then
(5, )Y e (ziryi) € 1o(D | (u,h(x))). So by 5.21(8) for a, sA ZKm = 0 and
tAY i ¥i € Io(v). For any i < m, by 5.21(9) for o, [(zl,yz)]ja(h(@) is an atom of
{(Ws [V]1,(h@y) s 0" < uy 0" < h(), f(u)) =o'}

5.21(10) z = 0.

For, suppose that z; # 0. Now f(z;) = y;. Let w be such that 0 < w < z;, and set
u = f(w). Then (0,0) < [(w,w)]r. (b)) < (2, [¥il1, (h(z)), contradiction. So 5.2(10) holds.
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It follows that [y]r, (n(z)) is an atom of h(z)/I,(h(z)). Hence s = 0 and t €

Ioy1(h(2)).
Conversely, suppose that t € Ioi1(h(x)). Then there exist atoms [yi]7, (n(z)) Of

h(w)/[a(h(x)) for ¢ < m such that [t]la(h(w)) = Zi<m[yi]fa(h(33))' Then tA Zz’<m Y €
Io(h(x)). Hence by 521(8) for a, (0,tA) ., vi) € Io(D [ (u,h(z))). Hence

[0 O] 1 (01 h(@)) = 2 i< (0, Yi)] 1 (D1 b2y - Now each [(0,4:)] 1, (D1(u,h(2))) I an atom
of D | (u,h(x)) by 5.21(9) for . Hence (0,t) € Io4+1(D | (u, h(x))).

This proves 5.21(8) for o + 1.

For 5.21(9) for o + 1, suppose that (p, q), (p’,¢') € D | (u, h(x)). Then

(05 D) 1os (D1 h(@))) = [P @) 1osr (D1 wsh(2)))
iff ((p, ) AW, 4')) € Lag1(D | (u, h(x)))

iff p=p’ and ¢Aq¢' € I,11(h(z)) by 5.21(8)
iff p = p’ and [q]1, (h(2)) = [@']1. (h(2))-

5.21(9) for a + 1 now easily follows.
The limit step is clear.
So 5.21(8) and 5.21(9) hold. 0

For any additive function s : Fr(w) — w; the BA of Proposition 5.21 is denoted by Bs; an
isomorphism ¢ : B — Fr(w) is denoted by g,. Thus rp 4, = s.

Proposition 5.22. If A is a countable non-superatomic BA, then there exist BAs B,C
such that A= B x C and:

(i) B is normalized.

(ii) FEither |C| = 1 or C is superatomic with atomic type of the form (a,0,n) with
a>o'(B).

Proof. Let 7(A) = («, 5, n).

Case 1. n = 0. Then by Proposition 5.10, @ = 3. Hence I,,(4)(A) is special. Since
A/l a)(A) is atomless, A is normalized. We can then take B = A and |C| = 1.

Case 2. n > 0. Now by Proposition 4.22 there is an element d € I,.(4)(A4) with

Ts(Lar(a)(A) [ d) = (o, 0,n) and 75(d+) = (8, 3,0). Now
d- = {CL S Iar(A)(A) ra-d= O} = ar(A)(A> N (A [ (_d)>
= ar(A)(A [ (_d)> = lar(A(—d)) (A f (_d))

Now
T(A [ d) = Ts(Iar(A[d) (A [ d)) = Ts(Iar(A) (A) [ d) = (Oé, 0, TL)

and
T(A I (_d)) = Ts(Iar(A[(fd)) (A [ (_d))> = TS(dJ_) = (ﬁ?ﬁ?o) O

Proposition 5.23. Suppose that A is a countable nonsuperatomic BA, and A = B x C' =
B’ x ', and
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(i) B and B’ are normalized.
(i) |C| = |C'| = 1, or there exist ordinals «, 3 and positive integers n,p such that
a>o'(B), >0 (B), 7(C)=(a,0,n), and 7(C") = (5,0, p).

Then B = B" and C = (C".

Proof. Assume the hypotheses. If |C| = |C’| = 1, then the desired conclusion is clear.
Assume now that «a, § are ordinals and n,p are positive integers such that a > o'(B),
B >d (B, 7(C) = (a,0,n), and 7(C") = (5,0,p). Say < a. Let f: A— B x C be an
isomorphism. Then by Proposition 4.11, f[I44+1(A)] = Ia11(B X C) = In41(B) X In41(C).
Similarly, let g : A — B’ x C’ be an isomorphism. Then by Proposition 4.11, g[I,+1(A)] =
Ini1(B' x C") = In41(B'") x In41(C"). Now 75(In41(B)) = (¢/(B),0’(B),0). By the
above, 74(C) = (a,0,n). Also, 75(In+1(B")) = (¢/(B’),0’(B’),0). By the above, 75(C’) =
(8,0,p). Then by Proposition 4.14, 74(In+1(B) X I411(C)) = (a,0'(B),n). Similarly,
Ts(Lat1(B') X In41(C")) = (B,0"(B’),p). Now Iai1(B) x Ia41(C) = Ia41(B') x Iat1(C7),
soa =, o' (B) =0 (B), and n = p. Then 75(Io11(B)) = Ts(La+1(B’)), so In+1(B) =
I,+1(B’) by Proposition 4.28. Similarly, I,41(C) = I,4+1(C"). Now C = I,4+1(C) and
C'=1,41(C"). Hence C =2 C'. Now A/I,+1(A) = B/1441(B)xC/1441(C) = B/144+1(B),
since |C/In41(C)| = 1. Similarly, A/I,+1(A) = B'/I,41(B). Let h be an isomorphism
from B/I,1(B) onto Fr(w). Now since I441(B) = I44+1(B’), let B” and j be such that j
is an isomorphism from B’ onto B” and j[I,41(B’)] = In+1(B). Let k be an isomorphism
from B”/I,1(B) onto Fr(w). For each e € A let t([er,,,(a)) = 1**([f(e)]1..,(B)- Thent
is an isomorphism from A/I,;1(A) onto B/I,1(B).

Let | be an isomorphism of A/I,1(A) onto Fr(w). Now if z € Fr(w) is given, choose
e € Aso that I([e];,,,(a)) = . Then lot™! is an isomorphism of B/Io41(B) onto Fr(w).
Hence

l(til(t([e]IaJA(A))) = l([e]fa+1(A)) = Z.

Hence

rBiot—1(2) = g or—1 (1t (t(eAlar1(A))))
= rp o1 (1T (17 (f(€)) Alar1(B) = o' (17(f(e)) = o’ (e).

Let g be an isomorphism of A onto B” x C. For each e € A let s([e];, ,(a) =
15t([g’(e)]1a+1(3). Then s is an isomorphism from A/I,+1(A) onto B”/1,11(B). As above,
rpv(x) = o'(e). Hence B = B" 2 B’. O

Now if A is a BA which is nonsuperatomic and is not normalized, then INV(A) =
(2,8, a,n,{rpof : f € aut(Fr(w)), where there is a superatomic BA C such that A = BxC,
with B normalized, 7(B) = (3, 3,0), 7(C) = («,0,n), and o > 3. Note by Proposition
5.23 that the entries in INV(A) do not depend on the particular B, C' chosen.

Theorem C. For any BAs A, A’ the following are equivalent:

(1) A= A

(ii) INV(A) = INV(A').

Proof. For A, A’ superatomic, or A, A’ normal, see Theorems A and B. Now suppose
that A, A’ are not superatomic, and not normal.
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(i)=(ii): Suppose that A = A’. By Proposition 5.22 there are BAs B, C such that
A= BxC, Bisnormalized, and C is superatomic with some type (a, 0, n), with a > ¢’(B).
Then clearly INV(A) = INV(A4').

(ii))=-(i). Suppose that INV(A) = (2,08,a,n,{rpo f : f € aut(Fr(w)), where there
is a superatomic BA C such that A =2 B x C, with B normalized, 7(B) = (3, 3,0),
7(C) = (,0,n), and o > f and INV(A") = (2,5, a/,n',{r5 o f : f € aut(Fr(w)), where
there is a superatomic BA C’ such that A’ &2 B’ x C’, with B’ normalized, 7(B’) =
(8,3,0), 7(C") = (¢/,0,n), and &/ > #'. Then a = o/, 8 = ', n = n’, and there is an
f € Aut(Fr(w)) such that rg = rp o f. Now 75(Ig(B)) = 75(I3(B’)), so by Proposition
4.23, Ig(B) = Ig(B'); say that h is an isomorphism from I3(B) onto Iz(B’). Then there
exists an isomorphism A’ of B onto a BA B” such that Ig(B’) C B” and h' | Ig(B) = h:

h/
B B//

15(B) I3(B')
h

Now since B is normalized, there is an isomorphism [ from B/I3(B) onto Fr(w). Similarly,
there is an isomorphism k from B’/I3(B’) onto Fr(w). For any a € B” define g([a]r,(p)) =
SR~ (a)]1,(B)))- Then g is well-defined, since if a € Ig(B’) then h'~'(a) = h™'(a) €
I3(B). Clearly then g is an isomorphism from B”/Ig(B’) onto Fr(w). Hence if b € B”
then

r5rg(9([bl1,81))) = o' (b) = o’ (W'~ (b))
= 7510w~ (LW (D)) 1,8))) = 757, poton—1 ([F (LR (D) 1,(5)))
=1pg(9([b]15(8)))

Thus rpry = rp/g, and so by Proposition 5.8, B” = B’. Hence B = B'.
C = C' by Proposition 4.28. It follows that A = A’. O

Also, we define
INV = {(0,,n) : @ an ordinal, n € w\{0}}
U{(1,a,{ro f: f € aut(Fr(w))}) : @ a nonzero ordinal,
r: Fr(w) — a4+ 1 is additive, (1) = a}
U{(2,06,a,n,{ro f: fe€aut(Fr(w))}): «, are ordinals, n € w\{0},
a>p#0, r:Fr(w) — G+ 1 is additive, r(1) = 8}

Theorem 5.24. IfT" € INV, then there is a BA A such that INV(A) =T.

Proof. Suppose that T' € INV. For 15%(T') = 0 or 1, apply Propositions 4.19 and
5.21. Now suppose that 15(T') = 2. Say I' = (2,8, a,n,{ro f : f € aut(Fr(w))}), where
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a, B are ordinals, n € w\{0}, « > B3 #0, r : Fr(w) — B+ 1 is additive, and (1) = 3. Let
Ag = Intalg,(w?). Thus Ag is a special ABID such that 7(A4g) = (3, 3,0). By Proposition
5.21 let B be a BA such that 7(B) = (5, 3,0) and let g be an isomorphism of B* onto Fr(w)
such that rg, =r. Let A= B x C, where C' = Intalg(w® - n). Then by Proposition 4.11,
(BxC)/Ig(BxC) = (B/Ig(B))x(C/I3(C)). Thus B is normalized and 7(C) = («,0,n).
So Tnv(4) = (2, B, m, {r o f + | € aut(Fr(w))}) =

Proposition 5.25. If A is a superatomic BA with 7(A) = («,0,n) and B is a normalized
BA with 7(B) = (3, 3,0), and o < 3, then A x B = B.

Proof. We have (Ax B)/I3(Ax B) = (A/I3(A))x (B/13(B)) = (B/I3(B)) = Fr(w).
Also, Ig(A x B) = I3(A) x I3(B). By Proposition 4.14, 75(Ig(A x B)) = (5, 3,0). Thus
A x B is normalized. By Proposition 4.27, Ig(A x B) = I3(B). Let f be an isomorphism
of (A x B)/13(A x B) onto Fr(w). Let g be an isomorphism of A x B onto a BA C such
that g[Is(A x B)] = I3(B). Let g'([(a,b)]1,0axB)) = [9((a,]))]1,(c)) for all (a,b) € Ax B.
Thus ¢’ is an isomorphism of (A x B)/I3(A x B) onto C/I3(C). Let h be an isomorphism
of B/I3(B) onto Fr(w). Now fog¢'~! is an isomorphism of C/I5(C) onto Fr(w). Let
z € Fr(w). Choose ¢ € C such that f(g'~"([c];,(c))) = 2. Then

re.fog-1 (%) =10, oy -1 (f(g' T ([cl1a(c)))) = 0'(C T ¢) = o' (Ax B) | g7 (0)).

Say g~ !(c) = (a,b). Now there is an automorphism [ of Fr(w) such that for all (u,v) €
A% B, 1(f()(w,0)]1,04x5))) = h([0]1,(5)). Hence

9" )N = ren(F (g (g™ (N]s)))
9" (9((a, D)) 15))))) = rea(l(f([(@,0)] 15(ax B))))
= rpn(h([b] 1,8 = 0'(B1b) =0'((Ax B) I g7'(c)).

It follows that B2 (C = A x B. O

Proposition 5.26. Suppose that B and C are normalized, with 7(B) = (3,3,0) and
7(C) = (7,7,0). Then

(i) if B <y, then Bx C = C;

(ii) if v < B, then B x C' = B;

(iii) if B =y, then T(B x C) = (3, 3,0), B x C' is normalized, and Vz € Fr(w)Jy, z €
Fr(w)[r =y + 2 and raxpo(r) = max(ra,(y), r.w(z))] for some u,v, w.

Proof. (i): Assume that § < v. By Proposition 4.14, 7(B x C) = (v,7,0), and by
Proposition 4.11, I,(B x C') =2 I,(C). Then

(B x C)/1y(B x C) = (B/1,(B)) x (C/1,(C)) = C/1,(C) = Fr(w).

Hence B x C' is normalized. Let f be an isomorphism of B x C' onto a BA D such that
flI,(BxC)] =1,(D). Let g be an isomorphism from C/I,(C) onto Fr(w), and let h be an
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isomorphism from D/I, (D) onto Fr(w). Define f'([(u,v)]r (Bxc)) = [f(w,v)]1p(p). Then
f’ is an isomorphism of (B x C)/I,(B x C) onto D/I,(D). Define

k(h(f'([(u, 0)]1, (Bxc)))) = 9([V]1,())-

Then k is an automorphism of Fr(w). Now given x € Fr(w)), choose (b,¢) € B x C such
that h(f'([(b,c)]1,(Bxc))) = =. Let g([c]r,(c)) = y. Then ho f"is an isomorphism from
(B x C)/L,(B x C) onto Fr(w). Further, k(z) = g([c|7, (), and

D hof () = 7D hos (R(f'((b, ) AL,(B x C)))
reg(k(z)) = ng(g([C]Iﬂ,(C)) =rcg(y) = U'(C)

o'(f(b,0));
o' (f(b,c)).

Hence B x C' = C.
(ii): this is symmetric to (i).
(iii): By Proposition 4.14, 7(B x C) = (3, 3,0). Also,

(BxC)/Ig(B xC)=(B/Ig(B)) x (C/I5(C)) = Fr(w) x Fr(w) = Fr(w).

So B x (' is normalized.
Let f be an isomorphism of (B x C)/Ig(B x C) onto Fr(w). Given = € Fr(w) choose
(b,c) € B x C such that f([(b,c)]r,(Bxc)) = z. Then

7°B><C‘,f(37) = erC,f(f([(b7 C)]Ig(BXC))) = Ul(b, C) = max(a'((b, 0))? U,((Ov C))

Now [(b,0)]1,(Bxcy + [(0,0)]1,Bxcy = [(b,0)lrsBxc)- Let f([(0,0)]1,8xc) = y and
fU0,0)lrsBxcy = 2. Then z = y + 2. Let g be an isomorphism of B/Iz(B)
onto ((B x C)/Ig(B x C)) | ([(1,0)]1,Bxc)) and h an isomorphism of C/I(C) onto
((BxC)/Ig(BxC)) I ([(0, D]1,(8xc))- Then 1 roq(y) = 78, 10g(f(9([bl1,(5))) = '((b,0))
and similarly r¢, fon(2) = 0’((0,¢)). So rpxc,¢(x) = max(rg, foq(y), rc, fon(2))- O

Proposition 5.27. Let A, B be nontrivial countable BAs.
(i) INV(A) = (0,a,n), INV(B) = (0, 8,m) = INV(A x B) = (0, max(«, 3), p), where

m if a < f3,
pZ{n if B <a,
m+n ifa=p0.

(i) If INV(A) = (0,a,n) and INV(B) = (1,8, {rgo f : f € aut(Fr(w))}), where B is
normalized and T(B) = (3, 3,0), then

(a) if a < B, then A x B= B and so INV(A x B) = INV(B),
(b) if B < a, then INV(A x B) = (2,8,a,n,{rgo f: f € aut(Fr(w)}).

(iii) I INV(A) = (0, 0,n) and INV(B) = (2, 8,7,m, {rp o  : f € aut(Fr(w)}), then
(a) if a < 3, then A x B= B and so INV(A x B) = INV(B),
(b) if B < a, then INV(A x B) = (2,8,a,n,{rgo f: f €aut(Fr(w))}),

(iv) If INV(A) = (0, ¢, m) and INV(B) = (2,8,v,n,{rgo f: f € aut(Fr(w))}), then
(a) if « < 3, then A x B~ B, and so INV(A x B) = INV(B).
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(b) if B < a, then INV(A x B) = (2,8,6,p,{rp o f : f € aut(Fr(w))}), where
d = max(a,y) and
n if a <7y,
p= { m if v < a,
m+n ifa=-vy

(v) If INV(A) = (1,8,{rao f: f € aut(Fr(w))}), where A is normalized and 7(A) =
(8,08,0) and INV(B) = (1,v,{rgpo f : f € aut(Fr(w))}), where B is normalized and
7(B) = (v,7,0), then INV(A x B) is given by Proposition 5.29.

(vi) IfINV(A) = (1, a, {rao f: f € aut(Fr(w))}), where A is normalized and T(A) =
(o, 0, 0) and INV(B) = (2,8,v,n,{rgo [ : f € aut(Fr(w))}), then

(a) if « < 3, then A x B> B and INV(A x B) =INV(B);

(b) if v <, then A x B>~ A and INV(A x B) = INV(A);

(c)if B<a<~, then INV(A x B) = (2,a,7v,n,{rao f: f€aut(Fr(w))});
(d) If o = 3, then INV(A x B) = (2,a,v,n,{raxpo f: f € aut(Fr(w))});

(vit) IfFINV(A) = (2, a,v,n,{raof : f € aut(Fr(w))}) and INV(B) = (2, 3,9, m,{rgo

f: feaut(Fr(w))}), then

(a) if v < B then A x B2~ B and INV(A x B) = INV(B);

(b) if o < B <, then INV(A x B) = (2,3,¢,p,{rpo f: f € aut(Fr(w))}), where
€ and p are determined by Proposition 5.1/,

(c) If B < a, then INV(A x B) = (2,a,¢,p,{rao f: f € aut(Fr(w))}), where €
and p are determined by Proposition 5.1/;

(d) If B = «a, then INV(A x B) = (2,0,e,p,{raxpyo f : f € aut(Fr(w))}), where
p, € and p are determined by Proposition 5.14.

Proof. (i): by Proposition 4.14.
(ii)(a): by Proposition 5.25.
(ii)(b): clear.
(iii): Let C be normalized and D be superatomic such that B = C' x D, 7(C) =
(8, 6,0), and 7(D) = (3,0,m).
(a): Then A x C = C by Proposition 5.25, and hence A x B = B.
(b): obvious.
(iii) Let C' be normalized and D be superatomic such that B = C'x D, 7(C) = (5, 3,0),
and 7(D) = (v,0,m).
): clear.
(b): clear.
(a): by Proposition 5.25
lv)(b): by Proposition 4.14.

i)(a): by Proposition 5.25.
i)(b): by Propositions 5.24, 5.25.
i)(c): by Proposition 5.25.
i)(d): by Proposition 5.25.
ii)(a): by Propositions 5.24, 5.25.
ii)(b): by Proposmon 5 25.
(
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6. More examples
Example 6.1. If |[A| =1, then 7(A) = 7,(4) = (0,0,0). O
Example 6.2. If A is finite with n > 0 atoms, then 7(A) = 75(A) = (0,0,n). O
Example 6.3. If A = Intalg(w® - n), with a a nonzero ordinal and n a nonzero natural

number, then 7(A) = 74(A) = (a,0,n).
Proof. We claim that for all § < «,

6.3(1)  atoms(A/Ip(A4) = {[w™ i+ - €™ i+ 0 - (€ + D)pyn) 1§ < m€ <),
6.3(2) A/Ig(A) is generated by the increasing sequence

{100, w” - )1 04y 1 E <w}T
[0, w™ +w” - )] 1,4y 1 € <w™}T

(0,0 (n—1) +w’ - ] a) : € <w}.

We prove these statements by induction on 3. They are clear for 3 = 0. Assume them for
(. Then they are clear for 5+ 1. Now assume that v is limit < w® and (1) and (2) hold
for all 3 <. Then for any i < n and { < w®, [[w* i +w? - §w* i+ w? - (E+1))]1 ()
is an atom of A/I,(A). In fact, first note that each member of I,(A) is a finite union of
intervals [¢, ) with 1) — ¢ < ~; hence [[w i+ wY - §,w* i+ w7 - (£ +1))]1,a) # 0. Now
suppose that i < n, £ < w®, and § < w?. Choose 3 < v so that § < w”. Say B+ ¢ = 7.
Then

Wi+ w? - € i+ w €+ 0)),(a)

w* i+ w’ W §w* i+ w’ W E+6)],(a
[[wa-i+w5-ws-S,wa-i+wﬁ-w€'f‘f’wﬁ)]lw(z‘l)

o it w? W € i+ W (W €+ 1)) =0

ININ

Now 6.3(1) and 6.3(2) follow for ~.
So 6.3(1) and 6.3(2) hold for all 8 < a. It follows that A/I,(A) is generated by

{10, w0)]racay, -+ [[w - (0 = 1), 00)] 1, () }-
So A/I,(A) is finite with n atoms. Hence 7(A) = 75(4) = (a, 0, n). O

Example 6.4. Let L = w x Q ordered by second differences, and with a new zero 0
adjoined. Let A = Intalg,;(L). Then 7(A) = (1,1,0).

Proof.
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atoms(A) = {({n},q) : n € w,q € Q};

I1(A) is generated by {({n},q) :n € w,q € Q};

A/Il( ) is atomless;

I>(A) = Li(A);

I,(A)/Io(A) is not principal.

7(A) = (1,1,0).

ar(A) = 1.

A is normal.

g+ A/ Lu(ay(A) — Tntalg(Q) is defined by g([[0', (m, @))]1,(a) = [0, ¢); with A an isomor-
phism of Intalg(Q onto Fr(w) we have INV(A) = (1,1,{r4a nogok : k € Aut(Fr(w))}. ]

Example 6.5. Let L = w? x Q ordered by second differences, and with a new zero 0/
adjoined. Let A = Intalg(L). Then 7(A) = (2,2,0).

Proof.

atoms(A) = {({a},q) : @ < ws,q € Q};

I1(A) is generated by {({a},q) : @ < ws,q € Q};

atoms(A/I1(A)) = {[([w-n,0- (n+1)),9)]ra) :n € w,qeQ};

I5(A) is generated by I1(A)U{([w-n,0-(n+1)),q):n €w,q€Q};

A/Ig( ) is atomless;

I35(A) = I(A);

I5(A)/I;(A) is not principal;

7(A4) = (2,2,0).

ar(A) = 2.

A is normal.

g : A/lya)(A) — Intalg(Q) is defined by g([[0/, (, ¢))]r,(a) = [0, q); with h an isomor-
phism of Intalg(Q onto Fr(w) we have INV(A) = (2,2,{ra nogok : k € Aut(Fr(w))}. O

Example 6.6. Let A = Intalg(w?) x Intalg(Q). Then 7(A) = (2,0,1).
Proof.

atoms(A4) = {({a},0) : a < w?};

I1(A) is generated by {({a},0): a < w?};

atoms(A/ 11 (A)) = {[([w - n,w- (n+ 1)), 0)]n(a) 1 € };
I5(A) is generated by I;(A) U {([w-n,w-(n+1)),0):n € w};
atoms(A/I(A)) = {[(L,0)] .0}

I5(A) is generated by Io(A) U {(1,0)};

A/Ig( ) is atomless;

14(A) = I3(A)

I3(A)/Io(A) is generated by [(1,0)]7,(a);

A/I5(A) has the one atom [(1.0)]7,(a).

7(A) = (2,0,1). O

Example 6.7. Let A = Intalg(w) x Intalg(w? x Q). Then 7(A) = (2,2,0).
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Proof.

atoms(A) = {({m},0) : m € w} U{(0,({a},q)) : a« <w? ¢ € Q};

I,(A) is generated by {({m},0):m € w}U{(0,({a},q): a <w? ¢ Q};
atoms(A/11(A)) = {[(1,0)]1,(a)} U{[(0, (lw-n,w- (n+1)),¢)]1a) s n € w,q € Q};
IQ/(A)( is)generated by I1(A)U{(1,0)}U{(0,(w-n,w-(n+1)),q) :n€w,qeQ};
A/I5(A) is atomless;

I3(A) = I>(A);
I5(A)/Ip(A) and I5/I(A) are not principal;
7(A) = (2,2,0). =

Example 6.8. Let A = Intalg(w?) x Intalg(w? x Q). Then 7(A) = (2,2,1).
Proof.

atoms(4) = {({a},0) : a < w?} U{(0, ({a},q) : @ < w?,q € Qk

1,(A) is generated by {({a},0): a < w?} U{(0,{(a,q)}) : a < w?,q € Q};
atoms(A/11(A)) = {{[w-n,w-(n+1)),0)]1,(a) : 7 € w}U{[(0, (0, [w-n,w- (n+1)),9)]5,a) :
n€w,qecQ}

I5(A) is generated by I1 (A)U{[w-n,w-(n+1)),0) : n € w}U{(0, (0, [w-n,w-(n+1)),q)) :
ne€w,q€Q}
atoms(A/I5(A)) = {[(1,0)]1,(a)};

I5(A) is generated by I(A) U {(1

A/Ig( ) is atomless;

I,(A) = I3(A);

I5(A)/Io(A) is not principal; I3(A)/I1(A) is not principal; I3(A)/I2(A) is the principal
ideal determined by [(1,0)]7,¢a);

7(A) = (2,2,1). 0

Example 6.9. Let L = (w x Q) + (w? x Q) with a new zero 0’ adjoined, A = Intalg(L).
7(4) = (2,2,0).

atoms(A) = {({m},q) : ¢ € Q}U{({a},9) : o < w? ¢ € Q}.

I,(A) is generated by {({m},q) : ¢ € Q} U{({a},q) : a <w? q € Q}.

atoms(A/ 13 (A)) = {[([w - nw- (n-+ 1),0))]1,(ay s n € w.q € Q.

I5(A) is generated by I1(A) U {[w - n,w-(n+1),q) : n € w,q € Q}.

A/I5(A) is atomless.

I3(A) = I (A).

o(4) = (2,2,0). -
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I1. Ketonen’s theorem

7. Monoids and measures

An m-monoid is an algebra (M, +,0) such that + is a commutative and associative binary
operation on M, 0 € M, Va € M[a+ 0 = a] and VYa,b € Mja+b=0—a=5b=0|.

For any m-monoid (M, +,0) we set M* = M\{0}. Note that M* is closed under +,
so that (M*,+) is a commutative semigroup.
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A morphism of an m-monoid (M, +,0) to an m-monoid (M’,+',0') is a function
f: M — M’ such that Vx,y € M[f(x +y) = f(z) + f(y)], f(0) =0, and f[M*] C M.

Proposition 7.1. If L is a linear order with smallest element 0, then (L, max,0) is an
m-monoid, where max(a,b) is the maximum of a and b. O

W is wi with a new smallest element o adjoined. So (#', max, 0) is an m-monoid.
If Aisa BA and M is an m-monoid, then an M-measure on A is a mappingo : A — M
such that

7.1(1) o(x + y) = o(x) + o(y) for each pair (x,y) of disjoint elements of A.
7.1(2) Vx € Alo(z) = 0 iff x = 0].
The set of all M-measures on Fr(w) will be denoted by # (M). 4 is 4 (W).

Proposition 7.2. If M, N are m-monoids, ® : M — N is a morphism, and o € 4 (M),
then ® oo € M (N).

Proof. Clearly ® oo : Fr(w) — N. If z,y are disjoint elements of Fr(w), then
P(o(z +y)) = P(o(x) +0(y)) = ©(o(x)) + 2(o(y)).
Also, if z € Fr(w), then

O(o(z))=0 iff o(x)=0 iff x=0. O

Proposition 7.3. If k is an automorphism of Fr(w) and o € 4 (M), then ook € .4 (M).

Proof. Assume that k£ is an automorphism of Fr(w) and o € #(M). If z,y are
disjoint elements of Fr(w), then k(z) and k(y) are disjoint, and

o(k(z +y)) = o(k(x) + k(y)) = o(k(x)) + o (k(y)).

For any = € Fr(w),
o(k(x))=0 iff Fk(x)=0 iff =z=0. O

8. Derived monoids

For any set M we denote by <<“M the set of all finite nonempty sequences of members
of M. If (M, +,0) is an m-monoid, then for any m € w\{0} the operation + on ™M is
defined coordinatewise. We define the trace map T : <<“M — M by

T(a) = Z a; where a € ™M with m € w\{0}.
i<m

If M is an m-monoid, m,n € w\{0}, a € ™M, and b € "M, then a is a refinement of b,
in symbols a < b, iff there is a mapping X : m — n such that Vj < nlb; = > {a; : i <
m, A(i) = j}]. Note that if a < b with m, n, A as indicated, then >, b; =37, ai.
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Proposition 8.1. < is reflexive.
Proof. Suppose that a € M. Let A(i) = i for all i < m. Then for all j < m,
= 2{ai - A()) = j}. O
Proposition 8.2. < is transitive.

Proof. Suppose that a < b < c. Say a € "M, b€ "M, and ¢ € PM. Then there
exist A : m — n and p : n — p such that Vj < n[ Z:{aZ c i < myA(i) = j}] and
Vk < pler = > {bj : 7 <n,p(j) = k}]. Then for all & < p,

ck—Z{b cj<nyu(y) =k} = Z{Z{a, 2<m)\)—j}:j<n,u(j):k:}
= faii<m:p(\i) =k} O

Proposition 8.3. If M is a m-monoid, m € w\{0}, a € ™M, and X is a permutation of
m, let b=a o\ = (axo),ax1),---»Arx(m—1))- Thena <b<a.

Proof. Vj < n[b; = ayy) = > {a; : i < n,A7'(i) = j}] and Vj < nfa; = by-1()
> {bi vi <, A(i) = j}].

Proposition 8.4. If M is a m-monoid, m € w\{0}, and a € ™M, then a—(0) =
(ag, ..., am-1,0) and a < a—(0) < a.

Proof. Clearly a—(0) = (ag,...,am—1,0). Now let b =a"(0). Let A\:m — m+1

be the inclusion map. Then Vj < m + 1[b; = > {a; : i < n,A(i) = j}]. So a < b.
Now let  : m + 1 — m be such that g [ m is the identity and u(m) = m — 1. Then
Vi<mla; =) {b;:i <m+1,u(i)=j},s0b<a. O]

Proposition 8.5. If M is a m-monoid, m,n € w\{0}, a € "M, and b € "M, and a < b,
then T'(a) = T'(b). ]
Let f:w X w — w be a bijection. Let (M, +,0) be an m-monoid. The derived monoid
AM of M is the set of all a € [S<“M|“ satisfying the following conditions:

(i) (Collection property, (C.P.)): For all a,b € <<“M, if a € o and a < b, then b € .

(ii) (Refinement property, (R.P.)): For all m,n € w\{0} and alla € ™M and b € "M,
if a,b € a then there is a ¢ € ™™ M such that ¢ € o, Vi < mfa; = ) {csu,j) : j < n}] and
Vi <nlb; = {csu ) 1 <m}l.

(iii) (Splitting property, (S.P.)) ¥Ym € w\{0} and all a« € ™M, if a € o and ag # o,
then there exist b,c € M\{0} such that ayp = b+ c and (b,c,a1,...,am-1) € a.

For any o, 3 € AM let
a+pf={a+b:a€abecf,dnn(a) =dmn(b)}.
Also, let O = {(0),(0,0),...}.
Proposition 8.6. If a« € AM, then for each m € w\{0}, o has a member of length m.
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Proof. « is infinite, so fix a € a; say a has length m. Let A : m — 1 be the obvious
function. Let b = {(0,> {a; : i < m})}. Then by = > {a; : i < m,\(i) = 0}, so a < b.
Hence by the C.P., b € a. Thus « has an element of length 1. By Proposition 8.4 and the
C.P. it has elements of each positive length. ]

Proposition 8.7. If a,0 € AM, then o+ € AM. Also O € AM. Moreover,
(AM,+,0) is an m-monoid.

Proof. By Proposition 8.6, o + § € [<<“M]“. Now to check C.P. for a + 3, suppose
that a,b € <<“*M,a € a+ (3, and a < b. Say a = c+d and m € w\{0} with a,c,d € ™M,
Say n € w\{0}, A\ : m — n, and Vj < n[b; = > {a; : i < m,A(i) = j}]. Define ¢’ and d’
with domain n by setting, for j <n, ¢; = > {c; 1 <m,A(i) = j} and dj = Y {d; : i <
m,A(i) = j}. Then ¢ < ¢ and d < d’, so by C.P. for o and 3, ¢ € a and d’ € 3. Clearly
b=c +d, sobe a+ (. This proves C.P. for a + 3.

For R.P., suppose that m,n € w\{0}, a € ™M, b € "M, and a,b € o + 3. Say
c,de "M,e, fe™,c,eca,d,fe B, a=c+d,and b=e+ f. Choose g,h € ™" M
such that g € a, h € 3, Vi <mlc; = ) {g5u,5) 7 <n}l, Vi <nle; =D {956, 1 < m}l,
Vi < mld; = Y {hsiuy) 0 J < n}], and Vj < nl[f; = > {hsuy) i <m}]. Let k =g+ h.
Then k € ™" M, k € o+ 3,

Vi < m[ai =c¢; +d; = Z{kf(ivj) :j <n} and
Vi < n[b] =e; + fj = Z{kf(i’j) 1< m}}

This proves R.P. for a + f.

For S.P., suppose that m € w\{0}, a € "M, a € a+ (3, and a9 # 0. Say a = b+ ¢
with b € a and ¢ € (.

Case 1. by = 0 # ¢g. Choose d,e € M\{0} such that ¢y = d + e and

(d,e,c1,¢2,...Cn_1) € (.

Also, let f = (0,0,b1,b,...bp—1). Define A\ : m — m+1 by A(i) =i+ 1 for all i < m.
Then fo =0= > _{b; : A1) =0}, f1 =0=>{b; : i <n,A\(i) =1} = by, and for j > 2,
fi=bj_1=>{b;i:i<n, A1) =j}. Sob=< f, hence f € a. Clearly ap = d + e and

(d,e,ar,a9,...,04m-1)=(d,e,c1,C2,...Cmn-1) + [;
hence (d,e,ay1,as,...,am_1) € @+ (.
Case 2. by # 0 = ¢g. This is symmetric to Case 1.
Case 3. by # 0 # cy. Choose d,e € M\{0} such that ¢y = d + e and

<d, €,C1,Co,. . .Cm_1> € ﬁ

and choose d', e’ € M\{0} such that by = d' + ¢’ and (d’,€’,b1,ba,...b;—1) € a. Then
ag=by+co=d+e+d +¢ and

(d+d,e+¢€ a1,a2,...,am 1) € a+ .

62



This proves S.P. for a + f.
Hence a + g € AM. Clearly O € AM. Clearly then (AM,+,0O) is an m-monoid.
O

Proposition 8.8. Ifa € a € AM, with a € ™M, and if X is a permutation of m, then
ao\E€E .

Proof. By Proposition 8.3 and C.P. L

Proposition 8.9. Vm € w\{0}, all a € ™M, and all i < m, if a € o and a; # o, then
there exist b,c € M\{0} such that a; =b+ ¢ and {(ag,...,a;—1,b,¢,ai41,...,am_1) € Q.

Proof. let A : m — m be the permutation (i,0). Then

<ai7a17 -5 Ai—1, 00, Gi41, - - '7am—1> cw

by Proposition 8.8. By S.P. let b,¢ € M\{0} be such that a; = b+ ¢ and

(byc,a1y ..., i—1,00,Qi41, ..., Qm—1) € Q.

Let d = (b,c,a1,...,a;-1,00,Gi41,--.,am—1), and let A be the permutation of m + 1 such
that

A0) =i+ 1,A1)=2,...,A(i—1) =1,

A@) =0, Ai+1)=1LA0i+2)=i+2,...,A\(m) =m.
Then

do A= <di+1,d2,. . .,difl,b, C, di+1, .. ,dm> = <CLO,CL1, .. .,ai,l,b, CyAi41,- - .,am,1>.

Since d € «a, also d o A € a by Proposition 8.8. ]

Proposition 8.10. If a is a countable subset of <<“M satistying R.P. and a,b € «, then
T(a) =T(b).

Proof. Say a € ™M and b € "M. Let ¢ € a be obtained by R.P.; thus Vi < m[a; =
Y Acri) 17 < np]land Vi < n[b; = Y {cru ) 1@ < mp. We claim that a < c. Let
A(f(i,7)) =i for all i < m,j < n. Then

Vi < mla; = Z{Cf(i:j) rj<n}= Z{Ck tk<m-n,\k) =1}

So a < ¢. By symmetry, b < c. Hence by Proposition 8.5, T'(a) = T'(c) = T'(b). O

Now for any a € AM we let T'(«) = T'(a) for any a € «; this is justified by Proposition
8.10.

