
Invariants of countable Boolean algebras
and Ketonen’s theorem

These are notes which are intended to give details in Ershov’s system of invariants of count-
able Boolean algebras, and in Pierce’s treatment of Ketonen’s theorem. In the first part,
concerning the invariants, we also use the treatment of Pinus. We assume an elementary
knowledge of Boolean algebras; see e.g. the book of Koppelberg.

I. Invariants of countable Boolean algebras

1. Elementary theory

A distributive lattice with 0 (A,+, ·, 0) is relatively complemented iff ∀a, b ∈ A[a ≤ b →
∃c ∈ A[a+c = b and a·c = 0]]. ABID is the class of all relatively complemented distributive
lattices with 0. “ABID” abbreviates “abstract ideal”.

Proposition 1.1. If A is a ABID and a, b ∈ A with a ≤ b, then there is a unique c ∈ A
such that a+ c = b and a · c = 0]].

Proof. Suppose that c, d ∈ A with a + c = b, a · c = 0, a + d = b, a · d = 0. Then
c = c · (a+ c) = c · b = c · (a+ d) = c · a+ c · d = c · d ≤ d. Similarly d ≤ c.

If A is a ABID and a, b ∈ A, then a · b ≤ a, and we let a\b be the unique c such that
a · b+ c = a and a · b · c = 0. Note that ∀b ∈ A[0\b = 0]. If A = (A,+, ·, 0) is a ABID, then
we define A′ = (A,+, ·, 0, \).

Proposition 1.2. If A and B are ABIDs and f is a homomorphism from A to B, then
∀a, b ∈ A[f(a\b) = f(a)\f(b)].

Proof.

f(a) · f(b) + f(a\b) = f(a · b+ a\b) = f(a) and

f(a) · f(b) · f(a\b) = f(a · b · (a\b)) = f(0) = 0.

Thus if f is a homomorphism from a ABID A into a ABID B, then f is a homomorphism
from A′ into B′.

Proposition 1.3. If A is a ABID, B is a BA, and (A,+A, ·A) is a subalgebra of
(B,+B, ·B), then ∀a, b ∈ A[a\b = a · (−b)].

Proof. Assume the hypotheses, and suppose that a, b ∈ A. Then

a\b = (a\b) · (a · b+ a\b) = (a\b) · a = (a\b) · (a · b+ a · (−b))

= (a\b) · a · (−b) ≤ a · (−b) = a · (−b) · a

= a · (−b) · (a · b+ a\b) = a · (−b) · (a\b) ≤ a\b.

Proposition 1.4. If A is a ABID, then the following are equivalent:
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(i) ∃e ∈ A∀a ∈ A[a ≤ e].
(ii) There is an e ∈ A such that (A,+, ·,−, 0, e) is a BA, where ∀a ∈ A[−a = e\a].

Proof. (i)⇒(ii): Assume (i), with e as indicated. Define − as in (ii). Then a+−a =
a+ (e\a) = e · a+ (e\a) = e and a · −a = a · (e\a) = e · a · (e\a) = 0.

(ii)⇒(i): clear.

Proposition 1.5. Every finitely generated ABID is a BA.

Proof. If A is a ABID generated by a finite set F , then every element of A is ≤
∑

F .

Proposition 1.6. Every BA A is a maximal ideal in another BA B, where ∀a, b ∈
A[a+A b = a+B b and a ·A b = c ·B b], while ∀a ∈ A[−Aa = 1A ·B −Ba].

Proof. Define f(a) = (0, a) for all a ∈ A. Then f is an injection of A into 2×A. Let
X be such that A∩X = ∅ and |X | = |A|. Let g be a bijection from X onto {(1, a) : a ∈ A}.
Define B = A ∪X and define operations on B so that f ∪ g is an isomorphism of B with
2 × A. Then for all a, b ∈ A,

(f ∪ g)(a+B b) = (f ∪ g)(a) + (f ∪ g)(b) = f(a) + f(b)

= (0, a) + (0, b) = (0, a+A b) = (f ∪ g)(a+A b);

hence a+B b = a+A b. Similarly a ·B b = a ·A b. Further, if a ∈ A, then (f∪g)(1A ·B−Ba) =
(0, 1A)·−(0, a) = (0,−Aa) = (f∪g)(−Aa) and hence 1A ·B−Ba = −Aa. Next, suppose that
a, b ∈ B and a ≤B b ∈ A. Then a ·B b = a, so (f ∪g)(a) = (f ∪g)(a ·B b) = (f ∪g)(a) · (0, b);
hence (f ∪ g)(a) = (0, x) for some x, so a ∈ A. It follows that A is an ideal in B. For any
b ∈ B, if b /∈ A then b ∈ X , hence (f ∪ g)(−Bb) = −(f ∪ g)(b) = −g(b) = −(1, b) = (0,−b);
hence −b ∈ A. So A is a maximal ideal in B.

An ideal in a ABID A is a subset I ⊆ A such that 0 ∈ I, I is closed under +, and
∀a ∈ A∀b ∈ I[a ≤ b ∈ I → a ∈ I]. I is prime iff ∀a, b ∈ A[a · b ∈ I → a ∈ I or b ∈ I].

Proposition 1.7. If I is an ideal in a ABID A, then (I,+, ·, 0) is a ABID.

Proof. Given a, b ∈ I with a ≤ b, we have b\a ∈ I.

Proposition 1.8. If A is a ABID, a, b ∈ A, and a 6= b, then there is a prime ideal I
containing one of a, b but not the other.

Proof. Wlog a 6≤ b. Then {x ∈ A : x ≤ b} is a member of A
def
= {I : I is an ideal

on A with b ∈ I and ∀u ≥ a[u /∈ I}]. By Zorn’s lemma let I be a maximal member of A .
Suppose that x · y ∈ I, but x, y /∈ I. Then the ideal generated by I ∪ {x} is not in A , so
there exist x′ ∈ I and u ≥ a such that u ≤ x + x′. Similarly there are y′ ∈ I and v ≥ a
such that v ≤ y+ y′. Then a ≤ u · v ≤ (x+ x′) · (y+ y′) = x · y+ x · y′ + x′ · y+ x′ · y′ ∈ I,
contradiction.
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Proposition 1.9. Any ABID A is isomorphic to a ABID B of the form

B = (B,∪,∩, ∅).

Moreover, for any a, b ∈ B, a\Bb is the usual set-theoretic relative complement a\b.
B consists of subsets of some set X, and each I ∈ X is a member of some b ∈ B.

Proof. Let A be any ABID. Let X be the set of all proper prime ideals in A. For
each a ∈ A let f(a) = {I ∈ X : a /∈ I}. Then

I ∈ f(a+ b) iff a+ b /∈ I

iff a /∈ I or b /∈ I

iff I ∈ f(a) ∪ f(b);

I ∈ f(a · b) iff a · b /∈ I

iff a /∈ I and b /∈ I;

I ∈ f(0) iff 0 /∈ I

iff F.

Moreover,

(∗) ∀a, b ∈ A∀I ∈ X [a\b /∈ I iff a /∈ I and b ∈ I].

In fact, suppose that a, b ∈ A and I ∈ X . First suppose that a\b /∈ I. Clearly then a /∈ I.
Now (a\b) · b = 0 ∈ I implies that b ∈ I. Second, suppose that a /∈ I, b ∈ I, and a\b ∈ I.
Then a = a·b+(a\b) ∈ I, contradiction. So (∗) holds. By (∗), I ∈ f(a\b) iff I ∈ f(a)\f(b).

Now f is one-one. For, suppose that a, b ∈ A and a 6= b. By Proposition 1.8, wlog
there is a prime ideal I such that a ∈ I and b /∈ I. Hence I /∈ f(a) but I ∈ f(b).

If I ∈ X , then I is proper, so there is an a ∈ A\I. Then I ∈ f(a).

Proposition 1.10. If A is a ABID which is not a BA, then A is a maximal ideal in some
BA B, with ∀a, b ∈ A[a +A b = a +B b, a ·A b = a ·B b, and a\Ab = a ·B −Bb]. Moreover,
B = A ∪ {−x : x ∈ A} and A ∩ {−x : x ∈ A} = ∅.

Proof. By Proposition 1.9 we may assume that A = (A,∪,∩, ∅), such that ∀a, b ∈
A[a\b is the set-theoretic relative complement]. Moreover, A consists of subsets of some
set X , and each x ∈ X is a member of some a ∈ A. Now let B be the Boolean algebra of
subsets of X generated by A.

1.10(1) B = A ∪ {X\a : a ∈ A}.

In fact, it suffices to note that the set on the right is closed under ·. For a, b ∈ A we have
a · b ∈ A, a ∩ (X\b) = a\b ∈ A. Finally, (X\a) ∩ (X\b) = X\(a ∪ b). So 1.10(1) holds.

1.10(2) A ∩ {X\a : a ∈ A} = ∅.

In fact, if a ∈ A and X\a ∈ A then X ∈ A, contradiction.

1.10(3) ∀a, b ∈ B[b ∈ A and a ⊆ b→ a ∈ A].
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For, suppose that a, b ∈ B, b ∈ A, a ⊆ b, and a /∈ A. By 1.10(1) there is a c ∈ A such that
a = X\c. Then X\c = (X\c) ∩ b = b\c ∈ A, contradicting 1.10(2).

Now A is an ideal in B. For, obviously ∅ ∈ A. If a, b ∈ A, then clearly a ∪ b ∈ A. If
a, b ∈ B, b ∈ A, and a ⊆ b, and a /∈ A, then by (1), X\a ∈ A, and hence X = b∪(X\a) ∈ A,
contradiction. So A is an ideal in B.

By 1.10(1), A is maximal.

Elementary arithmetic in a ABID can be carried out using the part of Propositions 1.6
and 1.10 that says that a\b = a · −b in the associated BA.

For any ABID A and any a, b ∈ A, let a△b = (a\b)+(b\a). The proof of the following
proposition illustrates the use of Propositions 1.6 and 1.10.

Proposition 1.11. a△(b△c) = (a△b)△c.

Proof.

a△(b△c) = (a\((b\c) + (c\b))) + (((b\c) + (c\b))\a)

= a · −(b · −c+ c · −b) + (b · −c+ c · −b) · −a

= a · (−b+ c) · (−c+ b) + b · −c · −a+ c · −b · −a

= a · −b · −c+ a · c · b+ b · −c · −a+ c · −b · −a

= a · −b · −c+ a · b · c+ −a · b · −c+ −a · −b · c;

(a△b)△c = (a · −b + b · −a) · −c+ c · −(a · −b + b · −a)

= a · −b · −c+ b · −a · −c+ c · (−a+ b) · (−b+ a)

= a · −b · −c+ b · −a · −c+ c · −a · −b+ c · b · a

= a · −b · −c+ −a · b · −c+ −a · −b · c+ a · b · c.

Proposition 1.12. If R is a congruence relation on a ABID A, a, b, a′, b′ ∈ A, aRa′, and
bRb′, then (a\b)R(a′\b′).

Proof. Assume the hypotheses. For each x ∈ A let [x] be the equivalence class of
x under R. Define f(x) = [x] for all x ∈ A. Then f is a homomorphism. Hence by
Proposition 1.2, f(a\b) = f(a)\f(b) = f(a′)\f(b′) = f(a′\b′) and the result follows.

Proposition 1.13. Let A be a ABID.

(i) If R is a congruence on A, then IR
def
= {a ∈ A : aR0} is an ideal in A.

(ii) If I is an ideal on A, then RI
def
= {(a, b) : (a\b) + (b\a) ∈ I} is a congruence on

A.
(iii) RIR

= R for any congruence R on A.
(iv) IRI

= I for any ideal I on A.

Proof. (i): Assume that R is a congruence on A. Since 0R0, IR is nonempty. Suppose
that a ≤ b ∈ IR. Thus bR0. Hence a = (a·b)R(a·0) = 0, so a ∈ IR. Suppose that a, b ∈ IR.
Then aR0 and bR0, so (a+ b)R(0 + 0) = 0 and a+ b ∈ IR.
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(ii): Assume that I is an ideal on A. Suppose that aRIb and cRId. Then

(a+ c)\(b+ d) = (a\(b+ d)) + (c\(b+ d))

= (a\b) · (a\d) + (c\b) · (c\d)

≤ (a\b) + (c\d) ∈ I,

and similarly (b+ d)\(a+ c) ∈ I, so (a+ c)RI(b+ d). Also,

(a · c)\(b · d) = ((a · c)\b) + ((a · c)\d)

= ((a\b) · (c\b)) + ((a\d) · (c\d))

≤ (a\b) + (c\d) ∈ I,

and similarly (b · d)\(a · c) ∈ I, so (a · c)RI(b · d).
This shows that RI is a congruence on A.
(iii): assume that R is a congruence on A. Suppose that aRIR

b. Thus ((a\b)+(b\a)) ∈
IR, so ((a\b) + (b\a))R0. Now

[(a\b) + (b\a)]\a = [(a\b)\a] + [(b\a)\a]

= (b\a).

Thus (b\a) = ([(a\b)+(b\a)]\a)R(0\a) = 0, so a+ b = ((b\a)+a)Ra. Similarly (a+ b)Rb,
so aRb.

Conversely, suppose that aRb. Then 0 = (a\a)R(a\b), so (a\b) ∈ IR. Similarly
(b\a) ∈ IR, so [(a\b) + (b\a)] ∈ IR. Thus aRIR

b.
(iv): assume that I is an ideal on A. Suppose that a ∈ IRI

. Thus aRI0, so a =
[(a\0) + (0\a)] ∈ I.

Conversely suppose that a ∈ I. Again, a = [(a\0) + (0\a)], so aRI0, hence a ∈ IRI
.

A filter on a ABID A is a subset F of A such that F is nonempty, F is closed under ·, and
∀a, b ∈ A[b ≥ a ∈ F → b ∈ F ]. If A is a ABID and a ∈ A we let a⊥ = {b ∈ A : a · b = 0}.
For F a filter, F⊥ =

⋃

a∈F a
⊥.

Proposition 1.14. a⊥ is an ideal of A.

Proposition 1.15. If F is a filter on a ABID A, then F⊥ is an ideal of A.

Proof. Fix x ∈ F . Then 0 ∈ x⊥, so 0 ∈ F⊥. Suppose that u, v ∈ F⊥. Choose a, b ∈ F
such that u ∈ a⊥ and v ∈ b⊥. Thus a · u = 0 = b · v. Now a · b ∈ F and (u+ v) · a · b = 0,
so u+ v ∈ (a · b)⊥ and so u+ v ∈ F⊥. Finally, suppose that a ≤ b ∈ F⊥. Say y ∈ F and
b ∈ y⊥. Then b · y = 0, and hence a · y = 0. So a ∈ y⊥ and hence a ∈ F⊥.

Proposition 1.16. If A is a ABID and F is a filter on A, then RF⊥ = {(a, b) : ∃c ∈
F [((a\b) + (b\a)) · c = 0]}.
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Proposition 1.17. If A is a ABID and a ∈ A, then A ↾ a is a BA.

Proposition 1.18. If A is a ABID and a ∈ A, define f(x) = (x · a, x\a). Then f is an
isomorphism of A onto (A ↾ a) × a⊥.

Proof. If x ∈ A, then (x\a) · a = 0, so x\a ∈ a⊥. Clearly f preserves the operations.
If x ≤ a and y ∈ a⊥, then y = y · a + y\a = y\a and so f(x+ y) = (x, y). Thus f maps
onto (A ↾ a) × a⊥. Suppose that f(x) = f(y). Thus x · a = y · a and x\a = y\a. So
x = x · a+ x\a = y · a+ y\a = y. So f is one-one.

Let A be a ABID, a ∈ A, and I an ideal of A. Then we let [a]I be the equivalence class of
a under the ideal I; thus [a]I = {a△b : b ∈ I}.

Proposition 1.19. Suppose that X generates a ABID A and f : X → B with B a ABID.
Then f extends to a homomorphism f+ : A→ B iff

∀m ∈ ω\{0}∀n ∈ ω∀a ∈ mX∀b ∈ nX

[(

∏

i<m

ai

)

\





∑

j<n

bj



 = 0 →

(

∏

i<m

f(ai)

)

\





∑

j<n

f(bj)



 = 0

]

.

Proof. ⇒: Clear. ⇐: assume the indicated condition. Now A =
⋃

{〈F 〉 : F ∈
[X ]<ω}, so it suffices to find for each F ∈ [X ]<ω a homomorpism gF : 〈F 〉 → B extending
f . Now 〈F 〉 is a BA, with unit

∑

F . Moreover, −x for any x ∈ 〈F 〉 is (
∑

F )\x. Now
f ↾ F maps into the BA B ↾ (

∑

f [F ]). We claim that

(∗) ∀m,n ∈ ω∀a ∈ mX∀b ∈ nX

[

∏

i<m

ai ·
∏

j<n

(−bj) = 0 →
∏

i<m

f(ai) ·
∏

j<n

(−f(bj)) = 0

]

.

Here m = 0 is possible, with
∏

i<0 ai =
∑

F ; similarly
∏

i<0 f(ai)) =
∑

f [F ]. To prove (∗)
it suffices to note that

∏

j<n(−bj) =
∏

j<n((
∑

F )\bj) = (
∑

F )\
∑

j<n bj , and similarly
∏

j<n(−f(bj)) = (
∑

f [F ])\
∑

j<n f(bj). So (∗) follows from the indicated condition.
Now by (∗) there is a homomorphism gF from the BA 〈F 〉 into the BA B ↾ (

∑

f [F ])
which extends f . Clearly gF is as desired.

Proposition 1.20. If A,B are ABIDs, L ⊆ A is a chain which generates A, and f : L→
B, then f extends to a homomorphism from A into B iff f is increasing.

Proof. By Proposition 1.19.

Proposition 1.21. If A,B are ABIDs, L ⊆ A is a chain which generates A, and f : L→
B, then f extends to an isomorphism from A into B iff ∀a, a′ ∈ L[a ≤ a′ iff f(a) ≤ f(a′)].

Proof. By Proposition 1.19.

Proposition 1.22. If L is a linear order which generates ABIDs A,B, then there is an
isomorphism of A onto B which is the identity on L.
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2. Examples

For any linear order L which has a least element, Intalg(L) is the Boolean algebra of
subsets of L generated by the half-open intervals [a, b) with a < b in L. This notion is
carefully analysed in the Boolean algebra handbook. Now we define the interval algebra
over L, as a ABID, to be

Intalgd(L) = {[a0, b0) ∪ . . . ∪ [am−1, bm−1) : m ∈ ω, a0 < b0 < a1 < · · · < bm−1}

Here we allow m = 0; so ∅ ∈ Intalgd(L). Note that ∞ is not adjoined, so Intalgd(L) is in
general not a BA. Thus, for example, Intalg(ω) and Intalgd(ω) are different as sets.

Proposition 2.1. Intalgd(L) is closed under ∪,∩, \. Hence Intalgd(L) is a ABID.

Proof. For closure under ∩ it suffices to prove that

(∗) [c, d) ∩ ([a0, b0) ∪ . . . ∪ [am−1, bm−1)) ∈ Intalgd(L)

whenever c < d and a0 < b0 < a1 < · · · < bm−1. To prove this, for each i < m let
si = max(c, ai) and ti = min(d, bi). Thus [c, d) ∩ [ai, bi) = [si, ti), which is nonempty iff
si < ti. Let M = {i < m : si < ti}. If i, j ∈ M and i < j, then si < ti ≤ bi < aj ≤ sj.
If M = ∅, then (∗) is empty. If M 6= ∅ and we enumerate M in increasing order as
k(0) < · · · < k(n− 1), then (∗) is [sk(0), tk(0)) ∪ . . .∪ [sk(n−1), tk(n−1)). This shows closure
under ∩.

For closure under ∪ it suffices to show that

(∗∗) [c, d) ∪ [a0, b0) ∪ . . . ∪ [am−1, bm−1) ∈ Intalgd(L)

whenever c < d and a0 < b0 < a1 < · · · < bm−1. To prove this we consider several cases.
Case 1. bm−1 < c. Then (∗∗) is [a0, b0) ∪ . . . ∪ [am−1, bm−1) ∪ [c, d).
Case 2. bm−1 = c. Then (∗∗) is [a0, b0) ∪ . . . ∪ [am−2, bm−2) ∪ [am−1, d).
Case 3. c < a0.

Subcase 3.1. d < a0. Then (∗∗) is clear.
Subcase 3.2. i < m, ai ≤ d ≤ bi. Then (∗∗) is [c, bi) ∪ [ai+1, bi+1) ∪ · · · ∪

[am−1, bm−1).
Subcase 3.3. i < m − 1, bi < d < ai+1. Then (∗∗) is [c, d) ∪ [ai+1, bi+1) ∪ · · · ∪

[am−1, bm−1).
Subcase 3.4. bm−1 < d. Then (∗∗) is [c, d).

Case 4. a0 ≤ c < bm−1 < d.
Subcase 4.1. ai ≤ c ≤ bi. Then (∗∗) is [a0, b0) ∪ . . . ∪ [ai, d).
Subcase 4.2. i < m−1 and bi < c < ai+1. Then (∗∗) is [a0, b0)∪ . . .∪ [ai, bi)∪ [c, d).

Case 5. a0 ≤ c < bm−1 and d ≤ bm−1. Let

x = [c, bm−1) ∪ [a0, b0) ∪ . . . ∪ [am−1, bm−1),

y = [a0, d) ∪ [a0, b0) ∪ . . . ∪ [am−1, bm−1).
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Note that [c, bm−1)∩[a0, d) = [c, d). Hence x∩y is equal to (∗∗). Hence, because Intalgd(L)
is closed under ∩, it suffices to show that x, y ∈ Intalgd(L). First we consider x.