Proposition 8.11. T : AM — M is a morphism of m-monoids.
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Proof. For preservation of +, let o, 3 € AM. Choose a € o and b €  with dmn(a) =
dmn(b). Then (a+0b) € (a+ ), s0 T(a+ ) =T(a+b) =T(a) +T(b) =T (a) +T(B).

Clearly T(O) = 0. If a # O, choose a € « with dmn(a) = 1. Then ag # 0, so
T(a) =T(a) # 0. O

Proposition 8.12. If a is a countable subset of <<“M satisfying C.P. and R.P., then
(T(a)) € a.

Proof. Take any a € «; say a has domain m. Let A : m — 1 be the obvious function.
Let b={(0,> {a; : i <m})}. Then by = > {a; :i < m,A(i) =0}, so a < b. Hence by the
CP.,bea. O

9. The derived monoid of 7

Recall that # is wy with a new smallest element o adjoined; it is an m-monoid.
For each a € (A®)* define 0, : w; — w + 1 by setting, for each ¢ < wy,

04 (C) = lub{|{i € dmn(a) : a; = (}| : a € a}.

Proposition 9.1. If a € (A%)*, and a € o with a € ™W, then T(a) = max{a; : i <
m,a; # o0,a € a}, a countable ordinal. ]

Proposition 9.2. Suppose that a« € (AW )* and T'(«) =n. Then
(i) 0..(¢) = 0 for all ¢ > n.
(11) 0 < 04 (n) < w.
(73) If £ = min{¢ < wy : 0,(C) # 0}, then

(a) § <.
(b) For each n € w there is an a € « such that a has at least n entries equal to &.
(¢) 0a(§) = w.

(d) V¢ < €[0a(C) = 0].

Proof. (i), (ii), and (iii)(a) are clear. We prove (iii)(b) by induction on n. It is clear
for n = 0,1. Now assume it for n. Say a € a and a has at least n entries equal to £. Say
a € ™MW, i< m,and a; = £. By Proposition 8.10 there are b,c € #* such that £ = a; =
b+cand (ag,...,a;—1,b,¢,ai41,...,am_1) € a. Since max(b, ¢) = £ and by the minimality
of £ both £ <band £ < ¢, we have b = ¢ = &. Thus (ag,...,a;—1,b,¢,a;41,...,0m,_1) has
one more ¢ than a, and hence it has at least n + 1 entries equal to . This proves (iii)(b).
(iii)(c) follows from (iii)(b). (iii)(d) is obvious. ]

Let N* be the set of all mappings 6 : w; — w + 1 such that there exist £ < n ordinals in
w1 such that 0(¢) =0 for ( < § and n < { < wq, with 0(§) =w and 1 < 0(n) < w.

Let N = N* together with a new element o. We define + on N by setting, for 6,1 € N*,
o+o=0;0+0=0=0+0; (04 1)) =6(¢) + () for each { < wy.

Proposition 9.3. Suppose that o« € AM, m,n € w\{0}, a € "M, b e "M, a,b € a, A
and p are permutations of m,n respectively, c € ™" M, ¢ € a, Vi < mlaru) = Y {cray) ¢
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j<n}, V< n[bﬂ(j) = Z{Cf(i,j) s < m}],de ™" M, and Vi < mVj < n[df(i’j) =

CrO-1 ()1 ()]
Then d € a, Vi <mla; = ) {dsa ) :j <n}l, and Vj <nb; = > {dsq; ;) 11 <m}].

Proof. Let p be the permutation of m x n such that p(f(i,7)) = f(A"1(3), = 1(5))
for all i <m and 5 < n. Then d = co p. Hence d € a by Proposition 8.8.
Now take any ¢« < m. Then

a;i = a1y = > _{cra-1(iyg) 14 <n}
=Y {eror@muray 2 <nk=> {dpag i <n}
By symmetry, b; = > {ds@ ;) : 1 <m} for all j <n. O

Proposition 9.4. Suppose that « € AM, m,n € w\{0}, a € "M, be "M, m <n, ad €
"M,aCad, aad,bea,Vicn\mla;=o],ce""M, cca, Vi<nla; =) {cy, ;) ] <
n}l, Vi <nlbj = {cs..5) 0 <n}, d€™"M, and Vi <mVj < nldy, (i) = Cho (i)l
Then d € a, Yi < mla; = ) {dy, )+ J < n}t and Vj < nlb; = > {dy, @ 1<
m}].
Proof. Define \ : n-n — m - n by setting, for any i < n and j < n,

A fn iy §)) = {fmn(i,j) iti<m,

fmn(m—l,j) ifm<i<n.

Now Vi € n\m[o = a; = > {cys,. (i) : J < n} and hence
(x) Vi € n\mVj <nley,, @) = ol.

Now Vi < mVj < nVk < nVl < n[A(fan(k,1)) = fon(i,j) iff (k = i and [ = j) or
(m<k<mnandi=m—1and!=j)]. Soifi <m —1and j <n then

> {etunten) : M Fun (B, D) = (s 3)} = €101 = (i)

while if i =m — 1 and 57 < n then

> {epunteny s AlFan (ks 1) = frnlis )}

= Cfnn(z,]) + Z{Cfnn(kvl) ke n\m’j < TL} = Cfnn(lvj) = dfmn(lvj)
Hence ¢ < d, so d € a by C.P. Next, for any i < m, a; = aj = > {cy, i) :J <n} =
Y Ady, ) i d < n} By (%), for all j <n, bj = > {cy,. )t <nt = {cs.G5 1<
m} = {dy, ;) 1 <m}. ]

Note by symmetry that the modification of Proposition 9.4 by replacing m < n by n < m
also holds.

Proposition 9.5. The following statement implies R.P.:
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For all a € AW, all m € w\{0} and for all a,b € ™¥, if a,b € a, ag > a3 >
<o > Q1 and bg > by > -+ > by,_1, then there is a ¢ € "W such that ¢ € a and

Vi <mla; =Y {cy,..j) - J<m}t] andVj <m[b; = > {cy,. ) 11 <m}].

Proof. Assume the indicated statement, and suppose that m,n € w\{0}, a € ™%,
be™#, and a,b € a. Let X be a permutation of m and p a permutation of n, such that
ax(o) > ax(1) > 2> Ax(m—1) and bu(O) > bu(l) > e 2> bu(n—l)- Let a’ = aoXand b/ = bop.
Wlog m < n. Let @’ € "# be such that «’ C a” and Vi € n\m[a] = o]. Then by the
assumed statement, there is a ¢ € "% such that ¢ € a and Vi < nlaj = > {cy, ;) :J <
n}t] and Vj < n[b; = > {cy,, (i) : i <n}]. Define d € ™ "W by setting dy, . (i.j) = Cf.n (i)
for all i < m and j < n, Then by Proposition 9.4, d € a, Vi < m[a; = > {dy, ;) :J <n}]
and Vj < n[b = > {dy,. @ i <m}]. Now define e € ™*"%# by setting, for i < m and
7 < mn, €fn(ij) = dfmn()\fl(i)vufl(j)). Now Vi < m[a,\(i) = a; = Z{dfmn(i,j) < n}]
and Vj < nf[b,y = b; = > {dy,.ij % < m}]. Hence by Proposition 9.3, e € «,
Vi <mla; =Y {ey,..j) 7 <n}l,and Vi <nlb; = > {ey,. ) ¢ < m}]. ]

Proposition 9.6. Let f(O) = o, and for any o € (AW)* let f(a) = 0. Then f is an
isomorphism of (AW ,+,0) onto (N, +,0).

Proof. By Proposition 9.2, f maps A% into N. Now we check that f preserves +.
Suppose that z,y € A¥'.

Case 1. x =y =0. Then f(z+y)=f(O+0)=f(O)=0=0+0= f(z)+ f(y).

Case 2. x = a € (AW )* andy = o. Then f(z+y) = f(a) =04 = Oo+0 = f(x)+f(y).

Case 3. x =0 and y = € (A¥)*. Symmetric to Case 2.

Case 4. x =a € (AW ) andy = f € (AW)*. Then f(x +vy) = fla+ 5) = Oays,
f(z) = f(a) =0,, and f(y) = f(B) = 03. So we want to show that 6,13 = 0, + 03. Take
any ¢ <wi. Then if a € a, b € 8, and dmn(a) = dmn(b), then

{i e dmn(a):a; +b; =C¢} C{i € dmn(a):a; =} U{i € dmn(d) : b; = (},

and so 0,45(¢) < 04(¢) +03(¢). On the other hand, if a € a and b € 3, then a” ¢ € o and
d™b € 3, where c is the sequence of o’s with domain dmn(b) and d is the sequence of o’s
with domain dmn(a). Then (a™¢) + (d7b) € a + 3, and

|{i € dmn(a) + dmn(b) : ((a"¢) + (d7b)); = C}|
= |{i € dmn(a) : a; = (}| + [{i € dmn(b) : b; = (}|.
It follows that 6,(C) + 03(¢) < 8415(C)-
So f preserves +.
Now we define a function g with domain A which will turn out to be the inverse of f.

Let g(0) = O. Now suppose that § € N*. Say £ < n are ordinals in w; such that 6(¢) =0
for ( < ¢ and n < { < wy, with 0(§) =w and 1 < 0(n) < w. Let

g0)=a={ae <YW :T(a) =nand V¢ < wi[|{i € dmn(a) : a; = C}| < 0(¢)]}.

Now (n), (n,0), (n,0,0), ... € a, so « is infinite. Each member of « is a finite sequence of
members of {o} U (n+ 1), and so « is countable. Now we check that « € A%
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C.P.: Suppose that a € a, b € <<%, and a < b. Say dmn(a) = m, dmn(b) = n,
A:m —n, and Vj < n[b; = > {a; : i <m, (i) = j}]. Then T'(b) = T'(a) = n. For any
¢ <npwehave [{j<n:b;=C} <|[{i <m:a; =(} <6(¢). So C.P. holds.

S.P.: Suppose that m € w\{0}, a € ™#, a € o and ag # o. Now & < ap and
ag = ag + £. Clearly

(ap, &, a1,az2,...,am—1) € a.

So S.P. holds.
R.P.: By Proposition 9.5 it suffices to prove the following statement:

(¥) For all m € w\{0} and for all a,b € ™#, if a,b € o, ap > a1 > -+ > a;,—1 and
bo > by > -+ > by,—1, then thereisa c € "™"™% such that ¢ € o, Vi <mla; = ) {cy,.. (i)
Jj<m}],and Vj <m[b; = > {cy . (i) 1 <m}.

We prove the statement by induction on m. First assume that m =1 and a,b € ™% with
a,b € a. Since dmn(a) = dmn(b) = 1 and T'(a) = T'(b), it follows that ag = n = by, hence
a = b. Then we can take c = a.

Now assume the result for m, and suppose that a,b € ™"T'% . a,b € a, ag > a; >
o> apmand bg >by > - >by,. Letd =a[mand b =b | m. Let \:m+1—m
be such that A [ m is the identity, and A(m) = m — 1. Then Vj < m[a} = a; = } {a; :
i <m+1,A(i) = j}], Soa < d, hence a’ € a by C.P. Similarly, b’ € a. By the inductive
assumption there is a ¢ € ™% with ¢ € a such that Vi < mlaj = > {csi ) : J < m}l,
and Vj < m[b; = > {cy@ ) : @ < m}]. Note that an, = & or a,, = o; similarly, b, = ¢ or
b = 0. Let d € mFTD-(m+1)5/ extend ¢, with

df(m,0) = Om;
dfim,y =0 if 0 <i < m;

dy0,m) = bm;
df(i,m) =o0if 0 <1< m.

We have a,, = Y {dfims) 01 < m} and by, = D {dsim) 2 @ < m}. Also, if i < m, then
ngm dij = Zj<m Cij + dim = a; + 0 = a;, and similarly Zigm dij = bj. Also, d € « by
the definition of g(#), proving (x) for m + 1.

So R.P. holds.

Hence g maps into A% .

Now we claim that f(g(0)) = 6 for all § € N. For, f(g(0o)) = f(O) = o. Now
let 0 € N*. Let a = g(f). Choose & < n ordinals in w; such that V¢ < £[0(¢) = 0],
V¢ >n[0(¢) =0], () =w and 1 < 0(n) < w. Now suppose that { < wy.

Case 1. ¢ < &. Then by the definition of ¢g(0), for any a € «, [{i € dmn(a) : a; =
CH £ 6(C) =0, 50 (F(g(8))(C) = Ba(C) = 0 = 0(C).

Case 2. ( = £. Clearly there are members of o with an arbitrarily large number of
(’s, 80 0,(&) = w = 0(&).

Case 3. £ < ¢ <mn. Then by the definition of g(), Va € a[|{i € dmn(a) : a; = (}|
6(¢)]. Hence 0,(¢) < 0(¢). Now we consider subcases.

Subcase 3.1. ( < nand 0(() < w. Let dmn(a) = 0(¢) + 1 with ag =n and a; = ¢

for 0 < i < 6(¢). Then a € a, so 0,(¢) = 6(C).

IN
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Subcase 3.2. ( = n and 0(¢) < w. Let dmn(a) = 0(¢) with a; = ¢ for ¢ < 0(().
Then a € a, s0 0,(¢) = 0(¢).

Subcase 3.3. 0(() = w and ¢ = n. For each m € w\{0} let a have domain m with
constant value 7. Then 0,(n) = w = 0(n).

Subcase 3.4. 0(¢) = w and ¢ # 1. For each m € w\{0} let a have domain m + 1
with ag =n and a; = ¢ for all i = 1, ..., m. This shows that 6,(¢) = w = 0(¢).

Case 4. n < (. Since T'(«) = n, for any a € o we have {i € dmn(a) : a; = ¢} = 0.
Hence 0,(¢) =0 = 6(Q).

This proves the claim that f(g(0)) = 6 for all § € N.

Now to prove that g(f(a)) = « for all & € AW, first note that g(f(O)) = g(o) = O.
Now suppose that a € (A%)*; we want to show that ap, = a. Let n = T(a). If a € a,
then T'(a) = n and V¢ < wi[[{i € dmn(a) : a; = (}| < 0,(()], hence a € ap,. Thus
aCag,.

Now since o € (A%')*, 0, is given by

04 (C) = lub{|{i € dmn(a) : a; = (}|: a € a}.
Then we have £ and 7n given by Proposition 9.2, and
ag, ={a € <YW :T(a) =n and V¢ < n[|{i € dmn(a) : a; = C}| < 0,(¢)]}.

Now suppose that a € ayg,,. Say (o > - -+ > (,, are the distinct values of a, with multiplicities
ko,...,k, > 1. Note that when R.P. is applied to ¢’ and V', obtaining ¢, if { < w; occurs
[ times in @', then it occurs at least | times in ¢. Now for each i < n we have k; < 0,((),
so there is a b; € « such that |{j € dmn(b;) : b;; = (;}| > k;. Applying R.P. to all the b;
in succession, we end up with ¢ € « such that Vi < n[|{j € dmn(c) : ¢; = (;}| > k;]. Note
that ¢ may have values in addition to (g, ..., (,. Say m = dmn(c). By Proposition 8.8 we
may assume that the entries of ¢ are in decreasing order; say

Ci:CO fOYiIO,...,ko—l; kogll;
ci=Cfori=1l,...;0+k — 1511+ k1 <l

¢ = Cn fori:lnw--aln"‘kn_l; ln +kn <m.

Let p = dmn(a), and define A : m — p as follows:

M) = b+ kn — 1 for by + kn < j < m.
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Now let d; = > {c; : i < m,A(i) = j} for all j < n. Thus ¢ < d, so d € a by C.P. Now
d has entries, in order, (p,...(, with multiplicities ko, ..., k,. a is a permutation of d, so
a € a by Proposition 8.8. ]

10. Derived measures

For the notion of an m-monoid, M-measure, and .# (M) see section 7. We apply these
notions with A = Fr(w). For any o € .# (M) we define Ao with domain Fr(w) by

(Ao)(x) ={{oc(yo),- -, 0(Yn_1)) :n Ew,x =yoty1+  +Yn_1}

Proposition 10.1. If o € # (M), then Ao € A (AM).

Proof. Recall from Proposition 8.7 that AM is an m-monoid. Clearly (Ao)(0) = O,
the zero of AM. Conversely, if (Ao)(x) = O, then x = 0. Now suppose that = # 0. Then
clearly (Ao)(x) is a countable subset of <<“M. To show that (Ac)(x) € AM we need to
check C.P., R.P. and S.P.

C.P. Suppose that a,b € <M, a € (Ao)(z), and a < b. Say a =
(0(Y0)s -+, 0(Ym—1)) with m € w and * = yo+y1+ - +¥ym_1, b has length n, A : m — n,
and Vj < n[bj =>{a; i <m, (i) =j}]. Foreachj <mnlet z; => {y;: i <m, A(3) _j}.
Then z = 29+21+ - +2,_1 and for all j < n,

b—Z{ayZ 21 < ny A <Z{yZ z<n)\)—j}):a(zj).

Thus b € (Ac)(z). This proves C.P.

R.P.: Suppose that m,n € w\{0}, a € "M, b € "M, and a,b € (Ao)(z). Say
T =yoty1+ - FYm_1, Vi <mla; = o(y;)], T = 20+21+ - +2n_1, and Vi < n[b; = o(z;)].
For i < m and j < nlet wy;j ) = yi - 2. Then v = >, wy (disjoint sum). Let
Ciij) = 0(Yi - z;) for all i < m and j < n. Then Vi < mla; = > {cpq;) : j < n}] and
Vj <nlb; = {csu,j) 1 <m}. So R.P. holds.

S.P.: Suppose that m € w\{0}, a € ™M, ag # o, and a € (Ac)(x). Say x =

yo—Fyl—i— +Ym_1 and a = {o(yo), (yl) (ym 1). Thus o(yg) # 0. So yo # 0. Write
Yo = u+v with uw,v # 0. Then z = u+v—|—y1+ - 4+1m—1. Hence

(o(u),o(w),0(y1),...,0(Ym-1) € (Ao)(x).

This proves S.P.

Thus (Ao)(z) € AM.

To prove that (Ac) preserves +, suppose that z,y € Fr(w) are disjoint. Suppose
that u € (AU)( )+ (Ao)(y). Say a € (Ao)(x), b € (Ao)(y), with dmn(a) = dmn(b),
T =z20+2z1+ - +2mo1, a = (0(20),0(21), -, 0(2m_1)), ¥y = wotwi+ -+ - Fwp,_1,

b= (o(wo),a(wr), ., o(wn 1)),
and a +b = u. Now
r 4y = (20+two)+(z1+wi)+ -+ (zm-1Ftwm—1)
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and
a+b= <U(ZO‘HUO) (z1+w1), (Zm—1+wm—1)>,

hence u=a+b € (Ao)(xz+y). If follows that (Ac)(z) + (Ao)(y) C (Aa)(w + ).
Conversely, suppose that v € (Ac)(z +y). Say z +y = 20+21+ - +2m-1 and

v = (0(20),0(21)y...,0(2m_1)). Then x = (- z9)+(x - 21)+---+(x - 2m_1), and hence

a ¥ (o(x-2),0(@-2),...,0@  2m_1)) € (Ao)(z). Similarly, b < (o(y - 20), oy -
21)y. ey 0(Y - 2m—1)) € (Ao)(y). Soa+be (Ao)(x)+ (Ao)(y). Now

a+b= <0'(m . Zo) + U(y . zo),a(m . zl) + J(y . Zl), . _,0'(1/- . mel) + O'(y . Zm71)>
= (0(20),0(21)y...,0(2m-1)) = v.

Thus v € (Ao)(z) + (Ao)(y). ]

Proposition 10.2. Vz € Fr(w)[T((Ao)(z)) = o(z)].

Proof. We have (Ac)(z) € AM by Proposition 10.1. Hence by the definition before
Proposition 8.11, T((Ac)(z)) = T(a) for any element a of (Ac)(z). So suppose that

r=yot+y1+ - +ym_1 and a = {(o(y0),0(y1), ..., 0(Ym—1)). Hence T((Ao)(x)) = T(a) =
Zz<m (yz) = U(Zz<m yz) = U(I) O

The definition of Ao can also be made with respect to any BA isomorphic to Fr(w), and
10.1,10.2 hold.

Proposition 10.3. If z € Fr(w), k : Fr(w) — Fr(w) | z is an isomorphism, and o : Fr(w) |
z — M is an M-measure on Fr(w) | z, then A(ook) = (A'o)ok. Here N\ refers to the
above construction with A = Fr(w) | z.

Proof. Let z € Fr(w). First suppose that a € (Ao o k))(x). Say =z =
yoty1+ -+ +ym—1 and a = (o(k(yo)), o (k(y1)), - - -, o (k(ym—-1)). Then

k(x) = k(yo)+k(y1)+ - - +E(Ym—1),

and so a € (A'o)(k(x)).

Conversely, suppose that a € (A'o)(k(z)). Say k(x) = 20421+ - —Fzm 1 and a =
(0(20),0(21), .- 0(2m_1)). Let y; = k=1(2;) for all i < m. Then z = yo+y1+ -+ +ym_1
and a = <a(k(y0)),a(k(y1)),. ,0(l(Ym—1))). Hence a € (A(ook))(x). ]

Proposition 10.4. Suppose that o, 7 are M measures with respect to Fr(w) and k is an
automorphism of Fr(w). Then (i) implies (ii):

(i) o =T ok.

(i) (Ao) = (A1) ok.

Proof. Assume that k is an automorphism & of Fr(w) such that o = 7 o k. Then by
Proposition 10.3, (A7) ok = A(Tok) = Ao. O

The measure Ao is the first derivative of o.
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11. Existence of measures

Proposition 11.1. If o,7 € 4 (M), k is an automorphism of Fr(w), and o = 7o k, then
(Ao)(1) = (AT)(1).

Proof. Let a € (Ao)(1). Say
L =yotyr+---Fym—1 and a = (o(y0), o (Y1), - - - 0 (Ym—1))-

Thus

a = (1(k(y0)), 7(k(y1)), - - T(k(ym-1))) and 1 = k(yo))+k(y1)+ - +hk(ym-1),
so a € (AT)(1). The converse is symmetric. ]

Proposition 11.2. Suppose that M is an m-monoid, « C <<“M satisfies C.P. and R.P.,
m,n € w\{0},a €™M, be™M, a,b€ a, and p > n.
Then there is a ¢ € ™PM such that c € o, Vi <m[y ¢y, ij) = ai], and ¢ <.

Proof. By R.P. let d € ™ ™M be such that d € «, Vi < mla; = > {dy, (i) : 7 <n}]
and Vj < n[b; = > {dy,..ci.j) : © < m}]. Define c € ™PM so that ¢, ¢ j) = dy,..cj5) for
i <mandj<mn,andcp ¢ =0fori<mandn<j<p DefineA:m-n—m-p
by M fmn(i,7)) = fmp(i,j) for all i <m and j < n. Now ifi <m, j <p, k <m, [l <n,
then A(frn(k, 1)) = fmp(k, 1), and so X(frn(k, 1)) = fmp(i,7) iff j <n, k=1, and | = j.
so Vi < mVj < pleg, ) = 2 A4 k) k< myl <, M frmn(k, 1) = fmp(i, 5)}. Hence
d < c and so c € a. We have

Vi <D i) = D Chaplid) = D Hnling) = G
j<p ji<n j<n

Now define y : m - p — n by setting, for « < m and j < p,

o if j < n,
’u(z’j)_{n—l ifn<j<p.

Now take any j < n, and any k <m, [ < p.
Case 1. j <n—1. Then u(k,l) =jiff I = j, so

Z{cfmp(k,l) (k) =g = Z{cfmp(i,j) ci<m) = Z{dfm(iﬂj) ti < m} = bj.

Case 2. j =n—1. Then u(k,l) = j iff n — 1 < j < p Hence

Z{Cfmp(k,l) cu(k, ) =35} = Z{Cfmp(i,n—l) ci<m}+ Z{Cfmp(k,l) ck<m,n<l<p}
= Z{Cfmp(i,nfl) 11 < m} =bp_1. ]
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Proposition 11.3. Suppose that M is an m-monoid, « C <<“M satisfies C.P., R.P.,
and S.P., m,n € w\{0}, a € "M,b € "M, a,b € «, and p > n. Also suppose that
Vi < mla; # 0]

Then there is a ¢ € "™PM such that ¢ € o, Vi < m[zj<p Chop(ig) = Gi], ¢ < b, and
Vi < mVJ < p[cfmp(i,j) 75 0]

Proof. Assume all the hypotheses. By R.P. let d € "™"™M be such that d € «a,
Vi <mla; =) {dy,, ;) 7 <n}]and Vj <n[b; => {dy, i, :i<m}]. Then for every
i < m there is a j(i) < n such that dy, (i) # 0. For each i < m let r(i) = [{j < n:
dy, . (i) 7 0} Thus 1 < 7(i) < n. Let g be a bijection from HKm(n + p —r(i)) onto
some 1nteger q- Applying Proposition 8.9 many times, for each i < m we get elements
eby .o, €, () such that each ey # 0 and dy,, (i i) = el + ...+ ep (i) and d’' € o, where

for each i < m and k < n+p — r(i) we have

A (i) if k< j(i),
'gu,k): el if k=7(1) +1 with I < p—r(1),
dfp(ihmprr(yy 150 +p=1(0) <k <n+p—r().

Note that for each i < m there are n —r(i) 0’s among {dy, @ ;) :Jj < n}. So if we delete
all 0’s in d’ we obtain a sequence c € a of length >, (r(i)+p—7r(i)) =, ,,p = m-p.
We claim that c is as desired.

For each 7 < m,

a; = Z{dfm(i,j) cj<n}= Z{d'g(iyj) cj<n4+p—r@)}= Z Cho (i)

j<n
Now define A\ : ¢ — n as follows, with ¢ < m:
v if v < j(d);
Ag(i, v)) = ¢ J(7) if v = j(i) + 1 with I <p —r(0);

v—p+r@E) ifj6@)+p—r@{) <v<n+p-—r().

Then for all £ < n,

S Ay i <mj <n+p—ri),Mgl(i,v)) = k}
= {d);p i <muv=Fk<j(i)}
+ > {dy iy i <m k= (i), 0 =j() + 1,1 < p—r(i)}
+ > Ay k=v—p+r(@),j@) +p—r(i) <v<n+p—r@)}
= {d;p i <muv=k<j(i)}
+ Y Ad i <m k= j(i),v =)+ 1,1 < p—r(i)}
) {dy iy i <m, (i) <k <n,j(i)+p—r(i)<v<nt+p-—r@)}
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= {dg i i <m, k< (i)}
+ D {eiri<mk=j(i),l <p—r(i)}
+ Z{dfmn(i,k:) ci<m,j(i) < k}
= {dy, k) 11 <m} = by
Thus d’ < b. By Propositions 8.3 and 8.4, ¢ < d’. So ¢ < b. Clearly Vi < mVj

<
pleto,(ig) # 0] u
We let 2 = <“2, and for each n € w, 2, = "2. If a : 9,, — M, then we let a(2,,) =
(a(lex g, (1)) 1 i < |Zn]), where lex g, enumerates %, in lexicographic order. Thus a(%,,) €
M. Let a, = a(Z,). So a, € 2" M; a, = (a(lexg, (i) : i < 27).
Let o € [S<YM]¥. An a-tree is a mapping a : 2 — M such that:

(t1) Vn € wlay, € af.

(t2) If f € Z,, and n < m, then a(f) => {a(g): f C g€ ™2}.
An a-tree a is dense iff :

(t3) Vb € adn € wla, < b].

An a-tree a is homogeneous iff Vf € D[a(f) # 0].

Proposition 11.4. If a € [S<“M]* and Va,b € a[T(a) = T'(b) = T(«)], and if a is an
a-tree, then ag = (T(«)).

Proof. By (t1) we have ag € a, s0o T(ag) = T'(c). Now ag = a(%y) = a({0}) = (a(0)),
so T'(a) = T(ap) = a(0), hence ag = (T'()). O
Proposition 11.5. If a € [S<YM|¥, a is an a-tree, and n < m, then a;, < a,.
Proof. Define A : 2™ — 2" by setting, for any i < 2™, A(i) = lexéi (lexg,, (i) | n).
Then for any j < 2™,
Z{am 11 < 2™ and A\(i) = j} = Z{am(z 11 < 2™ and lea:éi(leargm(i) fn)=j}
= Z{am(z 11 < 2™ and lexg,, (i) [ n=lexgy, (j)}

=> {aly

):g€™2and g [n=lexg,(j)}
= a(lez,(j)) =

an(j). =

Proposition 11.6. Let M be an m-monoid, and o a countable subset of <<“M which
satisfies C.P. and R.P. Then there is a dense a-tree a.

Proof. Note that (T'(a)) € a by the proof of Proposition 8.6. Let o« = {bg, b1, ...}
with by = (T'(a)). We define m,, and a : U<, %x — M by induction on n so that the
following conditions hold: a
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11.6(1) Yk < my[ax € a].

(1)
11.6(2) Yk < m,Vf € Dila(f) => {alg): 9 € D, [ C g}].
11.6(3)

(

@, refines each b; with j < n.

n

11.6(4) n < my,.

Note that %y = %2 = {#}. We let mq = 0 and a(0) = (T'(«)). Thus ag = a(%) = a(d) =
(T'(a)). So 11.6(1)-11.6(4) hold for n = 0. Now suppose that n and a : U<, Pk — M
have been defined so that 11.6(1)-11.6(4) hold. Note that a,, and b,.1 are in «. Say
bny1 € PM. Take any 2° > p+ 1. Thus s > 1 since p > 1. Now we apply Proposition 11.2
with m,n, a, b, a, p replaced by 2", p, ay,, , bp+1, @, 2°. This gives a c € 2" 2% M such that

11.6(5) c € a,

11.6(6) Vi < 2™ [ c0s Chymnze (i) = G, (1) = alex g, (i))],
and

116(7) c < bn+1.

Let my,+1 = my, + s. Since s > 0, we have n +1 < my4;. So 11.6(4) holds for n + 1. For
each g € D, let a(g) = cpym, 00 (5,5) With i = lemé}nn (g [ mp), and j = lewéi((gmn% :
k <s)). For m,, <k < mpuy1 and g € D, let a(g) =) {a(h) : h € Drm,.,,9 C h}. Now
suppose that g € Z,,,. Let lexg,, (i) =g. Then

11.6(8) a(g) = a(lexg,, (i) = Z Chymn s (i,5) = Z{a(h) th € Dm,ir9 C h}.

j<2s
Now for k < m, and g € %) we have
a(g) = Z{a(h) th € D, ,9 Ch} by 11.6(2) for n

=> {a(h) : h € Dpn,,,,g S h} by 11.6(8)

For m,, < k <my41 and g € %) we have

a(g)=> {a(h):h € D, ,9 Ch}.

Hence 11.6(2) holds for n + 1.
Now suppose that & < 2Mn+1. Let g = le:z:%nwrl (k). Then by the above, a(g) =

Chymn os (3,5) With @ = le:vé}n (g | mp), and j = lexéj((gmrﬁk : k < s)). Now for i < 2™
and j < 2% let p(fomno:(4,75)) = lexg,m, (1) " lexg,. (j). Then

Vk < 274 [a(lexg,, () =Y {Ctump g 8 <275 < 2% p( famnos (i, 7)) = k}).
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It follows that ¢ < ap,,,,, and S0 a,,., € a. Next, suppose that m, < k < m,41. For
any h € Dy, ., let Nlex,! (b)) = lewéi(h I k). Thus A : 2™+t — 2% For any i < 2,
Mn41

with g = lexg, (i) we have

ay (i) = a(lexg, (i) = a(g)

=Y Hallexq,,  (4)):9Clexa, ()}

=Y H{allezq,, (7)) : (exg, () 1k=g}

=Y Hallezq,,  (§):lexg, . (7)) k=Ilexy, (i)}
=Y fallexs,, (1) : AG) =i}

The last equation holds since

A(J) = Alexy,)

Mn41

(lexg, ., () = lexg (lexg, . () | F),

hence A(j) =i iff lexg,, . (j)) | k= lexg,(i).

Thus (a(lexg,, . (7)) :J < 2m 1) < (a(lexg, (7)) : j < 2F) so (a(lex g, (7)) : 7 <
2%) € . Hence 11.6(1) holds for n + 1.

Now if s < n, then (a(lexg, (7)) : i < 2™) < bs by 11.6(3) for n. By the above with
k = 2™» we have

(a(lex(j)) : 7 < 2™+1) < (a(lex(j)) : 7 < 2™") < bs.
Thus 11.6(3) holds for n + 1. O
Proposition 11.7. Let M be an m-monoid, and o # O a countable subset of <<“M

which satisfies C.P., R.P., and S.P. Then there is a dense homogeneous a-tree a.

Proof. We add to the proof of Proposition 11.6. We apply Proposition 11.3 instead
of Proposition 11.2, and obtain in addition to the properties of ¢ given in the proof of
Proposition 11.6 the condition Vi < 2""Vj < 2%[cf,..,.(i,5) 7 0]. Clearly this gives the
homogeneous property. ]

Proposition 11.8. (1.16.4) If M is an m-monoid and O # o € AM, then there is a
o€ M(M) such that (Ac)(1) = a.

Proof. For each n € w and each f € Z,, let
118(1) #(f) = {g €2 [ C g}.
Then {z(f): f € 2} is a base for clop(“2), which is a denumerable atomless BA.
11.8(2) If k <i € w and f € , then z(f) = J{z(9) : g € Z;, f C g}, and this union is

pairwise disjoint.
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11.8(3) If 1 = yg+y1+- - +yn_1 with each y; clopen in “2, then there is a k € w and a
partition 2 = Go U Gy U ... U G,,_ such that Vj < nfy; = > {z(f) : f € G;}].

In fact, since {x(f) : f € Z} is a base for clop(“2) and each y; is clopen and hence compact,
there exist finite subsets 2' of Z for i < n such that Vi < n[y; = U{z(f) : f € 2'}]. Let
k be greater than the domain of f, for all f € (J,_,, 2°. By 11.8(2) we may assume that
each 2' is a subset of 9. Clearly the sets 2" are pairwise disjoint. For any f € *2 the
set z(f) is a nonempty set, and hence z(f) Ny; # () for some i < n. So we must actually
have f € 2. This proves 11.8(3).

By Proposition 11.7 let a be a dense homogeneous a-tree. Now let z € clop(“2). Then
by compactness there is a finite X C & such that z = [J{z(f) : f € X}. Hence there is a
k € wand a G C P such that z = > {z(f): f € G}. (disjoint sum) We then define

= {alf): f €G}.

This definition does not depend on the particular choice of k and G. For, suppose that
also |l € w, H C 2, and z = ) {z(f) : f € H}; we claim that ) {a(f) : f € G} =
> Ha(f): f € H}. For, suppose that k <[, and let K = {f € 9, : 39 € G[g C f}. Then
z=>A{x(f): f € K} by 11.8(2). Since x(f) Nz(g) = 0 for distinct f,g € 7, it follows
that K = H. Then by 11.8(2) we get

> {a(f): feGr=) {alg) g€ K} =) {a(f): f € H}.

Now to show that o is additive, suppose that z,z’ € clop(¥2) and z -z’ = 0. Choose
k, k', G,G" suchthat G C Dy, G' C Dyr,z =Y {x(f): f € G},and 2/ =D {z(f): f € G'};
thus o(z) = > {a(f) : f € G} and (%) = > {a(f) : f € G'}. Wlog k < k'. Let
H=A{f€ %Py :3g € Glg C f]}. Then by 11.8(2), z = > {z(f) : f € H} and o(2) =
S{a(f): f € H}. Since z-2/ = 0 we have HNG' = 0. Now z+2' =Y {z(f) : f € HUG'},

o(z+2) =) {a(f): f€ HUG'} = {a(f): f € H}+> {alf): f € G} =0(2)+a().

Since a is homogeneous, clearly o(z) =0 iff 2 =0. So 0 € #(M).
It remains only to show that (Ac)(1) = «. Suppose that b € (Ac)(1). Say n € w,
1= z20+21+ - +2,-1 and b = (0(20),0(21),...,0(2n_1)). Now by 11.8(3) let k € w and

Go,...,Gn_1 be such that 2, = Gy U Gy U ... U Gp_q and Vj < n[z; = S {ax(f) :
f € G;}. SoVj < nlo(z) = Y da(f) : f € G;}. Define A : 28 — n by A\(m) = j iff
lex(m) € Gj. Then Vj < nf[o(z;) = > {a(lex(m)) : m < 2%, A\(m) = j}. Hence ap < b,
hence b € a by (t1) and C.P. This shows that (Ac)(1) C a.

For the other inclusion, first note that
11.8(4) Vf € Do (x(f)) = a(f)]
In fact, let f € 2. Let z = z(f) and G = {f}. Then by definition o(z(f)) = a(f).

11.8(5) Vk € wlay € (Ao)(1)].
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For, let k € w. Then
ar = a(Dy) = (a(lex(i)) i < 2F) = (o(x(lex(4))) : i < 2F) € (Ao)(1)

since 1 = Y {x(lex(i)) : i < 2}, a disjoint sum. So 11.8(5) holds.

Now take any b € «. Since a is dense there is a k € w such that ax < b. Now
(Aco)(1) € AM by Proposition 10.1, so b € (Ao)(1) by (t1) and C.P.

So (Ao)(1) = a. O

12. Stable measures

Proposition 12.1. If z,y € Fr(w), o is a M-measure, and (Ao)(x) = (Ao)(y), then
o(z) = o(y).

Proof. By Proposition 10.2. L
An M-measure o is stable iff Vz,y € Fr(w), o(z) = o(y) implies that (Ao)(x) = (Ao)(y).

Proposition 12.2. Let M be an m-monoid, and o, stable M-measures. Then the
following are equivalent:
(i) There is an automorphism k of Fr(w) such that o = 7o k.

(i) (Do) (1) = (AT)(1).

Proof. (i)=(ii): by Proposition 10.4.
(ii)=(i): Assume (ii). Define zRy iff o(x) = 7(y).

12.2(1) R is a V-relation.

Recall from Section 3 the notion of a V-relation.

1R1: By Proposition 10.2, o(1) = T((Ac)(1)) = T(AT(1)) = 7(1).
0R0: By definition, o(0) = 0 = 7(0).

For (V9), we want to show that Va € Fr(w)[zR0 — x = 0]. Suppose that o(z) = 7(0).
Since 7(0) = 0, we have o(z) = 0, and hence x = 0.

(V10) is symmetric to the above.

To complete the proof of 12.2(1) by symmetry it suffices to prove (V11). So suppose
that o(x) = 7(y+2). Now 1 = y+2+(—y - —2), so by definition (r(y),7(2),7(~y- —2)) €
AT(1) = (Ac)(1). Hence there exist ug,uy,us such that 1 = ug+ui+us, 7(y) = o(ug),

7(z) = o(uy), and 7(—y - —2) = o(uz). Let v = ug + uy. Then o(v) = o(ug) + o(uy) =

(y)+7' z) = 7(y+z) = o(z). Then since o is stable, (Ao)(v) = (Ac)(x). Now v = ug+uq,
so {o(ug,o(ur)) € (Ao)(v) = (Ac)(x). Hence there exist wg,w; such that z = wo+wy,
T(y) = ( 0) = o(wp), and 7(z) = o(u1) = o(wy). Hence woRy and wy Rz. This proves
(V11). So we have proved 12.2(1).
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Now by 12.2(1) and Theorem 3.3, there is an automorphism & of Fr(w) such that for

all € Fr(w) there exist n € w and a disjoint y € "Fr(w) such that z = .. v; and
Vi < n[y;Rk(y;)]. So Vi < nlo(y;) = 7(k(y;)). Hence
o(z) =0 (Z y) = o(y) =) k() =" (kr (Z y)) = 7(k(z)).
<n <n <n i<n
Thus o =7ok. O

13. Fragments

Let M be an m-monoid. For a« C <<% M we define
b(a)={be <YM :3ce€ “YMI[b"c € a]}.

If also a € M, then
O, (a) ={be ®(a) : T(b) = a}.

Elements of ®(«) are called fragments of «; elements of ®,(«) are called a-fragments of a.

Proposition 13.1. If « is a countable subset of M, then ®(a) and ®,(«) are countable.

U
Proposition 13.2. (i) o C ¢(«a).
(ii) ®(a U B) = () UD().
(iii) ®(0) = 0.
(iv) ®(®()) = B(a).
(v) If « C 3, then ®(a) C (). ]

Proposition 13.3. If o is an M-measure, then ®((Ac)(1)) = U, epyw) (Do) (@).

Proof. Suppose that b € ®((Ac)(1)). Choose ¢ € <YM such that b~c € (Ao)(1).
Say b has length m and ¢ has length n. Then we can write

1= 370_]' T ‘i'ajm—l"i'xm"i' to _i'xm—l—n—ly and

(o(z0),y . s 0(Xm—1),0(Tm), .. . Omin-1) =0 c.
Let y = zo+ - +om_1. Then b = (o(x0),...,0(xm_1)) € (Ac)(y). This proves C in the
proposition.

Conversely, suppose that x € Fr(w) and b € (Ao)(z). Say z = yo+ - +ym_1 and
b= {(o(yo),---,0(Ym—1)). Then 1 = yo+ -+ +ym_1+(—2), and so

(@(yo)s -y 0(Ym-1),0(—x)) € (Ao)(1),
and hence b € ®((Ao)(1)). ]
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Proposition 13.4. If o is an M-measure and a € M, then

e ((Lo)1) = | (o))

zE€Fr(w)
o(x)=a

Proof. Suppose that b € ®,((Ac)(1)). Then T'(b) = a. Choose ¢ € <<“M such that
b~c e (Ao)(1). Say b has length m and ¢ has length n. Then we can write

1=x20+ +Tpm_1+Tm+ - +Tmin_1, and

(o(z0), .. s0(xm-1),0(Tm), .. . Omin-1) =0 c.

Let y = xo+ - +xpym_1. Then b= (o(x),...,0(xm_1)) € (Ac)(y). Also, o(y) = o(xq) +
-+ 0(xm—1) =T(b) = a. This proves C in the proposition.

Conversely, suppose that x € Fr(w), o(z) = a, and b € (Ao)(z). Say z =
Yo+ +yYm_1 and b= {o(y0), ..., (Ym—1)). Then 1 = yo+ -+ +ym_1+(—2), and so

(@(Y0); -+, 0(Ym—1),0(—2)) € (Ao)(1),
and hence b € ®((Ao)(1)). Also,

Th)=0(yo)+ -+ 0(Ym-1)=0Wo+ -+ ym-1) =0(z) =a. O

Proposition 13.5. If a C <<“M has C.P., then ®(«) and ®,(a) have C.P.

Proof. Assume that o C <<“M has C.P. Suppose that z € ®(«) and z < y. Choose
2 € SSYM so that x 7z € a. Say x € ™M,y € "M, and z € PM. Since x < y, there is
a A :m — nsuch that Vj < nly; = > {x; :i <m, (i) =j}]. Let p:m+p —>n+p
extend A by setting u(m + k) = n+k for all k < p. Let w =y~ z and v = 27 2. Then
Vi <n+plw; = {vi:i<m+p, (i) =j}. Hence (7 z2) < (y~2) so, since a has C.P.,
Yy z € a. It follows that y € ®(«).

For ®,(a), we assume in the above argument that in addition T'(z) = a. By Proposi-
tion 8.5, T'(y) = a. O

Proposition 13.6. If o C <<“M has S.P., then ®(«) and ®,(«) have S.P.

Proof. Assume that a« C <<“M has S.P. Suppose that m € w\{0}, a € ™M,
a € ®(a), and ag # o. Choose ¢ € <<“M so that a™¢ € a. Choose u,v € M\{0} such
that ag = v+ v and (u,v,ay,...,am_1,c0,¢1...) € a. Then (u,v,ay,...,am—1) € ().
For ®,4(«), assuming that T'(a) = d, we have

T((u,v,a1,...,0m-1)) =ut+v+as+as+---+am—1 =ao+a1+ - -+apm—1 =T(a) =d. O

Lemma 13.7. Let 0 € .# (M) be stable, and let o = (Ac)(1). Suppose that a € M,
c € <<YM, and {(a)"c € a. Then
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(1) o) € AM.
(i) Vb € O, (a)[b"c € a.

Proof. Assume the hypotheses. To prove (i), by Proposition 10.1 it suffices to find
x € Fr(w) such that ®,(«) = (Ac)(z). Now by Proposition 13.4,

o) = Eu((20)(1) = | (Lo)(x)

z€Fr(w)
o(z)=a

Note that if z,y € Fr(w) and o(z) = a = o(y), then (Ao)(xz) = (Ac)(y) since o is stable.
Since (a) "¢ € a = (Ao)(1), there is an x € Fr(w) such that o(z) = a. So (i) follows.

Now for (ii), suppose that b € ®,(«) with dmn(b) = m. Let dmn(c) = n. Since
(a)"c € a=(Ao)(1), there are pairwise disjoint z, yo, . .., yn—1 such that

1= atyotyit -y

and a = o(z) and ¢; = o(y;) for all i < n. By the argument in the preceding paragraph,
be (Ao)(z). Say x = 2o+ +2m_1 and b = (0(20),...,0(2m_1)). Then
1 =20+ +zm_1+yo+ - +yn—1 and

b c=(0(20),- 0 (Zm-1)5"0)s -, (Ym—1) O
If M is an m-monoid, a countable subset o of <<“M has the local refinement property,
L.P., iff the following conditions hold:
(L1) Va € M[®,(c) =0 or ®,(c) has R.P.].
(L2) Va € MVec € <<“M[{a)"c € a — Vb € P (a)[b"c € a]].

Proposition 13.8. If o is a stable M measure, then (Ac)(1) satisfies L.P.
Proof. By Proposition 13.7. L

Proposition 13.9. Suppose that « is a countable subset of <<“M which satisfies C.P.,
R.P., and L.P. Also suppose that a € o has domainn, a € a, ¢ <mn, c=Y..__a;, b has
domain m, b € ®.(«), and p > m.

Then ?fhere zs a d with domain n - p such that d € o, Vi <nla; =3, dy, (i) and
<dfnp(iyj) 1 <q,) < p> < b.

Proof. Let e =)
13.9(1) (c,e) € a.

1<q

g<i<n Q;.

For, let u = (¢, ). Define n — 2 by setting, for i < n,

~ O ifi<yg,
A“)_{1 if g <i<n.
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Then ¢ = ug =) {a; : \(j) =0} and e = u; = ) {a; : \(j) = 1}. So a < u, and 13.9(1)
follows by C.P.

Now ®@.(a) # () since b € (). So P.(«) has R.P. since o has L.P. Now a = {(a; : i <
q) " (a; : g <i<n), and a € a, so by Proposition 8.3, (a; : ¢ <i < n) " {(a; : i < q) € a,
and so (a; : ¢ <i<n) € D.(«). Hence ®.(a) # 0, so P.(«) has R.P. since « has L.P. By
Proposition 13.5, ®.(«) and ®.(«) also have C.P. We now apply Proposition 11.2, with
a,m,n,a,b,p replaced by ®.(a),q,m,a | q,b,p to get ¢ € TPM such that ¢ € ®.(«a),
Vi < q[2j<p C,fqp(i,j) = q;] and ¢ < b. Now let g; = agy; for all i < n —¢q. We now
apply Proposition 11.2 with «,m,n,a,b, p replaced by ®.(«),n — q,m,g,g,p. This gives
" € Mm=0)P ) such that ¢’ € ®.(a) Vi <n — a>i<, le/(n,q)p(i,j) =g;] and ¢’ < g.

Now define d with domain n - p by setting, for i < n and j < p,

’ op .
df (i.j) = le/qp(i:j) ifi< 7
n 1'7.] 1 1
! Cf(nfq)p(iflbj) lf q S L.

Then for all 7 < n we have

>.d i gy = W ifi<g,

np i’ j - /! fr— . —_— . ] )
pot frp(8,5) Zj<p o limg) = Jimg = Qi if g <i<n.
We have ¢ € ®.(«), so by 13.9(1) and (L2), ¢ (e) € a. Hence by Proposition 8.3,
(e)~c € a. Since ¢’ € ®.(a), it follows by 13.9(1) that ¢’~¢’ € a. Then by Proposition
8.3 again we get d € a. Finally, if i < ¢ and j < p, then dy, ;) = C/chp(i7j), 80 (dy, (ij) :
i<q,j<p)y=c <b. d

Proposition 13.10. Assume the hypotheses of Proposition 13.9, and assume also that
« satisfies S.P., and Vi < nf[a; # 0]. Then in the conclusion we may assert that also

Vi < nVj < p[dfnp(iyj) #* 0]

Proof. Assume the hypotheses of Proposition 13.9, and assume also that « satisfies
S.P., and Vi < n[a; # 0]. By Proposition 13.6, ®.(a) and ®.(«) have S.P. Then by Propo-
sition 11.3, in the proof of Proposition 13.9 we may assume that Vi < ¢Vj < p[c’fqp(i i) # 0]

and Vi < n —qVj < p[c’]ﬁ(n_q)p(ivj) # 0]. Hence Vi < nVj < pldy, ;) 7 0] O

Let « be a countable subset of <<“M. An a-tree a is uniformly dense iff

Vn € WG C 2,Yb € Ppgay(a)Im > nla(G T m) < b].

Proposition 13.11. If o is a countable subset of ~<“M and a is a uniformly dense
a-tree, then a is dense.

Proof. Assume that « is a countable subset of <<“M and a is a uniformly dense
a-tree. Let b € a. Then T'(b) = T'(a) = T'(ao), s0 b € Pp(a(2,)), hence there is an m > 0
such that a(%p 1 m) < b. Since Yy T m = P,,, this means that a,, < b. Thus a is
dense. ]
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Lemma 13.12. If a is a countable subset of <<“M that satisfies C.P., R.P., and L.P.,
then there is a uniformly dense a-tree a.

Proof. Recall from Proposition 8.12 that (T'(«)) € . Let {bg, b1, ...} be an enumer-
ation of ®(«) with by = (T'(«)). We now define m,, € w and a | |J 2, by induction
on n so that the following conditions hold:

r<my

13.12(1) n < my.

13.12(2) Vr < my[a, € a.

13.12(3) Vr,s <mpVf € Zrlr < s —a(f) =3 1< e9, a(9)]-
13.12(4) Yk < nVG C Dp[bi € Praay)(a) — a(G T my,) < b).

Let mog = 1, a(0) = T(a), a((0)) = 0, a((1)) = T(a). Now (ajeqzq) 1 @ < 1) = (T(a)) € «
by Proposition 8.12, and (a(lex(i)) : i < 2) = (0,T(«a)) € « by Proposition 8.4
and C.P. Hence 13.12(1)-13.12(4) hold for n = 0. Now suppose that 13.12(1)-13.12(4)
hold for n. List the set {(k,G) : &k < n+1,G C Zpi1,bp € Pra)(a)} as
{(ko, Go), (k1,G1), ..., (ki—1,Gi—1)}. Then

13.12(5) There is a m{, > m,, and an extension of a to Ur<m6 9, such that

(a) Vr < my[{a(lex(i)) : i < 27) € al.

(b) Vr,s <mgVf € De[r < s —alf) =2 i< eq, alg)]

(c) a(Go T mg) < big-
To prove 13.12(5), first note that by, € Pr(a(g,)) (). Now by 13.12(3) for m,,, since
n < My, any1 € a. Note that T'(bg,) = T'(a(Go)) = T'({a(lex(i)) : i < |Gol). Let I be
such that n + 1 <[ and dmn(by,) < 2'. By adjoining 0Os to a,,, we can obtain a sequence
e € a of length 2'. By a permutation of e we obtain e’ € a such that {(a(lex(i)) : i < |Go])
is an initial segment of ¢’. Now we apply Proposition 13.9 with a,n, a, ¢, p, m, b replaced
by €', 2!, a,|Gol, 2!, dmn(by, ), by, to obtain d € a of length 2! - 2! such that Vi < 2![e} =
Do dg,ipy) and (dy gy 21 < |Gol,j < 2') < by,. Let mgy = 21. Let g : 22 — 2! x 2!
be a bijection. For each i < 22 let a(lex(i)) = A, ((9(i))0y(g(i))1)- Now for s such that
my, < s<mjand f € P let a(f)=> {alk): f C ke Dy}.

Clearly (b) holds, and (a) holds for » = m(,. Now suppose that m,, < r < m(. For i <
220 1et A(i) = lex~Y(lex(i) | r). Then for any j < 2", a(lex(j)) = D lex(i)Chedy, Wlex(i)) =
S{a(lex(i)) : i < 22, (i) = j}. Hence {a(lex(i)) : i < 22%) < {(a(lex(j)) : 7 < 2") and so
(a(lez(j)) : 5 < 2") € a. Thus (a) holds. Now we claim that a(Go T mg) < (dy, i) 17 <
|Gol,7 < 2%, hence a(Go T my) < bg,, giving (c). For, if i < |Gy| and j < 2!, then

df i) = Z{a(lex(k:)) clexY(lex(k) | (n+1)) =i}

Now we repeat this argument for (k1,G1), ..., (ki—1,G;—1), ending up with m,, ;1 satisfying
13.12(1)-13.12(4) for n + 1.
Finally we get a : 2 — M, and this is clearly the desired uniformly dense a-tree. ]

Lemma 13.13. If a # 0 is a countable subset of <<“M that satisfies C.P., R.P., L.P.
and S.P., then there is a uniformly dense homogeneous a-tree a.
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Proof. We modify the proof of Lemma 13.12 by adding the condition that a(f) # 0
for all f. Instead of adding Os in the proof, we split the last element. We apply Proposition
13.10 instead of 13.9. 0

Proposition 13.14. Let « € AM. Then the following are equivalent:
(i) There is a stable M -measure o on Fr(w) such that ((Ao))(1) = a.
(ii) o has L.P.

Proof. (i)=(ii): Assume (i). Then (ii) holds by Proposition 13.8.

(ii)=-(i): Assume (ii). Thus « satisfies C.P., R.P., S.P., and L.P. Hence by Proposition
13.13 there is a uniformly dense homogeneous a-tree a.

For each n € w and each f € 2, let

13.14(1) a(f) = {g €“2 f C g}.
Then {z(f) : f € Z} is a base for clop(“2), which is a denumerable atomless BA.

13.14(2) If k <i € w and f € Py, then z(f) = U{z(g) : g € %, f C g}, and this union is
pairwise disjoint.

13.14(3) If 1 = yo+y1+ - - - +yn_1 with each y; clopen, then there is a k € w and a partition
D, =Gy UG, U...UG,_ such that Vj < nly; = S {z(f): f € G;}].

In fact, since {x(f) : f € 2} is a base for clop(“2) and each y; is clopen and hence compact,
there exist finite subsets 2" of Z for i < n such that Vi < n[y; = U{z(f) : f € 2'}]. Let
k be greater than the domain of f, for all f € |J,_,, 2'. By 13.14(2) we may assume that
each 2" is a subset of 2. Clearly the sets 2" are pairwise disjoint. For any f € *¥2 the
set z(f) is a nonempty set, and hence z(f) Ny; # 0 for some i < n. So we must actually
have f € 2°. This proves 13.14(3).

Now let z € clop(“2). Then by compactness there is a finite X C 2 such that
z = J{z(f) : f € X}. Hence by 13.14(2) there is a k € w and a G C ) such that
z =Y {x(f): f € G}. (disjoint sum) We then define

o(2) =) fa(f): f€G}.

This definition does not depend on the particular choice of k and G. For, suppose that
also l € w, H C 9, and z = > {z(f) : f € H}; we claim that > {a(f) : f € G} =
Y {a(f): f € H}. For, suppose that k <, and let K = {f € &, : 3g € Glg C f}. Then
z=>A{z(f): f € K} by (88). Since z(f) Nx(g) = 0 for distinct f,g € 2, it follows that
K = H. Then by 13.14(2) we get

Y {alf): feG=> falg):ge K} =) {a(f): f € H}.

Now to show that o is additive, suppose that z,z’ € clop(“¥2) and z - 2/ = 0. Choose
k,k',G,G"such that G C i, G' C Dy, z = > {x(f): f € G},and 2" =D {z(f): f € G'};
thus o(z) = Y {a(f) : f € G} and o(2') = d{a(f) : f € G'}. Wlog k < k. Let
H={f€ %y :3g € Glg C f]}. Then by 13.14(2), z = > {z(f) : f € H} and o(2) =
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S {a(f): f € H}. Since z-2/ = 0 we have HNG' = 0. Now z+2' =Y {z(f): f € HUG'},

o(z+2) = {a(f): f € HUG'} =) fa(f): f € H}+Y {a(f): f € G'} = o(2)+a(2).

Since a is homogeneous, clearly o(z) =0 iff z = 0. So 0 € 4 (M).

Next we show that (Ac)(1) = a. Suppose that b € (Aco)(1). Say n € w, 1 =
20+21+ - +2zn_1 and b = (0(20),0(21),-..,0(2n_1)). (89) gives k € w and Gy, ...,G,_1
such that 2, = Go U G1 U ... U G,y and Vj < n[z; = S {z(f) : f € G;}. So
Vi < nlo(z;) = Y {alf) : f € G;}. Define X : 28 — n by A\(m) = j iff lex(m) € G;. Then
Vi < nlo(z;) =Y {a(lex(m)) : m < 2%, A\(m) = j}. Hence ay < b, hence b € a by (63) and
C.P. This shows that (Ac)(1) C a.

For the other inclusion, first note that

13.14(4) Vf € Z[o(x(f)) = a(f)]

In fact, let f € 2. Let z = z(f) and G = {f}. Then by definition o(x(f)) = a(f).
13.14(5) Yk € wlay € (Ao)(1)].

For, let k € w. Then

ar = a(Dy) = (a(lex(i)) : i < 2F) = (o(x(lex(4))) : i < 2F) € (Ao)(1)

since 1 = Y {z(lex(i)) : i < 2}, a disjoint sum. So 13.14(5) holds.

Now take any b € «. Since a is dense there is a k € w such that ax < b. Now
(Aco)(1) € AM by Proposition 10.1, so b € (Ac)(1) by 13.14(5) and C.P.

So (Ao)(1) = a.

It remains only to show that o is stable. Suppose that y, z € Fr(w) and o(y) = o(2).
Choose n € w and G C %, so that y = > ,cs2(f). Then o(y) = > ;cqo(z(f)) =
> recalf) by 13.14(4). Thus o(y) = T'(a(G)). Now suppose that b € ((Ac))(z). Then
T() =T(((Ac)(z))) = o(z) (by Proposition 10.2) = o(y) = T'(a(G)). Since a is uniformly
dense, there is an m > n such that a(G T m) < b. Now ZfGGme(f) = ZfeG x(f)=v,
so a(G T m) = (o(x(lex(i))) : i < |G T m|) € ((Ao))(y). Hence b € ((Ao))(y) by C.P.
This proves that ((Ac))(z) C ((Ao))(y). The other inclusion follows by symmetry, so
((Ao))(2) = ((Ao))(y). Thus o is stable. ]

14. Iterated derivatives
Proposition 14.1. Let M be an m-monoid. Then there are functions (ASM : ( < wi)
and <T7§ :n < ¢ < wy) with the following properties, for any ( < wy and n < (:

14.1(1) If { =0, then ASM = M.

14.1(2) Tg is the identity on ASM.

14.1(3) If  =n+ 1, then ANSM = A(A"M),

14.1(4) If C=n+1 and § <, then T¢ =T o T, with T : A(ASM) — AEM.
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14.1(5) If § < < ¢, then TP o TS = T¢
14.1(6) ¥n < ([A"M is an m-monoid|.
14.1(7) If ¢ is a limit ordinal, then

ACM = {a: dmn(a) = ¢,V < ([ay € ATM],VE 7 < ([€ <0 — T (ay) = ag]}-

14.1(8) If ¢ is a limit ordinal, then ¥n < (Va € ACM[Tg(a) = ay].
14.1(9) If n < { < wy then Tg : ASM — A"M.
14.1(10) if ¢ is a limit ordinal, x,y € ASM, and Tg(x) = Tg(y) for alln <, then x = y.

Proof. We construct ASM and Tg by recursion on (. For ¢ = 0 we take 14.1(1) and
14.1(2) as definitions. Clearly the other conditions hold. For the successor case we take
14.1(1)-14.1(4) as definitions. For 14.1(5), with { = n+1, assume that { < p < (. Ilf p =
the conclusion is clear. If p < ¢, then T/ o TS = TEoT)oT =TT = Té. 14.1(6) and
14.1(7) are clear.

Now for ¢ limit, we use 14.1(2), 14.1(7), and 14.1(8) as definitions. Then 14.1(9) is
clear. To check 14.1(5), suppose that £ <71 < (. Then Va € ACM[T{Z7 o Tg(a) =T (a,) =
ag = Té(a)]. To check 14.1(6), suppose a,b € ASM. Then Vn < ([(a +b), = a, + b, €
ATM]. Also, if £ < < ¢, then T¢'((a+b),) = T (ay +by) = T (ay) + T (by) = ag +be =
(a+b)e. So this shows that a +b € A°M. Now the monoid conditions are clear.

It remains to check 14.1(10). So assume that ¢ is a limit ordinal, x,y € A°M, and

Tg(x) = T (y) for allp < ¢. Then for all n < ¢, x,, = Tg(x) =T5(y) =y Soxz =y. O

Proposition 14.2. Let M be an m-monoid and o € 4 (M). Then for each ¢ < wy there
is a unique Ao € M (ANSM) such that the following conditions hold:

14.2(1) For ( =0, NS0 = 0.
14.2(2) For ( = &+ 1, Ao = A(A%0)].
14.2(3)Vn < (< wl[Tg o Ao = Ng].
14.2(4) For ¢ limit, Vo € Fr(w)[(ASo)(z) = (A"0)(z) : n < ).

Proof. We define Ao by recursion on ¢. For ¢ = 0 we take 14.2(1) as a definition.
For ¢ = £+1 we take 14.2(2) as a definition. Then clearly 14.2(2) holds for n = ¢, while for
n <, TT§OACJ = TgoToA(Aﬁa) = TgoAﬁa (by Proposition 10.2) = A"g. For ¢ limit we
take 14.2(3) as a definition. We check that ASc € .#(ASM). Take any = € Fr(w), and let
a= ((A"c)(x) : n < ¢). Then a has domain ¢, and for any n < (, a,, = A"o(x) € A"M.
If £ <n < (, then T/(a,) = T ((A%)(z)) = (T o AMo)(z) = (ASo)(x) = ag. This
checks that (ASo)(x) € ASM. Hence clearly ASo € . (ASM). Finally we check 14.2(2).
Suppose that n < (. Then for any z € Fr(w),

(T3 0 Ao)(x) = Ty ((A%0)(2)) = T ({(AP0)(2) : p < () = (AT0)(x) 0

Proposition 14.3. If k is an automorphism of Fr(w), o = 7 ok, and £ is any ordinal,
then Aéa = (AST) o k.
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Proof. Induction on &. It is clear for £ = 0. Assume that it holds for £&. Then by
Proposition 14.2(2), Aétlo = A(Afo) = A(AST) o k (by Proposition 10.4) = AS*lrok.
Now suppose that £ is a limit ordinal and it holds for all n < £&. Then for any x € Fr(w),

(Afo)(z) = ((A"0)(z) : n < &) = (A7) (k(2)) : n < €) = (A°7) (k(z)). 0

15. The depth of measures

Recall the definition of stable measure from section 12.

Proposition 15.1. If M is an m-monoid and o € # (M), then there is a smallest ordinal
d(o) < wy such that ¥¢ > d(o)[ASo is stable].

Proof. For each ¢ < w; let B = {(z,y) € Fr(w) x Fr(w) : ASo(z) = AS(y)}. Clearly
E¢ is an equivalence relation on Fr(w).

15.1(1) If n < ¢ < wy, then E: C E,.

In fact, suppose that n < ¢ < wy and (z,y) € E¢. By Proposition 14.2(3), Tg o Ao =
Ao, Hence (A0)(x) = TS ((ASo)(x) = T5((ASo)(y)) = (A")(y), so that (z,y) € E,.
Since Fr(w) is countable, there is a smallest d(o) < w; such that E; = Ey, for all
¢ > d(0). Hence if ¢ > d(0), z,y € Fr(w), and (ASo)(z) = (A%0)(y), then A((ASo)(z) =
(AHo)(z) = (AHo)(y) = A((ASo)(y). 0

d(co) is the depth of o.

Proposition 15.2. If M is an m-monoid and o,7 € M (M), then the following are
equivalent:

(i) o = T o k for some automorphism k of Fr(w).

(i1) ¥¢ < wi[(Ao)(1) = (ACT)(1)].

(iii) There is a countable ordinal ¢ > d(c),d(T) such that (AST1o)(1) = (ASTIT)(1).

Proof. (i)=(ii): Assume that k is an automorphism of Fr(w) and 0 = 7o k.
15.2(1) V¢ < wi[(ACo) = (A°T) o K],
We prove 15.2(1) by induction on ¢. (A%) =0 = 70k = (A%7)ok. Assume that (ASo) =
(AST)ok. Then by Proposition 10.4, (A*lo) = (A(AS0)) = (A(AST))ok = (ASHLT)ok.

Now assume that ¢ is a limit ordinal, and (A"0) = (A7) o k for every n < ¢. Then for
every x € Fr(w) and every n < ¢, (A"0)(x) = ((A"7) o k)(z) = (A"7(k(x)). Thus

(ACo)(z) = ((AT0)(z) :n < ¢) = (A7) (k()) : 1 < ¢) = (A (k(2)).

Thus 15.2(1) holds. Hence (ii) follows.

(ii)=-(iii): obvious.

(iii)=-(i): Assume (iii). By Proposition 12.2 applied to (A(A%0))(1) = (ASH1o)(1) =
(ASHLT)(1) = (A(AST))(1), there is an automorphism k of Fr(w) such that (ASo) =
(AST) o k. Hence by Proposition 14.2(3), 0 = T§ o ASo = T§ o (AST) ok =T o k. O
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16. The Boolean hierarchy

Recall that # is wy with a new o added, and .# is 4 (¥').
For each ordinal ¢, let #¢ = {(AS*lo)(1) : 0 € #,d(c) < ¢}. The system of sets
(A : ¢ <wi) is called the Boolean heirarchy.

Proposition 16.1. Define 0 = 7 iff o,7 € .4 and there is an automorphism k of Fr(w)
such that 0 = 7o k. Then = is an equivalence relation on A . ]

Proposition 16.2. For all o,7 € # the following are equivalent:
(i) o =T.
(1) V¢ > d(0), d(T)[(A%0)(1) = (AST)(1)].

Proof. By Proposition 15.2. L

Proposition 16.3. For n < ( < wi there is an injection E% : A — HC such that

16.3(1) If § < < ¢ < wi, then X§ o S = %¢.
16.3(2) If n < ¢, then TC+1 o Z is the identity on J&;,.
16.3(3) If p <n < (, then rng(ZC) - rng(E%).

Proof. Assume that n < ( < w;. Take any 0 € # with d(o) < n. Define
2E((Ao) (1)) = (AHo)(1). Then ¢ is well-defined. For, suppose that also 7 € .,
d(t) < n, and (A"o)(1) = (A" 7)(1). Then by Proposition 16.2, (A*Tlo)(1) =
(ASHL)(1).

%¢ is one-one. For suppose that 0,7 € ., d(0),d(r) < 7, and (A‘tlo)(1) =
(ASHL7)(1). Then by Proposition 14.2,

(A" 0)(1) = Ty (A o) (1) = Tyl (A 7)(1) = (A" (1).

Now (16.3(1) is obvious.
For (16.3(2), suppose that n < ¢, 0 € 4, and d(o) < n. Then, using Proposition

14.2,

TS (ZS((A™ o) (1)) = TS (A o) (1)) = (A" o)(1).
For 16.3(3), mg(S5) = {(A0)(1) : d(0) < p} C {(L0)(1) : d(0) < 0} = ng(S)}. O
Now let

H ={a:3In < wifais a function with domain [n,w;) and
V¢ € [n,wi)[ac € #C] and VE, ¢ € [n,w1)[§ < ¢ — Sg(ag) = acl}

For any 1 < w;y define X7 with domain #": for each a € £, ¥'7(a) is the function with
domain [1,w:) such that for any ¢ € [n,w:), (£"(a))(¢) = £¢(a).

Proposition 16.4. For each n < wy, ¥ is an injection from H" into &, and K =
Uy <w, T8(X"). Moreover, if £ <n < wi then ¥ o Zg =y,
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Proof. Suppose that a € . Then ¥(a) is a function with domain £,

V¢ € [n,w1)[(Z"(a))(¢) = 5(a) € ] and
V€, p € [n,w)[€ < p — BL((2(a))(€) = BE(25(a) = Ef(a) = (X"(a))(p)-

Thus ¥(a) € X .

If a,b are distinct elements of ™, then (X"(a))(n) = X}(a) = a # b = X]J(b) =
(3(b))(n). So X'(a) # £"(b). Thus X7 is an injection from £ into .#". Now suppose
that a € #. Choose n < wjy such that a is a function with domain [n,w;) and V( €
[n,w1)[ac € ] and V&, € [n,w1)[€ < ¢ — Eg(ag) = a¢]. Let b =a,. Thus b e #™". We
claim that a = ¥7(b). In fact, take any ¢ € [, w;). Then (£"7(b))(¢) = 3¢ (b) = X5 (ay,) =
ag. ]
Now we define (LS : ¢ < w;) and {p¢ : ( < w;) by recursion, so that:

(Z1) L° C L C -

Y

(Z2) V¢ < wi[p¢ is a bijection from .#¢ onto L¢];

(Z3) Vn,¢ < wilnp < ¢ — pS o X5 = p"].

Let L° = #° and let p® be the identity on .#°. Suppose that L¢ and p¢ have been
defined so that (Z1)-(Z3) hold. Note that p¢ o (Eg“)*l is a bijection from rng(EgH)
onto LS. Let M = {(L¢,z) : x € # S \ing(S¢™)}. Thus [M| = [ ¢+ \rng(2¢")| and
MNOLS =0. Let LSt = LS UM and pSt! = p¢ o (2?1)_1 U k, where k is a bijection
from %C+1\rng(2g+1) onto M. Thus LS C L¢*! and p¢*! is a bijection from #¢*! onto
LSt Moreover, if n < ¢, then

P o TG = o B o = ploml = .

This is illustrated by the following commutative diagram:

LS C L6+1
pC pC-H
A4S N ASE
EC—H
¢

Now suppose that ¢ < wy is a limit ordinal. Then #¢ = U, <c rng(X¢). In fact, let o € .4
with d(0) < (5 s0 (AF1o)(1) € #C. Then X§  (AUDH)(1)) = (AHa)(1).

Now let N = J, . L", and let M = {(N,z) : z € ‘%/C\UTKC rg(X¢)}. Let L¢ =
N U M. We now define p¢ with domain #¢. Take any x € #¢. Say z = (AST1o)(1)
with d(o) < ¢. If d(o) < ¢, note that Eg(g)((Ad(”)HU)(l)) = (AStlo)(1) = z, and let
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pS(z) = pU(AND+15)(1)). If d(o) = ¢ let pS(z) = k(x), where k is a bijection from
H N\ U, <¢ rng(X¢) onto M.

Now we check (Z3) for (. Suppose that n < ¢, and let x € #™". Say z = (A" 1g)(1)
with d(o) <. Then

P (Z5(2) = p* (B (AT o) (1)) = p* (AF o)1) = p (A% a)(1))
= p"(S,) (A4 a0)(1))) = p" (A" o) (1)) = p'(2).

Next, p¢ is one-one. For, suppose that x,y € ¢, pS(z) = p*(y), and  # y. Then we
must have z,y € U, rng( ¢). Say x = Z)C((A"le )(1)) and y = X ((A™+17)(1)), with
n,7 < (. Then z = (At1o)(1) and y = (ASHTEr)(1). Hence p¢(z) = p™@) (AU +15) (1))
and pS(y) = p?) ((AUD+17)(1)). Say d(o) < d(7). Then

P (S (A% )(1))) = pUO (AN o) (1))

= p*(z) = p°(y)
= PO (D1 (1)

Hence (AN H0)(1) = 47 (AMD+15)(1)) = (AUD+17)(1). So

y= (L)1) = (A% (1) = (A% Ho)(1) = (AHo(1) ==,

d() d()

contradiction.

Next, p¢ maps onto L¢. In fact, if z € L¢ then there are two cases.

Case 1. x € N. Say n < ¢ and = € L". Then there is a y € K" such that p"(y) = =.
Say y = (A"1o)(1) with d(o) < n. Then E%(y) € .#¢, and

P (E8(y) = pS(B5((A o) (1)) = p" (A" o) (1)) = p'(y) = .

Case 2. * € M. Obviously there is a y € K¢ such that p¢(y) = z.

Thus p¢ is a bijection LS.
Hence for ¢ limit we have the following diagram:

I C.-- IS
p" 0°
AL A
5

89



Finally, define 7 : " — {J, _,, L" by defining, for any a € J, with dmn(a) = [n,w1),
7(a) = p"(ay). Then for any a € #™ we have

7(2"(a)) = T((Z5(a) : € € [n,w1))) = p"(S5(a)).

This gives the following diagram:

" cC... Un<w1 "

p" T

J 4
xm

17. The heirarchy property

Lemma 17.1. #¢ C A(ASW).

Proof. Let x € #¢. Then there is a 0 € .# (W) such that d(o) < ¢ and # =
(ASHo)(1). By Proposition 14.2, z € AST1W, and by Proposition 14.2(103), ASTIW =
AN(NSW). O

Lemma 17.2. Let o € ¢, and suppose that a € AW with {a) € ®(a). Also suppose

that n < ¢ and c € Tn+1( a). Then there is a b € ®,() such that ¢ = Tg ob.