Subcase 5.1. ai ≤ c < bi. Then x is [a0, b0) ∪ . . . ∪ [ai, bm−1).
Subcase 5.2. i < m−1 and bi < c ≤ ai+1. Then x is [a0, b0)∪. . .∪[ai, bi)∪[c, bm−1).

Thus x ∈ Intalgd(L). Now we consider y.
Subcase 5.3. ai ≤ d ≤ bi. Then y is [a0, bi) ∪ [ai+1, bi+1) ∪ · · · ∪ [am−1, bm−1).
Subcase 5.4. i < m − 1 and bi < d < ai+1. Then y is [a0, d) ∪ [ai+1, bi+1) ∪ . . . ∪

[am−1, bm−1).

Thus y ∈ Intalgd(L).
This completes the proof of closure under ∪.
To show closure under \, note that ∀x ∈ A[(0\x) = 0], and if m 6= 0 then

([a0, b0) ∪ . . . ∪ [am−1, bm−1))\([c0, d0) ∪ . . . ∪ [cn−1, dn−1))

=
⋃

i<m

([ai, bi)\([c0, d0) ∪ . . . ∪ [cn−1, dn−1))),

and for all i < m,

[ai, bi)\([c0, d0) ∪ . . . ∪ [cn−1, dn−1)) =
⋂

j<n

([ai, bi)\[cj, dj)).

Hence by the above it suffices to note that for i < m and j < n the element [ai, bi)\[cj, dj)
is in Intalgd(L). We show this by cases.

Case 1. bi ≤ cj . Then [ai, bi)\[cj, dj) = [ai, bi).
Case 2. ai ≤ cj < bi.

Subcase 2.1. bi ≤ dj . Then [ai, bi)\[cj, dj) = [ai, cj).
Subcase 2.2. dj < bi. Then [ai, bi)\[cj, dj) = [ai, cj) ∪ [dj , bi).

Case 3. cj < ai.
Subcase 3.1. bi ≤ dj . Then [ai, bi)\[cj, dj) = ∅.
Subcase 3.2. ai < dj < bi. Then [ai, bi)\[cj, dj) = [dj, bi).
Subcase 3.3. dj ≤ ai. Then [ai, bi)\[cj, dj) = [ai, bi).

3. Vaught’s theorem

Let A and B be ABIDs. A V -correspondence between A and B is a relation R ⊆ A × B
such that the following conditions hold:

(V1) ∀a ∈ A[(a, 0) ∈ R iff a = 0].

(V2) ∀b ∈ B[(0, b) ∈ R iff b = 0].

(V3) ∀(a, b) ∈ R∀c ∈ A∃d0, d1 ∈ B[(a · c, b · d0), (a\c, b\d0), (a+ c, b+ d1), (c\a, d1\b) ∈ R].

(V4) ∀(a, b) ∈ R∀d ∈ B∃c0, c1 ∈ A[(a · c0, b · d), (a\c0, b\d), (a+ c1, b+ d), (c1\a, d\b) ∈ R].

Proposition 3.1. If R is a V -correspondence between countably infinite ABIDs A,B,
then A and B are isomorphic.
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Proof. Assume the hypotheses. Let c0 = 0, c1, . . . enumerate all elements of A and
d0 = 0, d1, . . . all elements of B. We now define finite linearly ordered sets L0 ⊆ L1 ⊆
· · · ⊆ A and strictly increasing functions g0 : L0 → B, g1 : L1 → B, . . . such that for each
n ∈ ω the following conditions hold:

3.1(1) If Ln = {a0, . . . , ak} with a0 < · · · < ak and ∀i ≤ k[bi = gn(ai)], then (ak, bk) ∈ R
and ∀i < k[(ai+1\ai, bi+1\bi) ∈ R.

3.1(2) gn+1 ↾ Ln = gn.

3.1(3) c0, . . . , cn ∈ 〈Ln〉, where 〈Ln〉 is the subalgebra of (A,+, ·, \, 0) generated by Ln.

3.1(4) d0, . . . , dn ∈ 〈gn[Ln]〉.

We define L0 = {0} and g0 = {(0, 0)}. Clearly 3.1(1), 3.1(3) and 3.1(4) hold for n = 0.
Now suppose that Lm and gm have been defined for all m ≤ n so that 3.1(1)–3.1(4) hold.
Say Ln = {a0, . . . , ak} with a0 < · · · < ak and ∀i ≤ k[bi = gn(ai)]. For i ≤ k let a′2i = ai.
For i < k let a′2i+1 = cn+1 · ai+1 + ai. Let a′2k+1 = cn+1 + ak.

3.1(5) a′0 ≤ · · · ≤ a′2k+1.

In fact, for i < k we have a′2i = ai ≤ a′2i+1 ≤ ai+1 = a′2i+2, and a′2k = ak ≤ a′2k+1.

3.1(6) ∀i < k[a′2i+1\a
′
2i = cn+1 · (ai+1\ai)].

In fact, if i < k then a′2i+1\a
′
2i = (cn+1 · ai+1 +ai)\ai = (cn+1 · ai+1)\ai = cn+1 · (ai+1\ai).

3.1(7) ∀i < k[a′2i+2\a
′
2i+1 = (ai+1\ai)\cn+1].

In fact, if i < k then a′2i+2\a
′
2i+1 = ai+1\((cn+1 · ai+1) + ai) = (ai+1\(cn+1 · ai+1)) ·

(ai+1\ai) = (ai+1\cn+1) · (ai+1\ai) = (ai+1\ai)\cn+1.

3.1(8) a′2k+1\a
′
2k = cn+1\ak.

For, a′2k+1\a
′
2k = (cn+1 + ak)\ak = cn+1\ak.

Now by 3.1(1), if i < k, we have (ai+1\ai, bi+1\bi) ∈ R. Hence by (V3) there exist
d′i ∈ B for i < k such that

((ai+1\ai) · cn+1, (bi+1\bi) · d
′
i) ∈ R and

((ai+1\ai)\cn+1, (bi+1\bi)\d
′
i) ∈ R.

Also, (ak, bk) ∈ R, so there is a d′k ∈ B such that

(ak + cn+1, bk + d′k) ∈ R and (cn+1\ak, d
′
k\bk) ∈ R.

Now for all i ≤ k let b′2i = bi. For all i < k let b′2i+1 = bi + ((bi+1\bi) · d′i), and let
b′2k+1 = bk + d′k.

3.1(9) b′0 ≤ · · · ≤ b′2k+1.

To prove this, first note that for any i ≤ k we have bi = gn(ai) ≤ gn(ai+1) = bi+1.
Hence if i < k, then b′2i = bi ≤ bi + ((bi+1\bi) · d′i = b′2i+1 ≤ bi+1 = b′2i+2. Also,
b′2k−1 = b′2(k−1)+1 = bk−1 + ((bk\bk−1) · d′k−1) ≤ bk = b′2k ≤ b′2k+1.
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3.1(10) ∀i < k[b′2i+1\b
′
2i = (bi+1\bi) · d

′
i].

In fact, if i < k then b′2i+1\b
′
2i = ((bi+1\bi) · d′i)\bi = ((bi+1\bi)\bi) · (d′i\bi) = (bi+1\bi) ·

(d′i\bi) = (bi+1\bi) · d′i.

3.1(11) ∀i < k[b′2i+2\b
′
2i+1 = (bi+1\bi)\d′i].

For, if i < k, then

b′2i+2\b
′
2i+1 = bi+1\(bi + ((bi+1\bi) · d

′
i))

= (bi+1\bi) · (bi+1\((bi+1\bi) · d
′
i))

= (bi+1\bi) · ((bi+1\(bi+1\bi)) + (bi+1\d
′
i))

= (bi+1\bi) · (bi+1 · bi + (bi+1\d
′
i)

= (bi+1\bi)\d
′
i.

3.1(12) b′2k+1\b
′
2k = d′k\bk.

For, b′2k+1\b
′
2k = (bk + d′k)\bk = d′k\bk.

3.1(13) ∀j < 2k + 1[(a′j+1\a
′
j, b

′
j+1\b

′
j) ∈ R].

In fact, for i < k we have

a′2i+1\a
′
2i = cn+1 · (ai+1\ai) by 3.1(6),

b′2i+1\b
′
2i = (bi+1\bi) · d

′
i by 3.1(10).

So (a′2i+1\a
′
2i, b

′
2i+1\b

′
2i) ∈ R by the definition of d′i.

Also, for i < k we have

a′2i+2\a
′
2i+1 = (ai+1\ai)\cn+1 by 3.1(7);

b′2i+2\b
′
2i+1 = (bi+1\bi)\d

′
i by 3.1(11).

So (a′2i+2\a
′
2i+1, b

′
2i+2\b

′
2i+1) ∈ R by the definition of d′i.

Finally,

a′2k+1\a
′
2k = cn+1\ak by 3.1(8);

b′2k+1\b
′
2k = d′k\bk by 3.1(12).

So (a′2k+1\a
′
2k, b

′
2k+1\b

′
2k) ∈ R by the definition of d′k.

This proves 3.1(13).

3.1(14) (a′2k+1, b
′
2k+1) ∈ R.

For, a′2k+1 = (a′2k+1\a
′
2k) + (a′2k+1 · a′2k) = (cn+1\ak) + ak = cn+1 + ak by 3.1(8), and

b′2k+1 = bk + d′k. Hence (a′2k+1, b
′
2k+1) ∈ R by the definition of d′k.

3.1(15) ∀j < 2k + 1[a′j = a′j+1 ↔ b′j = b′j+1].
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In fact, suppose that j < 2k+ 1 and a′j = a′j+1. Then a′j+1\a
′
j = 0, and so by 3.1(13) and

(V2), b′j+1\b
′
j = 0. So b′j+1 = b′j+1 · b′j = b′j . The other direction is similar, using 3.1(13)

and (V1).

3.1(16) ∀i < k[a′2i < a′2i+1 or a′2i+1 < a′2i+2].

This follows from 3.1(1) and 3.1(5), since a′2i = ai < ai+1 = a′2i+2.
Now we let a′′0 < · · · < a′′l be a′0, . . . , a

′
2k+1 in increasing order, and set L′

n+1 =
{a′′0 , . . . , a

′′
l }. Further, if a′′i = a′j we let b′′i = b′j . This is unambigous by 3.1(15) and

3.1(16). Let g′n+1(a
′′
i ) = b′′i . Now a′′l = a′2k+1, so

3.1(17) (a′′l , b
′′
l ) ∈ R

by 3.1(14). Suppose that j < l. Say a′′j = a′i with a′i < a′i+1. Then a′′j+1 = a′i+1, so

3.1(18) (a′′j+1\a
′′
j , b

′′
j+1\b

′′
j ) ∈ R

by 3.1(13).
Now if i ≤ k then a′2i = ai and b′2i = bi. For a′′j = a′2i we have g′n+1(a

′′
j ) = b′′j = b′2i =

bi = gn(ai) = gn(a′2i) = gn(a′′j ).

3.1(19) ∀i ≤ k[i > 0 → ai = (ai\ai−1) + (ai−1\ai−2) + · · ·+ (a1\a0)].

We prove 3.1(19) by induction on i. It is true for i = 1 since a0 = 0. Assume it for i < k.
Then ai+1 = (ai+1 ·ai)+(ai+1\ai) = (ai+1\ai)+ai = (ai+1\ai)+(ai\ai−1)+ · · ·+(a1\a0).
So 3.1(19) holds.

Now for k = 0 we have a0 = 0, a′0 = 0, a′1 = c1, c1 = a′1 ∈ L1. If k > 0, then

cn+1 = cn+1 · ak + cn+1\ak =
∑

i<k

(cn+1 · (ai+1\ai) + cn+1\ak by 3.1(19)

=
∑

i<k

(a′2i+1\a
′
2i) + a′2k+1\a

′
2k by 3.1(6) and 3.1(8)

∈ L′
n+1.

Now for i ≤ l let b′′′2i = b′′i and for i < l let b′′′2i+1 = (dn+1 · b′′i+1)+b′′i . Let b′′′2l+1 = dn+1 +b′′l .

3.1(20) b′′′0 ≤ · · · ≤ b′′′2l+1.

In fact, for i < l we have b′′′2i = b′′i ≤ b′′′2i+1 ≤ b′′i+1 = b′′′2i+2, and b′′′2l = b′′l ≤ b′′′2l+1.

3.1(21) ∀i < l[b′′′2i+1\b
′′′
2i = dn+1 · (b

′′
i+1\b

′′
i )].

In fact, if i < l then b′′′2i+1\b
′′′
2i = (dn+1 · b′′i+1 + b′′i )\b′′i = (dn+1 · b′′i+1)\b

′′
i = dn+1 · (b′′i+1\b

′′
i ).

3.1(22) ∀i < l[b′′′2i+2\b
′′′
2i+1 = (b′′i+1\b

′′
i )\dn+1].

In fact, if i < l then b′′′2i+2\b
′′′
2i+1 = b′′i+1\((dn+1·b′′i+1)+b

′′
i ) = (b′′i+1\(dn+1·b′′i+1))·(b

′′
i+1\b

′′
i ) =

(b′′i+1\dn+1) · (b′′i+1\b
′′
i ) = (b′′i+1\b

′′
i )\dn+1.

3.1(23) b′′′2l+1\b
′′′
2l = dn+1\b′′l .

For, b′′′2l+1\b
′′′
2l = (dn+1 + b′′l )\b′′l = dn+1\b′′l .
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Now by 3.1(18), if i < l, we have (a′′i+1\a
′′
i , b

′′
i+1\b

′′
i ) ∈ R. Hence by (V4) there exist

ei ∈ A for i < l such that

((a′′i+1\a
′′
i ) · ei, (b

′′
i+1\b

′′
i ) · dn+1) ∈ R and

((a′′i+1\a
′′
i )\ei, (b

′′
i+1\b

′′
i )\dn+1) ∈ R.

Also, by 3.1(17) (a′′l , b
′′
l ) ∈ R, so by (V4) there is a el ∈ A such that

(a′′l + el, b
′′
l + dn+1), (el\a

′′
l , dn+1\b

′′
l ) ∈ R.

Now for all i ≤ l let a′′′2i = a′′i . For all i < l let a′′′2i+1 = a′′i + ((a′′i+1\a
′′
i ) · ei), and let

a′′′2l+1 = a′′l + el.

3.1(24) a′′′0 ≤ · · · ≤ a′′′2l+1.

For, first note that for any i ≤ l we have a′′i = g′−1
n+1(b

′′
i ) ≤ g′−1

n+1(b
′′
i+1) = a′′i+1. Hence

if i < l, then a′′′2i = a′′i ≤ a′′i + ((a′′i+1\a
′′
i ) · ei = a′′′2i+1 ≤ a′′i+1 = a′′′2i+2. Also, a′′′2l−1 =

a′′′2(l−1)+1 = a′′l−1 + (a′′l \a
′′
l−1) · el−1 ≤ a′′l = a′′′2l ≤ a′′′2l+1.

3.1(25) ∀i < l[a′′′2i+1\a
′′′
2i = (a′′i+1\a

′′
i ) · ei].

In fact, if i < l then a′′′2i+1\a
′′′
2i = ((a′′i+1\a

′′
i ) ·ei)\a′′i = ((a′′i+1\a

′′
i )\a′′i ) ·(ei\a′′i ) = (a′′i+1\a

′′
i ) ·

(ei\a′′i ) = (a′′i+1\a
′′
i ) · ei.

3.1(26) ∀i < l[a′′′2i+2\a
′′′
2i+1 = (a′′i+1\a

′′
i )\ei].

For, if i < l, then a′′′2i+2\a
′′′
2i+1 = a′′i+1\(a

′′
i +((a′′i+1\a

′′
i ) ·ei)) = (a′′i+1\a

′′
i ) ·(a′′i+1\((a

′′
i+1\a

′′
i ) ·

ei)) = (a′′i+1\a
′′
i ) · (a′′i+1\ei) = (a′′i+1\a

′′
i )\ei].

3.1(27) a′′′2l+1\a
′′′
2l = el\a′′l .

For, a′′′2l+1\a
′′′
2l = (a′′l + el)\a′′l = el\a′′l .

3.1(28) ∀j < 2l + 1[(a′′′j+1\a
′′′
j , b

′′′
j+1\b

′′′
j ) ∈ R].

In fact, for i < l we have

a′′′2i+1\a
′′′
2i = (a′′i+1\a

′′
i ) · ei by 3.1(25),

b′′′2i+1\b
′′′
2i = dn+1 · (b

′′
i+1\b

′′
i ) by 3.1(21).

So (a′′′2i+1\a
′′′
2i, b

′′′
2i+1\b

′′′
2i) ∈ R by the definition of ei.

Also, for i < l we have

a′′′2i+2\a
′′′
2i+1 = (a′′i+1\a

′′
i )\ei by 3.1(26);

b′′′2i+2\b
′′′
2i+1 = (b′′i+1\b

′′
i )\dn+1 by 3.1(22).

So (a′′′2i+2\a
′′′
2i+1, b

′′′
2i+2\b

′′′
2i+1) ∈ R by the definition of ei.

Finally,

a′′′2l+1\a
′′′
2l = el\a

′′
l by 3.1(27);

b′′′2l+1\b
′′′
2l = dn+1\bl by 3.1(23).
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So (a′′′2l+1\a
′′′
2l, b

′′′
2l+1\b

′′′
2l) ∈ R by the definition of el.

This proves 3.1(28).

3.1(29) (a′′′2l+1, b
′′′
2l+1) ∈ R.

For, a′′′2l+1 = (a′′′2l+1\a
′′′
2l) + (a′′′2l+1 · a′′′2l) = (el\a′′l ) + a′′l = el + a′′l by 3.1(27), and b′′′2l+1 =

b′′l + dn+1. Hence (a′′′2l+1, b
′′′
2l+1) ∈ R by the definition of el.

3.1(30) ∀j < 2l + 1[a′′′j = a′′′j+1 ↔ b′′′j = b′′′j+1].

In fact, suppose that j < 2l+1 and a′′′j = a′′′j+1. Then a′′′j+1\a
′′′
j = 0, and so by 3.1(28) and

(V2), b′′′j+1\b
′′′
j = 0. So b′′′j+1 = b′′′j+1 · b

′′′
j = b′′′j . The other direction is similar, using 3.1(28)

and (V1).

3.1(31) ∀i < l[a′′′2i < a′′′2i+1 or a′′′2i+1 < a′′′2i+2].

This follows since a′′′2i = a′′i < a′′i+1 = a′′′2i+2, using the definition of a′′ following 3.1(16).
Now we let aiv

0 < · · · < aiv
s be a′′′0 , . . . , a

′′′
2l+1 in increasing order, and set Ln+1 =

{aiv
0 , . . . , a

iv
s }. Further, if aiv

i = a′′′j we let bivi = b′′′j . This is unambigous by 3.1(30). Let

gn+1(a
iv
i ) = bivi . Now aiv

s = a′′′2l+1, so (aiv
s , b

iv
s ) ∈ R by 3.1(29). Suppose that j < s. Say

aiv
j = a′′′i with a′′′i < a′′′i+1. Then aiv

j+1 = a′′′i+1, so (aiv
j+1\a

iv
j , b

iv
j+1\b

iv
j ) ∈ R by 3.1(28).

3.1(32) ∀i ≤ l[i > 0 → b′′i = (b′′i \b
′′
i−1) + (b′′i−1\b

′′
i−2) + · · · + (b′′1\b

′′
0)].

We prove 3.1(32) by induction on i. It is true for i = 1 since b′′0 = 0. Assume it for i < l.
Then b′′i+1 = (b′′i+1 · b

′′
i )+(b′′i+1\b

′′
i ) = (b′′i+1\b

′′
i )+b′′i = (b′′i+1\b

′′
i )+(b′′i \b

′′
i−1)+ · · ·+(b′′1\b

′′
0).

So 3.1(32) holds.
Now s > 0, and

dn+1 = dn+1 · b
′′
l + dn+1\b

′′
l =

∑

i<l

(dn+1 · (b
′′
i+1\b

′′
i )) + dn+1\b

′′
l by 3.1(32)

=
∑

i<l

(b′′′2i+1\b
′′′
2i) + b′′′2l+1\b

′′′
2l by 3.1(21) and 3.1(23)

∈ Ln+1.

3.1(33) Ln ⊆ Ln+1.

In fact, let i ≤ k, so that ai is a typical element of Ln. Then a′2i = ai. Say j < s and
a′′j = a′2i. Then a′′′2j = a′′j . There is a u < s such that aiv

u = a′′′2j . Then aiv
u ∈ Ln+1, proving

3.1(33).

3.1(34) gn ⊆ gn+1

For, let i, j, u be as in the proof of 3.1(33). Then gn+1(ai) = gn+1(a
iv
u ) = bivu . Now

aiv
u = a′′′2j, so bivu = b′′′2j = b′′j . Since a′′j = a′2i, we have b′′j = b′2i = bi = gn(ai). This proves

3.1(34).
We have now verified 3.1(1)–3.1(4) for n + 1. It follows that

⋃

n∈ω gn is strictly
increasing from a generating chain of A to a generating chain of B. By Proposition 1.22
this union extends to an isomorphism from A onto B.
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Let A and B be BAs. A weak V -relation between A and B is a relation R ⊆ A × B such
that the following conditions hold:

(V5) (0, b) ∈ R iff b = 0.

(V6) If (a, b) ∈ R and c ∈ A, then there exist d0, d1 ∈ B such that (a · c, b ·
d0), (a\c, b\d0), (a+ c, b+ d1), (c\a, d1\b) ∈ R.