Proof. By definition of #¢, there is a ¢ € .# with d(o) < ( such that a =
(AST1o)(1). By Proposition 15.1, ASo is stable. Now by Proposition 17.1 o € A(ASW),
so by definition o C <<“(ASW) Now (a) € ®(a), so there is a b € <<“(ASW) such
that (a)"b € a = (ASTo)(1) = (A(ACJ))(l). So if b has domain m we can write
Il =24y + -+ yYm1 with (Ac)(z) = a and (ASo)(y;) = b; for all i < m. Now
c € Tn<+ (a) = Tn+1((ACU)( r)) = (A"™o)(x) = (A(A"0))(z). Hence we can write
x=do+ -+ dy_q1 with ¢ = ((A"0)(d ) L (A"0)(dp—1)). Let by = (ASo)(d;) for all
i < n. ThenT(b) S ien(DS0)(dy) = (O )(a:):a. Now 1 =do+---+dp_1+yo+---+
Y1, 50 (AN (o), - (AN (A1), (D) 0), -, (B0)) (1)} € (A1) =
(ATlo)(1) = o Thus b € ®,(). Finally, for all i < n, T5(b;) = T5((Alo)(d;)) =
(AWU)(CZZ) = C;. L]

Now let M be an m-monoid and ¢ < wy. A set a € A(ASM) has the heirarchy property
(H.P.) iff Va € ASM[(a) € ®(a) — Vn < (Ve € 77+1( a)3b € ®,(a)[c = T} o b]]. Note that
this condition holds vacuously if ( = 0.

Proposition 17.3. If ( < w; and o € ASTYY | then the following conditions are equiva-
lent:
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(i) o € XC.
(ii) o satisfies L.P. and H.P.

Proof. (i)=(ii): Assume (i). Then by the definition of .#"¢ and d(c) and Proposition
13.8, a has L.P. By Lemma 17.2, o has R.P.

(ii))=(i): Assume (ii). By Proposition 14.1(94) we have a € A(AS¥#'). Hence by
Proposition 13.14 there is a stable AS# -measure 7 such that (A7)(1) = a.

17.3(1) Vx € Fr(w)vn < (Ve € (TgJrl o7)(z)¥m € wldmn(c) = m — Jy € "Fr(w)[z =
Yo + -+ + ym—1 and Vj < mlc; = (T$)(7(y;))]]])-

In fact, suppose that z € Fr(w), n < (, ¢ € (Tgle oT)(xz), m € w, and dmn(c) = m.

Now z + —x = 1, so (7(x),7(—z)) € (AT)(1) = «, and hence (7(z)) € ®(«). Since
c € T1§+1(T(1’)>, we can apply H.P. to 7(x) in place of a to get b € ®,(,)(a) such that
c= Tgob. Now there is a d such that b~d € o = (A7)(1), so we can write 1 = yo+- - ~+¥yn—1
with b°d = (7(y0), -+ -, T(Yn-1))- Let z=yo+ -+ ym—1. Then b = (7(yo),. -+, T(Ym—1)
and so b € (A7)(z). Then 7(2) = 7(yo) + -+ 7(Ym-1) = T(b) = 7(x) since b € @, (,)(a).
Since 7 is stable it follows that A7(z) = A7(z), so b € A7r(z). Hence we can write z =
do—i— cee —i—dmfl with b = <T(d0), ey T(dm,1)>. So for any j <m, C; = Tg(b]) = Tg(’r(d]))
This proves 17.3(1).

Now let o = TS o 7. Note that 7 : Fr(w) — AS# and TS : AW — #. So
o:Fr(w) — ¥, ie., o€ 4. Now we claim

17.3(2) ¥ < ([T o T = A"g].

Note that with n = ¢ in 17.3(2) we get 7 = Ato. Since (A7)(1) = «, this gives a =
(ASH1a)(1). Since 7 is stable and 7 = ASo, we have d(o) < ¢. Hence o € ¢, finishing
the proof.

We prove 17.3(2) by induction on 7. It is obvious for n = 0. Now suppose that it
holds for n. Suppose that ¢ € (TgJr1 oT)(z). By (114) write x = yg + + - + Ym—1 with
Vj < mle; = TS (7(x;))]. By the inductive hypothesis Vj < m[T5(7(z;)) = (A"0)(x;). So
c € (A(A"o)(x). This proves C in (115) for n + 1.

Conversely suppose that ¢ € (A" o) (z) = (A(A"s))(x). Say c has length m. Then
we can write * = yo+- - - +ym—1 With Vj < m[c; = (A"0)(y;)]. By the inductive hypothesis,
(A"o(y;) = Ts(7(y;)). Now note by Proposition 14.1 that T7*! = T o T = T. Hence

by Proposition 14.1, T o T5,, = Ti* o Tp,, = TS. So ¢; = T(T51(7(y;))). Now
T§+1(T(yj) e ATHW = (A(A"))W, so by Proposition 8.12, (¢;) € T7§+1(T(yj)). Hence
¢ =1(cp,0,0,...,0)+(0,¢1,0,0,...,0) +---+(0,0,...,¢m—1)
€ Tyor(T(o) +++++ T (T(ym—1)
= T5,(7()).

This proves (17.3(2) for n + 1.

Now suppose that £ < ( is a limit ordinal and 17.3(2) holds for all n < £. If n < ¢,
then Tg o Afo = A"g (by Proposition 14.2) = TS o7 (induction hypothesis) = Tg o Té oT
(by Proposition 14.1). Hence by Proposition 14.1, Afo = T¢ o 7. O
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18. The monoid of isomorphism types
Recall from page 29 the definition of BA and SBA, which are m-monoids.
Proposition 18.1. BA has the refinement property. That is, if m,n € w\{0}, a € "BA,

be"BA, and 3, a; = > ;_,bj, then there exist c;; € BA fori <m and j < n such
that Vi <mla; =3 _;_,, ¢ij] and Vj <nlbj =37, cijl.

Proof. Assume the hypotheses. Say Vi < m[a;, = [A;]] and Vj < n[b; = [B;]]. Let
D =]lc,, Ai and E = Hj<nBj‘ Let C;; = A; x Bj for all i < m and j < n. For each
i < m define ¢; € [],_,, A: by

1 ifk=1
(k) = ’
ci(k) {O otherwise

Similarly, for each j < n define d; € [[._,, B; by

j<n

1 ith=j
d;(k) = ’
i(k) {O otherwise

Let f be an isomorphism from D onto E. Then for any ¢ < m,

flei) = fle) - Zdj = Z(f(ci) - dj).

j<n j<n
Hence
A= (D)= (E] fle)=[ET(fle)-d)=]] Cy
j<n j<n
Hence a; = 3_,_,[Ci;]. Similarly, Vj <n[b; =3, [Cij]. O

NBA is the set of isomorphism classes of normalized BAs. MBA is the set of isomorphism
classes of BAs which are neither superatomic nor normalized.

Proposition 18.2. BA = SBA UNBA U MBA. O

Proposition 18.3. SBA is a submonoid of BA.
Proof. By Proposition 5..13. L

Proposition 18.4. NBA is a subsemigroup of BA.
Proof. By Proposition 6.29. L

19. Refinement monoids
Let M be an m-monoid. Define a < b iff 3c € M[b = a + ¢].

Proposition 19.1. Let M be an m-monoid.
(i) < is reflexive and transitive.
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(i) Va € M[0 < a].

(iii) Ya,b,c € Mla <b—a+c<b+c.

Proof. (i): a =a +0.

(ii): Suppose that a < b < ¢. Choose d, e so that b = a + d and ¢ = b+ e. Then
c=(a+d)+e=a+(d+e).

(iii): Assume that a,b,c € M and a < b. Choose d so that b = a + d. Then
b+c=a+c+d. 0

An element a of an m-monoid M has the Schréder-Bernstein property (S.-B.) iff Vb €
Mla<b<a—a=0b).

Proposition 19.2. a has the Schrider-Bernstein property iff Ve,d € Ma =a+c+d —
a=a-+c.

Proof. =: Assume that a has the Schroder-Bernstein property, and suppose that
c,de M witha=a+c+d. Thena<a+c<a,soa=a+c.

<: Assume that Ve,d € Mla=a+c+d—a=a+c] and a <b < a. Choose c,d so
that b=a+4+canda=b+d. Thena=a+c+d,soa=a+c=0b. O

If a € M we define M [a={be M :b<a}. Mis locally countable iff Va € M[M | a is
countable].
Proposition 19.3. BA is locally countable.

Proof. Ifa € BA,then BA [a={be BA : b <a} = {b € BA : 3cla = b+c|}. O
A submonoid N of M is a hereditary submonoid of M iff Va € MVb e Nja <b— a € N].

Proposition 19.4. N is a hereditary submonoid of M iff Va € N[M | a= N | al. O
Proposition 19.5. If N is a submonoid of M and M 1is locally countable, then so is

N. U

Proof. For a,b € N, a < b in the sense of N implies that a < b in the sense of M.
Hence Ya € N[N [ a C M | al. O

M is a refinement monoid, r-monoid, iff M is an m-monoid, and Vm,n € w\{0}Va €
MMYb € "M[Y . ai =, bj = Je €™ MVi < mla; = ] and Vj < n[b; =
D icm Cidll]-

Proposition 19.6. FEvery hereditary submonoid of a refinement monoid is a refinement
monoid.

j<n j<n Cij

Proof. Suppose that N is a hereditary submonoid of a refinement monoid M. Suppose
that m,n € w, a € ™N, b € "N, and ), . a; = Zj<nbj‘ Choose ¢ € ™*"™M such
that Vi < mla; = >, ¢;j] and Vj < n[b; = >, ci;]]. Each ¢;; is < a;, and hence
Ci; € N. ]

M has the (2,2)-refinement property iff the above definition holds for m =n = 2.
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Proposition 19.7. An m-monoid is an r-monoid iff M has the (2, 2)-refinement property.

Proof. =: obvious. <: Assume that M has the (2, 2)-refinement property. First we
obviously have

19.7(1) Vn € w\{0}Va € 'MVb € "Mlag = >_
VJ < n[b] = C()j”.

19.7(2) Ym € w\{0}Va € "MVb € *M[>"
bo = 2 i< Cioll:

Now we prove the refinement property for m,n > 2 by induction on m 4+ n. The case
m +n = 4 is given. Now suppose that m +n > 4 and the property is true for 2 < m’,n’
with m’ +n’ < m+n. Wlog m < n. Thus 2 < n. Suppose that a € "M, b € ™M, and
D iem @i = Zj<n b;. Define b’ € "' M by setting, for any j < n — 1,

i<n bj — e € *"Mlag = Zj<n co; and

iem @i = bo — Jc € mXLMIVi < mla; = c;o and

b b if j<n—2,
37 Y bp—a + by if j =n—2.
Then ., a; = Zj<n71 b;. Hence by the inductive hypothesis there is a ¢ € mx(n=1) pr

such that Vi < m[a; = )

b, = ;
n—2 Zi<m Ci,n—2-
Case 1. m = 2. We apply the 2,2 case to get

(*) d € ™*2M such that Vi < 2[bn,1,j = Z dl]] and Vi < m[cim,g = Z d; ]

j<2 @ij

j<n—1 cij] and Vj < n — 1[b;- =D icmCijl- Now by_o + b,y =

1<m
Case 2. m > 2. We apply the inductive hypothesis to 2, m to again get (*).
Now we define e € ™*™ M. For any i < m and j < n,

Cij if j<n-—2,
eij:{dil 1fj=n—2,
diO lfj:n—l

Then for any 7 < m,

a; = Z Cij = Z Cij + Cin—2 = Z ez'j+zdij:z€ij

j<n—1 j<n—2 j<n—2 7<2 j<n
and for any j <n—2,b; =0b, =3, cij =), €. Moreover, b,_o =3, dii =
Zi<m €in—2 and b,_1 = Zi<m dip = Zi<m €in—1- U

Lemma 19.8. Let M be an r-monoid, and suppose that a <
c €™M such thata =Y ,_ cj and Vj < nlc; < b;].
Proof. By the definition of <, there is an a; € M such that 2j<n bj = ag+ay, where

ag = a. By the refinement property choose ¢ € 2X™ M such that Vi < 2[a; = Zj<n ¢i;] and
Vj <nlb; =) . _,cij. In particular, a = ap = 2j<n co; and Vj < nlco; < bjl. O

j<n bj. Then there is a

j<n

An m-monoid M is atomless iff Va € M*3b,c € M*[a = b+ ¢].
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Proposition 19.9. BA is not atomless.
Proof. If A is a 2-element BA, then a = [A] is a counterexample. ]

If M is an m-monoid and a € M, we let

d(a) = dp(a) = < b:In € w\{0} bG"Manda:ij

j<n

Proposition 19.10. If M is a locally countable r-monoid and a € M, then dpr(a) is a
countable subset of <<“M that satisfies C.P., R.P. and L.P.

Proof. Assume that M is a locally countable r-monoid and a € M. Clearly d,/(a) is
a countable subset of <<“M/.

C.P.: Suppose that b,c € <<“M, b € dp(a), and b < ¢. Say b € ™M and ¢ € "M.
Let A : m — n be such that Vj < nf[c; = > {b; :i <m,A(i) = j}. Thena=>,_ b =
> j<n Cj- Hence ¢ € dpr(a).

R.P.: Assume that m,n € w\{0}, b € ™M, ¢ € "M, and b,c € Jpr(a). Clearly then
> iem bi =22 jp ¢j- The desired conclusion follows since M is an r-monoid.

L.P.: First note that if a € M and b € ®,(dps(a)), then, with n = dmn(b) we have
Y icnbi = a and so b € Ap(a). Thus ®,(dp(a)) € dp(a). The converse holds by
Proposition 13.2(i), so ®,(drr(a)) = dar(a). Hence (79) follows from the above. For (80),
suppose that b€ M, c € <<“M, and (b)"c € dp(a). Say c€ "M. Then b+, , ¢; = a.
If d € ®y(0ps(a)), clearly d™c € dpr(a). ]

<m

Proposition 19.11. If M is an atomless locally countable r-monoid and a € M, then
dri(a) has S.P.

Proof. Suppose that M is an atomless locally countable r-monoid and a € M, and
that m € w\{0}, b€ ™M, b € dp(a), and by # o. Since M is atomless, there are ¢,d € M*
such that by = ¢ + d. Clearly then (c,d,by,...,bm—1) € dp(a). O

Proposition 19.12. Let M is an atomless locally countable r-monoid. Define 6M =
{6pm(a) :a € M}. Then 0M is a submonoid of AM. Moreover, dpr is an isomorphism of
M onto OM with inverse T’ [ 6 M.

Proof. By Propositions 19.10 and 19.11, éM € AM. If a,b € M, ¢ € dp(a),
d € dp7(b), and dmn(c) = dmn(d), then clearly ¢+ d € das(a + ). Thus dpr(a) + I (b) C
dp(a +b). Now suppose that ¢ € dpr(a + b). Say dmn(c) =m € w\{0}. Thus >, ¢ =
a+b Let dy = a, di = b. By the refinement property there is an e € ™*2 such
that Vi < mle; = >, pei;] and Vj < 2[d; = 3., e;]l. Let u = (e : i < m) and
v={(e:1<m). Then } ,_ e =do=aand}  _ ey1=d =b Sowucdy(a)and
veEdy)andsoa+b=73_ ¢ =3, i o€j=mu+vand hence c € dr(a)+ dr(b).
Therefore dpr(a) + dnar(b) C dar(a + b).

Clearly dpr(a) # dpr(b) if a # b. Obviously dj; maps M onto dM. If x € M, say
x =dp(a). Then T'(x) = a. ]

95



20. The V-radical

Let M and N be m-monoids. A V-m-relation between M and N is a subset R C M x N
such that the following conditions hold:

(Vml) Va € MYb € N[aRb — (a = 0 iff b = 0)].

(Vin2) Va € MVb € N[aRb —
(Vm2a) Yag, a1 € M[CL = ag + a; — dbg, b1 € N[b = by + b1 and agRby and alel]]
and
(szb) Vbg, by € N[b =bg + b1 — dag, a1 € M[a = ag + a1 and agRby and alel]].

A weak V -m-relation is a subset of M x N which satisfies (Vm2) but not necessarily (Vml).
Proposition 20.1. If M and N are m-monoids and R C M x N, then R is a V -relation
between M and N iff the following conditions hold:

(Vm1) As above

20.1(1) Ya € MYb € N[aRb —

20.1(1a) Vm € w\{0}Vc € "Mla = > ,_,. ¢; — 3d € "N[b = 3. d; and Vi <
mlc; Rd;]]] and
20.1(1b) Ym € w\{0}vd € "M[b = >, d; — Jc € "Nla = > ,_,. ¢ and Vi <

Proof. 20.1(1)=(Vm2) is obvious. Now assume (Vm2). We prove 20.1(1) by induc-
tion on m. It is trivial for m = 1, and (Vm2) gives the case m = 2. Now assume 20.1(1)
for m. By symmetry it suffices to prove 20.1(1a) for m + 1. Suppose that ¢ € ™' M and
a =) ,cmCi- By (Vm2a) there are by, by € N such that b = by + by and (3 _,_,, ¢i)Rbo
and ¢, Rb;. By the induction hypothesis there is a d € ™ N such that by = ), _,, d; and
Vi < m|c;Rd;]. Since also ¢, Rby, this proves 20.1(1a) for m + 1. ]

If RC M x N is a weak V-m-relation and is also a morphism, then it is called a V-m-
morphism.

Proposition 20.2. R C M x N s a V-m-morphism iff R is a morphism and VYa €
MVYby,by € N, if R(a) = by + by then there exist ag,a1 € M such that a = ag + a,
R(ap) = by, and R(a1) = by.

Proof. =: suppose that R C M x N is a V-morphism. Then it is a morphism.
Suppose that a € M, by, by € N, and R(a) = by + by. thus aR(by + b1), so by (119b) there
are ag,a; € M such that a = ag + a1, agRbg, and a3 Rby. So R(ag) = by and R(ay) = by.

<: Assume the indicated conditions. In particular, R is a morphism. To check
(Vm2a), suppose that aRb and a = aop + a;. Then b = R(a) = R(ag) + R(a1). Let
bp = R(ap) and by = R(aq). Then b = by + by and agRby and a3 Rb;. So (Vm2a) holds.

To check (Vm2b),suppose that aRb and b = by + by. Then R(a) = b = by + by, so
there exist ag,a; € M such that a = ag + a1, R(ag) = by, and R(a1) = b;. O

A V-m-congruence on M is a congruence R on M which is a weak V-m-relation.
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Proposition 20.3. If R : M — N is a V-morphism, then ker(R) = {(ag,a1) € *M :
R(ap) = R(a1)} is a V-congruence on M.

Proof. Assume that R : M — N is a V-morphism. To check (Vm2a) for ker(R),
suppose that a,a’ € M, a(ker(R)a’, and a = agp + a;. Thus R(a) = R(a’). Hence
R(ag) + R(a1) = R(da’). Let b; = R(a;) for i < 2. Then a/R(by + b1). Hence there exist
co,c1 € M such that o’ = ¢o + ¢1, ¢oRbg, and ¢ Rby. Then R(cy) = by = R(ap) and
R(c1) = by = R(aq), hence ag(ker(R))co and aq(ker(R))cy. This checks (Vm2a for ker(R).

To check (Vm2b) for ker(R), suppose that a,a’ € M, a(ker(R)a’, and a’ = ag + a;.
Thus R(a) = R(a’). Hence R(ag) + R(a;) = R(a). Let b; = R(a;) for i < 2. Then
aR(by + b1). Hence there exist ¢, c; € M such that a = ¢y + ¢1, ¢oRbg, and ¢; Rby. Then
R(co) = bp = R(ap) and R(c1) = by = R(a1), hence ag(ker(R))co and aq(ker(R))cq. This
checks (Vm2b) for ker(R). O

Proposition 20.4. IfR: M — N is a surjective morphism and ker(R) is a V -congruence,
then R is a V-morphism.

Proof. Suppose that R : M — N is a surjective morphism and ker(R) is a V-
congruence. To check (Vm2a) for R, suppose that aRb, ag,a; € M, and a = ag + a1. Let
b() = R(CL()) and b1 = R(al). Then b = R(CL) = R(ao) + R(CLl) = b() + bl, as desired.

To check (Vm2b) for R, suppose that aRb, by,b; € N, and b = by + b;. Since R
is surjective, choose ag,a; € M such that R(ag) = by and R(a1) = b;. Then R(a) =
b=0byp+ b = R(ag) + R(a1) = R(ap + a1). Thus a(ker(R))(ap + a1). Hence there are
o, c1 € M such that a = co+cq, co(ker(R))ag, and ¢1 (ker(R))ar. Thus R(co) = R(ag) = b
and R(c1) = R(a1) = by, as desired. ]

Proposition 20.5. Suppose that R is a (weak) V -relation between M and N and S is a
(weak) V -relation between N and P. Then R|S is a (weak) V -relation between M and P.

Proof. Assume that R is a V-relation between M and N and S is a V-relation
between N and P. Then R C M x N and S C N x P, so R|S C M x P. For (Vml),
suppose that a(R|S)c and a = 0. Say aRbSc. Then b = 0 and so ¢ = 0. The converse of
(Vml) is similar.

For (Vm2a), suppose that a(R|S)c, ag,a; € M, and a = ag + a1. Say aRbSc. Choose
bo, b1 € N such that b = by + by, agRbg, and a;Rb;. Then choose cy,c; € P such that
¢ =co+ c1, bpSco, and b1Scy. Then ag(R|S)co and a1 (R|S)cy, as desired.

(Vm2b) is treated similarly. O

Proposition 20.6. If R is a (weak) V -relation between M and N, then R™! is a (weak)
V -relation between N and M. O

Proposition 20.7. If M is an m-monoid, then Id | M s a V -relation. ]

Proposition 20.8. If </ is a collection of (weak) V -relations between M and N, then
U is a (weak) V -relation between M and N. O
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For any m-monoid M let
Y(M)=| J{R € M x M : R is a weak V-relation}.
An m-monoid M is V-simple iff Y (M) =1d [ M.

Proposition 20.9. If M is an r-monoid, then Y (M) is a V -congruence on M.

Proof. By Proposition 20.8, Y(M) is a weak V-relation. So it suffices to show that
it is a congruence. By Propositions 20.5, 20.6, and 20.7 it is an equivalence relation on M.
Now let
R = {(CLO + aq, bo + bl) : ao(Y(M))b() and al(Y(M))bl}

We claim that R is a weak V-relation on M. (Hence Y (M) is a congruence.) To prove
this, by symmetry it suffices to prove (Vm2a). So suppose that aRb and a = ¢¢ + ¢;.
Say a = ap + ay and b = by + by with ao(Y (M))by and a1 (Y (M))by. By the refinement
property let d €22 M be such that Vi < 2[c; = dip + di1] and Vj < 2[a; = doj + dy;].
Thus doo + di1o = ao(Y (M))bg so, since Y (M) is a V-relation, there are ug,u; € M such
that b() = Up +U1, doo(Y(M))UO and le(Y(M))ul Similarly, d01 +d11 = al (Y(M))bl, SO
there are vy, V1 € M such that by = vg + U1, d(n(Y(M))Uo, and dll(Y(M))Ul. Then b =
bo+b1 = ug+ui +vo+v1 = ug+vo+ui+vi. Since doo(Y (M ))ug and do1 (Y (M))ve we have
(doo+do1)R(ug+vg). Since dio(Y (M))uy and di1 (Y (M))vy we have (dig+di1)R(uy +v1).
Now ¢y = doo + dp1 and ¢; = dyo + dq1, so this proves (Vm2a). O

Proposition 20.10. If M is an r-monoid and R is a V-congruence on M, then M/R is
an r-monoid.

Proof. Assume that M is an r-monoid and R is a V-congruence on M. Suppose
that 32, [ai] = 22, [b5]. Thus [3°, . a] = 22, b5], s0 (3, ai) R(X ;. b5)- By
Proposition 20.1, choose d € ™M so that >, b; =3, d; and Vi < m[a;Rd;]. Now by
the refinement property choose e € ™*™ M so that Vj < n[b; = >, _, e;;] and Vi < m[d; =
ZKn ei;j]. Now for each ¢ < m we have a;Rd; = Zj<n eij, so by Proposition 20.1 choose
u; € "M so that' ai = ) Uiy and Vj < nlug;Re;j]. Then Vi < mfla;] = 32, [ui;] =
Zj<n[eij] and V) < n[[bj] = Zi<m[eij]'

Proposition 20.11. If M is an r-monoid, R is a V-congruence on M and S is a V-
relation on M/R, let T = {(a,b) € M x M : [a]S[b]}. Then T is a V-relation on M.

Proof. To check (Vm2a), suppose that a7b and a = ag + a;. Then [a]S[b]. Now
l[a] = [ag] + [ai1] so, since S is a V-relation on M /R, there exist ¢,d € M such that
[b] = [c] + [d], [ao]S[c], and [a1]S[d]. Thus [b] = [c+ d], so bR(c + d). Since R is a V-
relation, there are u,v € M such that b = u + v, uRe, and vRd. Then [ag]S[c] = [u] and
[a1]S[d] = [v], so apTu and a;Tv. This proves (Vm2a).

(Vm2b) is similar. ]

Proposition 20.12. If M is an r-monoid, then M/Y (M) is a V-simple r-monoid.
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Proof. By Propositions 20.9 and 20.10, M/Y (M) is an r-monoid. Now suppose
that [a](Y(M/Y (M)))[b]. Let T = {(a,b) € M x M : [a|(Y(M/Y(M)))[b]}. Then by
Proposition 20.11, T is a V-relation on M. Hence T" C Y (M), so a(Y(M))b, hence
[a] = [b]. This shows that Y/(M/Y(M)) Cid | (M/Y(M)). By Proposition 20.7, id |
(M/Y(M)) CY(M/Y(M)). So M/Y (M) is V-simple. O

Proposition 20.13. If M is an r-monoid, then the natural map from M onto MY (M)
1s a V-morphism.
Proof. By Propositions 20.9 and 20.4. L

The congruence relation Y (M) on an r-monoid M is called the V-radical of M.

Proposition 20.14. If R : M — N is a V-morphism of r-monoids, then rng(R) is a
hereditary submonoid of N.

Proof. Clearly rng(R) is a submonoid of N. Suppose that a € N, b € rng(R), and
a < b. Choose ¢ € N so that b =a + c. Say b = R(d) with d € M. Thus R(d) = a +c,
i.e., dR(a + ¢). By (Vm2b) there are u,v € M such that b = u + v, uRa, and vRe. Thus
R(v) = a, as desired. O]

Proposition 20.15. If R : M — N is a V-morphism of r-monoids, then ker(R) C Y (M).

Proof. By Proposition 20.3. O
Proposition 20.16. If M is an hereditary submodel of N and R is a weak V -relation on
M, then R is a weak V -relation on N.

Proof. Assume the hypotheses. Suppose that aRb, ag,a1 € N, and a = ag + a;.
Then ag, a1 < a, so ag,a; € M. Hence the desired conclusion follows. ]
Proposition 20.17. If M is an hereditary submodel of N and N is V -simple, then M is
V-simple.

Proof. Assume the hypotheses. Since Y (M) is a V-relation on M, by Proposition
20.16 it is a weak V-relation on N. Hence Y (M) C Y (N), and the desired conclusion
follows. O]

Proposition 20.18. If R : M — N 1is a V-morphism of r-monoids, then there is an
isomorphism T of M /ker(R) onto rng(R) such that T([a]) = R(a) for all a € M. ]

Proposition 20.19. Suppose that R is a V-congruence on M. Let S = ([a]g, [b]r) :
aY (M)b}. Then S is a weak V -relation on M/R.

Proof. Suppose that u,v € M/R, uSv, wo,w; € M/R, and u = wy + wy. Say
u = [a] and v = [b], with aY (M)b, and wy = [ag], w1 = [a1]. Then [a] = [ag] + [a1],
so (ap + a1,a) € R C Y(M). Now by Proposition 20.5, Y (M) is closed under |. Hence
(ap+ai,b) € Y(M). Since Y (M) is a V-relation, there are cg,c; € M such that b = co+cq,
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coY (M)ag, and c1Y (M)ay. So agY (M)co and a1Y (M)cy. So v = [¢g] + [e1], woS|co], and
w1 S[c1]. This proves (Vm2a) for S.

Now suppose that u,v € M/R, uSv, wo,w; € M/R, and v = wo + wy. Say u = [a]
and v = [b], with aY (M)b, and wg = [ag], w1 = [a1]. Then [b] = [ag]+[a1], so (b,ag+a1) €
R C Y (M). Now by Proposition 20.5, Y (M) is closed under |. Hence (a,ap+a1) € Y(M).
Since Y (M) is a V-relation, there are c¢g,c; € M such that a = ¢o + ¢1, oY (M )ag, and
1Y (M)ay. So u = [co] + [e1], [co]Swo, and [¢1]Swy. This proves (Vm2b) for S. O

Proposition 20.20. If R is a V-congruence on M, then Y (M/R) = {([a], [b]) : aY (M )b}.

Proof. Let T = {(a,b) € M x M : [a]Y(M/R)[b]}. By Proposition 20.11, T' is a
V-relation on M, so T C Y (M). So if (u,v) € Y(M/R) we can choose a, b so that u = [a]
and v = [b]. Then (a,b) € T, so aY(M)b. Thus C holds. Conversely, suppose that
aY (M)b. Then [a]S[b], where S is as in Proposition 20.19. Hence ([a], [0]) € Y(M/R),
proving O. ]

Proposition 20.21. If R: M — N is a V-morphism of r-monoids and N is V-simple,
then ker(R) =Y (M).

Proof. By Proposition 20.14, rng(R) is an hereditary submonoid of N. Hence

by Proposition 20.17, rng(R) is V-simple. So by Proposition 20.18, M /ker(R) is V-
simple. Now ker(R) C Y (M) by Proposition 20.15. Now suppose that aY (M)b. Then
[a]Y (M /ker(R))[b] by Proposition 20.20, so [a] = [b], i.e. R(a) = R(b), i.e. (a,b) € ker(R).
]

Proposition 20.22. If R: M — N is a V-morphism of r-monoids and N 1is V-simple,
then there is only one V-morphism from M to N.

Proof. Assume that R,S : M — N are V-morphisms of r-monoids and N is V-
simple. Now S™!|R is a V-relation on N by Propositions 20.5 and 20.6. Hence S™1|R C
Y(N) = (id | N). Now if R(a) = b and S(a) = ¢, then ¢S~taRb, hence ¢(S7|R)b, hence
b=-c. O

Proposition 20.23. If M and N are r-monoids and M is a hereditary submonoid of N,
then the inclusion map from M to N is a V-morphism.

Proof. By Proposition 20.2. L

21. Dobbertin’s theorem

Lemma 21.1. Let M be a locally countable r-monoid and a € M. Then there exist a
countable BA A uniquely determined up to isomorphism and a relation R C A x (M | a)
such that:

(i) 1aRa.

(ii) Vo € A[xR0O — = = 0] and Vb € (M [ a)[0Rb — b = 0].

(iii) Vo € AVbo,by € (M | a)[xR(bg + by) — Fzg.11 € Alxr = x0+21 and xoRby and
1 Rb1]] and Vxg,x1 € AVD € (M | a)[(zo+z1)Rb — Tbo, by € (M | a)[b = by + b1 and
moRbo and .Ilel]]
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Proof. Assume that M is a locally countable r-monoid and a € M. If a = 0, clearly
A = {0} and R = {0,0)} works, and A is unique up to isomorphism. So assume that a # 0.
Recall the definition of d,; after Proposition 19.9. By Proposition 19.10, djs(a) satisfies
C.P., R.P., and L.P. Hence by Proposition 13.12 there is a uniformly dense d,/(a)-tree b.
Thus b: 2 — M. For each f € Z let z(f) = {p € “2: f C p}. Let J be the ideal in
clop(“2) generated by {z(f): f € 2,b(f) = 0}.

21.1(1) Vf € Z[z(f) € J iff b(f) = 0].

In fact, < is clear. Now suppose that f € 2 and x(f) € J. Then there is a finite ' C &
such that Vg € F[b(g) = 0] and z(f) € U cp2(g). Hence z(f) = U{z(fUg) : g € F, fUg
is a function}. For g € F and f U g a function we have b(f U g) = 0, since b(g) = 0. Hence
b(f) =0, proving 21.1(1).

Let A = clop(¥2)/J and

R= U=z D o) |:GCCDnnecw

fea J fea

We claim that R C A x (M | a). For, suppose that G C ,, with n € w. Then obviously
Useqz(A)ls € A. By (t1), Ym € wlbyn € d1(a)], where by = b(Z) = (bllex(p)) : p <
|Zm|). By the definition of dp/(a) after Proposition 19.9, a = > {b(lex(p)) : p < |Dm }-
Hence > ;.o b(f) < a. This proves the claim.

Now we check (i)-(iii). For (i), let 21 = {fo, fi}. Then [U;cq =(f)] = 1a. Also,
b1 € dm(a), 50 D e g, b(f) = a. This proves (i).

For (ii), first suppose that y € A and yR0. Say y = [Ufer(f)] and ZfGG b(f) =0,
where G C 2,, with n € w. Then Vf € G[b(f) = 0], so by 21.1(1), Vf € G[z(f) € J].
Hence y = 0.

Second, suppose that ¢ € M [ a and 0Rc. Say [U;eqz(f)] =0 and ¢ =3, b(f),
where G C %,, with n € w. Then by 21.1(1), ¢ = 0.

For (iii), first suppose that y € A, co,c1 € (M | a), and yR(co+c1). Note that co+cp <
a by the above claim. Say n € w, G C Dy, y = [Uscqx(f)], and co + 1 = 3,5 0(f).
Then ), 0(f) = 22 5< | bllex(j)) = b(G). Thus (co, 1) € Pr(y(c))(dnm(a)). Since bis a
uniformly dense d,/(a)-tree, it follows that there is an m > n such that b(G T m) < (co, c1).
Thus (b(lex(i)) : i < |G T m|) < (co,c1). Let A : |G T m| — 2 be such that Vj < 2[c; =
S {b(lex(i)) : i < |G T m|,\(i) = j}]. Let H; = {lex(i) : i < |G 1 m|,\(i) = j} for
j <2 Thus (G 1T m) = HyU Hy and Vj < 2[c; = T(b(H,))]. For each j < 2 let
T = [ZfeHj z(f)]. Then y = z¢ + 1, xoRco, and x1 Rey.

Second suppose that yg,y1 € 4, ¢ € (M | a), and (yo+y1)Rec. Then there exist n € w
and G C 7, such that yo+y1 = [Uscq2(f)] and ¢ = 37, b(f). Then there exist m > n
and subsets H; C %, for i < 2 such that y; = [U,cpy, (9)]. Let G; = (G 1 m)N H; for
i <2. Then Go UGt = (G Tm) and y; = [U e, 2(g)] for i < 2. Let d; = >, b(g) for
1 < 2. Then ¢ = dy + dy, yoRdy, and y; Rd; . O

Theorem 21.2. BA is a locally countable V -simple r-monoid.
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Proof. BA is locally countable by Proposition 19.3. By Proposition 18.1 it is an
r-monoid. Now let S = Y(BA). Then S is a V-congruence on BA by Proposition 20.9.
Define ARB iff A, B € BA and [A]S[B]. Then R satisfies the conditions of Proposition
3.4, so ARB implies that A is isomorphic to B. Thus [A]S[B] implies that [A] = [B]. So
BA is V-simple. ]

Theorem 21.3. If M is a locally countable r-monoid, then there is a unique V-morphism
S: M — BA; ker(S) =Y (M), and rng(S) is a hereditary submonoid of BA.

Proof. Assume that M is a locally countable r-monoid. For each a € M let A, and
R, be as in Lemma 21.1. For each a € M let S(a) = [A,]. So S: M — BA. If S(a) =0,
then A, is a one-element BA, hence by Lemma 21.1(i), OR,a, and so by Lemma 21.1(ii),
a = 0. On the other hand, if a = 0 then by Lemma 21.1(i), 14, R0, and hence by Lemma
21.1(ii), 14, = 0, and so A, is a one-element BA, and S(a) = 0.

To show that S is a morphism, suppose that ag,a; € M. Let a = agp + a;. Then
1a,Rsa = ag + a1, so there are g, x; € A, such that 14, = o421, ToRaa0, and x1Rga;.

21.3(1) ag, M | ag, Aq | o, Ra N ((A ] zg) X (M | ap)) satisfy the conditions of Lemma
21.1, with these entries replacing a, M, A, R respectively.

For, let T'= Rq N ((A | z0) X (M [ ap)). For (i), 14,2y = 0T ag, as desired.

For (ii), if x € (A, | xo) and 210, then xR,0 and hence z = 0. If b € (M [ ag) and
0Tb, then b € (M | a) and OR.b, so b = 0.

For (iii), first suppose that z € (A, | x0), co,c1 € (M | ap), and xT(co + ¢1). Then
x € Ag, co,c1 € (M | a), and xR,(co + ¢1). Hence there are yg,y; € A, such that
T = Yo+y1, YoRaco, and y1 Rec1. Then yo,y1 € (Aq [ 20), 2 = yo+y1, yoTco, and y1Tcy.

Second, suppose that yo,y1 € (Aq [ x0), ¢ € (M | ap). and (yo+y1)Tc. Then
Yo,y1 € Ag, ¢ € (M | a), and (yo+y1)Rec. Hence there exist dy,d; € (M | a) such that
C = do + dl, yoRado, and lead1~ Then do, d1 c (M r CL()), C = do + dl, yono, and ledl.
This proves 21.3(1).

Then by the uniqueness assertion of Lemma 21.1 we have A,, = (A, | zo)

By symmetry we get

21.3(2) a1, M | a1, Ay [ 21, Ra N ((A | z1) x (M | ay)) satisfy the conditions of Lemma
21.1, with these entries replacing a, M, A, R respectively.

By the uniqueness assertion of Lemma 21.1 we have A,, = (A, [ 7).

Hence S(ag) + S(a1) = [Aa,] + [Aa,] = [Aa | zo] + [Aa | 1] = [(Aa | m0) X (Ag |
x1)] = [Aa] = S(a) = S(ag + a1). This proves that S is a morphism.

To check (Vm2a) for S, suppose that a € M, b € BA, S(a) = b, and a = ag + a;.
Then since S is a morphism, b = S(a) = S(ap) + S(ay), as desired.

To check (Vm2b) for S, suppose that a € M, b € BA, S(a) = b, bg,b; € BA, and
b=by+by. Say by = [C] and by = [D]. Then [A,] = S(a) =b = [ | + [D], so that

A, =2 C x D. Then there is an z € A, such that (A, | ) =2 C and (4, | (—z)) =2 D. Now
1= (z+—z)R,a, so there are ¢y, c; < a such that a = ¢o+c¢1, 2R, o, and (—z)Ryc1. Now
by 21.3(1) and 21.3(2), Ay 2 (Ag | x) and A, = (Ay | (—2)). Hence S(co) = [Ae,] =

[A, | 2] = [C] = by and similarly S(c1) = b1, as desired.
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It follows that S is a V-morphism. Now by Theorem 21.2, BA is V-simple. Hence
by Proposition 20.22, S is unique. By Proposition 20.21, ker(S) = Y (M). By Proposition
20.14, rng(S) is a hereditary submonoid of BA. O

Proposition 21.4. Suppose that N is a monoid satisfying the following:
(i) N is a locally countable V -simple r-monoid.

(ii) If M is any locally countable r-monoid, then there is a unique V-morphism S :
M — N such that ker(S) = Y (M) and rng(S) is a hereditary submonoid of M.

Then N is isomorphic to BA.

Proof. Assume the hypotheses. By Theorem 21.3,1let S: N — BA be a V-morphism
such that ker(S) = Y(NN) and rng(S) is a hereditary submonoid of N. Since N is V-simple,
S is an injection. By the hypotheses of the proposition, let T': BA — N be a V-morphism
such that ker(T') = Y(BA) and rng(7) is a hereditary submonoid of N. Since BA is
V-simple, T is an injection. Then S o T is a V-morphism from BA to BA such that
ker(SoT) =Y (BA) and rng(S o T') is a hereditary submonoid of BA. The identity on
BA also has these properties, so by the uniqueness assertion of Theorem 21.3, SoT is the
identity. Similarly, 7' o S is the identity. ]

22. Ketonen’s theorem

Theorem 22.1. Any countable commutative semigroup is isomorphic to a subsemigroup
of BA.

The proof of Theorem 22.1 will come after a series of lemmas.
Corollary 22.2. Zs can be isomorphically embedded into BA.

Corollary 22.3. There is a countable BA A such that A= Ax Ax A but A% A x A.
Proof. In Zo, 1+1+1=1but 1 +1# 1. (

Corollary 22.4. There are countable BAs A, B such that A= Ax Bx B but A2 Ax B.
]

Corollary 22.5. There are countable BAs A, B, C such that A = AxBxC but A 2% AXB.
]

23. Products of measures

Recall the definition of .# (M) from just before Proposition 7.2. Suppose that & : Fr(w) —
Fr(w) x Fr(w) is an isomorphism. For 0,7 € .# (M) and z € Fr(w) define

(0 @k 7)(x) = o(mo(k(x))) + 7(m1 (k(2))).
Thus (0 @ 7) : Fr(w) — M.
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Proposition 23.1. If k : Fr(w) — Fr(w) x Fr(w) is an isomorphism and o,7 € 4 (M),
then (o ®r 1) € M (M).

Proof. Assume that k : Fr(w) — Fr(w) x Fr(w) is an isomorphism and o, 7 € .Z (M).
If z,y are disjoint elements of Fr(w), then k(z), k(y) are disjoint. m(k(z)) and 7o (k(y))
are disjoint, and 7 (k(x)) and 7 (k(y)) are disjoint, hence

(0 @k 7)(x +y) = o(mo(k(z +y))) + 7(m(k(z +y)))
= o(mo(k(z)) + mo(k(y))) + 7(mo(k(z)) + mo(k(y)))
= o(mo(k(x))) + o(mo(k(y))) + 7(mo(k(x))) + 7(mo(k(y)))
= (0 @k 7)(2) + (0 Bk T)(y)-

Clearly (o @ 7)(z) = 0 iff z = 0. O

Proposition 23.2. Assume:
(i) ko and ky are automorphisms of Fr(w);
(ii) o 0,7, 7" € M (M);
(i) Vo € Fr(w)[o(z) = o (ko(x))];
(i) Y € Fr(w)[r(z) = 7'(k(x))];
(v) lo, 1y : Fr(w) — Fr(w) x Fr(w) are isomorphisms;
(vi) Y,y € Fr(w)[s(z,y) = (ko(x), k1(y))];
(vii) Y € Fr(w)[kz(z) = Iy (s(lo(2)))];

Then:
(viii) s : Fr(w) x Fr(w) — Fr(w) x Fr(w) is an isomorphism;
(ix) ko is an automorphism of Fr(w);

(x) Vo € Fr(w)[(o @, 7)(x) = (0" @y, 7')(ka(2))]-

Proof. Assume (i)-(vii). Then (viii) and (ix) are clear. For (x), suppose that
x € Fr(w). Then

(0" @1, 7')(ka(z)) = o’

Proposition 23.3. If k : Fr(w) — Fr(w) x Fr(w) is an isomorphism and § < wy, then
N (o @ T) = Ao @y NET.

Proof. Assume that k : Fr(w) — Fr(w) x Fr(w) is an isomorphism and £ < w;. We
prove the indicated conclusion by induction on . It is trivial for & = 0. Now assume
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that it holds for £&. Suppose that a € (AST1(o @ 7))(z). By Proposition 14.2 (103),
a € (ANAS(o@pT)))(x). Say x = yo+ -+ - +yn_1 and
a= (Ao @k 7))(Yo), - - -+ (A0 @k 7)) (Y1)

<(A€U @ A°T)(y ) (A% D AT (Yn-1))
(¢ )( 0(k(y0))) + ( 7)(m1(k(y0))), -

(A%0)(mo(k(yn-1))) + (Ag )(m (k(yn 1))
= ((A%0)(mo(k(y0))): - - -+ (A® )( 0(k(yn—-1))))+

((N )(mo(k(y ))), 5 (B57) (o (k(yn—1))))

(A(A50))(mo(k(2))) + (A(AST)) (10 (k(2)))
(Aerlo. @ N1 )(z).

Thus (A (0 @ 7)) (2) C (Ao @ A7) (2).
Now suppose that a € (Ao @) ASTir)(z). Thus

a € (A o) (mo(k(x))) + (A7) (my (k())).

Say a has domain n. Then we can write mo(k(z)) = yo + -+ + yn—1 and m(k(z)) =
20+ + 2p—1 with

= ((A%0) (o), - - - (A%0) (yn—1)) + (A7) (20); - - - (A7) (2n-1))
= ((A%0)(yo) + (A7) (20), - - - (A%0) (Yn—1) + (A7) (2n—1).

Now let z; = k= !(y;, 2;) for all i < n. Then

S

k(x)=(yo+ -+ Yn-1,20+ "+ 2n-1) = (Y0, 20) + -+ + Yn—1, 2n—1);

hence x = xy + - - - + x,,_1. By the above,

(A%0)(yo) + (A7) (20), - - (A°0) (Y1) + (AT)(20-1)

(Af0 )( o(k(0))) + (AT )( 1(k(20))), - -,
(Afo)(mo(k(zn-1))) + (AST)(m (k(mnfl))»

= (A0 @ A57)(20), . (A%0 B A7) (20-1))

= (&80 @1 7)) (@0), ., (A0 @ 7)) (2n-1))

€ (A (o @p 7)) ().

This gives the conclusion for & + 1.
Now suppose the conclusion holds for all £ < ¢, with ¢ a limit ordinal. Then

(Ao @ 7)) (@) = (Ao @y 7))(2) 10 < ()
(A"UEBk:N )(x) : n<C>
(AMo)(mo(k(x))) + (A7) (i (k(2))) : n <€)
o) (mo(k(x))) : 77<C>+<(A”T)(7r1(k(w))):77<C>
(m )
(

o)

o(k(x))) + (A7) (m1 (k(x)))
o Dk AC

{
{
{
= (
= ( )(x) O

(A
NS
NS
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Proposition 23.4. Suppose that 0 < < 1 in Fr(w), and k; : Fr(w) — Fr(w) [  and
ks : Fr(w) — Fr(w) [ (—z) are isomorphisms. Suppose that p € M (M). Define o0 = po ky,
7= poky, and Yy € Fr(w)[k(y) = (k" (- y), k3" ((=2) - 9))].
Then k is an isomorphism of Fr(w) onto Fr(w) xFr(w), o,7 € M (M), and p = oDy T.
Proof. Clearly k is an isomorphism of Fr(w) onto Fr(w) x Fr(w) and 0,7 € .#(M).
Now suppose that y € Fr(w). Then

o(mo(k(y))) + 7(m1(k(y)))
o(ky 'z y) +7(ky ' ((—2) - y))
p(x-y)+p((=z) - y) = p(y). O

(0 @r 7)(y)

Proposition 23.5. Assume the hypotheses of Proposition 23.4, and also assume that p is
stable. Then o and T are stable.

Proof. By symmetry it suffices to show that o is stable. So assume that y,z €
Fr(w) and o(y) = o(2). Thus p(k1(y)) = o(y) = o(z) = p(k1(2)). Since p is stable,
(Ap)(k1(y)) = (Ap)(F1(2)). Hence

((A0))(y) = {{o(uo), ..., 0(un—1)) :y =0+ +un_1}
= {<P(/f1(u0))7 ooy p(kr(un—1))) ry =uwo+ -+ up_1}
= {{p(v0),- .-, p(vn-1)) k1 (y) =vo + -+ +vp_1} (*)
= (Lp)(ka(y ))-

To see the step (x), clearly

{p(k1(uo)), s p(k1(un—1))) ry=uo+ -+ up_1}
- {(p(vo), - '7p(vn—1)> : kl(y) =v+---+ Un—l}-

On the other hand, suppose that k1(y) = vg + -+ + v,—1. For each i < n choose u; €
Fr(w) such that ky(u;) = v;. Then ky(uo + - 4+ up—1) = vo + -+ + vp_1 = k1(y), so
ug + -+ + up—1 = y. This proves the other inclusion, so that (x) holds.

Now by symmetry, ((Ac))(z) = (Ap)(k1(2)), so ((Ac))(y) = ((Ac))(2). O

For the following proposition, recall the definition of B and g, from just before Proposition
5.22.

Proposition 23.6. If s and t are additive functions from Fr(w) into wy and k : Fr(w) —
Fr(w) x Fr(w) is an isomorphism, then By X By = Bgg, ¢

Proof. Recall g, is an isomorphism from B, /I,,p,)(Bs) onto Fr(w) such that rp_ 4, =
s and g; is an isomorphism from B;/I,.(p,)(B;) onto Fr(w) such that rp,, = t. Now
Lr(B,)(Bs) X Ly, (Bt) is an ideal in B, x B;. Clearly

23.6(1) There is an isomorphism h from (B x B;)/(A x A’) onto Fr(w) x Fr(w) such that
Vo € By € Bi[h([z,y]) = (95([2]), :([v])))-
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Then by definition, for any v € Bs and v € By,

rBxBy k- ton (K (h([u,v])) = 0 ((Bs x By) [ (u,v)).

Suppose that w € Fr(w). Say k(w) = (z,y). Choose u € B, and v € B, such that
gs([u]) = = and g;([v]) =y. Then

= (s @ t)(w)

= (s@rt)(k(z,y))

= 5(x) + t(y) = 8.4, (9s([t])) + rB,g. (g:([v]))

= . (Bs [ u) + ax(By [ v) = . ((Bs X By) | (u,v))
=g, x B, k-1on (k" (h([u, v])))

=75, x B,k 1on (k" (gs([u], g:([v]))))

= TBSXBt,k—loh(w)'

rBseaktys@kt(w)

By Proposition 5.8, Bsg,+ = Bs X By. L]

24. The strict hierarchy property

Let M be an m-monoid and & a countable ordinal. We say that o has the strict -heirarchy
property iff a € ASTLM and for all n < ¢, and all @ and b with (a) b € «, for all n € w, and

all e with domain n, if e € T§+1(a) then there is a ¢ with domain n such that ), _, ¢; = a,
¢"b € a, and Tg(ci) =¢; for all i < n.

Proposition 24.1. If a has the strict £-heirarchy property, then it has the heirarchy
property with respect to &.

Proof. Suppose that o has the strict &-heirarchy property, a € ASM, {(a) € ®(a),
n<é& andeé€ T§+1(@)~ Choose b so that (a) b € a. Say e has domain n. Choose ¢ with
domain n such that } ., ¢; =a, c”b € a, and Tg(ci) =e¢; for all i < n. Thus c € ¢, ()
and e = T o c. O

Proposition 24.2. Let M be an m-monoid and & a countable ordinal. If o € NSTIM has
L.P. and H.P. then it has the strict &-heirarchy property.

Proof. Assume that M is an m-monoid, ¢ a countable ordinal, o € AT M has L.P.
and H.P., n < &, a,b are such that (a)"b € o, n € w, e has domain n, and e € T§+1(a).

Then a € A*M and (a) € ®(a), so by H.P. there is a ¢ € ®,() such that e = TS o c. By
LP,c bea. O

For every & < w let

L% ={a € AW : a has the strict &-heirarchy property}.

Proposition 24.3. V¢ < w[#¢ C Z4].
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Proof. By Propositions 17.3 and 24.2. L

Proposition 24.4. For all £ < wy, Z¢ is a submonoid of AT/ .
Proof. First we deal with 0. Note:

24.4(1) For each & < wy let O¢ be the zero of AS% . Then

24.4(2&) 05_,_1 = {<0§>, <0§, 05). .. }

24.4(2b) For £ limit, O¢ is the function with domain £ such that Vn < £[0¢(n) = 0,].
24.4(3) If ) < &, then T5(0¢) = 0,).
24.4(4) 0§+1 S gg.

For, suppose that n < &, (a)"b € O¢11, n € w, e has domain n, and e € T§+1(a). Then
a = 0¢ and b = (0¢, O, ...). Also, Tgﬂ(a) = 041, so e = (0,,0,,...). Let ¢; = 0¢ for all
i<n. Then ) ,_ ¢ =a,c bca,and Tg(ci) =0, = €;. So 24.4(3) holds.

Now suppose that a and 3 are nonzero elements of .#Z%. Suppose that n < £, (a)"b €
a4+ (B, n € w, e has domain n, and e € Tsﬂ(a). Then there exist ag,ai,bg, b1 such
that a = ag + a1, b = by + b1, (ap) " bo € «, and (a1) " by € 5. Then e € T§+1(a) =
Tg(ao) + Tg(al), so there exist ey € Tgﬂ(ao) and e; € Trfﬂ(al) such that e = eg + €;.
Since a and 8 have the strict {-hierarchy property, we get &, ¢! with domain n such that
ZKnCZ» = aj, by € o, by € 3, and Tg oc = e;j for j < 2. Let ¢ = & + ¢!. Then
ZKnci:ao—f—al:a,cAbEa—I—ﬁ,andTgoc:e. ]

Proposition 24.5. Let M be a locally countable submonoid of ANSTYW such that
(i) M has the refinement property.
(ii) YVa € MVa € a¥Vn € w[dmn(a) = n — 36 € "M[Vi < n[T(5;) = a;] and
2icn B = al].
Then M* is isomorphic to a subsemigroup of NBA.
Proof. First we note:
24.5(1) M is atomless.

For, M C At/ so M satisfies S.P. Hence M is atomless. By Proposition 19.12, 6y is
an isomorphism of M into A$T2%/ . By Proposition 19.10, if & € M then /() satisfies
R.P. and L.P., and so by Proposition 24.2 §j;(«) has the strict (£ 4 1)-hierarchy property.
Then by Propositions 17.3, dys(a) € #¢+1. Hence by the definition of # ¢! there is a
0o € M such that yr(a) = (A20,)(1) and d(oy,) < € + 1.
24.5(2) Va € M[(A%Ta,)(1) = a.
In fact, if a € 67 () then we can write 1 = g+ - - - +2,_1 with Vi < nfa; = (AHoy)(2:)].
Then oo =3, a; = (AT log)(1).

If k is an automorphism of Fr(w) such that o, = og ok, then, using Proposition 14.3,
5u(0) = (A20,)(1) = (A2 (ag) 0 k))(1) = (A+205)(1) = 6u1(8), hence a = A, since
by Proposition 19.12 §,; is one-one.
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Suppose that a, 8 € M*. Then
(A1) (1), (A ap) (1)) = (A1 0a)(1),0) + (0, (A o) (1))
€ (A 20, )(1) + (A +20p)(1)
= m(@) + 0 (B) = om(a+ B) =
= (A5 20045)(1) = (A(A T aa1))(1).

Hence by the definition of Ao before Proposition 10.1, we can write 1 = z + (—x) with

(A 00)(1), (A 05) (1)) = (A 0arp) (@), (A 0 g) (—)).

So (A%*1a,)(1) = (A o4y5)(z) and (ASHog)(1) = (A oaig)(—2). Let ky : Fr(w) —
Fr(w) | = and kg : Fr(w) — Fr(w) | (—z) be isomorphisms. Then (Ao, 5)(ki(1)) =
(Ao,)(1) and (Ao, ) (k2(1)) = (ASFlog)(1). Now Astle,. s is stable, so by
Proposition 23.5, also (A$*1o,y5) o ky and (A8l 5) o ky are stable.

24.5(3) (A+20,)(1) = (A+20,4.5) (@),
In fact, suppose that 1 =ug+---+uyp_1 =v9+ -+ vmym_1. Then

<(A€+10a)(u0)7 SRR (Aa—laa)(unfl» S (A€+20a)(1)

and
(A ag)(vo), - -, (A ap) (vm-1)) € (A 2ap)(1),

SO

<(A€+1aa)(u0), . (A&Llaa)(un,l), 0,0,...,0)+
(0,0,...,0, (A o) (vg), ..., (AT o) (V1))
€ (A% 20,)(1) + (A 0p)(1) = dur(a) + 6ar(B) = du (e + B).

Hence we can write 1 = wo+ - - - +wy_ 1 +wp+ - - FwWppm_1 so that Vi < n[(AFo,)(u;) =
(A ooy g(w;)] and Vi < m[(ASHog)(v;) = (A o4t 5) (Wngi)]. Thus

(A o0s5)(@) = (A a0)(1) = Y (A a0) (u)

<n

=D (&5 oaip)(w) = (Ao <Z wz> :

<n <n

Since ASt1o, . g is stable, it follows that (AS*20445)(z) = (A 20aqs) (3, wi). Now
<(A£+1Ua)(u0)v EEE (Agﬂga)(unfl)) = <(A£+10a+/3)(w0)7 EEX (Aerlacwrﬁ)(wnfl))

€ (A 2044 5) (Zw> (A 2001 5) ().

1<n
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It follows that (A%T20,)(1) C (A 2044 5)().

Now suppose that a € (A%t20,,5)(z). Say a; = (Ao p)(yi) for all i < n
with z = yo+ -+ +yp—1. Then >, a; = (ATogig)(x) = (Ao,)(1) = a, and so
a € dy(a) = (A8 20,)(1). Thus (A820,)(1) = (A 20,44 5)(x). Thus (130) holds.

24.5(4) There is an automorphism I of Fr(w) such that Ao, 50k = Aftlo, ol

In fact, by 24.5(3) we have (A*+20,)(1) = (A**20,44) o k1. Hence 24.5(4) holds by
Proposition 12.2.
By symmetry we have

24.5(5) There is an automorphism I’ of Fr(w) such that As*lo, 50 ke = ASTlo, ol

Now by Proposition 23.4 with p, o, T replaced by As*to, 5, AéTlo, ol and AStlo, ol
we get an isomorphism s of Fr(w) onto Fr(w) x Fr(w) such that A**lo,, 5 = (AStlo, o
) ®s (ATtog0l’). Now we apply Proposition 23.2(x) with kg, k1, 0, 0’, 7,7/, ly, [1 replaced
by I,I', Ao, ol, ASHlo,, A log ol AT g, s, s; we get an automorphism kg of Fr(w)
such that Ao, 5 = (A%Tlo,) @ (AST1og)) o ky. By Proposition 23.3 we then have
AHogip = (A (00 @5 05)) © ko Then (A oq15)(1) = (A (00 @5 0p))(1). By
Proposition 15.2 there is an automorphism k3 of Fr(w) such that o443 = (04 &5 o) © k3.

Now for the proof of the proposition, for each a € M let f(«) = B, ; see Proposition
6.24. Then f(a+8) = B,,,; = Bs,@.0, (by Proposition 16.1) = B, x B,, (by Propo-
sition 23.6) = f(«) x f(5). So f is a homomorphism. If f(a) = f(/3), then by Proposition
16.1 there is an automorphism k4 of Fr(w) such that o, = og o k4, and so by a remark
early in this proof, a = . ]

25. Shifting monoids
Recall the definition of A/ from just before Proposition 9.3. For any 6 € N let

supp(#) = {£ < wy : 0(§) > 0}.

Proposition 25.1. Suppose that 0 € N.
(i) supp(0) has a largest element.
(ii) supp(6) is countable and nonempty.

(i4i) O(min(supp(0))) = w. ]
Now if a € <<“W we define ¢, : w1 — w by ¢,(&) = [{i < dmn(a) : a; = {}|. Then
supp(¢a) = {€ < w1 : ©a(€) > 0}. Then for any 0 € N'* we let ¥(0) be g(0) with g as in
the proof of Proposition 9.6. We also set ¥(0) = o.

Two mappings 0, x : w + 1 — w + 1 are equal almost everywhere, in symbols 6 =,. ¥,
iff {k <w:0(k) # x(k)} is finite. 0° and w® are the constant mappings: 0°(k) = 0 and
wé(k) = w for all k € w4+ 1. N is the set of all  : w + 1 — w + 1 such that one of the
following holds:

(AE1) 6 =, 0°.
(AE2) 0 =4 w° and f(w) = w.
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(AE3) {k € w+1:60(k) = w} is finite, and limy_,o 0(k) = w = O(w).

Here this limit is with respect to the order topology on w + 1. Thus limy_, 0(k) = w iff
VI < wamVk € (m,w)[l < 8(k)].

Addition in N is defined like this: Vk € w + 1[(6 + x)(k) = 0(k) + x(k)], where
w+k=k+w=uwfor any k € w+ 1. We also adjoin a new element o to N°" and define
o+k=k+o=kforany k€ (w+ 1)U {o}. Finally, N = N U {o}.

We also define x =/, y iff one of the following holds:

(AE4) 2,y € N and = =, y.

(AE5) 2 € NV, y = 0, and z =, 0°.
(AE6) z =0, y € N, and y =, 0°.
(AET) z =y =o.

We also define k£ + [ for k,l € w + 1 by

k+1 ifk/lew,
w fk=worl=uw.

k+l:{

Proposition 25.2. (w+ 1,+) is an r-monoid.

Proof. Clearly (w+ 1,+) is an m-monoid. To show that it is an r-monoid we apply
Proposition 19.7. So, suppose that a,b € ?(w + 1) and ag + a; = by + b;. We want to find
c € 2*2(w + 1) such that Vi < 2[a; = Do Gij) and Vj < 2[b; = >, , ciy).

Case 1. ag = a1y = by = by = w. Let ¢;; = w for all 4,5 < 2.

Case 2. ag = a1 =w = by and by < w. Let cop1 = 0, c11 = by, and ¢;; = w otherwise.

Case 3. ag = by = b; = w and a; < w. Symmetric to Case 2.

Case 4. ap = by = w and a1,b1 < w. Let ¢i9 = a1, ¢11 = 0, ¢p1 = by, and ¢;; = w
otherwise.

Case 5. Other cases with one or more of ag, a1, by, b1 equal to w. This is symmetric
to above cases.

Case 6. ao,al,bo,bl < w. WlOg a S b(). Let Coo = Qp, Co1 = 0, Ci10 = bo — ap, and
c11 = b1. Then cop + co1 = ag, c10 +c11 = bg — ag + b1 = a1, coo + c10 = ag + bp — ag = by,
and cg1 + ¢c11 = by. OJ

Proposition 25.3. N is an r-monoid.

Proof. First we check that N is closed under +. Suppose that z,y € N°. Obviously
x +y € NV if one of z,y is 0. Now suppose that z,y # 0. So z,y:w+1 — w + 1.

Case 1. x,y =40 0°. Clearly x + y =4, 0°.

Case 2. x =q¢ 0°, Yy =g w¢, and y(w) = w. Clearly z + y =4 w and (z + y)(w) = w.

Case 8. x =4¢ 0°, {k € w+1: y(k) = w} is finite, limg_ oo y(k) = w = y(w). Then
clearly {k € w+1: (z + y)(k) = w} is finite, limg oo (z + y) (k) = w = (v + y)(w).

Case 4. x =4 W, Yy =qe 0°. Symmetric to Case 2.

Case 5. T =4 W, Y =ge W° z(w) = w, ylw) = w. Clearly x + y =4 w° and
(z +y)(w) =w.
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Case 6. © =40 w°, {k € w+1:y(k) =w} is finite, limg_, y(k) = w = y(w). Clearly
T4+ Y =ge w€ and (z +7y)(w) = w.

Case 7. {k € w+1: xz(k) = w} is finite, limy_,oc z(k) = w = z(w), ¥y =4 0°
Symmetric to Case 3.

Case 8. {k € w+1: z(k) = w} is finite, limy_,0c z(k) = w = z(w), Y =qe W°
Symmetric to Case 6.

Case 9. {k € w+1: xz(k) = w} is finite, limy_ o x(k) =
y(k) = w} is finite, limg_, o y(k) = w = y(w). Clearly {k € w+1:
limg o (2 + ) (k) = w = (2 + 1) (),

So NV is closed under +.

Clearly now N° is an m-monoid.

To prove that AV is an r-monoid we again apply Proposition 19.7. So, suppose
that ag,a1,bp,b1 € N° and ag + a1 = by + b;. We want to define § € 2*2N° so that
Vi < 2[&1 = Zj<2 923] and Vj < Q[b] = Zi<2 01]]

Case 1. One or more of ag,ay,bg, by is equal to o. By symmetry say ag = o. Let
900 =0 = 001, 010 = bo, and 011 = bl.

Case 2. All of ag, a1, by, by are different from o. For each k < w, by Proposition 25.2
there is a (0;;(k) : 4, j < 2) such that each 0;;(k) € w+1, Vi < 2[a;(k) = >_,_, 0;;(k)], and
V) < 20ty (k) = ¥, 005 (k)]

Subcase 2.1. ag =qe 0° and a1 =4 0°. Clearly then by =,. 0° and by =, 0°.
Clearly also 0;; =4 0¢ for all ¢,j < 2.
Subcase 2.2. ag =qe 0°, a1 =4 w°, and a1 (w) = w. Then ag + a1 =4 W, so also
b() + b1 =ae we.
Subsubcase 2.2.1. by =4 0°. Then by =4, w and by (w) = w since by+by =4 WE.
Now the set M {k€w+1:ap(k)#0orai(k)#worby(k) # 0 or by (k) # w} is finite.
For k € (w+ 1)\M we have 0 = ag(k) = >_;_, 00, (k), hence Opo(k) = 0 and 0p1(k) = 0.
AISO, 0= bo(l{?) = Zi<2 920(1{?), hence 900(1{?) = 0 and 910(1{?) = (0. Thus 900,901,910 are
in N by (133). Also w = a;(k) = > <2 015(k) while 019(k) = 0, so 611(k) = w. Let
07, be equal to 011 except that 1(w) = w. Then 67, € N°, a;(w) = > i< tij(w), and
bi(w) = >0 0i1(w), with 0y, = 01
Subsubcase 2.2.2. by =, 0°. This is symmetric to Subsubcase 2.2.1.
Subsubcase 2.2.3. by =q4e W =qe b1 and bo(w) = b1(w) = w. Then the set
def

M ={kew+1:ap(k) # 0 or ai(k) # w or by(k) # w or bi(k) # w} is finite. For
k € (w+ 1)\M we have 0 = ao(k) = >_;_,00;(k), hence Opo(k) = o1(k) = 0. Hence
900,901 € NO. AISO, w = bo(k?) = Zi<2 920(1{?) and 000(1{?) = 0, SO 010(1{?) = w. Also
W = bl(k?) = Zi<2 921(]{) and 901([€) = 0, SO 911(1{?) = w. Let 9’10 be like 010 except
that 0)y(w) = w, and let 0], be like 611 except that 0};(w) = w, Then 6},,0;, € N°,
ay = Zj<2 9/1]», bo = Zi<2 9;0, and bl = Zi<2 9;1, with 960 = 900 and 961 = 901.
Subsubcase 2.2.4. by =4 w°, bo(w) = w, {k € w+1: bi(k) = w} is finite,
and limg_,o b1(k) = w = by(w). Then M ef {k e w+1:ag(k) #0or a(k) # w or
bo(k) # w or by (k) = w} is finite. Take any k € (w+ 1)\M. Then as in Subsubcase 2.2.3,
Hoo(ki) = 901([€) = 0 and 910([6) = w. Hence 000, 001 S NO. Also bl(k’) = Zi<1 011(]{) and
Oo1(k) = 0, so by (k) = 011(k). Let 07, be like 61y except that 0],(w) = w, and let 0}, be

w=zw),{kew+1l:
(x+y)(k) = w} is finite,
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like 611 except that 67;(w) = w. Then #,,,0;; € N°. a1 =
bl = Zi<2 9;1, with 960 = 900 and 961 = 901.
Subsubcase 2.2.5. by =qe W, bi(w) =w, {k € w+1:by(k) = w} is finite, and
limy o0 bo(k) = w = bp(w). This is symmetric to Subsubcase 2.2.4.
Subcase 2.5. ag =qe 0°, {k € w+1:a1(k) = w} is finite, and limg_» a1(k) =w =
a1(w). Then (134) does not hold for by or by. Also by and by are not both =, 0°.
Subsubcase 2.3.1. by =qe 0° {k € w+ 1 : bi(k) = w} is finite, and

limy_.o0 b1 (k) = w = by (w). Then M ¥ {k € w +1: ag(k) # 0 or a1 (k) = w or by(k) #£ 0
or bi(k) = w} is finite. Suppose that k € (w + 1)\M. Then 0 = ag(k) = >_,_, 0o;(k), so
900(]{) = 901(]6) =0. AISO, 0= bo(k) = Zi<2 910(]{), SO 910(]6) = 0. Thus 6yg, 001, 010 € NO,
Now CLl(l{?) = Zj<2 913(]{) and 010(1{?) = 0, SO CLl(l{?) = 011(1{?) Let 9’11 be like 011 except
that 0], (w) = w). Then 0}, € NV, Vi < 2[a; = > ico0is]s and Vi < 2[b; = 37, , 0], with
0 = Boo, O, = Bo1, 0 = Oiro.

Subsubcase 2.3.2. {k € w+ 1 : by(k) = w} is finite, limg_,c bo(k) = w =
bo(w), {k € w+1:b1(k) = w} is finite, limg_, b1(k) = w = by(w), Then M & {k €
w+1:ag(k) # 0 or a;(k) = w or by(k) = w or bi(k) = w} is finite. Suppose that
k € (w+ 1)\M. Then 6yo(k) = 0o1(k) = 0 as in Subsubcase 2.3.1. Hence 6qo, o1 € N.
bo(k?) = Zi<2 920(1{?) = 010([6) bl(k?) = Zi<2 921(]{) = 011(1{?) Let 0/10 be like 010 except
that 0},(w) = w, and let 0}, be like 617 except that 07;(w) = w. Then 0y,0;; € N,
Vi< 2la; =), o 0;;], and Vi < 2[b; = >, , 0;,], where 6, = 0p0 and 0y, = 6o1.

Subcase 2.4. ag =g4e W =4e a1 and ap(w) = w = a1(w). Then by =4 w® and
bo(w) = w, or by =4 w° and by (w) = w.

Subsubcase 2.4.1 by =4 W€ =qe b1, bp = w, and by (w) = w. Then M = {k €
w+1:ag(k) #wor ay(k) # wor by(k) # w or by (k) # w} is finite. For k € (w+1)\M we
have 0;;(k) = w for all i, j < 2. Defining ¢;; as above, the desired conclusion follows.

Subsubcase 2.4.2 by =ge W, b(w) = w, {k € w+1:b1(k) = w} is finite, and
limy o0 b1(k) =w = b1(w). Then M ={k € w+1:ap(k) # w or ai(k) # w or bo(k) # w
or bi(k) = w} is finite. Suppose that k € (w + 1)\M. Then bi(k) = >, _,0:1(k), so
Oo1(k) # w # 011(k). ao(k) = >, 500i(k), so boo(k) = w. ai(k) = >, ,01;(k), so
010(k) = w. Thus 6y, 0190 € N°. Now we define for k € w + 1

Ooo(k) if k < w, Oro(k) itk <w, .
%“@:{JM) ;k:Z b“ﬁ:{Jd) ﬁk:Z’

0155 bo = D 0ig, and

Ji<q

/
ij

Oor(k) ifke M, k+uw,

) 011(k) ifkeM
0/ k) — 9/ k) = 11 )
01(k) b1 (k) %fk%M,k;éw, 11(k) {0 ifk¢ Mork=uw.
w if £ =w,
Then each ng e NO Vi < 2[a; = Zj<2 92]-], and Vj < 2[b; = > ., 92;‘]-

Subcase 2.5. ay =4 w° ap(w) = w, {k € w+1: a1(k) = w} is finite, and
limg 0 a1(k) = w = ai(w). Then (134) holds for by or by. If it holds for both, we
have a subcase symmetric to Subcase 2.4; and if (133) holds for one and (134) for the
other we have a subcase symmetric to Subcase 2.2. So we may assume that by =, w°,
bo(w) = w, {k € w+1: b1(k) = w} is finite, and limg_,00 b1 (k) = w = b1(w). Then
M={kew+1:ag(k) # worai(k) =w or by(k) # w or bi(k) = w} is finite. Suppose
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that k£ € (w+ 1)\M. Now ai(k) = >, _501;(k), so b1o(k) # w # 011(k). Also bi(k) =
Y icobin(k), so Oo1(k) # w # 011(k). Since ag(k) = Zj<2 6o (k), we have Oyo(k) = w.
Define

. 011 (k) ifke M, k#w,
() = { P00 EE < gy~ minan (R), bu(R)) /2] ik & M.k %o
w itk =w, w ifk=w

a1(k) = 011(k) k¢ M, k#w,
10(k) = 610(k) ifke M, k #w,

w ifk=w

001([€) ifke M, k +#w,

w ifk=w.

bi(k) —01,(k) itk &M, k#w,
v -

Clearly Vi < 2[a; = >, 0;;] and Vj < 2[b; = ZZ<2 0;;]; and also each 0;; € N.

Subcase 2.6. {k € w+1: ag(k) = w} is finite, limg_ oo ao(k) = w = ap(w),
{k € w+1:a1(k) =w} is finite, limy_,c a1(k) = w = al(w), {k€ew+1:by(k) =w}is
finite, limy_.o0 bo(k) = w = bp(w), {k € w+ 1 : by(k) = w} is finite, and limg_,~ b1 (k) =
w = by(w). Then M L {kew+1:ap(k) =wora(k)=worby(k) =wor by (k) =w} is
finite.

(*) Suppose that k£ ¢ M U {w} and ap(k) min(ao(k) 1(k),bo(k),b1(k)). Then there are
cﬁj for 4, j < 2 such that Vi < 2[a;(k) = >_,_, z]] Vi < 2[bi(k) =3 ”], and Vi, j <
2[[ao(k)/2] < cfj]-
For, let ¢, = Lao( )/2j, cko = aog(k) — &y, by = bo(k) — cby, &y = by(k) — cf;. Then
cgo + b1 = ao(k), cfo + iy = bo(k), ety +cfy = bi(k), and cf +cfy = bo(k) — cfio + b1 (k) —
ck = ao(k) — c&y + a1 (k) — cf; = a1 (k). Moreover,

cbo = ao(k)/2 + a(0)/2 — |ao(k)/2] = |ao(k)/2];

cto = ao(k) — (ao(k) — cy) = cy = lao(k)/2];

ety = ao(k) — lao(k)/2] > [ao(k)/2].

Thus (*) holds.
We obtain cfj similarly for other cases of min(ag(k), a1(k), bo(k),b1(k)). Now for each
1,7 <2and k € w—+ 1 define

05(K) it k€ M\{w),
0, . (k) = {c’?- if k¢ MU{w},

ij
w if k=w.

Clearly the desired conditions hold. ]

Proposition 25.4. Suppose that ag, a1, by, b1 € w, one of them is 0, and ag+ay = bg+b;.
Then there exists ¢ € 2*2w such that Vi < 2[a; = D jea Cigls and Vi < 2[bj =37, cijl.