Proposition 3.2. Suppose that A and B are BAs, A is countable, and R is a weak V -
relation between A and B. Then there is a homomorphism f : A→ B such that for every
a ∈ A there exist m ∈ ω\{0} and b ∈ mA such that

(i) ∀i < m[(bi, f(bi)) ∈ R].
(ii) b is pairwise disjoint and

∑

i<m bi = a.

Proof. Assume the hypotheses. Let 0 = c0, c1, . . . enumerate the members of A
without repetitions. Let L0 = {0} and f0 = {(0, 0)}. Suppose that L0 ⊆ . . . ⊆ Ln, and
f0, . . . , fn have been defined, so that each Li is a finite linearly ordered subset of A and each
fi is an increasing function from Li into B. Say Ln = {e0, . . . , ek}, with e0 < · · · < ek. For
all i < k let fn(ei) = gi. We assume ∀i ≤ k[(ei, gi) ∈ R] and ∀i < k[(ei+1\ei, gi+1\gi) ∈ R].
For all i ≤ k let e′2i = ei. For all i < k let e′2i+1 = cn+1 ·ei+1+ei, and let e′2k+1 = cn+1+ek.
Then

3.2(1) e′0 ≤ e′1 ≤ · · · ≤ e′2k+1.

To prove 3.2(1) we show by induction on j that e′0 ≤ . . . ≤ e′j for all j ≤ 2k + 1. The
case j = 0 is trivial. Now assume that j < 2k + 1 and e′0 ≤ . . . ≤ e′j . For j = 0,
e′1 = c0 · e1 + e0 = e0 = e′0. If j = 2i with i 6= 0, then e′j = e′2i = ei ≤ e′2i+1 = e′j+1. If
j = 2i+ 1, then e′j = e′2i+1 = cn+1 · ei+1 + ei ≤ ei+1 = e′2i+2 = e′j+1.

Also we have for all i < k

e′2i+1\e
′
2i = ((cn+1 · ei+1) + ei)\ei

= cn+1 · (ei+1\ei);

e′2i+2\e
′
2i+1 = ei+1\(cn+1 · ei+1 + ei)

= ei+1 · −(cn+1 · ei+1 + ei)

= ei+1 · (−cn+1 + (−ei+1)) · (−ei)

= ei+1 · (−cn+1) · (−ei)

= (ei+1\ei)\cn+1.

Also,

e′2k+1\e
′
2k = (cn+1 + ek)\ek = cn+1\ek.

Now by (V6), for each i < k, with a, b, c replaced by ei+1\ei, gi+1\gi, cn+1, we obtain
h′i ∈ B such that

((ei+1\ei) · cn+1, (gi+1\gi) · h
′
i), ((ei+1\ei)\cn+1, (gi+1\gi)\h

′
i) ∈ R
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and with a, b, c replaced by ek, gk, cn+1 we get h′k ∈ B such that

(ek + cn+1, gk + h′k), (cn+1\ek, h
′
k\gk) ∈ R.

For all i ≤ k let g′2i = gi, and for all i < k let g′2i+1 = gi + ((gi+1\gi) · h′i). Also, let
g′2k+1 = gk + h′k. Then

3.2(2) g′0 ≤ g′1 ≤ · · · ≤ g′2k+1.

In fact, we prove 3.2(2) by showing that g′0 ≤ . . . ≤ g′j for all j ≤ 2k + 1 by induction on
j. This is trivial for j = 0. Assume that it holds for j < 2k + 1. If j = 2i and i < k,
then g′j = g′2i = gi ≤ g′2i+1. Further, g′2k = gk ≤ g′2k+1. If j = 2i + 1 < 2k + 1, then
g′j = g′2i+1 = gi + ((gi+1\gi) · h′i) ≤ gi+1 = g′2i+2 = g′j+1.

Now for any i < k,

g′2i+1\g
′
2i = (gi + ((gi+1\gi) · h

′
i))\gi

= (gi+1\gi) · h
′
i;

g′2i+2\g
′
2i+1 = gi+1\(gi + ((gi+1\gi) · h

′
i))

= gi+1 · −(gi + gi+1 · (−gi) · h
′
i)

= gi+1 · (−gi) · (−gi+1 + gi + (−h′i)

= gi+1 · (−gi) · (−h
′
i)

= (gi+1\gi)\h
′
i.

Also,
g′2k+1\g

′
2k = (gk + h′k)\gk = h′k\gk.

It follows that ∀i < 2k + 1[(e′i+1\e
′
i, g

′
i+1\g

′
i) ∈ R]. Also, (e′2k+1, g

′
2k+1) ∈ R.

3.2(3) If i < 2k + 1 and e′i = e′i+1, then g′i = g′i+1.

In fact, suppose that e′i = e′i+1. Then e′i+1\e
′
i = 0. and so by (V5), g′i+1\g

′
i = 0 and hence

g′i = g′i+1.

Now let Ln+1 = {e′0, . . . , e
′
2k+1} and fn+1(e

′
i) = g′i for all i < 2k + 1.

3.2(4) ∀i ≤ k[i > 0 → ei = (ei\ei−1) + (ei−1\ei−2) + · · ·+ (e1\e0)].

We prove 3.2(4) by induction on i. It is true for i = 1 since e0 = 0. Assume it for i < k.
Then ei+1 = (ei+1 · ei) + (ei+1\ei) = (ei+1\ei) + ei = (ei+1\ei) + (ei\ei−1) + · · ·+ (e1\e0).
So 3.2(4) holds.

Now

cn+1 = cn+1·ek+(cn+1\ek) = cn+1·
k−1
∑

i=0

(ei+1\ei)+(cn+1\ek) =

k−1
∑

i=0

(e′2i+1\e
′
2i)+(e′2k+1\e

′
2k).

This proves that cn+1 is in the subalgebra of A generated by Ln+1 and also at the final
stage gives (i) and (ii).
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If A and B are BAs, a subset R of A×B is a V -relation between A and B iff the following
conditions hold:

(V7) 1R1

(V8) 0R0

(V9) ∀x[xR0 → x = 0]

(V10) ∀y[0Ry → y = 0]

(V11) ∀x, y, z[xR(y+ z) and y · z = 0 → ∃u, v[x = u+ v and u · v = 0 and uRy and vRz]].

(V12) ∀x, y, z[(x+ y)Rz and x · y = 0 → ∃u, v[z = u+ v and u · v = 0 and xRu and yRv]].

Theorem 3.3. If R is a V -relation between denumerable BAs A and B, then there is an
isomorphism f from A onto B such that for any x ∈ A there exist n ∈ ω and y ∈ nA such
that ∀i, j ∈ n[i 6= j → yi · yj = 0] and x =

∑

i<n yi and yiRf(yi) for all i < n.

Proof. Let A = {ai : i ∈ ω} and B = {bi : i ∈ ω}. We now define c ∈ ωA and d ∈ ωB
by recursion. Let c0 = 1 and d0 = 1. Now suppose that cj and dj have been defined for
all j ≤ 2i so that the following conditions hold:

3.3(1) {(cj, dj) : j ≤ 2i} extends to an isomorphism f from 〈{cj : j ≤ 2i}〉 into B.

3.3(2) For each x ∈ 〈{cj : j ≤ 2i}〉 there exist n ∈ ω and y ∈ n〈{cj : j ≤ 2i}〉 such that
∀i, j < n[i 6= j → yi · yj = 0] and x =

∑

k<n yk and ykRf(yk) for all k < n.

Clearly 3.3(1) and 3.3(2) hold for i = 0. Now we let c2i+1 = ai. Let the atoms of
〈{cj : j ≤ 2i}〉 be e0, . . . , en without repetitions. Take any k with k ≤ n. Then there exist
m ∈ ω and y ∈ m〈{cj : j ≤ 2i}〉 such that ∀i, j < m[i 6= j → yi · yj = 0] and ek =

∑

l<m yl

and ylRf(yl) for all l < m. Since ek is an atom, there is an l < m such that yl = ek. So
ekRf(ek). Thus

3.3(3) ∀k ≤ n[ekRf(ek)].

Now ek = ek ·ai+ek ·−ai, so by (V12) there exist uk, vk such that uk ·vk = 0, f(ek) = uk+vk,
(ek · ai)Ruk, and (ek · −ai)Rvk. Let d2i+1 =

∑

k≤n uk. To show that f ∪ {(c2i+1, d2i+1)}
extends to an isomorphism of 〈{cj : j ≤ 2i + 1}〉 into B, by Sikorski’s extension criterion
it suffices to take any x ∈ 〈{cj : j ≤ 2i}〉 and show that (x · c2i+1 = 0 ↔ f(x) · d2i+1 = 0)
and (x · −c2i+1 = 0 ↔ f(x) · −d2i+1 = 0). Write x =

∑

k∈M ek.

Suppose that x · c2i+1 = 0. Thus x · ai = 0, so ∀k ∈ M [ek · ai = 0]. Since ∀k ≤
n[(ek · ai)Ruk], it follows by (V10) that ∀k ∈M [uk = 0]. Hence

f(x) · d2i+1 =
∑

k/∈M

(f(x) · uk) ≤
∑

k/∈M

(f(x) · f(ek)) =
∑

k/∈M

f(x · ek) = 0.

Conversely, suppose that x · c2i+1 6= 0. Say k ∈ M and ek · ai 6= 0. Since (ek · ai)Ruk, it
follows by (V9) that uk 6= 0. Then f(x) · d2i+1 ≥ f(ek) · d2i+1 ≥ uk 6= 0.

Suppose that x · −c2i+1 = 0. Thus x · −ai = 0, so ∀k ∈ M [ek · −ai = 0]. Since
∀k ≤ n[(ek ·−ai)Rvk], it follows by (V10) that ∀k ∈M [vk = 0], hence ∀k ∈M [uk = f(ek)],
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hence ∀k ∈M [−uk = f(−ek)]. Hence

f(x) · −d2i+1 = f(x) ·
∏

k≤n

−uk ≤ f(x) ·
∏

k∈M

−uk = f(x) ·
∏

k∈M

f(−ek)

= f

(

∑

k∈M

ek

)

·
∏

k∈M

f(−ek) = 0.

Conversely suppose that x · −c2i+1 6= 0. Say k ∈M and ek · −ai 6= 0. So by (V9), vk 6= 0.
Then f(x) · −d2i+1 ≥ f(ek) · −d2i+1 ≥ vk 6= 0.

Thus we have shown

3.3(4) {(cj , dj) : j ≤ 2i+ 1} extends to an isomorphism f ′ from 〈{cj : j ≤ 2i+ 1}〉 into B;
and f ′ extends f .

Now we claim

3.3(5) For each x ∈ 〈{cj : j ≤ 2i+ 1}〉 there exist m ∈ ω and y ∈ m〈{cj : j ≤ 2i+ 1}〉 such
that ∀i, j < m[i 6= j → yi · yj = 0] and x =

∑

k<m yk and ykRf
′(yk) for all k < m.

For, suppose that x ∈ 〈{cj : j ≤ 2i+ 1}〉. Then there are x′, x′′ ∈ 〈{cj : j ≤ 2i}〉 such that
x = x′ · c2i+1 + x′′ · −c2i+1. Say x′ =

∑

k∈M ek and x′′ =
∑

k∈N ek. Then

x = x′ · c2i+1 + x′′ · −c2i+1 =
∑

k∈M∩N

ek +
∑

k∈M\N

(ek · c2i+1) +
∑

k∈N\M

(ek · −c2i+1).

For k ∈M ∩N we have ekRf(ek) = f ′(ek). For k ∈M\N we have

(ek · c2i+1) = (ek · ai)Ruk = f(ek) · d2i+1 = f(ek) · f ′(c2i+1) = f ′(ek · c2i+1).

For k ∈ N\M we have

(ek · −c2i+1) = (ek · −ai)Rvk = f(ek) · −d2i+1 = f(ek) · f ′(−c2i+1) = f ′(ek · −c2i+1).

This proves 3.3(5).
Now we let d2i+2 = bi. Let the atoms of 〈{dj : j ≤ 2i + 1}〉 be e0, . . . , en without

repetitions. Take any k with k ≤ n. Then there exist m ∈ ω and y ∈ m〈{cj : j ≤ 2i+ 1}〉
such ∀i, j ∈ n[i 6= j → yi · yj = 0] and f ′−1(ek) =

∑

l<m yl and ylRf(yl) for all l < m.
Since ek is an atom, there is an l < m such that yl = f ′−1(ek). So f ′−1(ek)Rek. Thus

3.3(6) ∀k ≤ n[f ′−1(ek)Rek].

Now ek = ek ·bi+ek ·−bi, so by (V11) there exist uk, vk such that uk ·vk = 0, f ′−1(ek) = uk+
vk, ukR(ek ·bi), and vkR(ek ·−bi). Let c2i+2 =

∑

k≤n uk. To show that f ′∪{(c2i+2, d2i+2)}
extends to an isomorphism of 〈{cj : j ≤ 2i+2}〉 into B, by Sikorski’s extension criterion it
suffices to take any x ∈ 〈{cj : j ≤ 2i+1}〉 and show that (x · c2i+2 = 0 ↔ f ′(x) ·d2i+2 = 0)
and (x · −c2i+2 = 0 ↔ f ′(x) · −d2i+2 = 0). Write f ′(x) =

∑

k∈M ek.
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Suppose that f ′(x) · d2i+2 = 0. Thus f ′(x) · bi = 0, so ∀k ∈ M [ek · bi = 0]. Since
ukR(ek · bi), it follows from (V9) that ∀k ∈M [uk = 0]. Hence

x · c2i+2 =
∑

k/∈M

(x · uk) ≤
∑

k/∈M

(x · f ′−1(ek)) =
∑

k/∈M

f ′−1(f ′(x) · ek) = 0.

Conversely suppose that f ′(x) · d2i+2 6= 0. Say k ∈ M and ek · d2i+2 6= 0. So ek · bi 6= 0.
Hence by (V10), uk 6= 0. Hence x·c2i+2 ≥

∑

l∈M f ′−1(el)·c2i+2 ≥ f ′−1(ek)·c2i+2 = uk 6= 0.
Suppose that f ′(x) · −d2i+2 = 0. Thus f ′(x) · −bi = 0, so ∀k ∈ M [ek · −bi = 0].

Hence by (V9), ∀k ∈ M [vk = 0]. So ∀k ∈ M [f ′−1(ek) = uk]. Hence f ′(x) =
∑

k∈M ek =
∑

k∈M f ′(f ′−1(ek)) =
∑

k∈M f ′(uk). Hence x =
∑

k∈M uk. So

x · −c2i+2 = x ·
∏

i≤n

−uk =
∑

k∈M

uk ·
∏

i≤n

−uk = 0.

Conversely suppose that f ′(x) · −d2i+2 6= 0. Say k ∈M and ek · −bi 6= 0. Then by (V10)
vk 6= 0. Now x · −c2i+2 ≥ f ′−1(ek) · vk = vk 6= 0.

Thus we have shown

3.3(7) {(cj , dj) : j ≤ 2i+2} extends to an isomorphism f ′′ from 〈{cj : j ≤ 2i+ 2}〉 into B;
and f ′′ extends f ′.

Now we claim

3.3(8) For each x ∈ 〈{cj : j ≤ 2i+ 2}〉 there exist m ∈ ω and y ∈ m〈{cj : j ≤ 2i+ 2}〉 such
that ∀i, j < m[i 6= j → yi · yj = 0] and x =

∑

k<m yk and ykRf(yk) for all k < m.

For, suppose that x ∈ 〈{cj : j ≤ 2i+ 2}〉. Then f ′′(x) ∈ 〈{dj : j ≤ 2i+ 2}〉, so there exist
x′, x′′ ∈ 〈{dj : j ≤ 2i+ 1}〉 such that f ′′(x) = x′ · d2i+2 + x′′ · −d2i+2. Say x′ =

∑

k∈M ek

and x′′ =
∑

k∈N ek. Then

f ′′(x) = x′ · d2i+2 + x′′ · −d2i+2 =
∑

k∈M∩N

ek +
∑

k∈M\N

(ek · d2i+2) +
∑

k∈N\M

(ek · −d2i+2).

For k ∈M ∩N we have f ′−1(ek)Rek. For k ∈M\N we have

(ek · d2i+2) = (ek · bi)R
−1uk = f ′−1(ek) · c2i+2 = f ′′−1(ek · d2i+2),

For k ∈ N\M we have

(ek · −d2i+2) = (ek · −bi)R
−1vk = f ′−1(ek) · −c2i+2 = f ′′−1(ek · −d2i+2).

This proves 3.3(8).

Proposition 3.4. Suppose that R is a relation between countable BAs such that the
following conditions hold:

(i) If ARB with |B| = 1 then |A| = 1.
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(ii) If ARB with |A| = 1, then |B| = 1.
(iii) If ARB and A ∼= A0×A1 then there exist B0, B1 such that B ∼= B0×B1, A0RB0,

and A1RB1.
(iv) If ARB and B ∼= B0×B1 then there exist A0, A1 such that A ∼= A0×A1, A0RB0,

and A1RB1.

Then ARB implies that A ∼= B.

Proof. Assume the hypotheses, and suppose that ARB. Let S = {(a, b) : a ∈ A, b ∈
B, and (A ↾ a)R(B ↾ b). Then S is a V -relation between A and B, so A ∼= B by Theorem
3.3.

4. Superatomic ABIDs

An element a of a ABID a is an atom iff a 6= 0 and ∀b ∈ A[b · a = 0 or b · a = a]. A is
atomless iff it has no atoms, and atomic iff ∀b ∈ A[b 6= 0 → ∃a[a is an atom and a ≤ b]].
A is superatomic iff every homomorphic image of A is atomic. A ABID is trivial iff it has
only one element. Note that the trivial ABID is atomless, atomic, and superatomic. Now
for any ABID A we define

I0(A) = {0};

Iα+1(A) = {a ∈ A : [a]Iα(A) is a finite sum of atoms of A/Iα(A)}

Iλ(A) =
⋃

α<λ

Iα(A) for λ limit.

Note that Iα ⊆ Iα+1, since ∀a ∈ Iα[[a]Iα(A) = 0] and 0 is a finite sum of atoms of A/Iα(A).

Proposition 4.1. Let A be a ABID, and α and γ ordinals.
(i) Iγ(A/Iα(A)) = {[a]Iα(A) : a ∈ Iα+γ(A)}.
(ii) There is an isomorphism fγ from (A/Iα(A))/Iγ(A/Iα(A)) onto A/Iα+γ(A) such

that ∀a ∈ A[fγ([[a]Iα(A)]Iγ(A/Iα(A)) = [a]Iα+γ(A).

Proof. Induction on γ. It is clear for γ = 0. Assume it for γ. To prove (i) for
γ + 1, let [a]Iα(A) ∈ Iγ+1(A/Iα(A)). Then exist an m ∈ ω and for each i < m atoms
[[ci]Iα(A)]Iγ(A/Iα(A) of (A/Iα(A))/Iγ(A/Iα(A)) such that

(∗) [[a]Iα(A)]Iγ(A/Iα(A)) =
∑

i<m

[[ci]Iα(A)]Iγ(A/Iα(A)).

By (ii) for γ, for each i < m, [ci]Iα+γ (A) is an atom of A/Iα+γ(A), and by applying fγ

to (∗) we have [a]Iα+γ(A) =
∑

i<m[ci]Iα+γ (A). Thus a ∈ Iα+γ+1(A). This proves that
Iγ+1(A/Iα(A)) ⊆ {[a]Iα(A) : a ∈ Iα+γ+1(A)}. The other inclusion is proved similarly, so
(i) holds for γ + 1. For (ii) for γ + 1,

[[a]Iα(A)]Iγ+1(A/Iα(A)) = [[a′]Iα(A)]Iγ+1(A/Iα(A)

iff [a]Iα(A)△[a′]Iα(A) ∈ Iγ+1(A/Iα(A))
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iff [a△a′]Iα(A) ∈ Iγ+1(A/Iα(A))

iff ∃b ∈ Iα+γ+1(A)[[a△a′]Iα(A) = [b]Iα(A)] by (i) for γ + 1,

iff ∃b ∈ Iα+γ+1(A)[((a△a′)△b ∈ Iα(A)]

iff a△a′ ∈ Iα+γ+1(A) iff [a]Iα+γ+1(A) = [a′]Iα+γ+1(A).

Now (ii) for γ + 1 follows.
The case with γ limit is straightforward.

Proposition 4.2. Let A be a ABID and α and β ordinals with β ≤ α. For a ∈ Iα(A)
we denote by [a]′Iα(A) the equivalence class of a in Iα(A), while [a]Iα(A) is the equivalence

class of a in A. Then there is an isomorphism f from Iα(A)/Iβ(A) into A/Iβ(A) such

that ∀a ∈ Iα(A)
[

f([a]′Iβ(A)) = [a]Iβ(A)

]

. Moreover, for any a ∈ Iα(A), [a]′Iβ(A) is an atom

of Iα(A)/Iβ(A) iff [a]Iβ(A) is an atom of A/Iβ(A).

Proof. The first part of the proposition is clear. Now suppose that a ∈ Iα(A) and
[a]′Iβ(A) is an atom of Iα(A)/Iβ(A). Suppose that b ∈ A and [b]Iβ(A) ≤ [a]Iβ(A). Then

b\a ∈ Iβ(A). So b = b · a + b\a ∈ Iα(A). Hence b ∈ Iβ(A) or (a\b) ∈ Iβ(A). So [a]Iβ(A) is
an atom of A/Iβ(A).

Conversely, suppose that [a]Iβ(A) is an atom of A/Iβ(A). Suppose that b ∈ Iα(A)
and [b]′Iβ(A) ≤ [a]′Iβ(A). Then (b\a) ∈ Iβ(A), so [b]Iβ(A) ≤ [a]Iβ(A). So b ∈ Iβ(A) or

(a\b) ∈ Iβ(A). Hence [a]′Iβ(A) is an atom of Iβ(A)/Iβ(A).

Proposition 4.3. ∀β ≤ α[Iβ(Iα(A)) = Iβ(A)].

Proof. Induction on β. It is clear for β = 0. Now assume it for β. Suppose that
x ∈ Iβ+1(Iα(A)). Say

[x]Iβ(Iα(A)) =
∑

i<m

[yi]Iβ(Iα(A))

with each [yi]Iβ(Iα(A)) an atom of Iα(A)/Iβ(Iα(A)). Thus by the inductive hypothesis,

[x]Iβ(A) =
∑

i<m

[yi]Iβ(A),

and by Proposition 4.2, each [yi]Iβ(A) an atom of A/Iβ(A). Thus x△
∑

i<m yi ∈ Iβ(A), so
x ∈ Iβ+1(A). The converse is similar.

The limit step is clear.

The atomic rank of A is the least ordinal ar(A) = α such that Iα(A) = Iα+1(A).

Proposition 4.4. If A is an atomic ABID and A is a maximal ideal in a BA B, then B
is atomic.

Proof. Suppose that b ∈ B and B ↾ b is nontrivial and atomless. Let u, v be nonzero
and disjoint with u+v ≤ b. Then u, v /∈ A. In fact, suppose that u ∈ A. Let a be an atom
of A with a ≤ u. Then a ≤ b, so there is a nonzero w ∈ B with w < a. But w ∈ A since A
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is an ideal, contradicting a being an atom of A. Similarly v /∈ A. say u = −a and v = −c
with a, c ∈ A. Then 0 = u · v = (−a) · (−c) and hence a+ c = 1, contradiction.

Proposition 4.5. If A is a ABID, A is a maximal ideal in a BA B, and f : B → C is a
surjective homomorphism with C nontrivial, then f [A] = C or f [A] is a maximal ideal in
C.

Proof. Assume the hypotheses. Clearly f [A] is closed under +. If c ≤ f(a) with
c ∈ C and a ∈ A, choose x ∈ B such that c = f(x). Then f(x·a) = f(x)·f(a) = c·f(a) = c.
Since x · a ∈ A, this shows that c ∈ f [A]. Thus f [A] is an ideal of C. Now ∀x ∈ B[x ∈ A
or −x ∈ A]. If c ∈ C, choose x ∈ B such that f(x) = c. Then c ∈ f [A] or −c ∈ f [A]; the
conclusion follows.

Proposition 4.6. If A is a superatomic ABID and A is a maximal ideal in a BA B, then
B is superatomic.

Proof. Assume the hypotheses, and let f : B → C be a surjective homomorphism,
with C nontrivial. By Proposition 4.5 we have two cases.

Case 1. f [A] = C. Then C is atomic, since A is superatomic.
Case 2. f [A] is a maximal ideal in C. Then f [A] is atomic since A is superatomic,

and then C is atomic by Proposition 4.4.

Proposition 4.7. If A is an atomless ABID which is not a BA, B is a BA, and (A,+, ·)
is a subalgebra of (B,+, ·), then the subalgebra A′ of B generated by A has at most one
atom.

Proof. First note that A′ = A ∪ {−c : c ∈ A}. For, if a, b ∈ A, then

a ·B b = a ·A b ∈ A;

a ·B (−Bb) = a\Ab ∈ A by Proposition 1.3;

(−Ba) ·B (−Bb) = −B(a+A b).

Now suppose that A′ has two distinct atoms x, y. Then there exist a, b ∈ A such that
x = −a and y = −b. Then (−a) · (−b) = 0, so a+ b = 1, contradiction.

Proposition 4.8. For any ABID A the following conditions are equivalent:
(i) A is superatomic.
(ii) No nontrivial homomorphic image of A is atomless.
(iii) Every subalgebra of A is atomic.
(iv) Every subalgebra of A has an atom.
(v) ¬∃a ∈ QA∀q, r ∈ Q[q < r → aq < ar].
(vi) Iar(A)(A) = A.

Proof. (i)⇒(ii): obvious.
(ii)⇒(i): Assume that (i) fails; so there is a homomorphic image B of A which is not

atomic. Hence there is a b ∈ B such that B ↾ b is atomless and nontrivial. Clearly B ↾ b
is a homomorphic image of A, so (ii) fails.
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(i)⇒(iii): Suppose that A is a superatomic ABID and B is a non-atomic subalgebra
of A. Thus A is not a BA. Say b ∈ B\{0} with no atoms of B below b. So B ↾ b is
atomless. By Proposition 1.10, A is a maximal ideal in some BA C. By Proposition 4.6, C
is superatomic. Hence C ↾ b is superatomic. But B ↾ b is an atomless subalgebra of C ↾ b,
contradiction.

(iii)⇒(iv): obvious.
(iv)⇒(v): Assume that (iv) holds but (v) fails; so we get a ∈ QA such that ∀q, r ∈

Q[q < r → aq < ar]. Let B be the subalgebra of (A,+, ·, \, 0) generated by rng(a).

4.8(1) B consists of all finite sums of elements of {aq : q ∈ Q} ∪ {aq\ar : q, r ∈ Q, r < q}.

In fact, let S be the set of all such finite sums. Obviously S contains rng(a) and is closed
under +. To see that it is closed under · it suffices to note that

aq · ar = amin(q,r);

if t < r, then aq · (ar\at) =







ar\at if t < r ≤ q,
aq\at if t < q < r,
0 if q ≤ t < r.

if r < q and t < s, then

(aq\ar) · (as\at) =

{

amin(q,s)\amax(r,t) if max(r, t) < min(q, s),
0 if min(q, s) ≤ max(r, t)

.

For closure under \, note that

aq\ar =

{

aq\ar if r < q,
0 if q ≤ r;

if t < r, then aq\(ar\at) = (aq\ar) + amin(q,t),

if t < r, then (ar\at)\aq =

{

ar\amax(q,t) if q < r,
0 if r ≤ q.

if r < q and t < s, then (aq\ar)\(as\at) = (aq\amax(r,s)) + (amin(q,t)\ar).

Thus 4.8(1) holds.
Now let x be an atom of B. By (1) we may assume that one of the following two cases

holds:
Case 1. x = aq for some q ∈ Q. Let r be a rational less than q. Then 0 < ar < aq,

contradiction.
Case 2. x = aq\ar for some q, r ∈ Q with r < q. Choose t ∈ Q such that r < t < q.

Then 0 < aq\at < aq\ar, contradiction. To see that aq\at < aq\ar, note that ar < at,
hence aq\at ≤ aq\ar. Also, (aq\ar)\(aq\at) = at\ar, so aq\at < aq\ar.

(v)⇒(i): Assume that (i) fails; so there is a homomorphism f of A onto a ABID B
which is not atomic. Then there is a nonzero b ∈ B such that B ↾ b is atomless. For any
a ∈ A let g(a) = f(a) ∩ b. Then g is a homomorphism from A onto B ↾ b.

We now construct b ∈ Q(B ↾ b). Let 〈qi : i ∈ ω〉 be a one-one enumeration of Q. We
define c ∈ ω(B ↾ b)\{0} by recursion. Let c0 ∈ (B ↾ b)\{0} be arbitrary. Now suppose that
c0, . . . , cm−1 have been constructed so that the following condition holds:
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4.8(2) If p is the permutation of m such that qp(0) < · · · < qp(m−1), then cp(0) < · · · <
cp(m−1).

To define cm we consider three cases.
Case 1. ∀i < m[qm < qi]. Let cm be such that ∀i < m[cm < ci].
Case 2. ∀i < m[qi < qm]. Let cm be such that ∀i < m[ci < cm].
Case 3. ∃i < m− 1[qp(i) < qm < qp(i+1)]. Take d such that 0 < d < cp(i+1)\cp(i) and

let cm = cpi
+ d.

Clearly in any case 4.8(2) holds for m+ 1.
Now for any r ∈ Q choose i ∈ ω such that r = qi, and let br = ci. Suppose that

r, s ∈ Q and r < s. Say r = qi and s = qj . Let m = max(i, j) + 1. Let p be the
permutation of m such that qp(0) < · · · < qp(m−1). Say i = p(u) and j = p(v). Then r < s
implies that qi < qj , hence qp(u) < qp(v), hence u < v, hence cp(u) < cp(v), hence ci < cj ,
hence br < bs.

Now for each r ∈ Q let dr ∈ A be such that g(dr) = br. We now define eqi
for each

i ∈ ω by recursion. Let eq0
= dq0

. Suppose that eq0
, . . . , eqm

have been defined so that the
following conditions hold:

4.8(3) ∀i ≤ m[g(eqi
) = bqi

].

4.8(4) ∀i, j ≤ m[bqi
< bqj

→ eqi
< eqj

].

Then we define

eqm+1
=
(

dqm+1
·
∏

{eqi
: i ≤ m, bqm+1

< bqi
}
)

+
∑

{eqi
\dqm+1

: i ≤ m, bqi
< bqm+1

}.

Clearly 4.8(3) holds for m + 1. Now suppose that i ≤ m. If bqi
< bqm+1

, then ∀j ≤
m[bqm+1

< bqj
→ eqi

< eqj
], and so eqi

≤ eqm+1
. By 4.8(3), eqi

< eqm+1
. If bqm+1

< bqi
,

then ∀j ≤ m[bij
< bqm+1

→ eqj
< eqi

], and so eqm+1
≤ eqi

. By 4.8(3), eqm+1
< eqi

.
Thus 4.8(3) and 4.8(4) hold for all m, giving ¬(v).
(ii)⇒(vi): Assume (ii). If Iar(A) 6= A, then A/Iar(A) is nontrivial and atomless, con-

tradicting (ii).
(vi)⇒(iv): Assume that (iv) fails. Let B be a nontrivial atomless subalgebra of A.

We claim

4.8(5) B ∩ Iα(A) = {0} for all α.

Of course this will show that (vi) fails. We prove 4.8(5) by induction on α. It is obvious for
α = 0. Assume it for α, but suppose that 0 6= b ∈ B∩Iα+1(A). Then there exist c0, . . . , cm
such that each [ci]Iα(A) is an atom in A/Iα(A) and [b]Iα(A) = [c0]Iα(A) + · · · + [cm]Iα(A).
There are disjoint nonzero d0, . . . , dm+1 ∈ B with each di < b. For each i ≤ m + 1 there
is a nonempty subset Mi of m+ 1 such that [di]Iα(A) =

∑

j∈Mi
[cj ]Iα(A). The sets Mi are

pairwise disjoint, contradiction. The induction step is clear, so 4.8(5) holds.

Proposition 4.9. If A is a ABID and α is an ordinal, then Iα(A) is superatomic.
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Proof. By Proposition 4.8(vi) it suffices to show that Iα+1(Iα(A)) = Iα(Iα(A)). The
inclusion ⊇ is clear. Suppose that x ∈ Iα+1(Iα(A)). Then in particular x ∈ Iα(A). By
Proposition 4.3, Iα(Iα(A)) = Iα(A).

If A is a superatomic ABID, then α∗(A) is the least ordinal β such that A/Iβ(A) has a
greatest element. Thus α∗(A) ≤ ar(A). If α∗(A) < ar(A), then ar(A) is a successor ordinal.
If α∗(A) = ar(A) and ar(A) is a successor ordinal β+1, then A/Iβ(A) has infinitely many
atoms.

If α∗(A) = ar(A), we set α∗(A) = ar(A) and n(A) = 0. If α∗(A) < ar(A), then α∗(A)
is the β such that ar(A) = β + 1; then A/Iα∗(A)(A) is a finite BA, and we let n(A) be the
number of atoms of A/Iα∗(A)(A). Note that in any case α∗(A) ≤ α∗(A). The atomic type
of a superatomic ABID A is the triple τs(A) = (α∗(A), α∗(A), n(A)). Note that τs applies
only to superatomic ABIDs. If A is the trivial BA, then τs(A) = (0, 0, 0). If A is a finite
BA with n atoms, then τs(A) = (0, 0, n).

Proposition 4.10. For any superatomic ABID A with τs(A) = (β, α, n) one of the
following holds:

(i) n > 0, β ≥ α, and α < ar(A) = β + 1.
(ii) β = α and n = 0.

Proposition 4.11. If A and B are ABIDs and α is an ordinal, then:
(i) Iα(A×B) = Iα(A) × Iα(B).
(ii) There is an isomorphism of (A×B)/Iα(A×B) onto (A/Iα(A))×(B/Iα(B)) such

that ∀a ∈ A∀b ∈ B[f([(a, b)]Iα(A×B)) = ([a]Iα(A), [b]Iα(B)).

Proof. Induction on α. It is clear for α = 0. Now assume it for α. For (i) for α+ 1,
first suppose that (a, b) ∈ Iα+1(A×B). Say

[(a, b)]Iα(A×B) = [(c0, d0)]Iα(A×B) + · · ·+ [(cm−1, dm−1)]Iα(A×B)

with each [(ci, di)]Iα(A×B) an atom of (A × B)/Iα(A × B). We apply (ii) for α: for each
i < m, f([(ci, di)]Iα(A×B)) = ([ci]Iα(A), [di]Iα(B)). It follows that we can write m = M ∪N
with M and N disjoint, ∀i ∈M [[di]Iα(B) = 0 and [ci]Iα(A) is an atom of A/Iα(A)] and ∀i ∈
N [[ci]Iα(A) = 0 and [di]Iα(B) is an atom of B/Iα(B)]. Hence [a]Iα(A) =

∑

i∈M [ci]Iα(A), and
so a ∈ Iα+1(A). Similarly b ∈ Iα+1(B). This proves that Iα+1(A×B) ⊆ Iα+1(A)×Iα+1(B).
The other inclusion is proved similarly, so (i) holds for α+ 1. (ii) for α+ 1 is clear.

The limit step is clear.

Proposition 4.12. For any ABIDs A,B, ar(A×B) = max(ar(A), ar(B)).

Proof. Let γ = ar(A×B). Then by Proposition 4.11,

Iγ(A) × Iγ(B) = Iγ(A×B) = Iγ+1(A×B) = Iγ+1(A) × Iγ+1(B).

Hence Iγ(A) = Iγ+1(A) and Iγ(B) = Iγ+1(B). So max(ar(A), ar(B)) ≤ γ. On the other
hand, let α = ar(A) and β = ar(B). Let δ = max(α, β). Then by Proposition 4.11,

Iδ(A×B) = Iδ(A) × Iδ(B) = Iδ+1(A) × Iδ+1(B) = Iδ+1(A×B).
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Hence the assertion of the proposition follows.

Proposition 4.13. If A and B are superatomic ABIDS, then so is A×B.

Proof. By Proposition 4.12, ar(A × B) = max(ar(A), ar(B). By Theorem 4.8,
Iar(A)(A) = A and Iar(B)(B) = B. Hence by Proposition 4.11,

Iar(A×B)(A×B) = Iar(A×B)(A) × Iar(A×B)(B) = A×B.

So by Theorem 4.8, A×B is superatomic.

Proposition 4.14. Suppose that A1 and A2 are superatomic ABIDs, with τs(A1) =
(α1, β1, n1) and τs(A2) = (α2, β2, n2). Define γ = max(α1, α2), δ = max(β1, β2) and

m =

{

n1 if α2 < α1,
n2 if α1 < α2,
n1 + n2 if α1 = α2.

Then τs(A1 × A2) = (γ, δ,m).

Proof. First we show that

4.14(1) α∗(A1 × A2) = max(α∗(A1), α∗(A2)).

For, let γ = α∗(A1 × A2). Then (A1 × A2)/Iγ(A1 × A2) has a greatest element. By
Proposition 4.11, (A1/Iγ(A1)) × (A2/Iγ(A2)) has a greatest element (x, y). Clearly x is
the greatest element of A1/Iγ(A1) and y is the greatest element of A2/Iγ(A2). Hence
max(α∗(A1), α∗(A2)) ≤ α∗(A1 ×A2). The other inequality is clear also. So 4.14(1) holds.

Now we consider some cases.
Case 1. α∗(A1) < ar(A1) and α∗(A2) < ar(A2). Then ar(A1) = α∗(A1) + 1 and

ar(A2) = α∗(A2)+1. Also, α∗(A1×A2) = max(α∗(A1), α∗(A2)) < max(ar(A1), ar(A2)) =
ar(A1 × A2). Hence ar(A1 × A2) = α∗(A1 × A2) + 1 and n(A1 × A2) is the number of
atoms in (A1×A1)/Iα∗(A1×A2)(A1×A2). Also, max(α∗(A1), α

∗(A2)) = α∗(A1×A2), since
ar(A1 × A2) = max(ar(A1), ar(A2)).

Subcase 1.1. ar(A1) < ar(A2). Then (A1×A2)/Iα∗(A2)(A1×A2) ∼= A2/Iα∗(A2)(A2).
Hence n(A1 × A2) = n(A2), as desired.

Subcase 1.2. ar(A2) < ar(A1). This is symmetric to Subcase 1.1.
Subcase 1.3. ar(A1) = ar(A2). Then

(A1 ×A2)/Iα∗(A2)(A1 ×A2) ∼= (A1/Iα∗(A1)(A1)) × (A2/Iα∗(A2)(A2)).

Hence n(A1 × A2) = n(A1) · n(A2), as desired.
Case 2. α∗(A1) = ar(A1) and ar(A2) < ar(A1). Now α∗(A2) ≤ ar(A2) < ar(A1) =

α∗(A1), so α∗(A1 × A2) = α∗(A1) = ar(A1) = max(ar(A1, ar(A2)) = ar(A1 × A2). Hence
n(A1 × A2) = 0. Also, α∗(A1 × A2) = ar(A1 × A2) = ar(A1) = α∗(A1). Moreover,
α∗(A2) ≤ ar(A2) < ar(A1) = α∗(A1). Hence α∗(A1 × A2) = max(α∗(A1), α

∗(A2)). Since
α∗(A2) < α∗(A1) and n(A1) = 0, this is as desired.
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Case 3. α∗(A1) = ar(A1) and ar(A2) = ar(A1). Then ar(A1 × A2) = ar(A1) and
α∗(A1 ×A2) = α∗(A1) = ar(A1 ×A2). So α∗(A1) = ar(A1). Since α∗(A1 ×A2) = ar(A1 ×
A2), we have α∗(A1 × A2) = ar(A1 × A2) = ar(A1) = α∗(A1) = max(α∗(A1), α

∗(A2)).
Note that n(A1) = n(A1 × A2) = 0. Now if α∗(A2) < ar(A2) then the condition on m
holds. If α∗(A2) = ar(A2), then n(A2) = 0 and again the condition on m holds.

Case 4. α∗(A1) = ar(A1) and ar(A1) < ar(A2).
Subcase 4.1. α∗(A2) < ar(A2). Say α∗(A2) = ε with ar(A2) = ε + 1. Then

ar(A1) ≤ ε, so (A1 × A2)/Iε(A1 × A2) ∼= A2/Iε(A2). Hence α∗(A1 × A2) = ε. Since
α∗(A1) ≤ ar(A1) we have α∗(A1) ≤ ε. So α∗(A1 × A2) = max(α∗(A1), α

∗(A2)). Now
n(A1) = 0 and n(A1 × A2) = n(A2), so the conditions on m hold.

Subcase 4.2. α∗(A2) = ar(A2). Then α∗(A2) = ar(A2) and the conditions in the
proposition are clear.

Case 5. α∗(A2) = ar(A2). This is symmetric to cases 2–4.

Proposition 4.15. If A is a superatomic BA, then τs(A) = (α∗(A), 0, n) with ar(A) =
α∗(A) + 1 and n > 0 is the finite number of atoms in A/Iα∗(A)(A).

Proposition 4.16. If A is a ABID, a ∈ A, and α is an ordinal, then Iα(A) ∩ (A ↾ a) =
Iα(A ↾ a) and there is an isomorphism fα of (A ↾ a)/Iα(A ↾ a) onto (A/Iα(A)) ↾ [a]Iα(A)

such that fα([b]Iα(A↾a)) = [b]Iα(A) for all b ≤ a.

Proof. Induction on α. It is clear for α = 0. Assume it is true for α, and suppose
that b ∈ Iα+1(A)∩(A ↾ a). Then there exist c0, . . . , cm−1 ∈ A such that each [ci]Iα(A) is an
atom of A/Iα(A) and [b]Iα(A) = [c0]Iα(A) + · · ·+ [cm−1]Iα(A). Since b ≤ a, we may assume
that each ci ≤ a. Then f−1

α [ci]Iα(A) = [ci]Iα(A↾a) is an atom of (A ↾ a)/Iα(A ↾ a) and
[b]Iα(A↾a) = [c0]Iα(A↾a) + · · · + [cm−1]Iα(A↾a). Hence b ∈ Iα+1(A ↾ a). Thus Iα+1(A) ∩ (A ↾

a) ⊆ Iα+1(A ↾ a). The other inclusion is proved similarly, so Iα+1(A)∩ (A ↾ a) = Iα+1(A ↾

a).
Now for all b, b′ ≤ a,

[b]Iα+1(A↾a) = [b′]Iα+1(A↾a) iff b△b′ ∈ Iα+1(A ↾ a)

iff b△b′ ∈ Iα+1(A)

iff [b]Iα+1(A) = [b′]Iα+1(A).

Hence fα+1 exists as indicated.
The limit case is clear.