114



Proof. Say WlOg apg = 0. Let Cop — Co1 = 0, Cio = bo, and Ci11 = bl. Then
ag = Coo + Co1, @1 = €10 + C11, bg = cop + c10, and by = co1 + c11. O

Proposition 25.5. Suppose that ag,a1,bo,b1 € w\{0}, 0 < m < min{ag, as,bo,b1}/2,
ao + a1 = by + b1. Then there exists ¢ € 22w such that min{c;; : i,j < 2} =m, cop = m
or ci1 = m, Vi < 2[&1 = Zj<2 Cij]; and VJ < Q[b] = Zi<2 Cz'j]'

Proof. Assume the hypotheses.

Case 1. min{ag,aq,bg,b1} = bg. Let coo = m, co1 = ap —m, c10 = bg — m, ¢11 =
ay — bg +m. So cgg + co1 = ag, c19 + €11 = a1, coo + c10 = bo, co1 +c11 = by.

Case 2. min{ao,al,bo,bl} = bl. Let Ci11 = m, Cp1 = b1 —m, Ciop = a1 — m, Copp =
ap — by +m. So cgo + co1 = ag, c19 + 11 = a1, coo + c10 = bo, co1 + c11 = by.

Case 3. min{ag, ay,bg,b1} = ag. Let coo = m, co1 = ag — m, c19 = bgp — m, c11 =
by — ag +m. So cgo + co1 = ag, c10 + 11 = ai, coo + c10 = bo, co1 +c11 = by.

Case 4. min{ag,a1,bo,b1} = a1. Let c11 = m, co1 = by — m, c10 = a1 — m, oo
bp — a1 +m. So cgo + co1 = ag, c19 + 11 = ai, coo + c10 = bo, co1 +c11 = by.

Ol

Proposition 25.6. If 0y + 01 = g + ¥ in N, 0y Zae 0°, 01 Zae 0°, Vg Fae 0°,
1 Zae 0°, and not(0y =ae 01 =ae Vo =ae V1 =qe W), then there are uncountably many
X € 2X2(NY*) such that Vi < 2[0; = D ico Xijl and Vi < 2[th; = 37, o Xij]-

Proof. For each k € w+ 1 let u(k) = min{0y(k), 01(k), vo(k),1(k)}. Then u € NO*.
In fact, this is clear since one of 6y, 01,1, 1)1 satisfies satisfies (135) and so clearly p does
also. Clearly also u #Z4e 0°,w¢. Let F' C w be a finite set such that Vk € w\F[0 < u(k) < w].
For each E C w\F we define x” € ?*?(N*). For k € F take x/;(k) by Proposition 25.2

so that Vi < 2[0;(k) = Zj<2 Xf;(k)] and Vj < 2[¢; =3, XZEJ(k)] For k € E take XZEJ(k)
by Proposition 25.5 so that Vi < 2[0;(k) = >_,_, X5 (k)] Vi < 2[h; = 32,0 x45(K)], and
min{x}5 (k) : i,j < 2} = u(k)/3. For k € w\(F U E) take x/;(k) by Proposition 25.5 so
that Vi < 200;(k) = 3, oo XE(R)], ¥ < 2[5 = Xyep XE(R)], and min{xE (k) : i, < 2} =
pu(k)/4. Finally, for any 4, j < 2 we let x[7(k) = w. ]

For each § € N define (Q0) : w; — w + 1 by:

w if a =0,
) O0(a—1) f0<a<uw,
(26)(e) = O(w) if o = w,
0 fw<a<w.
Proposition 25.7. (Q20) € N*. O

We also define (Q0) = 0. So (Qz) € N for any x € N°.

Proposition 25.8. Q: N — N is a morphism of m-monoids.

Proof. (Q(0+0)) = (Q0) =0 =040 = (Q0) + (Q0). For any § € N* we have
(QO+0)) =(Q0) = (20)+ 0 = (20) + (Q0) and similarly for o = 6. Finally, suppose that

115



6,7 € N°. Then for any o € wy,

w ifa=0
@O+ = TNl o sase
. 0

ifw<a<w.

(W4 w ifa=0
) O0a—1)+Y(a—1) ofld<a<w
) O(w) +(w) ifa=w
L0+ 0 if w< wq
= (Q0)(a) + ()(a)
= ((920) + () (). 0

Proposition 25.9. (i) T(V((0))) = 0.
(i) T(W((£20°))) = 0.
(113) V6 € N*\{0°}O =4 0° — T(¥((20))) = 1 + maxsupp(f)].
(iv) VO € N*[0 40 0° — T(¥((220))) ].

Proof. (i): T(¥((Q0))) =T (¥(0)) =T(0) = o.
(ii): For any a < w; we have

if =0,
fo<a<w
fa=w
ifw<a<uw.

(€20%)(a) =

cococ¢g

Thus supp((©0°)) = {0}. So U((Q0°)) = {a € <<“W : T(a) =0 and Va € w1 \{0,w}[a, =
0]}. Hence T'(¥((20°))) = 0.

(iii): Suppose that 8 € N*\{0°} and 6 =,. 0°. Then there is a kK < w such that
0(k) # 0. Let k = max(supp(f). Then k + 1 is the “n” for (£20), and so T'(V((£20))) =
1 + max supp(0)].

(iv): Suppose that 8 € N* and 6 #,. 0°. Then 6(w) = w, and so w is the “n” for
(Q0). Hence T(¥((Q20))) = w. ]

We extend =/, to <<“N? by defining a =/, biff dmn(a) = dmn(b) and Vi < dmn(a)[a; =/,
b;].
N1 is the set of all a € AN such that:

(AE8) Vn € wVa,b[dmn(a) = dmn(b) =nand a =, b€ aand ) ,_, a;=>,_,bi—ac

al.
(AE9) Va,bla™b € aand a Z4e 0° — e, d[a = c+d in N and ¢,d #4. 0° and ¢~ d b € o]
Further, we let N = NV U {0}, where 0 is the 0 of AN,

Proposition 25.10. Inw+1,4ifY . u; = >, _, (vi+w;), then there existv', w’ € " (w+1)
such that Vi < nfu; = v; +wi], >, ., Vi = >, Vi, and Y, wi =Y . w;.
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Proof. We may assume that n > 1. For ¢ < 2n let

b — L i if 1 <mn,
Ul wie, ifn<i<2n.

Then let ¢ € "*?"(w+ 1) be such that Vi < n[u; = D jcon Gijl and Vj < 2nfb; =37, | cijl.

Then Vj < nfv; = >, ., ciy;] and Vj < nlw; = Y ., ¢ijyn]. For each i < n let v; =
Y jenCig and wi =3, ¢inyj. Then Vi < nlu; = v; + wi,

D= D =) =) v

<n <n j<n j<ni<n j<n
I
D W=D Cinsi =)D Cintg = Y W5 .
i<n <n j<n j<ni<n j<n

Proposition 25.11. N is a submonoid of ANV.

Proof. Clearly 0+0 =0 and o+ 0 = 0+ a = « for any a € N''. Now suppose
that a, 8 € N''". We want to prove that a + 3 € N''". Suppose that n € w, a,b have
domain n, a =, b € (a+ ), and },_ a; = >, b;. Choose c¢,d with domain n such
that Vi < n[b; =¢; +d;], c € a, and d € B. Let F = {k € w+1:3i < nla;(k) # bi(k)]}.
Thus F is a finite subset of w 4 1. For any k € (w+ 1)\F and any i < n let ¢}(k) = ¢;(k)
and d;(k) = d;(k). Now for any k € F' we apply Proposition 25.10 with a;(k), ¢;(k), d;(k)
in place of u;,v;, w; to obtain (k) and d;(k) such that Vi < nfa;(k) = c}(k) + d(k)],
YoienCi(k) =3, ci(k),and 3, di(k) =3, , di(k). Then Vi < n[a; = ¢ + d;]. Now
d =gec€aandd =,.d € f,s0a€ (a+ ), as desired in (AES).

For (AE9), suppose that a™b € (a+ ) and a #,. 0°. Write a™b = (a' V) + (a7 b")
with ¢/ 70 € o and a”’7b" € 3. Then choose ¢/,d’, ", d" sothat o' = +d', " =" +d”,
cd,d " d" Z.,.0%and dV €eaand "d"V €. Lete=d + " andd=d +d".
Then ¢~d™b € (a+ ), as desired. ]

Proposition 25.12. If © : M — N is an injective morphism of m-monoids, for any
a € AM let (AO)(a) ={Boa:ac€ a}. Then AO is an injective morphism from AM to
AN.

Proof. First we check that Va € AM[(A®)(«) € AN]. So suppose that o € AM.

C.P.: Suppose that a € (AO)(a) and a < b. Say dmn(a) = m, dmn(b) = n, A :
m — n, and Vj < n[b; = > {a; : i < m,A(i) = j}|. Say a = © o ¢ with ¢ € a. Define
dj =Y {c; 11 <m,A(i) = j} for all j,n. Then ¢ < d, so d € a. Clearly © od = b. So
be (AB)(a).

R.P.: Suppose that m,n € w\{0}, a € ™N, b € "N, and a,b € (AO)(«). Choose
a’',b' € a such that a = © oa’ and b = © ob/. Then there is a ¢ € ™™ M such that ¢ € «,
Vi < mla; = Y {cpuy) o J < n}l, and Vi < nfb; = {cpu ) 11 < m}]. Then (©oc) €
(AB)(a), Vi <mla; =) {(©oc)siy) :J<n},and Vj <nl[b; =3 {(©0oc)squ ;) 1 <m}]

S.P.: Suppose that m € w\{0}, a € ™N, a € (AO)(a), and ay # 0. Say
a = Ooad with a’ € a. Then aj # 0. Hence there are b,c € M\{0} such that
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ag = b+ c and (b,c,a},...,al, ;) € a. Then since © is injective, ©(b),O(c) # o, and
©0 (b ed)y...aly 1)) € (A8)(a).

Thus (A©)(a) € AN.

We check that A© preserves the operation:

(AO®)(a+p)={Ooca:a€a+p}
={Ooa:3b,clbeaand ce fand a=0b+c|}
={O@o(b+c):bea,ce [}
={Oob:beca}+{Ooc:ce f}

— (10)(a) + (AO)(A).

Finally, if o, 8 € AM and o # 3, say a € a\3. Then © o a € (AO)(a)\(AO)(f). ]

Proposition 25.13. If © : M — N is an isomorphism, then ANO : AM — AN 1is an
1somorphism.

Proof. For any a € AM,

(A7) ((20)(a)) = {0 " caza e (AB)(a)}
= {0 'oa:Ieala=00b]}

=a.
Thus (AO©71) o (AO) is the identity. Similarly, (A©) o (AO~1) is the identity. O

Proposition 25.14. If©: M — N and T : N — P are morphisms of m-monoids, then
A(T o0 0O) = (AT)o (AO).

Proof. Assume that © : M — N and T': N — P are morphisms of m-monoids. Let
a € AM. Then

(A(To0O))(a) ={T'0BOoa:aca}l
={Tob:Ja€alb=0Ooal}
={Tob:be (A0)(a)}
= (AT)((20)(c)). -

Proposition 25.15. (A(V o Q)) | N is an injective morphism from N'' into £*.

Proof. By Proposition 25.8, Q is a morphism from N° to A/, and by the proof
of Proposition 9.6, ¥ is a morphism from N to A¥'; see the definition of ¥ following
Propostition 25.1. Clearly both © and W are injective, so by Proposition 25.12, (A(¥of2)) |
N1is injective. Now W o is a morphism from A0 to A% . Hence by 25.13, A(¥ o) is a
morphism from AN to A(A¥). By Proposition 25.11, N'! is a submonoid of AN?. By
Proposition 24.4, £ is a submonoid of A(A¥).
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Now let a € N'!; we want to show that (A(¥ o Q))(a) € £, Thus we want to show
that (A(VoQ))(«) has the strict 1-hierarchy property. Suppose that (a) b € (A(VoQ))(a)
and e, with domain n, is in a. We want to find ¢ with domain n such that ), _, ¢; = a,
¢™b e (A(YoQ))(w) and Vi < n[T(¢;) = e;]. By the definition of (A(V¥ o Q))(«), there
exists (a’) b € a such that (a)”b = PoQo ((a/)"V). Thus a = ¥(Q(a’)). Note that
aC <<Y¥ and a € AW . By C.P. for A we may assume that e has the form

<€07"'767”71767”7'"765717687"'767171)7
where
cp=e1 = 2e12>21>e=--=e_1=0>¢s=-"=e€p_1=0

Now for each 7 < n and k € w + 1 we define

1 ifl<i<randk=e¢ —1
ci(k:):{() ifl<i<randk#e —1
0 ifr<i<s,
with ¢; = 0if s < i < n. Let ¢g = a'—ZlSKnci, with ¢g = w if @ = w. Then

YicnCi=a'. If i <nand k <wi, then

(W if k=0,
ci(k—1) if0<k<uw,
ci(w) if k =w,

0 fw<k<w
w if k=0,

1 if0<k<wande; =k,
0 if0<k<wande; #Ek,
1
0
0

() (k) =

if k=w and e; = w,
if k=w and e; # w,
ifw<k<uw.

The “n” for Qc; is the largest k such that e; = k. Thus Vi < n[T(¢;) = e;]. Also,
supp(c;) = {e; — 1}, so by Proposition 25.9(iii), T'(¥(Q¢;)) = e;. Now for any k < wy,

w if k=0,
/ ) dk-1) f0<k<uw,
(Qa)(k) = a(w) if k = w,
0 ifw<k<w;.

= O(Q(a’)), it follows that for any k € w1, |{i < n :e; = k}| < (Qd')(k).
Hence cg(k) > 0. Thus ¥ o Qo c is as desired. O
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26. The monoid &

Clearly =, is a congruence relation on A°. The congruence class of an element 6 of A°
will be denoted by [f]ae. &2 is the quotient semigroup of all congruence classes. Thus
[0]ae + [1]ae = [0 + Y]ae. T is the homomorphism of N0 — &2 such that I1(0) = [0],. for
all § € N©.

Proposition 26.1. & is an m-monoid.

Proof. It remains only to show that if [0],c+[¥]ae = [0]ae, then [0]ae = [0]ae = [¥]ae-

Suppose that [0]ae + [¢]ae = [0%]ae. Then there is a finite set F' such that Vo ¢ F[0(x) +
Y(z) = 0], hence Vz ¢ F[0(x) = 0], 50 [0]ae = [0%]4e. Similarly [¢]ae = [0]qe- O
Proposition 26.2. V0 € N°[[0],. is countable]. I

Proposition 26.3. The natural ordering of & is antisymmetric.

Proof. Clearly [0],. < [0°] implies that [0]ae = [0%]ge. So VO[[0°] < [0]ae < [0°] —
[Oc]ae = [Q]ae]-

26.3(1) VO[[w]ae < [0lae — W ae = [0ac]-

In fact, suppose that [wze < [f]ae. Choose 1 so that [wae + [Y]ae = [0]ae- Then there
is a finite set F' such that Vo ¢ Flw + ¢(z) = 0(x)], hence Vo ¢ Flw = 9(3:)] Thus
[Wae = [0]ae-

By 26.3(1) we have VO[[w ae < [0lae < [wae — [0lae = [w]ae]-

Hence to prove the proposition it suffices to take 0,1 each satisfying (AE3) and show
that [0]se < [¥]ae < [0]ae implies that [0]ae = [¢]ae- So, suppose that 6,1 each satisfy
(AE3) and [0]ae < [¢]ae < [0lae. Say [0lac + [Hae = [¢]ae and [¢]ae + [V]ae = [0]ae. Then
there is a finite set F' such that Vz ¢ F[H(x) # w # Y(x) and 0(z) + p(z) = Y(x) and
b(x) +v(x) = 0(z)]. So Ve ¢ Flw# 0(x) = 0(x) + p(x) + v(z)], hence Vo ¢ Flu(x) =
v(z) = 0], so Vx ¢ F[0(z) = ¥(x)]. O

Proposition 26.4. Z\{[w ..} is a submonoid of Z. O
Proposition 26.5. Z\{[w .} is isomorphic to a submonoid of the additive monoid of

a vector space over Q.

Proof. Define f ~ g iff f,g € “Q and {n € w: f(n)) # g(n)} is finite. Clearly ~ is
an equivalence relation on “(Q. Note that “Q can be considered to be a vector space over
Q. The following two statements are clear.

265(0) If f,9,f,9 €“ Q, f~ f',and g ~ ¢, then f+g~ f' +¢.
265(2) I f, f €Y Q, g€ Q, and f ~ f/, then qf ~ qf’.

Now let V' be the collection of all ~-classes, with [f]. + [g]~ = [+ g]~ and q[f]~ = [¢f]~;
so V is a vector space over Q.
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For any x € P\{[w ]ae} choose 8 € N such that Vk € w[f(k) < w] and z = [0]4e,
and set f(x) = [0 | w]~. Clearly f is well-defined and one-one and is an isomorphism of
P\{[w 4} into V. ]

Proposition 26.6. & is an r-monoid.

Proof. We apply Proposition 19.7. Suppose that 6,79 € 2N and [0p]ae + [01]ae =
[Y0]ae + [¥1]ae. Thus [0g + 61]ae = [P0 + Y1]ae. Let F be a finite subset of w + 1 such that
Vk € (w+ D\F[fo(k) + 01 (k) = vo(k) + ¢1(k)]. Define 0, 01, ¢, 91 by:

Hé(k):{eo(k) ifk¢F, 9,(k):{01(k) ifk¢F,

0 otherwise; ! 0 otherwise;

fy = L o(k) itk ¢F, v [i(k) ifké¢F,
wO(k) - {0 otherwise; wl(k) - {O otherwise.
Then ) + 0] = v} + 1}, so by Proposition 25.3 there is a ¢ € 2*2N? such that Vi <
2[9; = Zj<2 cij] and Vj < 2[% = 37, o cij]l. Then Vi < 2[[0]ae = ZKQ[CU]M] and
Vi < 2[[¥5]ae = D icalCijlael- O

Proposition 26.7. If a € Z*\{[wac}, then & | a is uncountable.

Proof. We may assume that a = [0],., where 0 satisfies (135) and Vk € w[0 <
0(k) < w]|. Define ¢ = 0 iff ,6 € “2 and {i € w : (i) # 0(i)} is finite. This is an
equivalence relation, and each equivalence class is countable. Let X consist of one element
from each equivalence class. So |X| = 2%. Let (k,, : n € w) be strictly increasing such that
(0(kn);n € w) is also stictly increasing. For each € € X define . with domain w + 1 by

H@} —e(m)| if m =k, for some n € w,
Ye(m) = |0(m) — e(m)] if m € w\rng(k),

w ifm=uw.

Then lim,,, . ¥-(m) = w. For, given M > 0 choose N so that Ym > N[0(m) > 2M + 2].
Then if m > N and m = k,, for some n, then ¢.(m) > @ — 1> M, while if m ¢ rng(k)
then 1. (m) =60(m) — 1> 2M + 1.

Next, note that for any n € w, 0(k,) > (9(];”)] Now define y. with domain w + 1 by:

0(ky,) — [0(2”)1 +¢e(m) if m =k, for some n € w,
Xe(m) = O(m) + e(m) if m € w\rng(k),
w ifm=w.

Clearly lim,,, o Xc(m) = w. It follows that [¢c]qe < [0]ae-
Clearly [¢s]ae 7£ [¢5]ae for e 7£ J. O

Proposition 26.8. If K is a countable subset of &2, and a € &, then there exist ag,a; €
P such that a = ag + a1 and ag # [w]qe i not in the vector space span of K\{[w]ae}-
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Proof. If a = [w%4e, then let ag be any member of Z2\{[w )4} not in the span
of K\{[w®]ae}, using Proposition 26.7; and let a1 = [w4e. If @ # [wqe, then apply
Proposition 26.7 to get the desired ag, a;. ]

27. The monoid 2!
Let 21 = AP,

Proposition 27.1. Suppose that m,n € w\{0}, § € "N, x € "N, ¢y € ™" P Vi <
m[lL(0;) = >, ¥ijl, and Vj < n[Il(x;) = >_,_,, ij]. Then there is a p € mxn A0 such
that Vi < mVJ < n[H(pw) = ¢ij]7 Vi < m[@z = 2j<n pij]; and VJ < n[xj = Zi<m ,01]]

Proof. Assume the hypotheses. Since II is surjective, there is a ¢’ € ™" N such
that Vi < mVj < n[ll(¢j;) = ). Thus Vi < m[lI(0;) = >, I(¢;;)], and Vj <
n[l(x;) = > i< IL(17;)]. Hence there is a finite subset I of w + 1 such that Vk € (w +
D\F[Vi < ml[0;(k) = Zj<n i (k)] and Vi < n[x;(k) = >, ,, ¥i;(k)]]. Now for each k € F
let 0% € ™*"(w+1) be such that Vi < m[0;(k) = dicn afj] and Vj < n[x;(k) =>,_,, oF].
Now for any k € w+ 1 and ¢ < m, j < n define

I ifk¢ F
. — (Y ’
pis (k) = {afj if k € F.
Clearly the desired conclusion holds. ]

For any oo € N'! let
I () = {(II(6;) : i < m) : 0 € a}.

Proposition 27.2. II; is a monoid morphism from N'* to 2",

Proof. Let a € N''. Thus by definition, a € AN?. If § € «, say 6 has domain m.
Then ITo 6 € ™P. Hence Iy (a) € [S<“P]~.

C.P.: Suppose that a,b € <<*Z a € I (), and a < b. Say a = [Tof with m € w\{0}
and 6 € «, § with domain m. Also say b has domain n, A : m — n, and Vj < n[b; = > {a; :
i <m,\(i) =j}]. Say b=1Ioe. Then Vj < n[Il(vp;)) = > _{II(0(¢)) : i < m, A(i) = j}. So
Vi < n[Y; Zae 2 {0(7) 1 i < m, A(i) = j}. Hence there is a 9" with Vj < n[y; =4 9;] and
0 <’ So ) € aand hence b=1lo¢p) =110y’ € II; ().

R.P.: Suppose that m,n € w\{0}, a € &, b € ", and a,b € II;(a). Choose
0,7 € a such that a = ITo# and b = IT o 1. Then choose ¢ € ™" N0 so that Vi <
mll; = >, cij] and Vj < n[p; =37, ci;]. Then Vi < m[l(0;) = >_,_, (c;;)] and
Vj < nli(ty) = 3 Ti(ery)]

S.P.: Suppose that m € w\{0}, a € ", a € II; (), ap # 0. Say a = II(#) with 0 € «.
Thus 6y # o. By (141) there are ¢, d such that g = c+d, ¢,d Z4e 0°, and ¢~d ™ (01,...) € a.
Then ag = (c) + II(d), TI(c), I1(d) # o, and TI(c) " II(d) " {aq,...) € H(a).

This checks that IT;(a) € P!. To check that it preserves the monoid operation, suppose
that o, 3 € N''. Then

Mi(a+B)={Toh:0 € a+ [}
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= {ITo (6 + ) : 6,1 have the same domain and 6 € o, € 5}
= {p+ p: u, p have the same domain and p € 111 («), p € 111 (5)}
= Iy () + 1L (B). O

Proposition 27.3. For any a € 2! and any x € N°, if T(a) = I(x). then there is a
unique 3 € Nt such that 111 (3) = o and T(8) = x.

Proof. Assume that « € 22!, x € N, and T'(a) = II(x). Let

8= {06”./\/0:nEw\{O},HOQGO&,ZQi:X}~

<n

We claim that 3 € N!. First we show that 3 € AN?. By the definition of 2!, « is
countable, and so by Proposition 26.2, 3 is countable.

C.P.: Suppose that a,b € <<“N?, a € 3, and a < b. Say a has domain m, b has
domain n, A : m — n, and Vj < n[b; = > {a; : i < m,A(i) = j}]. Since a € 3, we have
[Toa € a. Now Vj < n[ll(b;) = > {Il(a;) : i < m,A(i) = j}. Hence IToa < IIob, so
ITob € a. Also,2j<nbjzzz<n =x. Sobep.

R.P.: Suppose that m,n € w\{0},a € "N°, b€ "N° and a,b € 3. So [Toa,Ilob € a.
By R.P. for a, there is a ¢ € ™" % such that Vi < n[Il(a;) = Y {cfu, ) 1 j <n}] and Vj <
n[Il(b;) = > {cpa ) 1 <m}]. Let ¢/(4,5) = cg(;,5) for alli < m and j < n. By Proposition
27.1 there is a p € ™*"N? such that Vi < mVj < n[ll(py;) = ¢j;]. Vi < m[a; = > i<n Pijls
and Vj <nf[b; => ., pij]. Let 'O/f(z}j) = p;j for all ¢ < m and j < n. This proves R.P. for
3.

S.P.: Suppose that m € w\{0}, a has domain m, a € B, and ay # o. Then
also II(ap) # o. By S.P. for «, choose b,c € & such that II(ag) = b + ¢ and
(b,c,I1(a1),...,(am-1)) € a. Say b=1I(b") and ¢ = II(¢') Then ITo(t', ¢, ay,...,am—1) €
a. Hence (V',c;a1,...,am—1) € B.

This proves that 3 € ANC. Now for ﬁ € N1, for (AES), suppose that n € w,
dmn(a) = dmn(b) =n, a =4 b € 5, and ) = ienbi- ThenIToa =1Ilob € a and
Yoien@i = ;cnbi=x. Soac€p.

For (AE9), suppose that a”b € 3 and a #4c 0°. Then ITo (a™b) € and ), _, a; +
Y icnbi = x. Then IToa # 0. Wlog II(ag) # 0. By S.P. for a choose ¢,d # o so that
II(ap) = ¢+ d and (c,d,II(ay),...,II(b,—1)) € a. Say ¢ = II(¢’) and d = II(d’). Then
Mo (c,d' ay,...,b,—1) € a. We may assume that ¢ +d’ = ag. In fact,let F ={i € w+1:
(i) +d' (i) # ap(i)}; so F is finite. let

z<n

e J @) ifigF, o (d'(i) ifi¢F,
C(Z)_{ao(') ifieF, d(z)_{o itieF.
Then ¢’ + d’ = ag and TI(¢") = TI(¢'), TI(d”) = TI(d’). This proves (141).
So B € Nt Clearly I1,(3) C a. If ¢ € a, say ¢ € "Z. Then there is a b € "N such
that ¢ = [T ob. Then [x] = H(x) = T(a) = T(c) = [>_,.,, bi]- Let F be a finite subset of
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w 4 1 such that x(m) =>_.__b;(m) for all m ¢ F. Then we define

<n

bi(m) =< x(m) ifme F andi=0,
0 ifm¢ F andi#0.

Then ¢ =1I1od and ), _, b; = x. Hence ¢ € I11(3). So I11(8) = a. Clearly T() = x.
For uniqueness, suppose that II;(y) = « and T'(vy) = x. Take any 6 € ~; say 6 has

domain n. Then ITo 6 € II;(7), so I[To # € II;(). Choose 1 € 3 so that ITo 6 = IT o).

Now T(v) = > ;i = > i<, ¥i- Hence by (140), # € 3. By symmetry, v = (3. O

Let 2t = {a € 21 : T(a) = [w)ae}-
Proposition 27.4. 2! is a subsemigroup of 2. 0

Proposition 27.5. There is a unique morphism I'y : 21 — N such that Yo €
I (T1(a)) = a] and T(T1(a)) = w°.

Proof. Apply Proposition 27.3 with x = w¢ for a € 2! let I';(a) be the 3 of
27.3. L]

Proposition 27.6. II; maps N'! onto 2'. In fact, if « € P and T(a) = 1I(d) then
there is a 3 € N1 such that 111 () = o and T'(3) = d.

Proof. By Proposition 27.3. O
28. One step up the heirarchy

Proposition 28.1. The following diagram is commutative:

A(WoQ) I,
a4 N1 P!
T T T
A/ 4 NO S
Vo 1I

Proof. By Proposition 25.15, A(¥o) : N1 — #1. By Proposition 27.2, II; : /! —
1. By definition, II1 : N° — Z. By Proposition 25.8, 2 : N° — N, and by Proposition
9.6, U: N — A% . Hence W o Q: N° — AW . Clearly T : A?>¥ — % . By Proposition
2511, T : ¥/t — 0. Clearly T : 2' — 29,
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To show that W o Qo T = T o A(¥ o Q), suppose that a € N''. Then a € AN,
so T'(a) = T'(a) for any a € «a; say a has domain n. Then ¥(Q(T(«))) = V(Q(T(a))) =
> ien ¥(2(a;)). On the other hand,

(TA(WoQ))(a) =T((A(To))(a) =T({¥oQoa:aca} =T(VoQoa) =Y W(QY

<n

as desired.
To show that ITo T = T o Ily, suppose that a € 2! = AP. Then T(a) = T(a) for
any a € a, so II(T'(«)) = II(T'(a)). On the other hand,
T(ILi (o)) =T{{II(a;) : i <n):a € a,dnn(a) = n}
= ZH(CM) for any a € «

= TI(T(a)). O

Let M be an m-monoid and A € A%2M. Then A satisfies the new heirarchy property iff

(N1) For all m,n € w\{0}, all (a,(1,...,Bm-1) € A and all (ag,...,an—1) € « there
exist a; € AM for i < n such that (ao,...,@n_1,61,--+,Bm-1) € 4, > ,., @ = , and
Vi < n|T(a;) = a4].

N2 is the set of all A € AN such that:
(N2) A satisfies the new hierarchy property.

(N3) If Vn € w\{0}Va, Bla and 8 have domain n, a € A, and Vi < n[II;(5;) = 1 (ay)],
then g € A.

(N4) Vn € w¥{(a,B1....,80-1) € Alll1(a) # 0 — o, mla = v + 711 in N
H1(70),H1(71) # 0, and <70,71,51, . -~aﬂn71> S AH

22 is the set of all A € AP! which satisfy the new heirarchy property.

Proposition 28.2. If A and B satisfy the new heirarchy property, then so does A+ B.
Proof. Suppose that A and B satisfy the new heirarchy property. Suppose that m,n €
w\{0}, {a, B1,...,Bm_1) € A+ B, and {(ag,ay,...,a,_1) € a. Now A, B € A?M, so there

are (%, 8% ...,8% ) € A, and (o', 31,...,8L ) € B such that {a,B1,...,8m_1) =
<a07ﬁ?7 cee 767(’)nfl> + <Oél,ﬁ%, s 76}nfl>‘ MOI‘GOVGI‘,

<C¥O,ﬁ?, cee 7ﬁ9n—1> + <C¥1,ﬁ%, cee 7ﬁrln—1> = <Oé0 + alaﬁg + 6%7 s '7/879@—1 +ﬁrln—1>

Hence there are (a3,a?,...,a0 ;) € a¥ and (a},al,...,al ;) € o' such that

(ap, a1, ... ,4p_1) = (ag,a?, .. .,a2_1> + (a(l),a%, . ..,ai_l).

Since A satisfies the new heirarchy property, there are 73,~y,...,7%_; € AM such that
<’787’7?7 .. '772717 ﬁ?a B ﬂngﬁ € A? Zi<n 719 = aO, and VZ < n[T(V?) = CL?]
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Similarly, there are v¢,vi,...,7._; € AM such that

(V-1 Bla s B 1) €B, Y 4l =al, and Vi < n[T()) = a;].

<n
Hence
<'78+7(%77’7271 +’7717,—17ﬁ17"'76m71> € A+37
S (W +) =a, Vi<n[T( +4)) = a;. O
<n
Proposition 28.3. %2 is a submonoid of APL. O

Proposition 28.4. Assume that m,n € w\{0}, o has domain m, [ has domain n,
Vi < mla; € N1, Vj < n[B; € N, v has domain m x n, Vi < mVj < nly;; € 21,
Vi < mllli(a;) = 325, Yzl and Vi < n[lli(8;) = X2, 7ijl- Then there is a § with
domain mxn such thatVi < mVj < n[d;; € N and 111 (6:5) = 744, Vi < mla; = ZKR diil,
and Vj <n[B; = >, ., 6i5]]]-

Proof. Assume that m,n € w\{0}, o has domain m, # has domain n, Vi < m[a; €
N Vi <nl[B; e N, 3, (o) = > j<n 11(B;), v has domain m x n, Vi < mVvj <
nlyi; € 2, Vi < m[ll(q;) = D ien Vil and Vi < n[IL(B;) = 32, ., vig)- Let 0; = T'()
for all i < m, ¢; = T(B;) for all j < n, and p;; = T'(y45) for all i < m,j < n. Then
by Proposition 28.1, I1(0;) = IN(T(c;) = T(Ili(w)) = 32, T(vij) = >2j<,, pij for all
i < m, and similarly II(¢);) = > ,_,. pi; for all j < n. Moreover, Vi < m[f; € N,
Vi < nf; € N9, and Vi < mVj < nlp;; € &]. Hence by Proposition 27.1 with m, n, 6, x, 9
replaced by n,m,0,1,p we get ¢ € ™*"NC" such that Vi < mVj < n[ll(oy) = pijl,
Vi <mll; =3, 04, and Vj < nf[p; = >, 0i5]. Then T(vi;) = piy = l(oy;) for all
i < m, j <mn,so by Proposition 27.3 with «, x replaced by ;;, 0;;, there is a § with domain
m x n such that Vi < mVj < n[d;; € N1, 111(6;;) = vi; and T(8;;) = 04;]. Now for any
1< m, Hl(Z{éz] 1] < n}) = Z{’}/Z] 1< n} and T(Z{(SZJ 1< n}) = Z{O’ij 1< n}
Also, ITi (i) = > {vij : 7 <n}and T(cy) = 0; = Y {0 : j < n}. Hence by the uniqueness
assertion in Proposition 27.3, a; =} {d;; : j < n}. Similarly, Vj <n|[8; = >, di;].

L

Proposition 28.5. N2 is a submonoid of AN

Proof. Suppose that A, B € N?. By Proposition 28.3, A + B satisfies the new
hierarchy property. To prove (N2) for A + B, suppose that n € w\{0}, a and 3 have
domain n, « € A+ B, and Vi < n[II1(5;) = II;(e)]. Say a = v+ 0 withy € A and 0 € B.
Take any ¢ < n. Then «;, 7, 0; € N1 and o = v+ 0;. Hence Hl(Oéi) = Hl(’}/z) + Hl(éz)
Let €0,y = i and €5(1,4) = 0.

For i <n and k < 2n let

_ {Hl(ek) if k = f(u,i) for some u € 2,
Cik = .
0 otherwise.
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Then for all i < n,

I (8i) = i () = T (i) + 1 (63) = i (ef(0,9)) +i(er(1,0) = Cig(o,0) +Cifri) = Z Cik
k<2n

and for all k < 2n, with f(u,j) =k,
H1(€k) = Cjk; = Zcik.
<n

Now we apply Proposition 28.4 with m,n, «, 3,y replaced by n, 2n, 3, ¢, ¢; we get d with
domain n x 2n such that Vi < nVk < 2n[d;x, € Nt and T1;(diy) = e, Vi < n[B; =
> k<o dik], and VE < 2nlep, = >, di]. Then

<n
D= cr00 =2 D disowy = DL D difoa = D D difo.)-
<n <n <n j<n j<ni<n <nj<n

Further,

Iy () = M (ef(0,0) = I Z djro,4) | = Z cjf0,5) = 1(€¢0,1))-

j<n ji<n

Also, H1(2j<n dif(0.5)) = ZKR cif(0,5) = 1(€f(0,i)). Now we apply (N3) with n, a;, 8;
replaced by n,> ., dif0.5), €500 We get (3, difo,5) + 1 <n) € A. Similarly,

i<n

Now for each i <n, 8; =, o, dix = Zj<n dif0,5) + Zj<n dif1,5)- Hence § € A+ B.
To prove (N4) for A+ B, suppose that n € w, («, 51, ..., 0n-1) € A+B, and IT; («) # 0.

Say <O‘7ﬁ17 cee 7ﬁn—1> = <a07ﬁ?7 ) 62—1> + <Oél,ﬁ%, ) ﬁ}z—l) with <a07 6?7 ) 62—1) €A

and (al, B1,..., 6L ;) € B. WlogII;(a) # 0. Then there are g, y1 such that a® = y9+1,

Hl(’}/O)?Hl(’h) ?é 07 and <707717ﬁ?7"'7ﬁ271> € A AISO, <07a176%7"'76717,71> € B7 S0
<’YO,’71 ‘f‘()él,ﬁl,. . .,67171) € A+ B and Hl(’}/o),Hl(’}/l —f—Oél) 7é 0. [l

Now we define, for any A € N2,

IIy(A) ={Il;0a:a€ A}.

Proposition 28.6. II, is a monoid morphism from N? to 2.

Proof. By Proposition 28.1, II; is a morphism from A*' to £?'. Note that
[y = (AIl;). Now let A € N2. Then by the proof of Proposition 25.12, TI5(A) sat-
isfies C.P. and R.P. For S.P., suppose that a € TI3(A) and a9 # o. Say a = II; ob
with b € A. By (148) there are 7,y such that by = 7o + 71, I1(70),I1(71) # O,

127



and (yo,71.a1,...) € A. Hence II; o (y9,71.01,...) € II3(A), as desired. So we
have shown that II;(A4) € AL To check the new heirarchy property, suppose that
m € w\{()} (v, ﬁl, o Bm—1) € II5(A4), and (ap,a1,...,an—1) € a. Say (a,f1,...0m-1) =
Iy o (&, B, ...0,_1) with (', B],...0.,_1) € A. Then (ag,a1,...,an—1) € II;(a’); say
(ao,al,.. yan—1) = (II(ay).I0(a}), ..., Oi(al,_1)) with {(ay,a},...,al,_;) € . Then by
the new heirarchy property for A, there are o, o, ...,a, 4 such that o/ = >, _ o,
Vi < n[T(a) = af], and (ag,0),...,a0,_1,01,...,0_1) € A. Then a = II;(¢/) =
Y i<cn Hi(aj). Using Proposition 28.1, for any i < n, T(Hl( D) =1(T (o)) = 1(a}) = a;.
Finally,

I o {ag, syl 1,81y B 1)
:<H1(O‘6) (O/l)a"'? 1(O/n—1)7H1(ﬁi) ( ))
= (11 (o), 1 (o), - ..,Hl(a'n_l),ﬁl,...,ﬁm 1) € IIx(A).