Proposition 4.17. Suppose that A is a superatomic BA, τs(A) = (α, 0, m), and β, n, γ, p
are such that α = max(β, γ) and

m =

{

p if β < γ,
n if γ < β,
p+ n if β = γ.

Then there is an a ∈ A such that τs(A ↾ a) = (β, 0, n) and τs(A ↾ (−a)) = (γ, 0, p).
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Proof. Assume the hypotheses.
Case 1. β < γ. Then A/Iβ(A) is infinite and superatomic, so we can choose

b1, . . . , bn ∈ A such that [b1]Iβ(A), . . . , [bn]Iβ(A) are distinct atoms of A/Iβ(A). We may
assume that b1, . . . , bn are pairwise disjoint. Let a = b1 + · · · + bn. Then by Proposition
4.16, (A ↾ a)/Iβ(A ↾ a) ∼= (A/Iβ(A)) ↾ [a]Iβ(A), so (A ↾ a)/Iβ(A ↾ a) is finite with exactly
n atoms. Hence τs(A ↾ a) = (β, 0, n). By Proposition 4.14, τs(A ↾ (−a)) = (γ, 0, m).

Case 2. γ < β. This is symmetric to Case 1.
Case 3. β = γ. Now A/Iα(A) has exactly m atoms. Let [b1]Iβ(A), . . . , [bn]Iβ(A) be

n of them. We may assume that b1, . . . , bn are pairwise disjoint. Let a = b1 + · · · + bn.
Clearly a is as desired.

Proposition 4.18. If two superatomic countable BAs have the same atomic type, then
they are isomorphic.

Proof. Let A and B be superatomic countable BAs each with type (α, 0, m). We
may assume that α 6= 0; then A and B are infinite. Define

aRb iff a ∈ A, b ∈ B, τs(A ↾ a) = τs(B ↾ b), τs(A ↾ (−a)) = τs(B ↾ (−b)).

We check the conditions (V1)–(V4) for a V-correspondence. (V1) and (V2) are clear. Now
by symmetry it suffices to treat (V3). So, suppose that aRb and c ∈ A. Say τs(A ↾

a) = τs(B ↾ b) = (β, 0, n), τs(A ↾ (a · c)) = (γ, 0, p), τs(A ↾ (a · −c)) = (δ, 0, q), and
τs(A ↾ (−a)) = τs(B ↾ (−b)) = (ε, 0, r). By Proposition 4.14 we have β = max(γ, δ), and

n =

{

p if δ < γ,
q if γ < δ,
p+ q if γ = δ.

Hence by Proposition 4.17 there is a d0 ≤ b such that τs(B ↾ d0) = (γ, 0, p) and τs(B ↾

(b·−d0)) = (δ, 0, q). Thus τs(A ↾ (a·c)) = τs(B ↾ d0) and τs(A ↾ (a·−c)) = τs(B ↾ (b·−d0)).
Now B ↾ (−d0) ∼= (B ↾ −b) × (B ↾ (b · −d0)), so by Proposition 4.14 we get

4.18(1) τs(B ↾ (−d0)) = (ϕ, 0, t), where ϕ = max(ε, δ) and

t =







r if δ < ε),
q if ε < δ,
r + q if δ = ε.

But also A ↾ (−a+−c) ∼= A ↾ (−a+a ·−c) ∼= (A ↾ (−a))×(A ↾ (a ·−c) and τs(A ↾ (−a)) =
τs(B ↾ (−b)) and τs(A ↾ (a · −c)) = τs(B ↾ (b · −d0)), so by Proposition 4.14 and 4.18(1)
we get τs(A ↾ (−a+ −c)) = τs(B ↾ (−d0)). Thus

4.18(2) (a · c)R(b · d0).

Now A ↾ (−a + c) = A ↾ (−a + c · a) ∼= (A ↾ (−a)) × (A ↾ (c · a)) and B ↾ (−b + d0) ∼=
(B ↾ (−b) × (B ↾ d0). Since τs(A ↾ (−a)) = τs(B ↾ (−b)) and τs(A ↾ (c · a) = τs(B ↾ d0), it
follows from Proposition 4.14 that τs(A ↾ (−a+ c)) = τs(−b+ d0). Thus
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4.18(3) (a · −c)R(b · −d0).

Now let τs(A ↾ (−a · −c) = (ϕ, 0, s) and τs(A ↾ (−a · c) = (ψ, 0, t). Then by Proposition
4.14 we get ε = max(ϕ, ψ) and

r =

{

s if ψ < ϕ,
t if ϕ < ψ,
s+ t if ϕ = ψ.

Since τs(B ↾ (−b)) = τs(A ↾ (−a)), it follows from Proposition 4.17 that there is a d1 ≤ −b
such that τs(B ↾ d1) = τs(A ↾ (−a · −c)) and τs(B ↾ (−b · −d1)) = τs(A ↾ (−a · c)) Now
A ↾ (a+c) = A ↾ (a+c·−a) ∼= (A ↾ a)×(A ↾ (c·−a)) and B ↾ (b+−d1) = B ↾ (b+−d1·−b) ∼=
(B ↾ b)×(B ↾ (−d1·−b). Since τs(A ↾ a) = τs(B ↾ b) and τs(A ↾ (c·−a)) = τs(B ↾ (−d1·−b),
it follows from Proposition 4.14 that τs(A ↾ (a+ c)) = τs(B ↾ (b+ −d1)). Thus

4.18(4) (a+ c)R(b+ −d1).

Now A ↾ (−c + a) = A ↾ (a + −c · −a) ∼= (A ↾ a) × (A〈(−c · −a)) and B ↾ (d1 + b) = B ↾

(b+d1 · −b) ∼= (B ↾ b)× (B ↾ (d1 · −b). Since τs(A ↾ a) = τs(B ↾ b) and τs(A ↾ (−c · −a)) =
τs(d1 · −b), it follows from Proposition 4.14 that τs(A ↾ (−c+ a)) = τs(B ↾ (d1 + b)). Thus

4.18(5) (c · −a)R(−d1 · −b).

Now 4.18(2)–4.18(5) verify (V3).

If A is a countable superatomic BA, we define the invariant of A to be INV(A) =
(0, α∗(A), 0, n(A)). INV0 is the set of all invariants of countable superatomic BAs.

Theorem A. (i) INV0 = {(0, α, 0, n) : α a countable ordinal, n a positive integer} ∪
{(0, 0, 0, 0)}.

(ii) For any countable superatomic BAs A,B, A ∼= B iff INV(A) = INV(B).

Proposition 4.19. For every α > 0 and m > 0, τs(Intalg(ωα ·m)) = (α, 0, m).

Proof. Let A = Intalg(ωα ·m). We claim that for all β < α,

4.19(1) atoms(A/Iβ(A)) = {[[ωα · i+ ωβ · ξ, ωα · i+ ωβ · (ξ + 1))]Iβ(A) : i < n, ξ < ωα}.

4.19(2) A/Iβ(A) is generated by the increasing sequence

{[[0, ωβ · ξ)]Iβ(A) : ξ < ωα}⌢

[[0, ωα + ωβ · ξ)]Iβ(A) : ξ < ωα}⌢

. . .

[[0, ωα · (n− 1) + ωβ · ξ)]Iβ(A) : ξ < ωα}.

We prove these statements by induction on β. They are clear for β = 0. Assume them for
β. Then they are clear for β+1. Now assume that γ is limit < ωα and 4.19(1) and 4.19(2)
hold for all β < γ. Then for any i < n and ξ < ωα, [[ωα · i+ωγ · ξ, ωα · i+ωγ · (ξ+1))]Iγ(A)
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is an atom of A/Iγ(A). In fact, first note that each member of Iγ(A) is a finite union of
intervals [ϕ, ψ) with ψ − ϕ < γ; hence [[ωα · i+ ωγ · ξ, ωα · i+ ωγ · (ξ + 1))]Iγ(A) 6= 0. Now

suppose that i < n, ξ < ωα, and δ < ωγ . Choose β < γ so that δ < ωβ . Say β + ε = γ.
Then

[[ωα · i+ ωγ · ξ, ωα · i+ ωγ · ξ + δ))]Iγ(A)

= [[ωα · i+ ωβ · ωε · ξ, ωα · i+ ωβ · ωε · ξ + δ)]Iγ(A)

≤ [[ωα · i+ ωβ · ωε · ξ, ωα · i+ ωβ · ωε · ξ + ωβ)]Iγ(A)

≤ [[ωα · i+ ωβ · ωε · ξ, ωα · i+ ωβ · (ωε · ξ + 1))]Iγ(A) = 0

Now 4.19(1) and 4.19(2) follow for γ.
So 4.19(1) and 4.19(2) hold for all β < α. It follows that A/Iα(A) is generated by

{[[0, ωα)]Iα(A), . . . , [[ω
α · (n− 1),∞)]Iα(A)}.

So A/Iα(A) is finite with n atoms. Hence τs(A) = (α, 0, m).

Corollary 4.20. If A is a countable superatomic BA with τs(A) = (α, 0, m), then A ∼=
Intalg(ωα ·m).

A commutative monoid with 0 is an algebra (M,+, 0) such that + is commutative and
associative, and ∀x ∈ M [x + 0 = x = 0 + x]. BA is the set of all BAs with universe
contained in in some α ≤ ω. For A,B ∈ BA, A + B is a member of BA isomorphic to
A×B. 0 is the one-element BA. Let M be the set ω1 × (ω\{0}) ∪ {0′} with + defined as
follows on M :

(α,m) + (β, n) =







(α,m) if α > β,
(β, n) if α < β,
(α,m+ n) if α = β;

(α,m) + 0′ = 0′ + (α,m) = (α,m);

0′ + 0′ = 0′

SBA is the submonoid of BA consisting of superatomic BAs with universe contained in
ω.

Theorem 4.21. (SBA,+, 0) ∼= (M,+, 0′).

Proposition 4.22. If α is a nonzero ordinal, A is a superatomic ABID, τs(A) = (α, α, 0),
β < α, and n ∈ ω\{0}, then there is an a ∈ A such that τs(A ↾ a) = (β, 0, n) and
τs(a

⊥) = (α, α, 0).

Proof. A/Iβ(A) is infinite and superatomic, so we can choose b1, . . . , bn ∈ A such
that [b1]Iβ(A), . . . , [bn]Iβ(A) are distinct atoms of A/Iβ(A). We may assume that b1, . . . , bn
are pairwise disjoint. Let a = b1 + · · · + bn. Then by Proposition 4.16, (A ↾ a)/Iβ(A ↾
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a) ∼= (A/Iβ(A)) ↾ [a]Iβ(A), so (A ↾ a)/Iβ(A ↾ a) is finite with exactly n atoms. Hence

τs(A ↾ a) = (β, 0, n). Then τs(a
⊥) = (α, α, 0) by Propositions 1.18 and 4.14.

Proposition 4.23. For any countable ordinal α and any countable superatomic ABIDs
A, B, if τs(A) = (α, α, 0) = τs(B), then A ∼= B.

Proof. Assume the hypotheses. Let R = {(a, b) ∈ A × B : a = b = 0, or a 6= 0 6= b,
A ↾ a ∼= B ↾ b}. It suffices now to show that R is a V -correspondence between A and B.
Clearly (V1) and (V2) hold. By symmetry, now, it suffices to check (V3). So suppose that
aRb and c ∈ A. Let f be an isomorphism from A ↾ a onto B ↾ b. Let d0 = f(a · c). Then
A ↾ (a · c) ∼= B ↾ (b · d0) and A ↾ (a\c) ∼= B ↾ (b\d0). So (a · c)R(b · d0) and (a\c)R(b\d0).

Next, (c\a) ∈ a⊥. By Proposition 1.18 we have A ∼= (A ↾ a) × a⊥. Say τs(A ↾

b) = τs(A ↾ a) = (β, 0, n). By Proposition 4.14 we have β < α. Hence by Proposition
4.14, τs(b

⊥) = (α, α, 0). Say τs(c\a) = (β′, 0, n′). Then β′ < α by Proposition 4.14. By
Proposition 4.21 let d1 ∈ b⊥ be such that τs(b

⊥ ↾ d1) = (β′, 0, n′) and τs(d
⊥
1 ) = (α, α, 0).

Then

A ↾ (a+ c) = A ↾ (a+ (c\a)) ∼= (A ↾ a) × A ↾ (c\a) ∼= (B ↾ b) × (B ↾ d1) ∼= B ↾ (b+ d1).

Hence (a+ c)R(b+ d1). Also,

A ↾ (c\a) ∼= (B ↾ d1) = B ↾ (d1\b).

Hence (c\a)R(d1\b).

Proposition 4.24. For every α > 0, τs(Intalgd(ω
α)) = (α, α, 0).

Proof. Let A = Intalgd(ω
α). We prove the following statement by induction on β:

4.23(1) For all β < α, A/Iβ(A) is generated by

{[[0, ωβ · ξ)]Iβ(A) : ξ < ωα}.

This is obvious for β = 0 and the induction steps are clear. From 4.23(1) it is clear that
A/Iα(A) = {0}.

Corollary 4.25. If α is a countable ordinal and A is a superatomic ABID with τs(A) =
(α, α, 0), then A ∼= Intalgd(ω

α).

Proposition 4.26. Suppose that A is a countable superatomic ABID, α ≥ β > 0 and
n ∈ ω\{0}. Suppose that τs(A) = (α, β, n). Then A ∼= Intalg(ωα · n) × Intalgd(ω

β).

Proof. Assume the hypotheses. Let [a0]Iα(A), . . . , [an−1]Iα(A) be the distinct atoms
of A/Iα(A). We may assume that ai · aj = 0 for i 6= j. Let b =

∑

i<n ai. Then τs(A ↾

b) = (α, 0, n). By Proposition 4.14, τs(b
⊥) = (β, β, 0). Now the desired result follows from

Proposition 1.18 and Corollaries 4.20 and 4.25.

Proposition 4.27. If α < β and n ∈ ω, then Intalg(ωα · n) × Intalgd(ω
β) ∼= Intalgd(ω

β).
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Proof. By Propositions 4.19 and 4.24,

τs(Intalg(ωα · n)) = (α, 0, n) and τs(Intalgd(ω
β)) = (β, β, 0).

Then by Proposition 4.14, τs(Intalg(ωα · n) × Intalgd(ω
β)) = (β, β, 0). Hence the desired

conclusion follows from Corollary 4.25.

Proposition 4.28. If A and B are countable superatomic ABIDs such that τs(A) = τs(B),
then A ∼= B.

Proof. By Proposition 4.26.

Proposition 4.29. Suppose that A is a countable superatomic ABID, and let τs(A) =
(α, β, n). Also suppose given ordinals α0, α1 and natural numbers n0, n1 such that the
following conditions hold:

(i) α = max(α0, α1).
(ii) β ≤ α1.
(iii) n0 > 0.
(iv) If n1 = 0, then α1 = β.
(v) If α1 < α0, then n0 = n.
(vi) If α0 < α1, then n1 = n.
(vii) If α0 = α1, then n0 + n1 = n.

Then there is an a ∈ A such that τs(A ↾ a) = (α0, 0, n0) and τs(a
⊥) = (α1, β, n1).

Proof. Case 1. n = 0. Then α = β. By (iii), (v), (vii), α0 < α1. Hence the
ABID A/Iα0

(A) has at least n0 distinct atoms [ai]Iα0
(A) for i < n0. We may assume that

ai · aj = 0 for i 6= j. Let b =
∑

i<n0
ai. Then τs(A ↾ b) = (α0, 0, n0). By Proposition 4.17,

τs(b
⊥) = (α, α, 0), as desired.
Case 2. n 6= 0. Then ar(A) = α+ 1, and A/Iα(A) is finite with n atoms.

Subcase 2.1. α0 < α. Then α = α1 and n1 = n by (vi). Now A/Iα0
(A) has

infinitely many atoms. Let [ai]Iα0
(A) be an atom for i < n0. We may assume that

ai · aj = 0 for i 6= j. Let b =
∑

i<n0
ai. Then τs(A ↾ b) = (α0, 0, n0). By Proposition 4.14,

τs(b
⊥) = (α1, β, n1).

Subcase 2.2. α0 = α and n0 < n. By (v), α1 = α. Hence by (vii), n1 = n − n0.
Let [ai]Iα0

(A) be an atom for i < n0. We may assume that ai · aj = 0 for i 6= j. Let

b =
∑

i<n0
ai. Then τs(A ↾ b) = (α0, 0, n0). By Proposition 4.14, τs(b

⊥) = (α1, β, n1).
Subcase 2.3. α0 = α and n0 = n.

Subsubcase 2.3.2. α1 = α. Then n1 = 0 by (vii), and α1 = β by (iv). Let
[ai]Iα0

(A) be an atom for i < n0. We may assume that ai · aj = 0 for i 6= j. Let

b =
∑

i<n0
ai. Then τs(A ↾ b) = (α0, 0, n0). By Proposition 4.14, τs(b

⊥) = (α1, β, n1).
Subcase 3.2. α1 < α.

Subsubcase 3.2.1. n1 = 0. So α1 = β by (iv). Let f be an isomorphism
of A onto Intalg(ωα · n) × Intalgd(ω

β). Let b = f−1(1, 0). Then τ(b) = (α, 0, n) and
τ(b⊥) = (β, β, 0).

Subsubcase 3.2.2. n1 6= 0. Now β ≤ α1, so A/Iα1
(A) is a BA. It has infinitely

many atoms since α1 < α. Let [ai]Iα1
(A) be distinct atoms for i < n1. We may assume
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that ai · aj = 0 for i 6= j. Let b =
∑

i<n1
ai. Then τ(A ↾ b) = (α1, 0, n1). By Proposition

4.14, τ(b⊥) = (α, β, n). Let g be an isomorphism from b⊥ onto Intalg(ωα ·n)×Intalgd(ω
β).

Let c = g−1(1, 0). Then τ(A ↾ c) = (α, 0, n). For any x ∈ c⊥ let f(x) = (x · b, x\b). Then
f(x) ∈ (A ↾ b) × {y ∈ b⊥ : y · g−1(1, 0) = 0}. Clearly f is one-one and is a homomorpism.
If y ∈ (A ↾ b) and z ∈ b⊥ with z · g−1(1, 0) = 0, then y + z ∈ c⊥, and f(y+ z) = (y, z). So
f is an isomorphism, and hence τ(c⊥) = (α1, β, n1), as desired.

Proposition 4.30. If J is an ideal in a ABID A and α is an ordinal, then
(i) ∀α[J ∩ Iα(A) = Iα(J)].
(ii) {([a]Iα(J), [a]Iα(A)) : a ∈ J} is an isomorphism of J/Iα(J) onto an ideal of

A/Iα(A).

Proof. Induction on α. It is clear for α = 0. Assume it for α. First we prove (i)
for α + 1. Suppose that x ∈ J ∩ Iα+1(A). Then we can write [x]Iα(A) =

∑

i<m[yi]Iα(A),
where each [y]Iα(A) is an atom of A/Iα(A). Let y′i = yi · x for all i < m. Then for each
i < m, yi△y′i = yi\x ∈ Iα(A), so [yi]Iα(A) = [y′i]Iα(A). Note that ∀i < m[y′i ∈ J ]. By
(ii) for α, [y′i]Iα(J) is an atom of J/Iα(J). Now x△

∑

i<m y′i ∈ J ∩ Iα(A), so by (i) for α,
x△

∑

i<m y′i ∈ Iα(J). It follows that x ∈ Iα+1(J).
Conversely, suppose that x ∈ Iα+1(J). Then we can write

[x]Iα(J) =
∑

i<m

([yi]Iα(J),

with each [yi]Iα(J) an atom of J/Iα(J). Then by (ii) for α, each [yi]Iα(A) is an atom of
A/Iα(A). Also, x△

∑

i<m yi ∈ Iα(J) ⊆ Iα(A). So x ∈ Iα+1(A). This proves (i) for α+ 1.
To prove (ii) for α+ 1, suppose that a, a′ ∈ J . Then

[a]Iα(J) = [a′]Iα(J) iff a△a′ ∈ Iα(J)

iff a△a′ ∈ Iα(A).

Then (ii) follows.
The limit case is clear.

Corollary 4.31. For any ordinals α, β, Intalgd(ω
α) × Intalgd(ω

β) ∼= Intalgd(ω
max(α,β)).

Proof. By Proposition 4.14.

Corollary 4.32. Let A be a countable superatomic ABID, τs(A) = (α, α, 0), β < α,
m ∈ ω\{0}. Then there is an a ∈ A such that τs(A ↾ a) = (β, 0, m) and τs(a

⊥) = (α, α, 0).

Proof. Replace A, α, β, n, α0, α1, n0, n1 by A, α, α, 0, β, α,m, 0 in Proposition 4.29.

5. Countable BAs in general

Proposition 5.1. If A is a BA, J is a superatomic ideal of A, and A/J is atomless, then
∀α[Iα(A) ⊆ J ].
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Proof. Suppose not, and let α be minimum such that Iα(A) 6⊆ J . Clearly then
α is a successor ordinal β + 1. Say x ∈ Iα(A)\J . Write [x]Iβ(A) =

∑

i<m[yi]Iβ(A) with
each [yi]Iβ(A) an atom of A/Iβ(A). Wlog each yi ≤ x. Now x△

∑

i<m yi ∈ Iβ(A), so
x\
∑

i<m yi ∈ J . It follows that there is an i < m such that yi /∈ J . Choose u /∈ J with
[u]J < [yi]J . Let u′ = u · yi. Since u\yi ∈ J , it follows that u′ /∈ J . Hence u′ /∈ Iβ(A), so
[u′]Iβ(A) = [yi]Iβ(A). Hence yi\u′ ∈ Iβ(A), and so yi\u′ ∈ J , contradiction.

Proposition 5.2. If A is a BA, J is a superatomic ideal of A, and A/J is atomless, then
Iar(A)(A) = J .

Proof. By Proposition 4.30, Iar(A)+1(J) = J∩Iar(A)+1(A) = J∩Iar(A)(A) = Iar(A)(J).
Hence ar(J) ≤ ar(A) and Iar(A)(J) = J ⊆ Iar(A)(A). By Proposition 4.30, Iar(A)(A) ⊆ J .
So Iar(A)(A) = J .

For any ABID A define the atomic type of A to be τ(A)
def
= τs(Iar(A)(A)). The atomic

type of an element a ∈ A is τ(a)
def
= τs((A ↾ a) ∩ Iar(A)(A)). If A is superatomic, then

Iar(A)(A) = A, and hence τ(A) = τs(A). A function f : A → α is additive iff f(0) = 0
and for all a, b ∈ A, f(a+ b) = max{f(a), f(b)}. The middle entry of τ(A) is denoted by
σ′(A), and the middle entry of τ(a) by σ′(a). These entries are also called special. Thus
σ′(A) is the least β such that Iar(A)(A)/Iβ(Iar(A)(A)) has a greatest element, and for each
a ∈ A, σ′(a) is the least β such that ((A ↾ a) ∩ Iar(A)(A))/Iβ((A ↾ a) ∩ Iar(A)(A)) has a
greatest element. By convention, σ′(0) = 0. A BA A is special iff it is atomic with atomic
type (ar(A), ar(A), 0).

Proposition 5.3. Suppose that A is a ABID, τ(A) = (α, β, n), a ∈ A, σ′(a) = γ,
σ′(a⊥) = δ, and (α0, γ,m) and (α1, δ, k) are such that

(i) α0 ≥ γ, α1 ≥ δ, and α = max(α0, α1).
(ii) If α1 < α0, then m = n.
(iii) If α0 < α1, then k = n.
(iv) If α0 = α1, then m+ k = n.
(v) If m = 0 then α0 = γ.
(vi) If k = 0 then α1 = δ.

Then there is a b ∈ A such that [a]Iar(A)(A) = [b]Iar(A)(A), τ(A ↾ b) = (α0, γ,m), and

τ(b⊥) = (α1, δ, k).

Proof. Assume the hypotheses. We may assume that |A| > 1. Let A′ = Iar(A)(A).
Let f be an isomorphism from (A ↾ a) ∩A′ onto Intalg(ωϕ · p) × Intalgd(ω

γ), and let g be
an isomorphism from a⊥ ∩ A′ onto Intalg(ωξ · q) × Intalgd(ω

δ). Then

A′ ∼= Intalg(ωϕ · p) × Intalg(ωξ · q) × Intalgd(ω
γ) × Intalgd(ω

δ);

Intalg(ωϕ · p) × Intalg(ωξ · q) ∼= Intalg(ωα · n);

Intalgd(ω
γ) × Intalgd(ω

δ) ∼= Intalgd(ω
β).

Let d = f−1(1, 0) + g−1(1, 0). Then A′ ↾ d ∼= Intalg(ωα · n).
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Case 1. n 6= 0.
Subcase 1.1. m 6= 0 6= k. We apply Proposition 4.29 with β,A, n0, n1 replaced

by 0, A′ ↾ d,m, k to get an element c ∈ A′ ↾ d such that τs(A
′ ↾ c) = (α0, 0, m) and

τs(c
⊥ ∩ (A′ ↾ d) = (α1, 0, k). Let b = c + a\f(1, 0). Now c ≤ d = f−1(1, 0) + g−1(1, 0)

and a · g−1(1, 0) = 0, so c · (a\f(1, 0)) = 0 and τ(a\f(1, 0)) = (γ, γ, 0). Hence τ(A ↾ b) =
(α0, γ,m). Now we claim

5.3(1) b⊥ ∩ A′ = {x+ y : x, y ∈ A′, x ≤ d\c, y · (a+ g−1(1, 0)) = 0}.

In fact if x ≤ d\c, then x · c = 0. Also, d\f(1, 0) = g(1, 0) ≤ a⊥, so x · (a\f(1, 0)) ≤
(d\c) · (a\f(1, 0)) ≤ d · (a\f(1, 0)) = 0. Also, if y · (a + g−1(1, 0)) = 0, then y · d =
y ·(f−1(1, 0)+g−1(1, 0)) ≤ y ·(a+g−1(1, 0)) = 0. Hence y ·c = 0. Clearly y ·(a\f(1, 0)) = 0,
so y · b = 0. Hence the right side of 5.3(1) is contained in the left side. Now suppose that
z ∈ b⊥ ∩ A′. Then z = z · (d\c) + z\(d\c). So to show that z is in the right side of 5.3(1)
it suffices to show that y · (a + g−1(1, 0)) = 0, where y = z\(d\c). Now y = (z\d) + z · c.
But z · c = 0 since z · b = 0. We have a · (z\d) = z · (a\d) ≤ f(1, 0)\d = 0. Next,
g−1(1, 0) · (z\d) ≤ g−1(1, 0)\d = 0. All of this proves 5.3(1).

Now y ·(a+g−1(1, 0)) = 0 iff y ∈ a⊥\g(1, 0). Now if y ∈ a⊥\g(1, 0), then y ·(d\c) = y ·
(f−1(1, 0)+g−1(1, 0))\c = y ·f−1(0, 1)\c = 0. Thus with x and y as in (1) we have x·y = 0.
Hence from (1) we get b⊥ ∩ A′ ∼= (A′ ↾ (d\c) × (a⊥\g(1, 0)) Now τs(A

′ ↾ (d\c) = (α1, 0, k)
and τs(a

⊥\g(1, 0)) = (δ, δ, 0). Hence τ(b⊥) = (α1, δ, k).
Finally, a\f(1, 0) ≤ b and so a\b ≤ f(1, 0); hence a\b ∈ A′. Also, b\a = c\a ≤ c;

hence b\a ∈ A′. Thus a△b ∈ A′.
Subcase 1.2. m = 0. Then by (v), α0 = γ. Let b = a\f−1(1, 0). By (iii) and

(iv), n = k. Since m = 0 and n 6= 0, by (ii) we have α0 ≤ α1; hence α = α1. Then
τ(A ↾ b) = (γ, γ, 0). Now b⊥ = a⊥ + f(1, 0), so τ(b⊥) = (α, δ, n) = (α1, δ, k). Clearly
a△b ∈ A′.

Subcase 1.3. k = 0. Then by (vi), α1 = δ. Also, by (iii) α1 ≤ α0; so α = α0. By
(ii) and (iv), m = n. Let b = a + d. Then τ(A ↾ b) = (α, γ, n) = (α0, γ,m). We have
b⊥ ∩ A′ = {x ∈ A′ : x · (a+ d) = 0} and so τ(b⊥) = (δ, δ, 0). Clearly a△b ∈ A′.

Case 2. n = 0. Then α = β.
Subcase 2.1. m = k = 0. By (v) and (vi), a is as desired.
Subcase 2.2. m 6= 0. Then by (ii) and (iv), α0 < α1. So α = α1. By (iii),

k = 0. Hence by (vi), α1 = δ. Since α0 ≥ γ, we have γ < α. max(γ, δ) = α, so
δ = α. Hence τs(a

⊥ ∩ A′) = (δ, δ, 0). Now we apply Corollary 4.32 with A, α, β,m
replaced by a⊥ ∩ A′, δ, α0, m. This gives c ∈ a⊥ ∩A′ such that τs(A

′ ↾ c) = (α0, 0, m) and
τs({x ∈ a⊥ ∩ A′ : x · c = 0}) = (δ, δ, 0).

Subsubcase 2.2.1. p = 0. Then τ(A ↾ a) = (γ, γ, 0). Let b = a + c. Then
(A ↾ b) ∩ A′ ∼= ((A ↾ a) ∩ A′) × (A ↾ c), and so τ(A ↾ b) = (α0, γ,m). Now b⊥ ∩ A′ = {x ∈
A′ : x · (a+ c) = 0}, so τ(b⊥) = (δ, δ, 0).

Subsubcase 2.2.2. p 6= 0.

5.3(2) ϕ < α.

In fact, suppose that ϕ = α. Since γ < α, it follows that γ < ar((A ↾ a) ∩ A′) and so
ar((A ↾ a) ∩ A′) = α+ 1. Since ar(A′) = α, this is a contradiction.
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Let b = a\f−1(1, 0) + c. Then A ↾ b ∼= (A ↾ (a\f−1(1, 0))) × (A ↾ c). Now τ(A ↾

(a\f−1(1, 0))) = (γ, γ, 0) and τ(A ↾ c) = (α0, 0, m). Hence τ(A ↾ b) = (α0, γ,m).

5.3(3) b⊥ ∩ A′ = {x+ y : x · (a+ c) = 0, y ≤ f−1(1, 0)}.

In fact, ⊇ is clear. Now suppose that z ∈ b⊥ ∩A′ and z · f−1(1, 0) = 0. Then

0 = z · (a\f−1(1, 0) + c) = z · (a\f−1(1, 0)) + z · c

= z · (a\f−1(1, 0)) + z · a · f−1(1, 0) + z · c = z · (a+ c).

So 5.3(3) holds.
It follows that b⊥ ∩ A′ ∼= {x : x · (a + c) = 0} × (A ↾ f−1(1, 0)). Now {x : x · (a +

c) = 0} ∼= Intalgd(ω
δ) and (A ↾ f−1(1, 0)) ∼= Intalg(ωϕ · p). Hence by Proposition 4.27,

τ(b⊥) = (δ, δ, 0).
Subcase 2.3. k 6= 0. Then by (iii) and (iv), α1 < α0 and m = 0. Hence α0 = γ by

(v). δ ≤ α1 so δ < γ. Hence α = max(γ, δ) = γ. Hence τ(A ↾ a) = (γ, γ, 0). Now we apply
Corollary 4.32 with A, α, β,m replaced by (A ↾ a)∩A′, γ, γ, 0. This gives c ∈ (A ↾ a)∩A′)
such that τ(A ↾ c) = (α1, 0, k) and τs({x : x ≤ a, x · c = 0}) = (γ, γ, 0).

Subsubcase 2.3.2. q = 0. Then τ(a⊥) = (δ, δ, 0). Let b = a\c. Then τ(A ↾ b) =
(γ, γ, 0).

5.3(4) b⊥ = {y + z : y · a = 0, z ≤ c}.

In fact, ⊇ is clear, and if x ∈ b⊥ and x · c = 0, then 0 = x · (a\c) = x · (a\c)+x ·a · c = x ·a,
proving ⊆.

It follows that b⊥ ∩ A′ ∼= (a⊥ ∩ A′) × (A ↾ c). Hence τ(b⊥) = (α1, δ, k), as desired.
Subsubcase 2.3.2. q 6= 0.

5.3(5) ξ < α.

This is proved as for 5.3(2).
Let b = a\c+g−1(1, 0). Then (A ↾ b)∩A′ ∼= Intalgd(ω

γ)× Intalg(ωξ ·q) ∼= Intalgd(ω
γ)

by Proposition 4.27. So τ(A ↾ b) = (γ, γ, 0). Now b⊥ ∩ A′ = {x+ y : x · (a + g−1(1, 0)) =
0, y ≤ c}. Hence b⊥ ∩A′ ∼= {x : x · (a+ g−1(1, 0)) = 0}× (A ↾ c). Hence τ(b⊥) = (α1, δ, k).

Proposition 5.4. If A is a ABID, a ∈ A, J is an ideal of A, and β is an ordinal, then
(i) Iβ((A ↾ a) ∩ J) = (A ↾ a) ∩ Iβ(J)].
(ii) There is an isomorphism f of ((A ↾ a) ∩ J)/Iβ((A ↾ a) ∩ J) onto (J/Iβ(J)) ↾

(a△Iβ(J)) such that for any x ∈ (A ↾ a) ∩ J , f([x]Iβ((A↾a)∩J)) = [x]Iβ(J).

Proof. For brevity let B = (A ↾ a)∩ J . We prove the proposition by induction on β.
It is clear for β = 0. Now assume it for β. Suppose that x ∈ Iβ+1(B). Then there exist
an m ∈ ω and elements yi ∈ B for i < m such that each [yi]Iβ(B) is an atom in B/Iβ(B)
and [x]Iβ(B) =

∑

i<m[yi]Iβ(B). Hence x△
∑

i<m yi ∈ Iβ(B), so by the inductive hypothesis
(x△

∑

i<m yi) ∈ Iβ(J). Also by the inductive hypothesis each f([yi]Iβ(B) = [yi]Iβ(J)

is an atom in J/Iβ(J). Applying f to the equation [x]Iβ(B) =
∑

i<m[yi]Iβ(B) we get
[x]Iβ(J) =

∑

i<m[yi]Iβ(J . Hence x ∈ Iβ+1(J). Thus we have ⊆ in (i) for β + 1. Reversing
these steps we get ⊇ also. So (i) holds for β + 1.
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For (ii) for β + 1, we have for any x, x′ ∈ A ↾ a

[x]Iβ+1((A↾a)∩J) = [x′]Iβ+1((A↾a)∩J) iff (x△x′) ∈ Iβ+1((A ↾ a) ∩ J))

iff (x△x′) ∈ Iβ(J) by (i) for β + 1

iff [x]Iβ(J) = [x′]Iβ(J).

Now (ii) for β + 1 follows.
The limit case is clear.

Proposition 5.5. For any ABID A let α = σ′(A). Then σ′ ↾ A is an additive function
with range contained in α+ 1.

Proof. We have σ′(0) = 0.

5.5(1) ∀a ∈ A[σ′(a) ≤ σ′(A)].

For, suppose that a ∈ A. Iar(A)(A)/Iα(Iar(A)(A)) has a largest element [b]Iα(Iar(A)(A)),
where b ∈ Iar(A)(A). Now we apply Proposition 5.4, with J = Iar(A)(A). Note that
(a · b) ∈ (A ↾ a) ∩ Iar(A)(A). We claim that [a · b]Iα((A↾a)∩Iar(A)(A)) is the greatest element
of ((A ↾ a) ∩ Iar(A)(A))/Iα((A ↾ a) ∩ Iar(A)(A)). For, suppose that c ∈ (A ↾ a) ∩ Iar(A)(A).
Then [c]Iα(Iar(A)(A)) ∈ Iar(A)(A)/Iα(Iar(A)(A)), and hence [c]Iα(Iar(A)(A)) ≤ [b]Iα(Iar(A)(A)).
But also [c]Iα(Iar(A)(A)) ≤ [a]Iα(Iar(A)(A)), so [c]Iα(Iar(A)(A)) ≤ [a · b]Iα(Iar(A)(A)). Applying

f−1 from Proposition 5.4 we get [c]Iα((A↾a)∩Iar(A)(A)) ≤ [a · b]Iα((A↾a)∩Iar(A)(A)). This proves
the claim. Hence (1) holds. It follows that the range of σ′ ↾ A is contained in α+ 1.

5.5(2) ∀a, b ∈ A[a ≤ b→ σ′(a) ≤ σ′(b)].

In fact, suppose that a, b ∈ A and a ≤ b. Let β = σ′(b). Then ((A ↾ b)∩Iar(A)(A))/Iβ((A ↾

b)∩Iar(A)(A)) has a largest element [d]Iβ((A↾b)∩Iar(A)(A)). By Proposition 5.4, [d]Iβ(Iar(A)(A))

is the largest element of (Iar(A)(A)/Iβ(Iar(A)(A))) ↾ [b]Iβ(Iar(A)(A))). We claim that (a ·
d)△Iβ((A ↾ a) ∩ Iar(A)(A)) is the greatest element of

((A ↾ a) ∩ Iar(A)(A))/Iβ((A ↾ a) ∩ Iar(A)(A)).

For, suppose that c ∈ (A ↾ a) ∩ Iar(A)(A). Then [c]Iβ(Iar(A)(A)) ≤ [b]Iβ(Iar(A)(A)), and hence
[c]Iβ(Iar(A)(A)) ≤ [d]Iβ(Iar(A)(A)). But also [c]Iβ(Iar(A)(A)) ≤ [a]Iβ(Iar(A)(A)), so

[c]Iβ(Iar(A)(A)) ≤ [a · d]Iβ(Iar(A)(A)).

Applying f−1 from Proposition 5.4 we get [c]Iβ((A↾a)∩Iar(A)(A)) ≤ [a · d]Iβ((A↾a)∩Iar(A)(A)).
This proves the claim. Hence 5.5(2) holds.

Now let a, b ∈ A. By 5.5(2), max{σ′(a), σ′(b)} ≤ σ′(a+b). Let β = max{σ′(a), σ′(b)}.
Then by Proposition 5.4, there exist a largest element [c]Iβ(Iar(A)(A)) of

(Iar(A))/Iβ(Iar(A)(A))) ↾ (a△Iβ(Iar(A)(A)),

and a largest element [d]Iβ(Iar(A)(A)) of

(Iar(A))/Iβ(Iar(A)(A))) ↾ (b△Iβ(Iar(A)(A)).
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Now we claim that [c+ d]Iβ(Iar(A)(A)) is the largest element of

(Iar(A)(A))/Iβ(Iar(A)(A))) ↾ ((a+ b)△Iβ(Iar(A)(A)).

For, suppose that [x]Iβ(Iar(A)(A)) ∈ (Iar(A)(A))/Iβ(Iar(A)(A))) ↾ ((a + b)△Iβ(Iar(A)(A)).
Then

[x]Iβ(Iar(A)(A)) = [x · a]Iβ(Iar(A)(A)) + [x · b]Iβ(Iar(A)(A))

≤ [c]Iβ(Iar(A)(A)) + [d]Iβ(Iar(A)(A))

= [c+ d]Iβ(Iar(A)(A))

A countable BA A is normal iff τ(A) = (ar(A), ar(A), 0) and A/Iar(A)(A) ∼= Fr(ω).

Proposition 5.6. Suppose that A is a countable BA, d, d′ ∈ A, and [d]Iar(A)(A) =
[d′]Iar(A)(A). Then α∗(A ↾ d) = α∗(A ↾ d′).

Proof. Note that if a ∈ Iar(A)(A) then α∗(A ↾ a) = 0. Since d · −d′ ∈ Iar(A)(A) and
d′ · −d ∈ Iar(A)(A), we have

α∗(A ↾ d) = max(α∗(A ↾ (d · d′)), α∗(A ↾ (d · −d′))) = α∗(A ↾ (d · d′)),

and similarly α∗(A ↾ d′) = α∗(A ↾ (d · d′)).

Proposition 5.7. Suppose that A is normal and g is an isomorphism from A/Iar(A)(A)
onto Fr(ω). Then there is a function rAg : Fr(ω) → (α∗(A) + 1) such that for all d ∈ A,
rAg(g([d]Iar(A)(A)) = α∗(A ↾ d). Moreover, if a, b ∈ Fr(ω) and a · b = 0, then rAg(a+ b) =
max(rAg(a), rAg(b)).

Proof. rAg is well-defined, since if g([d]Iar(A)(A)) = g([d′]Iar(A)(A)) then [d]Iar(A)(A)) =
g([d′]Iar(A)(A)) and so by Proposition 5.6, α∗(A ↾ d) = α∗(A ↾ d′). rAg maps into α∗ + 1 by
Proposition 5.5. If a, b ∈ Fr(ω) and a · b = 0, choose d, d′ ∈ A such that g([d]Iar(A)(A)) = a
and g([d′]Iar(A)(A)) = b. We may assume that d · d′ = 0. Then by Proposition 4.14,

rAg(a+ b) = g([d+ d′]Iar(A)(A)) = α∗(A ↾ (d+ d′))

= max(α∗(A ↾ d), α∗(A ↾ d′)) = max(rAg(a), rAg(b)).

Theorem 5.8. Suppose that A1 and A2 are normal BAs with the same atomic type, and
g1 : A1/Iar(A1)(A1) → Fr(ω) and g2 : A2/Iar(A2)(A2) → Fr(ω) are isomorphisms. Then the
following are equivalent:

(i) A1
∼= A2.

(ii) There is an automorphism k of Fr(ω) such that rA1g1
= rA2g2

◦ k.

Proof. (i)⇒(ii): Suppose that s is an isomorphism of A1 onto A2. Now there is an iso-
morphism s+ of A1/Iar(A1)(A1) onto A2/Iar(A2)(A2) such that ∀a ∈ A1[s

+([a]Iar(A1)(A1)) =
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[s(a)]Iar(A2)(A2). Let k = g2◦s
+◦g−1

1 . So k is an automorphism of Fr(ω). For any a ∈ Fr(ω)

let d ∈ A1 be such that g1([d]Iar(A1)(A1)) = a. Then

rA2g2
(k(a)) = rA2g2

(k(g1([d]Iar(A1)(A1)))) = rA2g2
(g2(s

+([d]Iar(A1)(A1))))

= rA2g2
(g2([s(d)]Iar(A2)(A2)) = α∗(A2 ↾ (s(d)) = α∗(A1 ↾ d)

= rA1g1
(g(([d]Iar(A1)(A1)))) = rA1g1

(a).

(ii)⇒(i): Assume that k is an automorphism of Fr(ω) such that rA1g1
= rA2g2

◦ k.
Define

R ={(a, b) ∈ A1 × A2 : k(g1([a]Iar(A1)(A1))) = g2([b]Iar(A2)(A2)),

τ(A1 ↾ a) = τ(A2 ↾ b), τ(A1 ↾ (−a)) = τ(A2 ↾ (−b))}.