Thus IT5(A) has the new heirarchy property. So II5(A4) € 922
Now II, preserves +:

IIy(A+B)={ll1jca:ac A+ B} ={ll1jo(b+c¢):be A,c € B,dmn(a) = dmn(b)}
={(II10b)+ (Il1oc): b€ A,c € B,dmn(a) = dmn(b)} = II5(A4) + II5(B).0

Proposition 28.7. The following diagram is commutative:

II,
N2 @2
T T
Nt »1
IT,

Proof. Il is a morphism from N? to &2 by Proposition 28.6. T is a morphism from
N2 to N'! by Proposition 8.11. T is a morphism from £?2 to ! by Proposition 8.11. The
arrow at the bottom holds by Proposition 28.1. For commutativity, for any A € N? we
have

T(TIx(A) =T({yoa:a € A})
= ZHl(ai)) for some a € A

=114 (Z az-) for some a € A

<n

= I1,(T'(A)). O
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Proposition 28.8. (2.11.5) If A € 22, 3 € N, and T(A) = 111(83), then there is a
unique B € N such that Ta(B) = A and 111 (T(B)) = 1 (3).

Proof. Suppose that A € 2%, 3 € N, and T(A) = 11 (B).
28.8(1) Va € Z2{y € N : 11 (y) = a} is countable].

For, suppose that a € 22!, and let X = {y € N : II;(7) = a}. Now a € 2! = AP,
Hence T'(a) = T(c) € &. So T(«) is countable. If v € X, then T(«a) = T(II1(y)) =
II(T(7)) by Proposition 28.1. Thus T'(y) € T(a). So X = U,ep@{v € X : T(7) = a}.
We claim that for any z € T'(«) there is at most one 7 € X such that T'(y) = x. For,
suppose that v € X and T'(y) = = with x € T'(«). Then T'(«) = II(T'(y)), so by Proposition
27.3 there is a unique 8 € N'! such that I1;(3) = o and T(8) = T(y). So 3 = v. This
proves 28.8(1).
The following is a consequence of 28.8(1):

28.8(1)" Ym € w\{0}Vae € "2 [{y € "N' : 1I; oy = a} is countable.
Now let
B={be" N :ncwobec AandI (Zb) =11,(6)}

<n

Now A € 22 C AP, so A is countable. Hence by 28.8(1), also B is countable. We
claim that B € N2. First we prove that B € AN, We have B € [<<“N1]«.

C.P.: Suppose that a € B and a < b. Say dmn(a) = m, dmn(b) = n, A : m — n,
and Vj < n[b; = > {a; : i < m,A(i) = j}]. We have II; oa € A and Vj < n[II;(b(j)) =
Y AIli(a;) : i < m,A(i) = j}], so II; oa < II; o b. Hence IIy ob € A. Also, > ._ b; =
Dicm @iy 0 I (X2, ;) =1L (D2, ., a;) = 111 (8. Hence b € B.

R.P.: Suppose that m,n € w\{0}, a € ™(N?'), b € (M), and a,b € B. By the
definition of B, II1(}_,.,, a:) = I1(B) = 1 (>_,., bi). Since a,b € B we have II; o
a,lI;ob € A. Now A € P? C AZ'. Hence by R.P. for A there is a ¢ with domain
m - n such that ¢ € A, Vi <m[lli(a;) = >, crii) and Vi < n[Ili(by) = D7, ., creg)-
Define d with domain m x n by d;; = ¢y ;). Then Vi < m[Ili(a;) = >_,_, dis] and
Vj < n[lli(b;) = >, ,, dij|. Hence by Proposition 28.4 there is a e with domain m xn such
that Vi < mVj < n[lli(e;;) = dij], Vi < mla; = 3, €], and Vj < nfb; = >, ei].
Now define g with domain m - n by g ;) = ei;j. Then Vi < mfa; = Zj<n 9f(,5)), and
Vi <nlbj = >, 9ra, )] Now for any i < m and j < n, II1(gs; ;) = i(es;) = di; =
(i) S0 Iy og=ce A. Also,

j<n

I, < > gk> =T [ >0 e | =1 <Z ai> =11, (B).

k<m-n <mj<n i<m

It follows that g € B. This proves R.P. for B.
S.P.: suppose that m € w\{0}, a € ™(N'), a € B and ag # o. Thus Il oa € A and
Iy (ag) # O. Hence by S.P. for A, there exist u,v € 22\ {0} such that II; (ag) = u+v and
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(u,v,y(ay),...,Oi(amn_1)) € A. Hence by Proposition 27.3 there exist uv’,v’ € N such
that II; (v) = v and 11 (v") = v. Thus II; o (', v’ a1, ..., am-1) € A. Also,

(v +v" +a1 4+ +am1)=u+v+1i(ay + 4+ am_1)
= Hl(ao) ‘|‘H1(G1 =+ +Gm_1>
=i(ap + -+ am—1) =1 (B).

Hence (u/,v';a1,...,am-1) € B. So S.P. holds.

Thus we have shown that B € AN,
To check the new heirarchy property for B, suppose m € w\{0}, (@, v1,...,Ym—1) € B,
and (ag,a1,...,a,—1) € a. Then

I, <a + z_: %-> =11, (8) and (II3 (), 1 (1) - -, 1 (Ym—1)) € A,

=1

and (II(ap),II(a1),...,I(an—1)) € II1(a). By the new heirarchy property for A, there are
80501, -+, 0n_1 € P! such that I;(a) = Y ien 0is Vi < n[T(6;) = II(a;)], and

<507517 .. '76n—17H1(,}/1)7 .. 'vnl(f)/m—l)> € A.

By Proposition 27.3, for each ¢ < n there is an ¢; such that II;(¢;) = §; and T'(¢;) = a;.
Now T'(3, ., 6:) = (> ,.,, a:), so by Proposition 27.3 there is a unique x such that
My(z) =3, .0 and T(x) =, _, a;. Now Ily(a) = >, 6 and T(a) = >, _, a;. Also
(> cnci) = D iendiand T(Y .., i) = > ., @i- So by the uniqueness assertion in

Proposition 27.3 we have a = ), _ &;. Now II1 o (€g,€1,...,6n-1,71,---,Ym—1) € A and
m—1 m—1
H1 (Zé‘z + Z ’}/i) = Hl (Oé+ Z ’)/Z'> = Hl(ﬁ>
i<n i=1 i=1

Hence (g0,€1,---,6n—-1,71---,Ym—1) € B. This proves the new heirarchy property for B.

To check (N3) for B, suppose that n € w\{0}, @ and b have domain n, a € B, and
Vi < n[lli(a;) = I1(b;)]. Then Iy ob =11 0a € Aand I (3, ., b)) = LD, ai) =
Hl(ﬁ) Sobe B.

For (N4) for B, suppose that n € w and (a,by,...,b,—1) € B, with II;(a) # 0.
Then (I14(a),IT1(by),...,II1(bp—1)) € A, so by S.P. for A, there are nonzero ¢, d such that
I (a) = c+d and (¢, d,I11(by),...,1I1(bp—1)) € A. Say T'(c) = [¢"] and T'(d) = [d"]. Now
[+ d"] =T(c+d) =T(I1(a)) = II(T(a)) = [T(a)]. So T(a) =4 ¢’ + d’. Note that
T(a) e N°. Let F={kecw+1:(T(a))(k) # (k) +d"(k)}. So F is finite. Define

miy — [ T@)(k) fkeF, o, [(T(a))(k) ifkeF,
(k) = {c”(k:) otherwise; d'(k) = {d”(k:) otherwise.

Thus T'(a) = " +d", ["] = [¢"'], and [d"] = [d"]. Now T'(c) = [¢"] = [""] = II(¢"),
so by Proposition 27.3 there is a ¢’ such that II1(¢’) = ¢ and T'(¢) = ¢”’. Similarly there

130



is a d’ such that II;(d’) = d and T(d") = d"'. Hence II;(¢' + d') = ¢+ d = TI1(a) and
T(d+d)="+d" =T(a). Now T(c+d) = T(Ily(a)) = II(T(a)), so by Proposition
27.3 there is a unique [ such that I1;(8) = ¢+ d and T(8) = T'(a). 8 = a works, and so
does ¢ +d'. Hence a = ¢ +d’. Also,

I(c +d +by++ b)) =T (¢ +d)+ Ty (b + -+ bp1)
=1Ii(a) + Ly (by + -+ + bp—1)
=Ii(a+by+ -+ bm_1) = I1(B).

So (¢/,d',by,...,by—1) € B, as desired.

So, we have shown that B € N'2.

Clearly TI(B) C A. Now suppose that ¢ € A. Now A € 22 C AP, Say c € " P
For any i < m, ¢; € &', Then there is a d; € N such that T'(¢;) = II(d;). By Proposition
27.3 there is an e; € N'! such that I1; (e;) = ¢; and T'(e;) = d;. So Iljoe =cand Toe = d.
Then

{HOH:HE Ze} =11, <Ze> =) Mie) =) ¢

1<m <n <n <n

=T(c)=T(A)=1I;(B) ={Ilo 0 : 0 € B}.

Thus I1; (>, ., ;) = I11(8). Hence c € II3(B). So [Ix(B) = A.

Clearly I1, (T'(B)) = I1,(B).

Now suppose that also C € N2, II,(C) = A, and 11 (T(C)) = I1;(B). If ¢ € C, then
II; oc € II5(C) = A = IIs(B), so there is a b € B such that IIy oc =1I; o b € A. Also,
I (3 cm i) = Ih(T(c) = IL(T(C)), so c € B.

Ifb € B, then Il 0b € IIo(B) = A =11, (C), so there is a ¢ € C' such that I1;0b = IT; oc.
By (147) for C, b € C. Thus B = C. O

Let 22 ={Ae 2%2:T(A) € 2'}.

Proposition 28.9. 2?2 is a subsemigroup of P2.

Proof. Let A, B € 2%, Then T(A+ B) = T(A) + T(B), and this sum is in 2! by
Proposition 27.4. ]

Proposition 28.10. There is a homomorphism 'y : 22 — N? such that:
(i) VA € 22[T1,(T'2(A)) = A].
(i) VA € 2*[I|(T(T2(A))) = T(A)].

Proof. Suppose that A € 22. Thus A € 22, Say T?(A) = II(X) with X € N,
Then by Proposition 27.6 we get 3 € N*! such that 1I;(8) = T(A) and T(8) = X.
By Proposition 28.8 let I's(A) be the set B indicated there. Then II5(I'3(A)) = A and
I(T(T5(A))) = T3 (). So T (T(T5(A))) = T(A).

For preservation of +, suppose that A;, Ay € 2. Then T?(A; + As) = T?(Ay) +
T2(A2) = H(Xl) + H(XQ) = H(Xl + XQ) Say T2(A1) = H(Ul) and T2(A2) = H( 2)
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Then there are unique ﬁl,ﬁg such that Hl(ﬁl) = T(Al), T(ﬁl) = Xl, Hl(ﬁg) = T(AQ),
and T'((3) = X5. Then we have

F2(A]_) = {b € n(Nl) n e w,Hl obe Al and II; <Z bz) = Hl(ﬁl};

i<n
FQ(AQ) = {b € n(/\/’l) new,lljo be Ay and II; <Z bz> = Hl(ﬁg)}
<n

Hence

oA +A5) ={be" N :ncw,iobc A + Ay and 1T, <Z bi) =1 (61 + B2)}-

1<n
Hence I's; preserves +. L]

Proposition 28.11. A2(¥ o Q) | N? is an injective morphism from N2 into AW .

Proof. By Proposition 25.15, (A(¥ 0 Q)) | N1 is an injective morphism from A/
into .. Hence by Proposition 25.123, (A2(¥ 0 Q)) | AN is an injective morphism from
AN into AZ. By Proposition 28.5, N2 is a submonoid of AN, So (A%(¥oQ)) | N2
is an injective morphism of A2 into A.Z!. By definition AZ! C A3¥ . O

29. First reduction step

Proposition 29.1. Suppose that N is a countable submonoid of 2?2 such that:

(i) N has the refinement property.

(ii) VA € N¥(a, 1) € AJAg, A1 € N[A = Ap+A1 and T(Ap) = ap and T (A1) = aq].
Then N N 22 is isomorphic to a subsemigroup of NBA.

Proof. Let Ny = {B € N? :1I5(B) € N}.
29.1(1) N; is a submonoid of A2

For, suppose that B,C € Ny. Then B + C € N?, and II3(B + C) = II5(B) + I (C) € N.
So B+ C € Ny, proving 29.1(1).

29.1(2) N N 2?2 is a submonoid of &2, and T’y is an injective homomorphism of N N 22
into Nl.

In fact, N is a submonoid of %22 by definition, and 22 is a submonoid of %22 by Proposition
28.9. So N N 2?2 is a submonoid of 922, For any A € N N 2? we have [I5(I'y(A)) = A €
N by Proposition 28.10, so I's(4) € Ny. If T'9(A) = I'a(A'), then A = TI5(I'2(4)) =
[ (T (A")) = A’. Thus I's is injective.

29.1(3) N; is countable.
For, Ny = J{{B € N? : TI5(B) = X} : X € N} so, since N is countable, it suffices to
show that for any X € N the set {B € N2 : 1I3(B) = X} is countable.
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29.1(4) VX € 2[{0 € N° : TI(#) = X} is countable].

For, suppose that X € £. Say X = [¢]qe. Then {6 € NV : TI() = X} = [1)]4 is countable
by Proposition 26.2.

29.1(5) VX € 2[{b e N1 : TI;(b) = X} is countable].

For, assume that X € 2. Let Y = {b € N : TI;(b) = X}. Let Z = {z e N? : TI(z) =
T(X)}. So Z is countable by 29.1(4). If b € Y, then T'(X) = T'(I11(b)) = II(T'(b)), so that
T(b) € Z. Suppose that b,b’ € Y and T'(b) = T'('). Then T(II;(d)) = II(T'(b)) and so by
Proposition 27.3 there is a unique 8 such that II; () = II;(b) and T'(8) = T'(b). So 5 = b.
But also I1;(b) = II1(b) and T'(b") = T'(b), so b = b'. Hence T [ Y is a one-one function
mapping Y into Z; so Y is countable.

Now we can prove 29.1(3). Suppose that X € N, andlet Y = {B € N? : TI,(B) = X}.
Let Z = {z € N! : I;(x) = T(X)}. So Z is countable by (154). Suppose that b,b' € YV’
and T'(b) = T'(t/). Then T'(Ilz(b)) = II;(T'(b)) and so by Proposition 28.6 there is a unique
B such that IIo(8) = II3(b) and I1;(T'(B)) = I1;(T'(b)). So 5 = b. But also II5(b') = Il2(b)
and IT;(T'(b")) = 1, (T'(b)), so b =1b". Hence T' | Y is a one-one function mapping Y into
Z; s0 Y is countable. This proves 29.1(3).

Now by Proposition 28.11, N2 is isomorphic to a submonoid of A3% . Hence it suffices
now to check conditions (i) and (ii) of Proposition 24.5 for Nj.

29.1(6) N; has the refinement property.

For, we use Proposition 19.7. Suppose that A, B € 2N; and Ay + A; = By + B;. Then
H2(AO) + Hg(Al) = H2(B()> + Hg(Bl) and T(Ao) + T(Al) = T(B()) + T(Bl) Now
[3(Ap),...,I2(B1) € N, so by (i) there is a C € 2*2N such that Vi < 2[[I2(4;) =
2j<2 CZJ] and VJ < Q[HQ(BJ) = Zi<2 CU] For all l,j < 2 let ’Yij = T(Cw) Then
By Proposition 28.4 there is a p € 22N such that Vi, j < 2[I11(p;;) = vij], Vi < 2[T(A;) =
> j<a Pigly and Vi < 2[T(Bj) = >, 5 pij|. Thus Vi, j < 2[T(Cyj) = 5 = i(pij)], so by
Proposition 28.8 there is a D € 2*2N?2 such that Vi, j < 2[II3(D;;) = Cy; and T'(D;;) = pij].
It follows that Vi < 2[T(Az) = Zj<2 Pij = 2j<2 T(DZ]> = T(2j<2 Dzy) and HQ(AO =
> <2 Cig = 20 la(Dij) = T2(30; .9 Dis]. Now Vi < 2[IL(T'(A;)) = T(IIx(A;))], so
by Proposition 28.8, for each i < 2 there is a unique X such that II5(X) = II3(4;) and
T(X) = T(AZ) It follows that Vi < Q[AZ = 2j<2 DU] Similarly, Vj < Q[BJ = Zi<2 DZ]]
This proves 29.1(6).

29.1(7) Vn € w\{0}VA € NVa € A[dmn(a) =n — IB € "N[A = )

Bi and Vi <

<n

We prove 29.1(7) by induction on n. It is trivial for n = 1, and (ii) gives n = 2. Now
assume it for n, and suppose that o € A with dmn(a) = n+1. Then (3, o;,a,) € A, s0
by (ii) there are Cy, Cy € N such that A = Cy + Cy, T(Co) = >, _,, @i, and T(C1) = .
Then by the inductive hypothesis there is a B € "N such that Cy = > ._ B;, and
Vi < n[T(B;) = «;]. This gives 29.1(7) for n + 1.

To prove Proposition 24.5(ii), suppose that A € N1, n € w, a € A, and dmn(«) = n.
SoT(A)=>"._ «a;and II5(A) € N. Now [Ty o € TI5(A). By 29.1(7) there is B € N with

<n

<n
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domain n such that II;(A) = >, _, B; and Vi < n[T(B;) = II1(a;)]. By Proposition 28.8
there is C € N'? with domain n such that Vi < n[lls(C;) = B; and T(C;) = «;]. Hence
Vi < n[C; € Ni|. Now I2(> .., Cs) = > ., Bi =a(A) and T (>, ., Ci) = >, o =
T'(A). Hence by Proposition 28.8, A =3, C;. O

30. Distinguished elements

An element e of an m-monoid M is distinguished iff Vf € Mle+ f = e — f = 0]. Note that
0 is distinguished. Mj is the set of all distinguished elements of M. M is distinguished iff
every element of M is a sum of distinguished elements.

Proposition 30.1. V0 € N°[[0].. is distinguished iff [0]ae # [wW]ae)-

Proof. =: [w4e + [W]ae = [W]ae and [w]ae 7 [0]ae, SO [w]ae is not distinguished.
<: Obviously [0¢] is distinguished. Now suppose that § € N satisfies (135), ¢ € N,

and [0)ae + [V]ae = [0)ae. Then F < {k € w+1: 0(k) + (k) # 0(k)} is finite. Clearly
Vk € (w+ D\F[Y(k) = 0], 50 [)]ae = [0]ac. O

Proposition 30.2. In &, (w4 is not a sum of distinguished elements. Hence & is not
distinguished.

Proof. Suppose that [w.e = >, ,, @i, each a; € &. Then some a; is equal to
[w€]q4e, and so by Proposition 30.1 is not distinguished. O

Proposition 30.3. Ife is a distinguished element of M, then e has the Schroder- Bernstein
property.

Proof. Assume that e is a distinguished element of M and e < b < e. Thus there
are ¢,d € M such that b=e+cand e =b+d. Thus e = e+ c+d, so ¢+ d = 0, hence
c=d =0, hence b =e. ]

Proposition 30.4. In &, (w4 has the Schrider-Bernstein property, but [w€|qe is not
distinguished.

Proof. By Propositions 30.1, [w¢,. is not distinguished. Now suppose that [w¢],e <
a < [wge. Choose b,c € & such that a = [w4e + b and [wqe = a + ¢. Clearly then
a = [wge- ]

For m-monoids M, N, we say that N is a distinguished extension of M if N is an extension
of M and My, C N;.

Proposition 30.5. If P is a distinguished extension of N and N 1is a distinguished
extension of M, then P is a distinguished extension of M. ]

Proposition 30.6. If (M : k € w) is a system of m-monoids such that Yk € w[Mjy41
is a distinguished extension of My], then Yk € w|J,c,, M; is a distinguished extension of

My]. O
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Proposition 30.7. If e is a nonzero element of an m-monoid M, then there exist a
distinguished extension N of M and eg,e1 € N such that

(i) e = eg + e1 and ey and ey are distinguished and nonzero.

(ii) N is generated as a monoid by M U {eg, e }.

(iii) Ym,n € WVf, f € M[f' = f 4+ meg +ney — m =n and f' = f + me].

(iv) If A : M — M’ is a morphism of m-monoids, then ¥ fo, f1 € M'[A(e) = fo+ f1 —
AN[ACAN and N : N — M’ is a morphism and Vi < 2[AN'(e;) = fi]]]-

Proof. Let (w,+) be the natural monoid. Define P = M X w X w. Define

(fym,n) ~ (f',m' n) iff (f,m,n),(f',m' ,nyeP, m—n=m'—n/,
f+me=f +m'e, and f +ne= f +ne.

30.7(1) ~ is a congruence relation on P.

In fact, it is clearly an equivalence relation on P. Now suppose that (f,m,n) ~ (f',m/,n’)
and (f”,m"”,n") ~ (f",m" ;n""). Then

(f,m,n) +( //,m//,n//) — (f+ f,/,m+m//,n+n,/);
(f/,m,,n/) _|_( //I,m///’n///) — (f/ + f,/I,m/ _|_ m//l’n/ +n//l>;

1 1 1 1
m+4+m"—(n+n")y=m-n+m"—n

/ /

=m' —n'+m" —n"
=m' +m"” — (0" +n");

f+f"+m+m"e=f+me+ f"+m"e
=f'+me+ f"+m"e
=f+f"+(m +m"e

f+f"+m+ne=f+ne+ f"+n"e
=f'+ne+ f" +n"e
= [ e

This proves 30.7(1).
Let N = P/ ~ and let II be the natural mapping from P to N. For any f € M let

30.7(2) W is an injective morphism from M to N.

In fact, clearly ¥ is a morphism from M to N. Now suppose that U(f) = ¥(f’). Thus
(f,0,0) ~ (f',0,0). Clearly f = f’. This proves 30.7(2).

30.7(3) If f is distinguished in M, then U(f) is distinguished in N.

For, suppose that f is distinguished in M, and V(f)+[(f',m,n)]~ = ¥(f). Thus (f,0,0)+
(f',m,n) ~ (f,0,0), ie., (f + f',m,n) ~ (f,0,0). Hence f + f'+ me = f; since f is
distinguished, this implies that f’ + me = 0, hence f' = 0 = m. Also, m —n = 0, so
m = n. Hence [(f’,m,n)] =0, proving 30.7(3).
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Now let eg = [(0,1,0)]. and e; = [(0,0,1)]~.
30.7(4) e is distinguished.
For, suppose that eq + [(f,m,n)]~ = eg. Thus (f,m+1,n) ~ (0,1,0),som+1—n=1,
f+(m+1)e=e, and f+ne=0. Hence f =n =0 and m = 0. So [(f, m,n0]. = 0. This
proves 30.7(4). Similarly,
30.7(5) ey is distinguished.
30.7(6) ¥(e) =egp + €3.
In fact, ¥(e) = [(e,0,0)]~, and eg+e1 = [(0,1,1)]~. Wehave 0—0 =1—1, e4+0e = 0+ le,
and e + 0e = 0+ le. So ¥(e) = [(e,0,0)]~ = [(0,1,1)]~ = eg + e1.
30.7(7) eo # 0.
In fact, suppose that [(0,1,0)]~ = [(0,0,0)]~. then 1 —0 = 0 — 0, contradiction. Similarly,
30.7(8) e # 0.
30.7(9) N is generated by W[M] U {eo,e1}.
In fact, let [(f,m,n)]~ € N. Then ¥(f) + mey + ne; = [(f, m,n)]~, as desired.
30.7(10) Vm,n € WVf, f' € M[V(f") = U(f) +mey +ne; — m =mn and f' = f + me].

For, suppose that m,n € w, f, f' € M, and V(f') = ¥(f) + meg + ney. Thus (f’,0,0) ~
(f,m,n),s00—0=m—n and f' = f+me. So m = n, proving 30.7(4).

Now suppose that A : M — M’ is a morphism of m-monoids, fy, fi € M’, and
Ae) = fo+ f1. Define N : N — M’ by A ([(f,m,n)]~) = A(f) + mfo + nfi. Then A’
is well-defined: Suppose that [(f,m,n)]. = [(f',m',n.)]~. Thus (f,m,n) ~ (f',m',n'),
som—n=m'—n', f+me=f +me, and f+ne = f'+n’e. Say m > n. Then also
m’ >n', and

A(f)+mfo+nfi=Af)+n(fo+ fr)+(m—n)fo=A(f) +nA(e) + (m—n)fo
fAmne)+(m' —n')fo=A(f +n'e)+ (m" —n')fo

f1)+n/Ale) + (m" —n') fo = A(f') +n'(fo + fr) + (m" —n") fo
f

/)+mf0+nf1

A(
(
(
(

I
<

So A’ is well-defined.
A’ preserves the operation:

N([(fym,n)le + [(f,m) n)]e) = A(((f + fm+m',n +n')]0)
=A(f + [)) + (m+m')fo+ (n+n)fi
= A(f)+ A(f") +mfo+m fo+nfi+n'fi
= N([(f,m,n)]~) + A ([(f,m',n))])).

Clearly A'([f,0,0)]~) = A(f), and A'(e;) = f; for i < 2. ]
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Proposition 30.8. If M is distinguished and N is as in Proposition 30.7, then N 1is
distinguished. ]

Proposition 30.9. (2.13.4) If M is a countable m-monoid, then there is a distinguished
extension N of M such that N is distinguished, countable and atomless.

Proof. Assume that M is a countable m-monoid. Let (ex; k < w) enumerate M\{0}.
We define Ny = M, and Njy; is obtained from Ny by applying Proposition 30.7 to Ny
and eg. Thus we have ey = ero + ex1 for some distinguished nonzero elements of Nyy.
Let P = e, Nk- Thus

30.9(1) P is a countable distinguished extension of M such that for each nonzero x € M
there are nonzero distinguished e, ¢’ € P such that x = e+ €.

Now let Q° = M and let Q**! be obtained from Q¥ by the proof of 30.9(1). Let N =
Urkeo Q. Then N is a distinguished extension of M such that for every nonzero x € N

there are nonzero distinguished elements e, e’ € N such that x = e+¢’. So N is atomless.
]

31. Constructing refinements

Ms(w) is the monoid of 2 x 2 matrices with entries in w under matrix addition. For
i,j < 2, ;5 is the 2 x 2 matrix with 1 in the (4, j)-position and 0 elsewhere. Define
@ = Y o€y for i < 2and B; = >, _,ei for j < 2. Define ¢ : My(w) — Z by
SO(ZMQ Tij€ij) = Too + 11 — To1 — T'10-

Proposition 31.1. ¢ is a semigroup homomorphism from Ms(w) to Z.

Proof.

! /
o | Do rues+ Y rhey | = | D (i +ripe
1,7<2 1,)<2 1,)<2
/ / ! !
=To0 + Too + 711 T 711 —T01 — To1 — T10 — 19

/ / / /
=700+ 711 — 701 — 710 +Too + 711 — To1 — T10

= | D> e | e | D rhEi |- O

ij<2 §,j<2
Proposition 31.2. Vi < 2[p(o;) = ¢(8;) = 0]. O
Proposition 31.3.
1 1
040+041=50+51=(1 1) O

A 2 x 2 matrix v € My (w) is counter-diagonal iff 99 = 11 = 0.
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Proposition 31.4. Every v € My(w) can be represented in the form

31.4(1) Y=+ mioi+ Y nB

i<2 j<2
where § is diagonal or counter-diagonal, Vi < 2[m;,n; € w|, and noni = 0.

Proof. Suppose that v € Ms(w). We prove the existence of a decomposition 31.4(1)
by induction on p = ZZ j<2 ;- Note that if v is diagonal or counter-diagonal then we can
take each m; and n; equal to 0. If p = 0, then ~ is diagonal. Assume the result for values
< p, and now assume that ZZ j<27ij = p+ 1. We may assume that v is not diagonal or
counter-diagonal. Thus

(701 # 0 or v19 # 0) and (yp0 # 0 or 711 # 0).

This gives four cases.
Case 1. o1 # 0 # Y00
Subcase 1.1. yo1 < yoo- Let v = —vo1c0. Then >, ;o vi; <p—1, 509" can be
written in the form 31.4(1), and hence so can v = 4" + o1 0.
Subcase 1.2. voo < Yo1. Let v/ = — yoovp; 31.4(1) follows.
Case 2. vy01 # 0 # 711.
Subcase 2.1. o1 < y11. Let v/ = = ~0151; 31.4(1) follows.
Subcase 2.2. y11 < Yo1. Similarly.

Case 3. 10 # 0 # Y00-
Subcase 3.1. y10 < Yo0- Let v/ =~ — v1000; 31.4(1) follows.
Subcase 3.2. oo < Y10. Similarly.

Case 4. v10 # 0 # 711
Subcase 4.1. y10 < y11. Let v/ = v — y1001; 31.4(1) follows.
Subcase 4.2. y11 < Y10. Similarly.
Thus we have the representation 31.4(1). To see that we can add the condition ngn; = 0,
we take two cases. Recall that ag + a1 = Gy + 51.
Case 1. ng < ny. Then

04> mici+ Y niBi =06+ Y miai +no(Bo + 1) + (n1 —no) B
1<2 Jj<2 1<2
=5+ Zmiai + no(ag + a1) + (1 — o) S
i<2
=0+ (mo + no)ag + (M1 + ng)ag + (n1 — np) P
Case 2. nq1 < ng. Similarly. O

A representation of v as in Proposition 31.4 is called a reduced representation of ~.

Proposition 31.5. In a reduced representation of a matriz v € Ma(w), () = ©(9).
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Proof. In fact, for each 7 < 2 we have
m; m;
mi@izzmﬂij:(o 0)7
j<2
so ¢(m;a;) = 0. Similarly ¢(m;03;) = 0. Hence the proposition holds. O

Proposition 31.6. In a reduced representation of a matriz v € My(w), § = 0 iff o(y) = 0.

Proof. Let v € Ms(w), and consider a reduced representation of v as in Proposition
31.3. If 6 = 0, then ¢(y) = ¢(6) = 0 by Proposition 31.4. Assume that ¢(v) = 0. Then
©(d) = ¢(8) = 0 by Proposition 31.4. If § is diagonal, then dog + 617 = 0, hence 6 = 0. If
0 is counter-diagonal, then dp; + d19 = 0, hence § = 0. ]

Proposition 31.7. If v has the reduced representation 34.1(1) with 6 = 0, then in any

reduced representation
y= i ot Yo
i<2 j<2
we must have §' =0, Vi < 2[m; =m}], and Vj < 2[n; = n’].

Proof. By Proposition 31.5 we have p(y) = ¢(0') = ¢(d) = 0. Clearly p(A) /0
if A # 0 is diagonal or counter-diagonal. So ¢’ = 0. So assume that we have reduced

representations

Y= Zmiai + anﬁj = Zm;az + Z?’L;ﬁ]
i<2 j<2 i<2 j<2
e mog Mo i e 0 0 X
o0 — 0 0 ) 1661 — ml ml )
. no 0 . . 0 n1

nofo = (nﬂ 0), nif = (0 nl)-

Say wlog ng = 0. Then

o A _ (Mo mo + N1
S s S = (70 Y.

i<2 j<2

Then

Case 1. n{, = 0. Then also
/ / /
/ / my Mg+ Ny
g m,o + g n.0; = .
v i (m’l my +nj
i<2 j<2
It follows that mg = m(, m1 = m/, ng = ny, and ny = nf.
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Case 2. n} = 0. Then

/ / /

’ ’ my +n m

§ miai—i—g njﬁj:( 7 7 ?
mi; +ny My

1<2 Jj<2
This gives the equations

/ /
mo = Mg + Ny
/ /
my1 = my + ng
/
mo + Ny =myg

/
mi+n; =my
It follows that ny, = ny = 0, mg = my, and m; = m}. So ng = n, and n; = nj. O

Proposition 31.8. Suppose that M is an m-monoid, ey, e1, fo, f1 € M\{0}, and eg+e; =
fo+fi1. Then there is a distinguished extension N of M such that N contains distinguished
elements g;; for i,j < 2 such that:

(i) Vi < 2[e; =35 9ij]-

(i) ¥ < 20f; = 32,0 935)-

(17i) N is generated by M U {g;; : i, < 2}.

(ZU) Vg,g' e MVr € 2X2w[g’ = g+ Zi,j<2 rijGi; — Too + 11 — Tor — Tio =
0 and Im;,n; € w fori < 2[Vi,j < 2[riy; =m;+n;] and g’ = g+, o miei+>_; o n;fil]].

(v) If A+ M — M" is a morphism, Vi, j < 2[h;; € M'], Vi <2[A(e;) = >_, 5 hij], and
Vi < 2[A(fj) = > ;<o hijl, then there is an extension A" of A to a morphism of N to M’
such that Vi, j < 2[A(gi;) = hij].

Proof. Let P = M x Msy(w). We define (g,v) ~ (¢',7') iff there exist 6 € Ms(w) and
mg, i, m;, n; € w for i < 2 such that the following conditions hold:

31.8(1) 7:5+Zmiai+2njﬁj, 7’=5+Zm;ai+2n;ﬁja and

i<2 j<2 i<2 j<2
31.8(2) g+zmiei+znifi :9/+Zm;€i +Zn;fi
i<2 §<2 i<2 j<2

We may assume that the representations in 31.8(1) are reduced. In fact, let

=5+ mlal + 3 nl

i<2 j<2

be a reduced representation of §. Then the first equation of 31.8(1) becomes

y =08+ (mi+m)ai+) (n;+n])s;

i<2 j<2
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and the argument at the end of the proof of Proposition 31.3 can be used to put this in
reduced form, with ¢’ retained. Namely, if ng +njy < n; + nf, then

Z(mi +my )i + Z(”j +n7)B;

i<2 j<2

_ 1 1 1 1 1 1/ 1 1

= ;(mﬂrmi)ai+§(nj+”j)ﬁj+(no+"o) (1 1) — (no + ng) (1 1)
7 J

= (mi+m)ei + > (n; +n)B; + (no +ng) (e + 1) — (no + ng)(Bo + 1)
i<2 j<2

= (mo +mg +no +ny)ao + (my +my +ng +ny)ar + (ny +nf —ng —ng) G,

while if ny +nY < ng + ng then

Z(ml + m;’)ai + Z(?’LJ + ?’L;-/)ﬂj

i<2 j<2

= (mo +mg + no + ng)og + (m1 +my +nqy +nf)ar + (ng +ng — ny —nf)fo.

The second equation in 31.8(1) is treated similarly.
The condition 31.8(2) can be treated similarly. Namely, if ng + n{ < ny + n/, then

Y (mi+m)e; + Y (n;+nf)f;

i<2 j<2

= z:(mZ +m})e; + (no +ni)(fo+ f1) + (n1 +nf —ng —ng) f1
i<2

= Z(m’ +m)e; + (no +ng)(eo + €1) + (n1 +nf —no —nj) f1
i<2

= (mo +mg +ng +ny)eo + (m1 +my +ng +ng)er + (n1 +ny —ng —ny) f1,

while if ny +nf < ng + ng then

Z(mi +my)e; + Z(”j +n7)f;

i<2 j<2

= (mo +mg + no + ng)eg + (m1 +mY +ny +nf)er + (ng +ng —ny —nf) fo.

Now

g+ > (mit+m)ei+ Y (n;+n))f;

i<2 j<2

=g+ (mi+mi)ei+) (nf+nf)f;.

i<2 j<2
So 38.1(2) can be changed corresponding to the change of 38.1(1).
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31.8(3) If (g,v) ~ (¢',7), then ©(v) = (7).

This follows from Proposition 31.5.
Now for any (g,7v) € M x My(w) it is clear that (g,v) ~ (g,7). So ~ is reflexive on
M x Ms(w). Clearly ~ is symmetric. Next, let (g,7v) ~ (¢',7") and (¢”,~7") ~ (¢"",~7"").