We verify that this is a V -correspondence. If (0, b) ∈ R, then τ(A1 ↾ 0) = τ(A2 ↾ b), so
b = 0. Conversely, b = 0 clearly implies that (0, b) ∈ R. So (V1) holds. (V2) is similar.

Now by symmetry it suffices to prove (V3). So suppose that (a, b) ∈ R and c ∈ A1.

(a) There is a d0 ≤ b such that g2([d0]Iar(B)(B) = k(g1([a · c]Iar(A1)(A1), τ(A1 ↾ (a · c)) =

τ(A2 ↾ d0), τ(A1 ↾ (a\c)) = τ(A2 ↾ (b\d0)), τ(A1 ↾ (−a + −c)) = τ(A2 ↾ (−b+ −d0)), and
τ(A1 ↾ (−a+ c)) = τ(A2 ↾ (−b+ d0)).

Assuming that (a) holds, we have

g2([b\d0]Iar(A2)(A2) = g2([b]Iar(A2)(A2))\g2([d0]Iar(A2)(A2))

= k(g1([a]Iar(A1)(A1)\k(g1([a · c]Iar(A1)(A1))

= k(g1([a\(a · c)]Iar(A1)(A1)) = k(g1([a\c]Iar(A1)(A1)).

Hence (a · c, b · d0) ∈ R and (a\c, b\d0) ∈ R.
To prove (a), let x = k(g1([a · c]Iar(A1)(A1))). Then rA1g1

(g1([a · c]Iar(A1)(A1))) =

rA2g2
(k(g1([a · c]Iar(A1)(A1))) = rA2g2

(x) and

rA1g1
(g1([a\c)]Iar(A1)(A1)) = rA2g2

(k(g1([a\c]Iar(A1)(A1))))

= rA2g2
(k(g1([a]Iar(A1)(A1)))\k(g1([a · c]Iar(A1)(A1))))

= rA2g2
(g2([b]Iar(A2)(A2))\x).

Now since k(g1([a]Iar(A1)(A1))) = g2([b]Iar(A2)(A2), there is a y ≤ b such that

g2([y]Iar(A2)(A2) = k(g1([a · c]Iar(A1)(A1).

Now let τ(A1 ↾ a) = (α, β, n), τ(A1 ↾ (a · c)) = (α0, γ,m), and τ(A1 ↾ (a\c)) = (α1, δ, k).
Now a∗(A1 ↾ y) = rA2g2

(g2([y]Iar(A2)(A2) = rA2g2
(k(g1([a · c]Iar(A1)(A1))) = rA1g1

(g1([a ·
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c]Iar(A1)(A1))) = α∗(A1 ↾ (a · c) = γ. Also,

α∗(A2 ↾ (b\y)) = rA2g2
(g2([b\y]Iar(A2)(A2)))

= rA2g2
(g2([b]Iar(A2)(A2))\g2([y]Iar(A2)(A2)))

= rA2g2
(k(g1([a]Iar(A1)(A1)))\k(g1([a · c]Iar(A1)(A1))))

= rA2g2
(k(g1([a\c]Iar(A1)(A1))))

= rA1g1
(g1([a\c]Iar(A1)(A1)) = α∗(a\c) = δ.

Now we apply Proposition 5.3 with A, a replaced by A2 ↾ b, y. This gives d0 ≤ b such
that [y]Iar(A2↾b)(A2↾b) = [d0]Iar(A2↾b)(A2↾b), τ(A2 ↾ d0) = (α0, γ,m) = τ(A1 ↾ (a · c), and

τ(A2 ↾ (b\d0)) = (α1, δ, k) = τ(A1 ↾ (a\c)). This gives the first part of (a).
Now let τ(A1 ↾ (−a)) = (α2, ϕ, q). Then by Proposition 4.14, τ((A1 ↾ (−a)) × (A1 ↾

(a\c))) = (α3, ψ, r), where α3 = max(α1, α2), ψ = max(ϕ, δ), and

r =

{

q if α1 < α2,
k if α2 < α1,
q + k if α1 = α2.

Since τ(A2 ↾ (−b)) = τ(A1 ↾ (−a)) and τ(A2 ↾ (b\d0)) = τ(A1 ↾ (a\c)), it follows that

τ((A1 ↾ (−a)) × (A1 ↾ (a\c)) = τ((A2 ↾ (−b)) × (A2 ↾ (b\d0)).

Now
(A1 ↾ (−a)) × (A1 ↾ (a\c)) ∼= A1 ↾ (−a + a\c) = A1 ↾ (−a+ −c)

and
(A2 ↾ (−b)) × (A2 ↾ (b\d0) ∼= A2 ↾ (−b+ (b\d0)) = A2 ↾ (−b+ −d0).

Hence τ(A1 ↾ (−a + −c)) = τ(A2 ↾ (−b + −d0)). Now by Proposition 4.14, τ((A1 ↾

(−a)) × (A1 ↾ (a · c))) = (α4, ρ, u) where α4 = max(α0, α2), ρ = max(γ, ϕ), and

u =

{

q if α0 < α2,
m if α2 < α0,
m+ q if α0 = α2.

Since τ(A1 ↾ (−a)) = τ(A2 ↾ (−b)) and τ(A1 ↾ (a · c)) = τ(A2 ↾ d0), it follows that

τ((A1 ↾ (−a)) × (A1 ↾ (a · c))) = τ((A2 ↾ (−b)) × (A2 ↾ d0)).

Now
(A1 ↾ (−a)) × (A1 ↾ (a · c)) ∼= A1 ↾ (−a+ a · c) = A1 ↾ (−a + c)

and
(A2 ↾ (−b)) × (A2 ↾ d0) ∼= A2 ↾ (−b + d0).

Hence τ(A1 ↾ (−a+ c)) = τ(A2 ↾ (−b+ d0)).
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This proves (a).

(b) There is a d1 ≤ −b such that g2([d1]Iar(A2)(A2)) = k(g1([c\a]Iar(A1)(A1))), τ(A ↾ (a+c)) =

τ(B ↾ (b+ d1)), τ(A ↾ ((−a) · (−c)) = τ(B ↾ ((−b) · (−d1)), τ(A ↾ (c\a)) = τ(B ↾ (d1\b)),
and τ(A ↾ (a+ −c)) = τ(B ↾ (b+ −d1)).

Assuming that (b) holds, we have

g2([b+ d1]Iar(A2)(A2)) = g2([b]Iar(A2)(A2)) + g2([d1]Iar(A2)(A2)

= k(g1([a]Iar(A2)(A2)) + k(g1([c\a]Iar(A2)(A2))

= k(g1([a+ c]Iar(A2)(A2))).

Hence (a+ c, b+ d1) ∈ R and (c\a, d1\b) ∈ R.
To prove (b), let x = k(g1([c\a]Iar(A1)(A1))). Then

rA1g1
(g1([c\a]Iar(A1)(A1))) = rA2g2

(k(g1([c\a]Iar(A1)(A1)) = rA2g2
(x).

Now since k(g1([−a]Iar(A1)(A1))) = g2([−b]Iar(A2)(A2)), there is a y ≤ −b such that

g2([y]Iar(A2)(A2))) = k(g1(A ↾ ([(−a) · (−c))]Iar(A1)(A1))). Say τ(A ↾ (−a)) = (α, β, n),

τ(A ↾ (−a) · (−c)) = (α0, γ,m), and τ(A ↾ (c\a)) = (α1, δ, k). Then

σ′(y) = rA2g2
(g2([y]Iar(A2)(A2))) = rA2g2

(k(g1(A1 ↾ ([(−a) · (−c)]Iar(A1)(A1)))))

= rA1g1
(g1(A1 ↾ ([(−a) · (−c)]Iar(A1)(A1)))) = σ′((−a) · (−c)) = γ.

Also,

σ′((−b) · (−y)) = rA2g2
(g2([(−b) · (−y)]Iar(A2)(A2)))

= rA2g2
(g2([−b]Iar(A2)(A2)) · g2([−y]Iar(A2)(A2)))

= rA2g2
(k(g1([−a]Iar(A1)(A1))) · k(g1([a+ c]Iar(A1)(A1)))

= rA2g2
(k(g1([c\a]Iar(A1)(A1)

= rA1g1
(g1([c\a]Iar(A1)(A1)))

= σ′(c\a) = δ.

Now we apply Proposition 5.3 with A, a replaced by A2 ↾ (−b), y. This gives d1 ≤ −b such
that d1△Iar(A2↾(−b))(A ↾ (−b)) = y△Iar(A2↾(−b))(A ↾ (−b)), τ(A2 ↾ d1) = (α0, γ,m),
and τ(A2 ↾ ((−b)\d1)) = (α1, δ, k). As in the proof of (a), g2([d1]Iar(A2)(A2)) =

k(g1([c\a]Iar(A1)(A1))).

Then τ(A2 ↾ ((−b) · d1) = τ(A2 ↾ d1) = (α0, γ,m) = τ(A1 ↾ ((−a) · (−c))), and
τ(A2 ↾ ((−b) · (−d1)) = (α1, δ, k) = τ(A1 ↾ (c\a)). Now let τ(A1 ↾ a) = (α2, ϕ, p). Then
by Proposition 4.14,

τ((A1 ↾ a) × (A1 ↾ (c\a)) = (α3, ψ, q),
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where α3 = max(α2, α1), ψ = max(ϕ, δ), and

q =

{

p if α1 < α2,
k if α2 < α1,
p+ k if α1 = α2.

It follows that

τ((A1 ↾ a) × (A1 ↾ (c\a)) = τ((A2 ↾ b) × (A2 ↾ (((−d1) · (−b))).

Now A1 ↾ (a+ c) ∼= (A1 ↾ a)× (A1 ↾ (c\a) and A2 ↾ (b+−d1), so τ(A1 ↾ (a+ c)) = τ(A2 ↾

(b+ −d1)).
Next, τ((A1 ↾ a) × (A1 ↾ ((−a) · (−c)))) = (α4, ρ, s), where α4 = max(α2, α0), ρ =

max(γ, ϕ), and

s =

{

m if α2 < α0,
p if α0 < α2,
m+ p if α0 = α2.

It follows that

τ((A1 ↾ a) × (A1 ↾ ((−a) · (−c)))) = τ((A2 ↾ b) × (A2 ↾ ((−b) · d1))).

Now A1 ↾ (a+ −c) ∼= (A1 ↾ a) × (A1 ↾ ((−a) · (−c)) and A2 ↾ (b+ −d1) ∼= (A2 ↾ b) × (A2 ↾

((−b) · d1)). Hence τ(a+ −c) = τ(b+ d1).

If A is a normal BA with atomic type α, and g is an isomorphism of A/Iar(A)(A) onto
Fr(ω), then INV(A) = (1, α, {rAg ◦ h : h ∈ Aut(Fr(ω))}).

Theorem B. If A and B are normal BAs, then A ∼= B iff INV(A) = INV(B).

Proof. Let INV(A) = (1, α, {rAg◦h : h ∈ Aut(Fr(ω))}) and INV(B) = (1, β, {rBk◦h :
h ∈ Aut(Fr(ω))}). ⇒: Suppose that h is an isomorphism of A onto B. Then obviously
α = β. By Theorem 5.8 there is an automorphism l of Fr(ω) such that rAg = rBk ◦ l. Then

(∗) {rBk ◦ h : h ∈ Aut(Fr(ω))}) = {rAg ◦ h : h ∈ Aut(Fr(ω))}).

In fact, if h ∈ Aut(Fr(ω)), then rBk ◦ h = rBk ◦ l ◦ l−1 ◦ h = rAg ◦ l−1 ◦ h. So ⊆ holds in
(∗). The other inclusion follows similarly.

⇐: Suppose that INV(A) = INV(B). In particular, α = β. We have rAg ∈ {rBk ◦ h :
h ∈ Aut(Fr(ω))}. So there is an h ∈ Aut(Fr(ω)) such that rAg = rBk ◦ h. By Proposition
5.8, A ∼= B.

We also define INV1 = {(1, α, {r ◦ h : h ∈ Aut(Fr(ω)), r : Fr(ω) → α+ 1, r(1) = α}). Thus
if A is a normal BA, then INV(A) ∈ INV1. The next portion of these notes is aimed at
showing that for every α ∈ INV1 there is a normal BA A such that INV(A) = α.

If 〈Bn : n ∈ ω〉 is a system of BAs, we define

∑

n∈ω

Bn =

{

f ∈
∏

n∈ω

Bn : {i ∈ ω : fi 6= 0} is finite

}
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Proposition 5.9.
∑

n∈ω Bn is an ideal in
∏

n∈ω Bn.

Proposition 5.10. Let B
def
= 〈Bn : n ∈ ω〉 be a system of BAs. For each x ∈

∏

n∈ω Bn

let h(x) = {y ∈
∑

n∈ω Bn : y ≤ x}. For X, Y ∈ rng(h) let X ·′ Y = X ∩ Y and X +′ Y =
{u+v : u ∈ X and v ∈ Y }. For X ∈ rng(h) let −′X = {u ∈

∑

n∈ω Bn : ∀x ∈ X [u ·x = 0]}.
Then

(i) B′ def
= (rng(h),+′, ·′, {0},

∑

n∈ω Bn) is a BA.
(ii) h is an isomorphism of

∏

n∈ω Bn onto B′.
(iii) ∀x, y ∈

∏

n∈ω Bn[h(x) ∩−′h(y) = {0} ∪ {w ∈
∑

n∈ω Bn[w ≤ x and w · y = 0]}.

Proof. (iii) is clear. Now it suffices to prove (ii). Suppose that x, y ∈
∏

n∈ω Bn, and
f ∈

∑

n∈ω Bn. Then

f ∈ h(x) ·′ h(y) iff (f ≤ x and f ≤ y) iff f ≤ x · y iff f ∈ h(x · y).

f ∈ h(x) +′ h(y) iff ∃u ∈ h(x)∃v ∈ h(y)[f = u+ v]

iff ∃u, v[u ≤ x and v ≤ y and f = u+ v]

iff f ≤ x+ y

iff f ∈ h(x+ y).

f ∈ h(−x) iff f ≤ −x

iff ∀g ∈ h(x)[f · g = 0]

iff f ∈ −′h(x).

Clearly h(0) = {0} and h(1) =
∑

n∈ω Bn.
Finally, suppose that x, y ∈

∏

n∈ω Bn and x 6= y; say x ·−y 6= 0. Choose f ∈ h(x ·−y)
with f 6= 0. Then f ∈ h(x) and f ≤ −y, hence f ∈ −′h(y). So f ∈ h(x) ·′ −′h(y). Hence
h(x) ·′ −′h(y) 6= {0}, and so h(x) 6= h(y).

Proposition 5.11. If A is a special ABID and σ′(A) = α + 1, then there is a system
〈Bn : n ∈ ω〉 of superatomic BAs each of atomic type (α, 0, 1) such that A ∼=

∑

n∈ω Bn.

Proof. We know that A ∼= Intalgd(ω
α+1). For each n ∈ ω let Bn = Intalg([ωα ·n, ωα ·

(n + 1))). Clearly each Bn has atomic type (α, 0, 1). Now for each ξ < ωα+1 and i ∈ ω
define

(f([0, ξ)))i =







[ωα · i, ωα · (i+ 1)) if ωα · (i+ 1) ≤ ξ,
[ωα · i, ξ) if ωα · (i+ 1) ≤ ξ < ωα · (i+ 1),
0 if ξ < ωα · i.

Clearly f maps {[0, ξ) : ξ < ωα+1} into
∑

n∈ω Bn, and x ≤ y iff f(x) ≤ f(y). Since the
domain of f generates Intalgd(ω

α+1) and the range of f generates
∑

n∈ω Bn, by Proposition
1.21 f extends to an isomorphism of Intalgd(ω

α+1) onto
∑

n∈ω Bn.
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Proposition 5.12. If A is a special ABID, σ′(A) is a limit ordinal, and 〈αm : n ∈ ω〉
is a strictly increasing sequence of ordinals with supremum σ′(A), then there is a system
〈Bn : n ∈ ω〉 of superatomic BAs such that each Bn has atomic type (αn+1, 0, 1) and
A ∼=

∑

n∈ω Bn.

Proof. Let β = σ′(A). Thus A ∼= Intalgd(ω
β). For each n ∈ ω let

Bn = Intalg([ωαn, ωαn+1)).

Clearly each Bn has atomic type (αn+1, 0, 1). A ∼=
∑

n∈ω Bn as in the proof of Proposition
5.11.

If B = 〈Bn : n ∈ ω〉 is a sequence of BAs and β is an ordinal, we define

∗IB
β =

{

f ∈
∏

n∈ω

Bn : ∀n ∈ ω[f(n) ∈ Iβ(Bn)]

}

.

Proposition 5.13. If 〈Bn : n ∈ ω〉 is a system of ABIDs and β is an ordinal, then
(i) Iβ(

∑

n∈ω Bn) =
∑

n∈ω Iβ(Bn).
(ii) There is an onto isomorphism

f :

(

∑

n∈ω

Bn

)

/Iβ

(

∑

n∈ω

Bn

)

→
∑

n∈ω

(Bn/Iβ(Bn))

such that for any x ∈
∑

n∈ω Bn and m ∈ ω, (f([x]
Iβ

(
∑

n∈ω
Bn

))m = [xm]Iβ(Bm).

Proof. Induction on β. It is clear for β = 0. Suppose that x ∈ Iβ+1(
∑

n∈ω Bn).
Then we can write

[x]
Iβ

(
∑

n∈ω
Bn

) =
∑

i<m

(

[yi]Iβ

(
∑

n∈ω
Bn

)

)

,

where each [yi]Iβ

(
∑

n∈ω
Bn

) is an atom of (
∑

n∈ω Bn)/Iβ(
∑

n∈ω Bn). Hence

x△
∑

i<m

yi ∈ Iβ

(

∑

n∈ω

Bn

)

=
∑

n∈ω

Iβ(Bn).

Now for each n ∈ ω, (x△
∑

i<m yi)n ∈ Iβ(Bn) and for each i < m, [yin]Iβ(Bn) is 0 or an

atom. Thus [xn]Iβ(Bn) =
[
∑

i<m yin

]

Iβ(Bn)
. So xn ∈ Iβ+1(Bn). This proves ⊆ in (i) for

β + 1.
Now suppose that x ∈

∑

n∈ω Iβ+1(Bn). Let F = {n ∈ ω : xn 6= 0}. For each n ∈ F
we can write

[xn]Iβ(Bn) =
∑

j<mn

([yjn]Iβ(Bn)),
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where each [yjn]Iβ(Bn) is an atom in Bn/Iβ(Bn). For each n ∈ F and j < mn define
y′jn ∈

∑

m∈ω Bm by

(y′jn)m =
{

yjn if m = n,
0 otherwise.

Then 〈([y′jn]Iβ(Bk) : k ∈ ω〉 is an atom in
∑

k∈ω(Bk/Iβ(Bk)). Hence by the inductive
hypothesis for (ii), [y′jn]

Iβ

(
∑

n∈ω
Bn

) is an atom in (
∑

n∈ω Bn)/Iβ(
∑

n∈ω Bn). Now for

any p ∈ F ,









∑

q∈F

∑

j<mq

y′jq





p





Iβ(Bp)

=





∑

j<mp

yjp





Iβ(Bp)

=
∑

j<mp

[yjp]Iβ(Bp) = [xp]Iβ(Bp)

For p ∈ ω\F we have (
∑

q∈F

∑

j<mq
y′j)p = 0 = xp. Hence for all p ∈ ω,









∑

q∈F

∑

j<mq

y′jq





p





Iβ(Bp)

= [xp]Iβ(Bp)

Hence by (ii) for β, for all p ∈ ω,

(

[x]
Iβ

(
∑

n∈ω
Bn

)

)

p

=









∑

q∈F

∑

j<mq

y′jq









p

=





∑

q∈F

∑

j<mq

[y′jq]Iβ

(
∑

n∈ω
Bn

)





p

.

Hence
[x]

Iβ

(
∑

n∈ω
Bn

) =
∑

q∈F

∑

j<mq

[y′jq]Iβ

(
∑

n∈ω
Bn

).

This shows that x ∈ Iβ(
∑

n∈ω Bn). Hence (i) for β + 1 holds.
Now for (ii), if x, x′ ∈

∑

n∈ω Bn, then

x
Iβ+1

(
∑

n∈ω
Bn

) = x′
Iβ+1

(
∑

n∈ω
Bn

) iff (x△x′) ∈ Iβ+1

(

∑

n∈ω

Bn

)

iff (x△x′) ∈
∑

n∈ω

Iβ+1(Bn)

iff ∀n ∈ ω[(x△x′)n ∈ Iβ+1(Bn)]

iff ∀n ∈ ω[[xn]Iβ+1(Bn) = [x′n]Iβ+1(Bn)].
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Hence (ii) for β + 1 follows.
The limit case is clear.

Proposition 5.14. If A is a special ABID and 〈Bn : n ∈ ω〉 is as in Propositions 5.11 or
5.12, then

∏

n∈ω Bn ⊆ ∗IB
σ′(A).

Proof. Let β = σ′(A). Then β = σ′(
∑

n∈ω Bn), and
∑

n∈ω Bn = Iβ(
∑

n∈ω Bn) =
∑

n∈ω Iβ(Bn) using Proposition 5.13. Hence ∀n ∈ ω[Bn = Iβ(Bn)]. So if f ∈
∏

n∈ω Bn

then ∀n ∈ ω[f(n) ∈ Iβ(Bn)], so that f ∈ ∗IB
β .