Say
7:6+Zmiai+2njﬁj, ’}/:(54—27”;057;4‘2”;‘6]'7
1<2 Jj<2 1<2 j<2
g+ Zmiei + Znifi =g + ngei + Z";fia
i<2 j<2 i<2 <2
’)/H — 5// + Z m;/ai + Z n;'/ﬁj, ,}//// — (5// + Z m;//ai + Z Tl;!/ﬂj,
1<2 Jj<2 1<2 Jj<2
g// + Z m;/ei + Z n;/fZ — g/// + Z m;//ei + Z n;”fz'-
1<2 j<2 1<2 7<2
Then

YA =646+ (mi+m))ai + > (nj +nl)B;;

i<2 J<2
VA" =646+ (mi+m e + ) (0] +nl)B;;
i<2 j<2

g+ 9"+ > (mi +me; + > (ni+nl) fi
i<2 J<2
=g +g"+ Y (ml+m e+ > (nf+nl)f;

i<2 j<2

Thus (949", v +7") ~ (9" + 9", 7" +77).
It follows that the transitive closure ~ of ~ is a congruence relation on P.
Next we claim

31.8(4) If (g,0) ~ (¢',0), then 6 has the form >, ,pjo; + > ; 5B, and g = ¢’ +
DicoPi€i + 20 ifi-

For, say (g,0) = (90,70) ~ (91,71) ~ -+ ~ (9s,7s) = (¢',6). By (171) we have ¢(7;) =0
for all . Hence in the reduced representations of the ~;, all the §-s are 0 by Proposition

31.6. So we get
Tk = me%’ + anjﬁj and

i<2 j<2

g+ Y mbei > 0l =g+ Y mite > kit

i<2 j<2 i<2 j<2
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By uniqueness (Proposition 31.7), m{ = 0 = n{ for all i < 2. Hence the desired conclusion
holds.

We let N = P/ ~, and let Q : P — N be the natural map. Define ¥U(g) = €(g,0) for
any g € M. Clearly ¥ is a morphism from M to N. We claim that ¥ is one-one. For,
suppose that U(g) = ¥(g’). Thus (g,0) ~ (¢’,0), so by 31.8(4) we get g = ¢’. Thus ¥ is
one-one.

31.8(5) If g is distinguished in M, then ¥(g) is distinguished in N.

For suppose that g is distinguished in M, and ¥(g) + [(h,7)]~ = ¥(g). Then (g,0) ~
(9 + h,v) ~. Hence by 31.8(4), v has the form >, , mo; + 3, oniB;, and g =g+ h+
Y icoMie; + Zj<2 n; fi. Since g is distinguished, it follows that h = 0 and ), _, me; +
Zj<2 nifi = 0. So (h,v) ~ (0,0), as desired.

In fact, for (ep,0) ~ (0, ap) we have

0=0+) Oa;+» 08, ag=0+ag+0a;+» 08 and

i<2 i<2 J<2
o+ Y 0o;+ Y 08;=0+eo+0e1+ > 05;.
i<2 j<2 J<2
Similarly for the other three cases.
Now we define for 4,j < 2, g;; = [(0,&5)]~. Then Vi < 2[>°;_,gi; = [(0,%)]x =

[(e:,0)]~ = ¥(e;)], using 31.8(6). Similarly, Vj < 2[> ., g:; = ¥(f;)]. This gives (i) and
(ii) of the proposition.

31.8(7) N is generated by Y[M]U{g;; : 4,5 < 2}.

In fact, if (g,7) € P, then [(g,7)]~ = ¥(g) + Zi7j<2 VijGiz-

31.8(8) Vi,j < 2[gi; is distinguished].

For, suppose that i,j < 2 and g;; + [(h,7)]~ = gij. Thus (h,v+¢€;;) ~ (0,¢;;); say
(0,255) = (9o, 70) ~ -+~ (gs,7s) = (B, 7 +€i5)-

Thus

e =cij+ Y 0+ Y 08, yi=ey+ Yy miai+ Yy nib,

i<2 j<2 i<2 j<2
1 E 1 E 1
i<2 j<2

It follows that g* = 0 and m} = n} for all i < s, and h = v = 0. So 31.8(8) holds.

Now we prove (iv). Suppose that g,¢' € M, r € ?*%w, and ¥(g') = ¥(g) +
> ij<2Tijgij- Thus (¢',0) ~ (g1,71) ~ - ~ (9,2 jooTij€ij). By 31.8(4) we have
0=¢(y1)="-=(r). Soreo+r11 —ro1 —rio =0.
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Case 1. T00 S To1- Let ng = 0, N1 =7To1 — Too, Mo = Too, M1 = T10
Case 2. o1 < T00- Let nog =7Too —To1- N1 = 0, moy =Tp1, M1 = T11-
Then in either case we have Vi, j < 2[r;; = m; + n;]. Now

Z m;¥(e;) + Z”j‘l’(fj) =mo¥(eo) +m1¥(er) +noV(fo) +n1¥(f1)
i<2 j<2
= mopgoo + Mogo1 + M1g10 + M19g11
+ nogoo + nogio + n1go1r + N1911

= 100900 + 701901 + 710910 + T11911

This proves (iv).
Now for (v), suppose that A : M — M’ is a morphism, Vi,j < 2[h;; € M'], Vi <
2[A(e;) = D> oo hyj], and Vi < 2[A(f;) = 3,5 hij]. Define I' : P — M’ by

j<2 b

Clearly I" preserves +. Now

1 1
['0,a0) =T O,Zaoj :F<0,(O 0)):h00+h01:/\(€0)3
7<2
T(0,01) =T [0,) e | =T (0 O ON) _hp+n = A(er);
; (1 7' 15 L1 1 10 11 1)

j<2

F(Ov 51)

1 0
I'(0,8) =T 072510) =T (0, (1 0)) = hoo + h1o = A(fo);
i<2
(0, ea|=TI(0 O 1)) = hor + by = AR
’ 71 ’ 0 1 01 11 1)
Suppose now that (g,7v) ~ (¢’,7) as in (169), (170). Then

I'(g,7v) =T'(g,0) +~(0,7)
= A(g) +T(0,0) + > _mT(0,c) + Y _n,T(0, 3;)

i<2 Jj<2
= A(g) +T(0,0) + Z miA(e;) + Z n;A(f5)
i<2 Jj<2

i<2 j<2
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=T(0,0) + A g’—f—Zm;ei—f—Zn;fj

i<2 j<2
=Ag)+T(0.0)+ > miAle:) + > njA(f;)
i<2 j<2
= A(g") +T(0,8) + > miT(0,c4) + > _njT(0, 5;)
i<2 j<2
=T(g'.7").

Thus I" induces I defined by I"([(g,7)]~) = I'(g,7). We have I''(g;;) = I'"([(0.€i5)]~) =
F(O,€¢j) = hzg ]
32. Models
Z is the set of all countable nonempty subsets a of <<“ %2 such that a has C.P. and

Vm,n € wVa,b € a[dmn(a) = m and dmn(d) =n — >, a; =, bjl.
Proposition 32.1. # is an m-monoid which contains ANZ? as a submonoid.

Proof. The sum of elements of & is defined as in the definition of AM. If o, 8 € Z,
a,b € a+ 3, dmn(a) = m, dmn(b) = n, then there exist ¢,d € « and e, f € [ such
that dmn(c) = dmn(e) = m and a = ¢ + e, and dmn(d) = dmn(f) = n and b = d + f.

Then Zi<m Ci = Zi<n dl and Zi<m € = Zi<n fi’ SO Zi<m a; = Zi<m(ci + 61) =
Y ien(di+ fi) = >, bi. By the proof of Proposition 8.7, o+ has C.P. Hence a+f € Z.
Clearly Z contains A& as a submonoid. O

Proposition 32.2. If a, 5 € Z and

Vm,n € w\{0}Va € a¥b € f[dmn(a) = m and dmn(b) =n — Z a; = Z b,

<m j<n
then aU B € Z. O
For any a € & let

a={be <Y :3 € dmn(b)[b; = a and Vj # I[b; = 0]]}.

Proposition 32.3. If a € &2, then a € %.
Proof. For the collection property, suppose that b € a and b < ¢. Say b; = a

and Vs # l[bs = 0]. Also say b has domain m, ¢ has domain n. A : m — n, and
Vi < nle; =) {b; : A(i) = j}. Say A(l) = k. Then ¢, = a and ¢, = 0 for all s # k. So
¢ € a. Thus a has C.P. Clearly the other condition for a € #Z holds. O
Proposition 32.4. T'(a) = a. ]
Proposition 32.5. If a € Z, b € o, and dmn(b) = m, then ), _ . b; C a.
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Proof. Suppose that c € > ,_ b Z; say ¢ has domain n. Then there are d; € b for
each i < m such that the d; have common domain n and Vj < n[c; = >, d;i(j)]. For
each i < m let \; < n be such that d;()\;) = b; and d;(s) = 0 for all s # ;. Then for all
j<mn,c;=>{bj: \i=j} Sob<c, hence c € a. ]

Let M be a countable m-monoid. A submodel of M is a mapping ¥ : M — % such that
(M1) Ve € M[¥(e) = 0 iff e = 0].
(M2) Ve, f € M(e) + ¥(f) € ¥e + f)].

A model of M is an m-monoid morphism ¥ of M to Z?! such that
(M3) Ve € MVf € Mle # f — Y(e) # Y(f)].

Proposition 32.6. If V is a model of M, then Ve € M[¥(e) = 0 iff e = 0].

Proof. Suppose that ¥ is a model of M and e € M. Clearly e = 0 implies that
U(e) = 0. If e # 0 then, since 0 is distinguished, Vf € M[0 # f — 0= U (0) # ¥(f)]. O

Proposition 32.7. Let ¥ : M — % be a submodel of an m-monoid M. For any e € M
let V'(e) =T(V(e)). Then V' is a morphism from M to Z.

Proof. If e = f = 0, clearly ¥'(e + f) = W'(e) + V' (f). If e # 0 or f # 0, then
by (M1) and (M2), ¥(e) + ¥(f) is a nonempty subset of U(e + f). Hence T'(¥(e + f)) =
T(¥(e) +¥(f)) =T(¥(e)) +T(¥(f))- 0

Proposition 32.8. Let E be a generating set for a countable m-monoid M. Suppose that
V: E — Z is a mapping such that

(i) Ve € E[¥(e) =0 iff e =0].

(i) Ym,n € wVe € MEVf € "E[} e = Y i . fi = X, T(¥(e)) =
2 jen TV (S5))]-

For each g € M let

:U{Z\P(ei):me,eGmE,Zei:9}~

<m <m
Then W is a submodel of M, and Ve € M[¥(e) C U (e)].

Proof. Assume the hypotheses. Suppose that g € M; we want to show that U1 (g) €
Z. Clearly U (g) is countable and nonempty. Clearly also ), .. ¥(e;) € Z for any m € w
and e € ME, so Ut(g) C <<¥Z. C.P. is closed under unions, so ¥*(g) has C.P. Now
suppose that m,n € w, a,b € ¥ (g), dmn(a) = m, and dmn(b) = n. Say a € ZKP (ei)
with e € PE and },_ e; = g;and b € 32, ¥(e;) with ¢’ € E and >, e; = g. By
(ii), o5, T(W(ei)) = )2iy T(¥(e;)). By Proposition 32.1, 37, W(e;), >, ¥(e}) € %,
and by Proposition 32.2, >, W(e;) U, V(e;) € #Z. Hence >, _, a; = bi. So
Ut(g) e #.

Clearly U*(0) = 0. If g # 0, choose m € w and e € ™FE so that ), _, e; = g. Say
i <m and e; # 0. Then by (i), W(e;) # 0. So »>;_,, ¥(e;) # 0. Thus ¥ (g) # 0. Thus

(M1) holds for U+,

<n

146



Now suppose that g,h € M and € U (g) + U (h). Then there exist y, z with equal
domains such that = y+2z,y € ¥ (g), and z € U*(h). Sayy € 3., ¥(e;) withm € w,

ec™E,and ), e =g;and z €}, V() withn € w, e € "E,and ) ,_ e = h.
Clearly then x € Ut (g + h).
Clearly Ve € M[W¥(e) C Ut (e)]. ]

The mapping U of Proposition 32.8 is called the closure of V.
Proposition 32.9. Suppose that ¥ is a submodel of M, and © : M — % satisfies
Ve € M[U(e) C O(e)]. Then © satisfies (i) and (ii) of Proposition 32.8.

Proof. (i) is clear. (ii) holds since for any e € M ¥(e) C ©(e) and so T(¥(e)) =
T(6(e)).

33. Expansions of submodels

For any o C <<% let
Dom(a) = {a € & : a is an entry in some x € a}.

If M is a collection of subsets of <<* 2, then

Dom(M) = |_J Dom(a).
aEM

Proposition 33.1. If M is a submonoid of Z, then Dom(M) is a submonoid of Z.

Proof. Suppose that M is a submonoid of # and a,b € Dom(M). Say a € Dom(«)
and b € Dom(f) with o, € M. Say a = z; with ¢+ € o and b = y; with y € S.
Say x has domain m. Define A : m — 2 by AMk) = 0 if £ # i and A(i) = 1. Let
co = Y {xr : k < myk # i} and ¢; = i. Then Vj < 2[¢; = > {zr : AM(k) = j}. So
O Ak k<m,k #i},x;) € o Similarly, (3 {yx : £ <m,k # j},y;) € 5. It follows that
x; +y; is an entry in a member of o 4 (. ]

Let M and N be m-monoids, with M a submonoid of N. If ¥ is a submodel of M and ©
is a submodel of N, then © is an expansion of W iff

(E) Ve € M[O(e) N <<¢(Dom(¥[M]) = ¥(e)].

Proposition 33.2. If © is an expansion of ¥, then Ve € M[¥(e) C O(e) and T(¥(e)) =
T(6(e))]-

Proof. Assume that O is an expansion of W. Then Ve € M[¥(e) C O(e) C ], so
the proposition follows from the definition of Z. ]

Proposition 33.3. If © is an expansion of ¥, then Dom(W¥[M]) C Dom(©[M]).
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a€EV[M] eeM
C | J Dom(®(e)) = | J Dom(a) = Dom(O[M]). O
eeM a€O[M]

Proposition 33.4. If © is an expansion of ¥, then Ve, f € M[V(e) # VU(f) — O(e) #
o(f)]-

Proof. Suppose that © is an expansion of U, e, f € M, and O(e) = O(f). Then
U(e) =0O(e) N <<YWU[M]| =0O(f) N <<YU[M] =¥(f). O

Proposition 33.5. Suppose that:
(i) Moy, My, Ms are m-monoids.
(i) My is a submonoid of My and My is a submonoid of M.
(iii) ©g, ©1, O are submodels of My, My, Ms respectively.
(iv) ©1 is an expansion of Oy and O2 is an expansion of O1.
Then My is a submonoid of My, and ©Os is an expansion of .

Proof. Clearly M is a submonoid of M5. For any e € My we have
O3(e) N <<¥(Dom(O¢[Mp]) C O2(e) N <<¥(Dom(O;[M;]) = O4(e).

Hence
@2(6) N <<W(DOII1(@0[M0]) Q @1(6) N <<W(DOII1(@0[M0]) = @0(6).

On the other hand, clearly Og(e) C O3(e) N <<¥(Dom(Oy[My]). So O3 is an expansion of
. O

Proposition 33.6. Let My C My C --- be an w-chain of submonoids of an m-monoid
M, with \Jyc,, My, = M. Suppose that each My 1 is a distinguished extension of My. For
each k € w let Uy be a submodel of My, and suppose that Vk € w[¥y1 is an expansion of
U], For each k € w and e € My, let Op(e) =, > Yn(e). Then the following hold:

(i) Yk € w[Oy, is a submodel of My]. -

(ii) Yk € w[Oy is an expansion of V).

(iii) Vk,n € wlk <n — O = 0O,, | Mg].

(iv) Yk € w[¥n > k[¥,, is a model] — Oy, is a model].

Proof. Assume the hypotheses. (i): (M1) is clear. For (M2), suppose that e, f € M}
and x € Ok(e) + O (f). So there exist y € Ok(e) and z € Ok (f) such that x = y + z. Say
k<nandye VY,(e) and z € U, (f). Soz € U,(e) + ¥, (f) C ¥,(e+ f) C Okle+ f).
This proves (M2).

For (ii), assume that k € w. Suppose that e € Mj. Then

Ok(e) N <<¥(Dom(¥[My]) = U (U, (e) N <<Y(Dom(¥[My]))) = Ui(e).
n>k
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For iii), suppose that n,k € w and k < n. Then for any e € My, if & < m < n then
U,.(e) € Vy(e), and so On(e) = U, 5, Ym(e) = U,sr Ym(e) = Ox(e). For (iv), assume
that k € w and Vn > k[¥,, is a model]. Suppose that e € My, and f € My, with e # f.

)=V, (e) and O (f) = V,,(f). Then e € M,y,s, so ¥, (€) # V(). ]

Proposition 33.7. Suppose that the hypotheses of Proposition 33.6 hold. For each e € M
let ©,(e) = O(e), where k is minimum such that e € My,. Then

(i) ©y is a submodel of M.

(ii) Yk < w[B®,, is an expansion of Vy].

Proof. Assume the hypotheses. For (i), clearly ©,(e) = 0 iff e = 0. Now take
e, f € M. Say k minimum such that e € My, and [ is minimum such that f € M;.
Say k < [. Take any u € ©,(e) + O, (f). Then O,(e) = Ok(e) and O, (f) = O;(f). Say
u=x+y withz € O(e) and y € ©;(f). Then z € ©;(e), so u € O;(e)+0O,(f) C O;(e+f).
Say s is minimum such that e+f € M;. Sos <. Os(e+f) = U, > ¥mle+[f);ifs <m <1
then W, (e+ f) < Ui(e+ f). so Os(e+ f) = Oi(e+ f). So O, (e + f) = O;(e + f). Hence
(i) holds.

For (ii), suppose that k € w and e € M. Let s be minimum such that e € M. Then

Ou(e) N <Y (Dom(¥y[My])) = Os(e) N <<¥(Dom(Py[My]))
= O(e) N <<“(Dom(¥x[Mg]))
= \I'k(e) O

The submodel O, is called the limit of (U, : k € w).

Proposition 33.8. Under the notation of Proposition 33.7, if all ¥}, are models, then ©,
s a model.

Proof. Suppose that e € M, and f € M. Say e € My and f € M. Clearly e € M.
Hence Wi (e) # Wi (f). By Proposition 33.7(ii), clearly ©,(e) # O, (f). O

34. Second reduction step

Proposition 34.1. Let My C M; C --- be a chain of countable submonoids of an m-
monotd M, and suppose that for each k € w, Yy is a model of My, with Vi41 an expansion
of V. Also assume:

(i) Each My, is distinguished, and My is a distinguished extension of Mj,.

(ii) Vk € wVeg,e1, fo, f1 € Mileo +e1 = fo+ fi — Jg € P2My1[Vi < 2[e; =
D2 9igl and Vi <2[f; = 5 9]l

(iii) Yk € wVe € Mip¥n € w¥(ag,...,an—1) € Yi(e)I e}, ... €e,_1) € Miyile =
Y ien € and Vi < n[T'(Wri1(e;)) = asl].

(iv) Wo(Mg) C 2.
Then M{ s isomorphic to a subsemigroup of NBA.

Proof. We may assume that M = J, .., My. Hence M is a countable m-monoid. By
Proposition 19.7 and (ii), M is an r-monoid.
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We claim that M is atomless. For, suppose that e € M*. Say e € M),. Then Wy (e) #
0. Now Wy(e) € 21 = AP, so by the splitting property there is an (ag, a1) € ¥ (e) with
ag # 0 # ay. Then (iii) shows that e is not an atom.

By Propositions 33.7 and 33.8, ©,, is a model of M and is an expansion of each V.

For each e € M let
A(e)z{@wof:Zfi:e}.

<n
We are going to apply Proposition 29.1 to A[M].
Let N = {A(e) : e € M}. Note that A = (ABO,,) o dps. In fact, if e € M, then

(AB,)(0r(e)) = (AB,) ({b : ij = e}> = {@w of: Zf = e} :

Now by Proposition 19.12, §5; is a morphism from M to AM. O, is a morphism from M
to 221, Since M is distinguished, the proof of Proposition 25.9 gives: A@,, is a morphism
from AM to AZ?'. Hence A is a morphism from M to N, and N is a submonoid of A 22!,
Since A maps M onto N, it follows that N has the refinement property. Now suppose that
A € N and (ag,a1) € A. Then there exist g € M such that A = A(g), and fo, f1 € M
with fo + f1 = g, a0 = Qu(fo), and a1 = O, (f1). Say Ao = A(fo) and A1 = A(f1). So
A = Ay + Ay. Moreover,

T(Ao) = T(A(fo)) = D Qulg:) = (Z gz) = Qu(fo) = ao,

<m <m

and similarly T'(A;) = ay. This checks (ii) of Proposition 29.1.
34.1(1) N C 22

In fact, if e € M, then by the above, A(e) € AP, so we just need to show that A(e)
has the new heirarchy property. Suppose that m,n € w\{0}, (@, f1,...,Bm-1) € Ale),
and (ag,...,an—1) € a. Then there are f,g1,...,gm—1 such that f+ > ._ g = e,
a = 0,(f), and Vi < m[B; = ©,(9;) = Bi]. Since (ag,...,an—1) € «, there is a k < w
such that f € My and (ag,...,an—1) € Yi(f). By (iii), there are eqg,...,ep—1 € Mpi1
such that ), e; = fand Vi < n[T(\I!kH(eZ)) = a;]. Hence Vi < n[T(Q,(e;)) = a;]. Now

Zz<n € + Zz<m gi = e, 80 (Oy(eo),---,Ou(€n-1),0u,(g0),---,Ou(gm-1)) € Ale). This
checks the new heirarchy property; so 34 (1) holds.

34.1(2) A[Mg] C 22.

In fact, let e € M. By (iv), Yg(e) € 21, so T(¥g(e)) = [w]ae. Also, T(A(e)) = Qu,(e) D
Wo(e). Hencee T?(A(e)) = [wqe. This proves (182).

Now by Proposition 29.1, A[M{] is isomorphic to a subsemigroup of NBA. Hence it
suffices now to show that A is injective. Suppose that e, f € M and A(e) = A(f). Since M
is distinguished, we can write e = ) . | e; with each e; € M,. Then ©,0e € A(e) = A(f),
so there exist g; so that ZKm gi = fand ©,0e = O, og. Since €}, is a model,
Vi < mg; = e;], s0 e = f. O
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35. Two expansions

Proposition 35.1. Suppose that M s a countable m-monoid, © is a submodel of M,
e € M*, {(a,bg,...,bj—1) € O(e), a # 0, and Fi < mlb; # 0]. Then there exist a
distinguished extension N of M and an expansion ©' of © to a submodel of N such that:

(i) Jeo, e1len, e1 are distinguished in N, e = eg + ey, and N is generated by M U

{eo, ex}]-
(ii) (a) € ©'(eg) and (bo,...,bm—-1) € ©'(e1).
(iii) © | M = ©.

Proof. By Proposition 30.7 let N be a distinguished extension of M with ey,e; € N
such that eg, e are distinguished and nonzero, e = eg+e1, N is generated by M U{eg, 1},
and Proposition 30.7(iii),(iv) hold. Define ¥ : M U {eg,e1} — Z by

v(f)=e) it feM;

35.1(1) The hypotheses of Proposition 32.8 hold for W.

Proposition 32.8(i) is clear. Now by Proposition 32.7, T'0 © is a morphism from M to 2.
Moreover,
35.1(2) There is a morphism A’ : N — & such that To©® C A’, A'(eg) = T'(a) = a, and
A/(€1> = T(Zz<m bl) = Zi<m bl
This holds by Proposition 30.7(iv), since T'(O(e)) = a+ >, b;.

For Proposition 32.8(ii), suppose p,n € w, u € P(M U{egp,e1}), v € "(M U {ep,e1}),

and » 0, u; =) ., vj. Say Y, ui =g+peo+qer and y . v =g +p'eg+q'er with
g,9' € M. Then

D T(¥ () = T(¥(g")) +pT(¥(eo)) + qT(¥(er))

1<p

=T(0(9)) +pa+q) b
<m
= N(g) +pA'(eo) + g (e1)
=N(g+peo+aer) =N [ Y wi | =A"| D v

1<p j<n

=N (g")+p'N(eo) + ¢’ N (e1)
)
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Thus Proposition 32.8(ii) holds. So (183) holds. We thus get a submodel U of N.
To see that U™ [ M = ©, suppose that g € M. Take e’ such that ), _, e; =g. Then
we can write ZKm ; f+meo+nel with f € M. By Proposition 30.7(iii) we have m = n
and ) ,_,. e; = f + me. Hence ZKm U(eh) =0 (X ,omes) =V(f+me) =T(g) =O(g).
So T | M = ©. In particular, " is an expansion of ©.
Now <CL> €a= \11(60) - \IIJF(G()). Also, <b0, e bm71> c Zi<m Bz = \11(61) - \I’+(€1).
L]

Proposition 35.2. Suppose that M is a countable m-monoid, © is a submodel of M, and
eo +e1 = fo+ f1in M*.

Then there exist a distinguished extension N of M and elements goo, o1, 910, 911 Of
N such that N is generated by M U {goo, go1, 910,911}, the gij are distinguished elements,
Vi < 2[e; = Zj<2 gijl, and Vi < 2[f; = > . 5 gij]. Also, there is a submodel A of N such
that Ve € M[©(e) C A(e)].

Proof. We take N and g;; as in Proposition 31.8. So it remains only to find A. For all
i<2leta; =T(0(e;)) and b; = T'(O(f;)). Then a;,b; € & for each i < 2. By Proposition
26.6 there is a ¢ : 2 x 2 — & such that Vi < 2[a; = }_,_,¢;j] and Vj < 2[b; = >, , cijl.
Now define W : M U {goo, go1, 910, 911} — Z by:

U (z) = {@(a:) }fx € M,
Cij it © = g45.

35.2(1) The hypotheses of Proposition 32.8 hold for W.

In fact, Proposition 32.8(i) is clear. For Proposition 32.8(ii), assume that m,n € w,
he™E, fe"E, and ), h; = ZKR fj, where E = M U {goo, 901, 910,911} Now
ToO is a morphlsm from M into &, Vi < 2[T(O(e;)) = a; = >_;5¢i5), and Vj <
2[T(O(fj)) = bj = > ,.5cij]. Hence by Proposition 31.8(v) there is an extension A of
T o © to a morphism of N into & such that Vi,j < 2[A(g;;) = c;j]. Note that for any
i, <2, T(¥(gij)) = cij = A(gij). So A is an extension of T'o W. Hence

SRS SPCIERY O SIA RSN O 9 B oA sEiT

i<m <m <m j<n j<n ji<n

Thus 35.2(1) holds.
By Proposition 32.8, ¥ is a submodel of N. Clearly Ve € M[O(e) C ¥ (e)]. O
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36. The basic lemma

Proposition 36.1. Suppose that M is a countable m-monoid, ¥ is a submodel of M, and
e, f € M. Suppose that e £ f and a =T (¥(e)).

Then there exist ag,a1 € &2 such that a = ag + a1 and there is an expansion © of ¥
such that (ag,a1) € O(e)\O(f).

Proof. Dom(¥[M]) is countable, so by Proposition 26.7 there exist ag, a; such that
a = ag + a1 and ay is linearly independent from Dom(W[M]), with ag # [w¢|se. Define
A: M — Z by:

_ ) ¥(g) if g #e,
A(g)_{xp(e)u(aoml) if g = e.

Clearly A : M — Z. Suppose that m,n € w, h € "M, f' € "M, and ), h; = 2j<n fi
Say >, hi =2 +sa with z € M\{a}, and >, _, fj =y +ta withy € M\{a}. Then

S T(A(h) = T(A) + ST(A(e)) = T(¥(a)) + ST((e) U (g + )
A(z)) + sa = T(A(x)) + sT(\(e))
Az + se)) = T(A(y + te)

T( (f7))-

I
xmﬁﬁ

By Proposition 32.8, let ® be the closure of A; so © is a submodel of M. Moreover,
(ag,a1) € ap+ a1 € Ae) € O(e). If >, u; = f, then each u; # e, and so V(f) =
Yiem Y(ui) = >, Aus); hence ¥(f) = O(f). Since ag ¢ Dom(W[M]), it follows that
(a0, a1) ¢ O(f).

It remains only to show that © is an expansion of ¥. Suppose that v € M. Obviously
U(v) C O(v) N <<¥(Dom(¥[M])). Now suppose that b € O(v), with dmn(b) = m and
Vi < m[b; € Dom(W[M])]. By the definition of closure, there is an m € w and w € ™M
such that . w;=vandbe ), A(w;).

Case 1. Vi < m[wz #el. Then D, Aw;) = >, V(w;) = ¥(>,_,, wi) = ¥Y(v).
So b e U(v).

Case 2. i < m[w; = e]. Then there exist y € M\{e} and p € w such that ), _  w;
y+pe. Then b € A(y)+pA(e) = ¥(y)+p(¥(e)U(ap+a1)). Thus we may assume that b =
b'+b1+- - 4by+bgr1+- - -+by, with b € U(y), by, ..., b, € ¥(e), and byt1,...,b, € Gp+aq.
For each r € {¢+1,...,p} choose ¢, ¢ such that b, = ¢{;+ ¢}, ¢ € ag, ¢ € a;. Moreover,
there are d’,dy,...,d, € M and 7' € ¥U(d'), v1 € ¥U(d1), ... vp € ¥(dp) such that b’ is an
entry in v’ and Vr € {1,...,p}[b- is an entry in ~,|. Thus for all r =g+ 1....,p, ¢{+ ] is
an entry in v, € Dom(W[M]). It follows that ag and a1 appear at the same place in ¢ and
c]. Thus for all r =g+ 1,...,p, b, € a. Now clearly a C W(e), so for all r =q¢+1,...,p,
b, € ¥(e). Hence b € ¥(y) +p¥(e) = ¥(y +pe) = V(3 ,.,, wi) = ¥(v). ]

Proposition 36.2. Suppose that M is a countable m-monoid, ¥ is a submodel of M,
eo,e1 € M, and a € Y(eg + e1). Then there is a submodel © of M such that Ve €
M[¥(e) C O(e)] and a € O(eg) + O(eq).
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Proof. We proceed by induction on the length n of a. For n =1, say a = (x). Then
x=T(V(eg+e1)) =T (VY(ey)) +T(V(er)) =T (¥(eg)+ ¥(er)),soaec VU(eg) + Y(er).

Now suppose inductively that n > 1. Write a = (a; : i < n). We may assume that
ap # 0 and Ji[0 < i < n and a; # 0]. Then by Proposition 35.1 there exist a distinguished
extension N of M and an expansion © of © to a submodel of N such that:

36.2(1) 3fo, filfo, f1 are distinguished in N, eqg + €1 = fo + f1, and N is generated by
M U {fo, f1}].

36.2(2) (ag) € ©'(fo) and (aq,...,an—1) € O'(f1).
36.2(3) © | M = O.

Now by Proposition 35.2 there exist a distinguished extension N’ of N and elements
900, 901, 910, g11 of N’ such that N’ is generated by N U {goo, 901, 910,911}, the g;; are
distinguished elements, Vi < 2[e; = Zj<2 gij], and Vj < 2[f; = > .5 gij]. Also, there is
a submodel A of N’ such that Ve € N[O'(e) C A(e)]. Hence (a1,...,an—1) € O'(f1) C
A(f1) = A(go1 + g11)- By the inductive hypothesis there is a submodel ©” of N’ such that
Ve € N'[A(e) C O"(e)] and (a1, ...,an—1) € ©"(g01)+0O"(g11). Say (a1, ...,an-1) = bo+b1
with by € ©”(go1) and by = ©”(g11). Also, ag = T(O'(fo)) = T(A(fo)) = T(©"(fo)) =
T(0"(goo)) + T(©"(g10)). Let aj = T(0"(goo)) and a} = T(©"(g10)). Then for any
i <2, ()b = ((a)70) + (07b;) € ©"(gio) + O"(gi1) S ©"(gio + gi1) = O"(ei).
Now let ©” = ©” | M. Then ©" is a submodel of M, Ve € M[O(e) C ©"(e)], and
a€ 0" (e) +0"(ey). O

Proposition 36.3. Suppose that M is a countable m-monoid, ¥ is a submodel of M,
ec M, mnecw,ac™¥(e)), and b€ ™(V(e)). Then there is a submodel © of M such
that Vo € M[¥(z) C ©(z)] and there is a c € ™*"(O(e)) such that Vi < mla; =3 _;_,, cij]
and Vj <nlb; = >, .. cijl.

Proof. By Proposition 35.1 and induction, there exist an extension N of M, a
submodel © of M and elements e’ € ™N such that Vi < m[T'(0(e})) = ai], >, € = €,

and © [ M = W. Now b € "(¥(e)) C "(O(e)), so by Proposition 36.2 there is a submodel
A of M such that Vo € M[©(x) C A(x)] and b € >, Ale}). Say b=}, c; with

each ¢; € "(A(e;)). Thus Vj <mn[b; =37, ci;]. Then Vi <m[} ., cij = T(A(e;)) =
T(©(e))) = a;]. Now ¢ € ™*"%, and

7

C:C(/)—\"'/—\Cmfl

=(cg0--"0)+(07¢0--0)+---+ (0707 1)

€> Ale;) CA (Z 61-) = A(e).
1<m 1 <m

Thus A is as desired. O
Proposition 36.4. If U is a submodel of M, (a,b) € V(e) with a # 0, Fi < dmn(b)[b; # 0],

then there exist ag,a; and © such that Vo € M[¥(x) C O(z)], ap # 0 # a1, a = ag + a1,
and (ag, a1, b) € O(e).

154



Proof. By Proposition 35.1 there exist eg, e;, an distinguished extension N of M,
and an expansion ¥ of ¥ to a submodel of N, such that e = ey + €1, a = T(¥'(ep)),
b € V(e), and ¥ [ M = W. Then by Proposition 36.1, taking f = 0, there exist
ap,a; € & and an expansion © of U’ such that a = ag + a1 and (ag,a1) € ©(ep). Hence
(ap,a1,b) € ©eg) + O(e1) C Ofe). O

Proposition 36.5. If M is a countable m-monoid and V¥ is a submodel of M, then there
is a submodel © of M such that Yx € M[¥U(z) C O(x)] and for all e, f € M with e
distinguished and e # f we have ©(e) # O(f).

Proof. Let ((e;, f;) : i € w) list all pairs (e, f) such that e, f € M, e is distinguished,
and e # f. Define ©Y = ¥. Suppose that ©! has been defined so it is a submodel of M
and Vj < iVx € M[©7(z) C ©%(x)]. By Proposition 30.3 we have e; £ f; or f; £ e;. Hence
by Proposition 36.1 there is a submodel ©'T! of M such that Vo € M[O%(x) C O (z)]
and G)Hl(ei) % @H_l(fz)

Now define A(x) = J,. ©'(z) for all z € M. Clearly A is as desired. ]

1EW

Proposition 36.6. If M is a countable distinguished m-monoid and V is a submodel
of M, then there is a submodel © of M such that Y € M[V(z) C O(z)] and Veg,e; €
M[\If(eo + 61) Q @(60 + 61).

Proof. This follows by an easy construction using Proposition 36.2. L

Proposition 36.7. If M is a countable distinguished m-monoid and ¥ is a submodel of
M, then there is a model © of M such that Vo € M|V (x) C O(x)].

Proof. This follows by an inductive construction using Propositions 36.5 and 36.6.
O

37. Proof of Ketonen’s theorem

Proposition 37.1. Let M be a countable distinguished m-monoid, and suppose that U is
a model of M. Suppose that e € M and (ap,a1) € ¥(e). Then there exist a distinguished
extension of M to a countable distinguished monoid N, a model © of N such that Vx €
M[¥(x) C ©(z)], and elements ey, e1 of N, such thate = eg+e1 and Vi < 2[T(O(e;)) = a;].

Proof. By Propositions 35.1 and 36.7. L
Proposition 37.2. Let M be a countable distinguished m-monoid, and suppose that ¥

1s a model of M. If eg +e1 = fo+ f1 in M*, then there exist a distinguished extension
N of M and elements g;; of N fori,j < 2 such that N is countable and distinguished,

Vi <2le; =359, and Vi <2[f; =37, 5 gi]-
Proof. By Propositions 36.3 and 36.7. O

Theorem 37.3. (Ketonen) Every countable monoid can be isomorphically embedded into
NBA.
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Proof. Let M be a countable monoid. Let 0 be a new element, define M’ = M U{0},
and define for any x,y € M’,

x if y =20,

r+py fx,ye M,
,I—I—M/y:{
Y ifx=0+#y.

Thus M’ is a countable m-monoid. By Proposition 30.9 it can be embedded in a countable
atomless distinguished m-monoid N. For each z € N let ¥U(z) = ([wse). Obviously ¥ is
a submodel of N. By Proposition 36.7 there is a model ¥, of N such that Vz € N[¥U(z) C
Uo(x)]. Note that Vo € N[T(¥(x)) = T(¥o(z)) = [w]ael, s0 ¥o[P] C ¥o[N*] C 2.

Let My = N and ¥y = V. Suppose that we have defined countable distinguished
m-monoids My, ..., M,, and models ¥, of M}, for k < m such that if &£ < m then My, is
a distinguished extension of My, Vo € My [V (z) C Y41 (x)], and the following conditions
hold:

37.3(1) Veo, e1, fo, [1 € Myleo +e1 = fo+ fr — g € P2 My11[Vi < 2[e; = > <2 9ij] and
Vi < 2[f; = o0 9isll]-

37.3(2) Ve € My¥(ap,a1) € Yi(e)Jeg,e1 € Mpi1le = eg+e1 and Vi < 2[T'(Vy41(e;)) = ai]].

Using Propositions 37.1 and 37.2 we define My 1 and V¥, satisfying the above conditions.

Now define R = |J;c,, Mk and ©(z) = | J{Vi(z) : © € My}. By Proposition 34.1, M

is a submonoid of NBA. ]
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