Proposition 5.15. Let β an ordinal and B
def
= 〈Bn : n ∈ ω〉 of BAs. Let h be as in

Proposition 5.10, and suppose that x ∈
∏

n∈ω Bn. Then h(x) ⊆ Iβ(
∑

n∈ω Bn) iff x ∈ ∗IB
β .

Proof. First suppose that h(x) ⊆ Iβ(
∑

n∈ω Bn). Thus ∀y ∈
∑

n∈ω Bn[y ≤ x → y ∈
Iβ(
∑

n∈ω Bn)], so by Proposition 5.13, ∀y ∈
∑

n∈ω Bn[y ≤ x → y ∈
∑

n∈ω Iβ(Bn)]. Now
take any n ∈ ω. Define y ∈

∏

m∈ω Bm by

ym =

{

xm if m = n,
0 if m 6= n.

Then y ∈
∑

m∈ω Bm and y ≤ x, so y ∈
∑

n∈ω Iβ(Bn)]. Hence xn = yn ∈ Iβ(Bn). Since n
is arbitrary, x ∈ ∗IB

β .

Second, suppose that x ∈ ∗IB
β . Take any y ∈ h(x). Then y ∈

∑

n∈ω Bn and y ≤ x.
Now ∀n ∈ ω[xn ∈ Iβ(Bn)], so ∀n ∈ ω[yn ∈ Iβ(Bn). Then by Proposition 5.13, y ∈
Iβ(
∑

n∈ω Bn.

Let A be a special ABID. Let 〈Bn : n ∈ ω〉 be as in Propositions 5.11 or 5.12. Then A∗ def
=

∏

n∈ω Bn/
∑

n∈ω Bn. Now for each β ≤ σ′(A) we define Ψβ(A) = {[a]∑
n∈ω

Bn
: a ∈ ∗IB

β }.

Now if d ∈ A∗, say d = [a]∑
n∈ω

Bn
, with a ∈

∏

n∈ω Bn. By Proposition 5.14, a ∈ ∗IB
σ′(A).

Hence d ∈ Ψσ′(A)(A). For each d ∈ A∗ let ρ(d) = min{β : d ∈ Ψβ(A)}.

Proposition 5.16. Let A be a ABID, J an ideal in A, and β an ordinal. Then

(i) Jβ def
= {[a]Iβ(A) : a ∈ J} is an ideal in A/Iβ(A).

(ii) There is an isomorphism f of J/Iβ(J) onto Jβ(A) such that f([a]Iβ(J)) = [a]Iβ(A)

for all a ∈ J .
(iii) Iβ(J) = J ∩ Iβ(A).

Proof. For (i), Jβ is clearly closed under +. Suppose that a ∈ J , b ∈ A, and
[b]Iβ(A) ≤ [a]Iβ(A). Then b·a ∈ J and b△(b·a) = b\a ∈ Iβ(A). So [b]Iβ(A) = [a·b]Iβ(A) ∈ Jβ.
So (i) holds.

Now we prove (ii) and (iii) by induction on β. They are clear for β = 0. For (iii) for
β + 1, first suppose that a ∈ Iβ+1(J). Then we can write [a]Iβ(J) =

∑

i<m[yi]Iβ(J), where
each [yi]Iβ(J) is an atom of J/Iβ(J). By (ii) for β, [a]Iβ(A) =

∑

i<m[yi]Iβ(A). Also, (ii)
implies that each [yi]Iβ(A) is an atom of A/Iβ(A). Hence a ∈ Iβ+1(A). The converse is
similar.
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For β + 1 for (ii), if a, a′ ∈ J then

[a]Iβ+1(J) = [a′]Iβ+1(J) iff (a△a′) ∈ Iβ+1(J)

iff (a△a′) ∈ Iβ+1(A) by (iii) for β + 1,

iff [a]Iβ+1(A) = [a′]Iβ+1(A).

Now (iii) follows.
The limit step is clear.

Proposition 5.17. Let A be a special ABID, let B be as in Proposition 5.11 or 5.12, and

let x ∈
∏

n∈ω Bn. Then ρ

(

[x]∑
n∈ω

Bn

)

= σ′(h(x)).

Proof. Let A′ =
∑

n∈ω Bn. By Proposition 4.26 there is an a ∈ h(x) such that
h(x) ∼= (A′ ↾ a) × {b ∈ A′ : b · a = 0}, with σ′(h(x)) = σ′({b ∈ A′ : b · a = 0}).
Hence Iσ′(h(x))({b ∈ A′ : b · a = 0}) = {b ∈ A′ : b · a = 0}. By Proposition 4.30,
{b ∈ A′ : b · a = 0} ⊆ Iσ′(h(x))(A

′). Now a ∈ h(x) ⊆
∑

n∈ω Bn ⊆
∏

n∈ω Bn. So we can
form −a ∈

∏

n∈ω Bn.

(1) {b ∈ A′ : b · a = 0} = h(−a).

In fact, (b ∈ A′ and b · a = 0) iff (b ∈ A′ and b ≤ −a) iff b ∈ h(−a). So (1) holds.
Hence h(x) ∼= (A′ ↾ a)×h(−a), so (

∏

n∈ω Bn ↾ x) ∼= (
∏

n∈ω Bn ↾ h−1(a))×(
∏

n∈ω Bn ↾

(−a)). Thus h(−a) ⊆ Iσ′(h(x))(A
′). Hence by Proposition 5.15, −a ∈ ∗IB

σ′(h(x)). So

[−a]A′ ∈ Ψσ′(h(x))(A). Now a ∈
∑

n∈ω Bn, so [−a]A′ = [x]A′ . It follows that ρ([x]A′) ≤
σ′(h(x)).

Suppose that γ
def
= ρ([x]A′) < σ′(h(x)). Then [x]A′ ∈ Ψγ(A). Hence there is a b ∈ ∗IB

γ

such that [x]A′ = [b]A′ . Now h(b) ⊆ Iγ(
∑

n∈ω Bn), so σ′(h(b)) ≤ γ. Choose c ∈ h(b) so
that {x ∈ h(b) : x · c = 0} is special. Thus σ′({x ∈ h(b) : x · c = 0}) = σ′(h(b)). Hence
h(b · −c) = {x ∈ h(b) : x · c = 0} ⊆ Iσ′(h(b)). Hence by Proposition 5.15, b · −c ∈ ∗IB

σ′(h(b)).

Then x△(b · −c) = x△b△b△(b · −c) ∈ A′. It follows that there is a finite F ⊆ ω such that
∀n ∈ ω\F [xn = bn · −cn]. Define e ∈

∑

n∈ω Bn by

en =
{

1 if n ∈ F ,
0 if n /∈ F .

Also, define e′ ∈
∑

n∈ω Bn by

e′n =
{

xn if n ∈ F ,
0 if n /∈ F .

Then h(x) ∼= (h(x) ↾ e′) × {y ∈ h(x) : y · e′ = 0}, so {y ∈ h(x) : y · e′ = 0} is special with
σ′(h(x)) = σ′({y ∈ h(x) : y · e′ = 0}). Also, {y ∈ h(x) : y · e = 0} = {y ∈ h(x) : y · e′ = 0}.

Now define e′′ ∈
∑

n∈ω Bn by

e′′n =
{

bn · −cn if n ∈ F ,
0 if n /∈ F .

Let M = {y ∈ h(b · −c) : y · e′′ = 0}. Then M is special with σ′(M) = σ′(h(b · −c)).
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(2) ∀y ∈ A′[y ≤ x · −e′ iff y ≤ b · (−c) · (−e′′)].

For, suppose that y ≤ x · −e′. If n ∈ F , then xn · −e′n = 0, so yn = 0. If n ∈ ω\F , then
y≤xn = bn · −cn; also −e′′n = 1, so yn ≤ −e′′. This proves ⇒.

Suppose that y ≤ b · (−c) · (−e′′)]. If n ∈ F , then bn · −cn · −e′′n = 0, so yn = 0. If
n ∈ ω\F , then yn ≤ bn · −cn = xn. Also, −e′n = 1, so yn ≤ −e′n. This proves ⇐.

So (2) holds.
Now γ < σ′(h(x)) = σ′({y ∈ h(x) : y · e′ = 0}) = σ′(h(b) · −c · −e′′) = σ′(h(b · −c) =

σ′(h(b)) ≤ γ, contradiction.

Proposition 5.18. Let A be a special ABID, and let 〈Bn : n ∈ ω〉 be as above. Then ρ
maps A∗ into σ′(A) + 1, ρ is additive, and ρ(d) = 0 implies that d = 0.

Proof. By Proposition 4.30, for any x ∈
∏

n∈ω Bn, Iσ′(A)(h(x)) = h(x)∩ Iσ′(A)(A) =
h(x)∩Iσ′(A)+1(A) = Iσ′(A)+1(h(x)) and so by Proposition 5.17, ρ([x]∑

n∈ω
Bn

= σ′(h(x)) ≤

σ′(A). Hence ρ maps A∗ into σ′(A)+ 1. Clearly ρ(0) = 0 and ρ(d) = 0 implies that d = 0.
Now suppose given d, e ∈ A∗; say d = [d′]∑

n∈ω
Bn

and e = [e′]∑
n∈ω

Bn
. Then

ρ(d+ e) = ρ([d′]∑
n∈ω

Bn
+ [e′]∑

n∈ω
Bn

= ρ([d′ + e′]∑
n∈ω

Bn

= σ′(h(d′ + e′)) = σ′(h(d′) + h(e′)) by Proposition 5.10

= σ′(h(d′)) + σ′(h(e′)) = ρ([d′]∑
n∈ω

Bn
)r([e′]∑

n∈ω
Bn

) = ρ(d) + ρ(e).

Proposition 5.19. For any special ABID A, any d ∈ A∗, and any β ≤ ρ(d) there is a
d0 ∈ A such that d0 ≤ d, ρ(d0) = β, and ρ(d\d0) = ρ(d).

Proof. Suppose that A is a ABID, d ∈ A∗, and β ≤ ρ(d). Say ρ(d) = γ. If β = 0,
take d0 = 0. Assume that β 6= 0. Let δ0 ≤ δ1 ≤ · · · be such that each δi is a successor
ordinal and supn∈ω δn = β. Choose k ∈

∏

n∈ω Bn so that d = [k]∑
n∈ω

Bn
.

5.19(1) ∀ε < γ[{n ∈ ω : k(n) /∈ Iε(Bn)} is infinite].

Otherwise, let F = {n ∈ ω : k(n) /∈ Iε(Bn)}. Let g ↾ (ω\F ) = k ↾ (ω\F ) with ∀n ∈
ω[g(n) ∈ Iε(Bn)]. Then d = [k]∑

n∈ω
Bn

= [g]∑
n∈ω

Bn
, contradicting ρ(d) = γ.

Case 1. ∀n ∈ ω[δn < β]. Let i ∈ ω. By 5.19(1), choose ni ∈ ω such that k(ni) /∈
Iδi

(Bni
). Say τs(Bni

↾ k(ni)) = (ξ, 0, m). Then Bni
↾ k(ni) ∼= Intalg(ωξ ·m) and so δi < ξ.

Say g is an isomorphism from Bni
↾ k(ni) onto Intalg(ωξ ·m). Let a = [0, ωδi), an element

of Intalg(ωξ ·m). Then τs(Intalg(ωξ ·m) ↾ a) = (δi, 0, 1). Let di
def
= g−1(a) ∈ Bni

↾ k(ni).
Then τs(Bn(i) ↾ di) = (δi, 0, 1). Now we define

h′(n) =

{

d2i if n = n2i,
0 if n /∈ {n0, n2, . . .}.

Let d′ = [h′]∑
n∈ω

Bn
. Then by Proposition 5.17, ρ(d′) = σ′(h(h′)). Now h′ ∈ ∗Iβ(A),

so by Proposition 5.15, h(h′) ⊆ Iβ(A). Hence by Proposition 4.30, h(h′) ⊆ Iβ(h(h′)), so
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σ′(h(h′)) ≤ β. If ε < β, then clearly h′ /∈ ∗Iε(A). So σ′(h(h′)) 6≤ ε. Thus σ′(h(h′)) = β.
So ρ(d′) = β. If β < γ, then ρ(d\d′) = γ by Proposition 5.18. Suppose that β = γ. Then
define

h′′(n) =

{

d2i+1 if n = n2i+1,
0 if n /∈ {n1, n3, . . .}.

Let d′′ = [h′′]∑
n∈ω

Bn
. Then as above, ρ(d′′) = β. Clearly d′′ ≤ d\d′, so ρ(d\d′) = β.

Case 2. β = δ + 1 for some δ. By 5.9(1), choose distinct ni ∈ ω for i < ω such that
k(ni) /∈ Iδ(Bni

). Say τs(Bni
↾ k(ni)) = (ξ, 0, m). Then Bn(i) ↾ k(ni) ∼= Intalg(ωξ · m)

and so δ < ξ. Say g is an isomorphism from Bni
↾ k(ni) onto Intalg(ωξ · m). Let

a = [0, ωδ), an element of Intalg(ωξ · m). Then τs(Intalg(ωξ · m) ↾ a) = (δ, 0, 1). Hence

di
def
= g−1(Intalg(ωξ ·m) ↾ a) ≤ k(ni) and τs(di) = (δ, 0, 1). Now we define

h′(n) =

{

d2i if n = n2i,
0 if n /∈ {n0, n2, . . .}.

Let d′ = [h′]∑
n∈ω

Bn
. By Proposition 5.17, ρ(d′) = σ′(h(h′)). Now h′ ∈ ∗Iβ(A), so by

Proposition 5.15, h(h′) ⊆ Iβ(A). Hence by Proposition 4.30, Iβ(h(h′)) = h(h′) ∩ Iβ(A) =
h(h′). thus h(h′) ⊆ Iβ(K), so σ′(h(h′)) ≤ β.

5.19(2) σ′(h(h′)) = β.

In fact, suppose that σ′(h(h′)) = ε < β. Since ρ(d′) = σ′(h(h′)), it follows that there is an
e ∈ ∗IB

ε such that d′ = [e]∑
n∈ω

Bn
. Thus [h′]∑

n∈ω
Bn

= [e]∑
n∈ω

Bn
, so h′△e ∈

∑

n∈ω Bn.

Let F be finite such that ∀n ∈ ω\F [h′(n) = e(n)]. Take i with n2i /∈ F . Then h′(n2i) =
d2i = e(n2i) ∈ Iε(Bn), contradiction.

So ρ(d′) = β. If β < γ, then ρ(d\d′) = γ by Proposition 5.18. Suppose that β = γ.
Then define

h′′(n) =

{

d2i+1 if n = n2i+1,
0 if n /∈ {n1, n3, . . .}.

Let d′′ = [h′′]∑
n∈ω

Bn
. Then as above, ρ(d′′) = β. Clearly d′′ ≤ d\d′, so ρ(d\d′) = β.

Proposition 5.20. Let B be a special ABID, α = σ′(B), A a countable BA, and r : A→
α + 1 an additive function, with r(1) = α. Then there is a homomorphism f : A → B∗

such that ∀d ∈ A[r(d) = ρ(f(d))].

Proof. Assume the hypotheses. Let R = {(a, b) ∈ A × B∗ : r(a) = ρ(b) and
r(−a) = ρ(−b)}. We verify the conditions (V5) and (V6) in the definition of a weak
V -relation. Condition (V5) is clear. Now suppose that (a, b) ∈ R and c ∈ A. Let
r(a) = β, r(−a) = γ, r(a · c) = δ, r(a\c) = η. By the additivity of r, max(β, γ) = α and
max(δ, η) = β.

Case 1. δ ≤ η. In Proposition 5.19 replace β and d by δ and b. So δ ≤ β = r(a) = ρ(b)
gives a d0 ≤ b such that ρ(d0) = δ = r(a · c) and ρ(b\d0) = ρ(b) = r(a) = β = η = r(a\c).
Also, ρ(b · d0) = ρ(d0) = r(a · c).
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Case 2. η < δ. So η ≤ β = r(a) = ρ(b) gives a d1 ≤ b such that ρ(d1) = η = r(a\c)
and ρ(b\d1) = ρ(b) = r(a) = β = δ = r(a · c). Also, ρ(b · d1) = ρ(d1) = r(a\c). Setting
d0 = −d1 we get ρ(b · d0) = r(a · c) and ρ(b\d0) = r(a\c).

Now

r(−a+ −c) = r(−a+ a\c) = max(r(−a), r(a\c)

= max(ρ(−b), ρ(b\d0)) = ρ(−b+ b\d0) = ρ(−b+ −d0);

r(−a+ c) = r(−a+ a · c) = max(r(−a), r(a · c))

= max(ρ(−b), ρ(b · d0)) = ρ(−b+ b · d0) = ρ(−b+ d0).

This shows that (a · c, d0), (a\c, b\d0) ∈ R.
Now −a = c · −a + −c · −a, so r(−a) = max(r(c\a), r(−c · −a).
Case 1. r(−a) = r(−c · −a). By Proposition 5.19 there is a d1 ≤ −b such that

ρ(d1) = r(c\a) and ρ(−b · −d1) = ρ(−b). Thus ρ(d1\b) = ρ(d1) = r(c\a). Then r(a+ c) =
r(a + (c\a)) = max(r(a), r(c\a)) = max(ρ(b), ρ(d1\b)) = ρ(d1 + b). Also, r(−a · −c) =
r(−a) = ρ(−b) = ρ(−b · −d1). Also, r(−c+ a) = r(−c · −a+ a) = max(r(−c · −a), r(a)) =
max(ρ(−b ·−d1), ρ(b)) = ρ(−b ·−d1 +b) = ρ(−d1+b). Hence (a+c, b+d1), (c\a, d1\b) ∈ R.

Case 2. r(−a) = r(c\a). By Proposition 5.19 there is a d1 ≤ −b such that ρ(d1) =
r(−c · −a) and ρ(−b · −d1) = ρ(−b). Thus ρ(d1\b) = ρ(d1) = r(−c · −a). Next,

r(a+ c) = r(a+ (c\a)) = max(r(a), r(c\a))

= max(r(a), r(−a)) = r(1) = α = ρ(1) = max(ρ(b), ρ(−b))

= max(ρ(b), ρ(−b · −d1)) = ρ(b+ −b · −d1) = ρ(b+ −d1).

Next, r(c\a) = r(−a) = ρ(−b) = ρ(−d1 · −b). Finally,

r(−c+ a) = r(−c · −a + a) = max(r(−c · −a), r(a))

= max(ρ(d1\b), ρ(b)) = ρ((d1\b) + b) = ρ(d1 + b).

This verifies (V6). Hence by Proposition 3.2 we get a homomorphism f : A → B∗ with
the additional property described there. Suppose that a ∈ A. Choose m ∈ ω and b ∈ mA
so that (i)–(ii) of Proposition 3.2 hold. Then r(a) = max{r(bi) : i < m} = max{ρ(f(bi)) :
i < m} = ρ(f(a)).

Proposition 5.21. Suppose that α is an ordinal, and s : Fr(ω) → α + 1 is an additive
function such that s(1) = α. Then there exist a BA A such that τ(A) = (α, α, 0) and an
isomorphism g of A/Iar(A)(A) onto Fr(ω) such that rAg = s.

Proof. Let C = Intalgd(ω
α). By Proposition 5.20 let f ′ be a homomorphism from

Fr(ω) into C∗ such that ∀d ∈ Fr(ω)[s(d) = ρ(f ′(d))]. Let f be an isomorphism from C
onto

∑

n∈ω Bn. Let h and B′ be as in Proposition 5.10. Let

D = {(u, h(x)) : u ∈ Fr(ω), x ∈
∏

n∈ω

Bn, f
′(u) = [x]∑

n∈ω
Bn

};

I ′ = {(0, h(f(c))) : c ∈ C};

∀(u, h(x)) ∈ D[w(u, h(x)) = u];

∀c ∈ C[t(c) = (0, h(f(c)))];

∀(u, h(x)) ∈ D[l([(u, h(x))]I) = u].

49



Clearly

5.21(1) D is a subalgebra of the BA Fr(ω) × rng(h).

5.21(2) I ′ is an ideal in D.

5.21(3) w is a homomorphism from D into Fr(ω)

5.21(4) t is an isomorphic embedding of C into D.

5.21(5) l is well-defined, and is an isomorphism of D/I ′ onto Fr(ω).

In fact, clearly l is well-defined, and is a homomorphism of D/I ′ onto Fr(ω). To see that
it is one-one, suppose that l([(u, h(x))]I′) = 0. Thus u = 0. Since (u, h(x)) ∈ D, we have
x ∈

∑

n∈ω Bn. Say x = f(c) with c ∈ C. Then (u, h(x)) = (0, h(f(c)) ∈ I ′, as desired.
Now let E, t′, l′ be such that C ⊆ E, t′ is an isomorphism of E onto D, t′ ↾ C = t,

and ∀b ∈ E[l′([b]C) = l([t′(b)]I′)]. So l′ is an isomorphism from E/C onto Fr(ω). Now for
any d ∈ Frω) write d = l′([e]C). Note by Proposition 5.1 that Iar(E)(E) ⊆ C. Hence

5.21(6) rEl′(d) = rEl′(l
′([e]C)) = rEl′(l

′([e]Iar(E)(E)) = α∗(E ↾ e) = α∗(D ↾ t′(e)).

Say t′(e) = (u, h(x)). Now

f ′(d) = f ′(l′([e]C)) = f ′(l([t′(e)]C)) = f ′(l([(u, h(x))]C)) = f ′(u) = [x]∑
n∈ω

Bn
.

Hence by Proposition 5.17 we get

5.21(7) s(d) = ρ(f ′(d)) = α∗(h(x)).

Now we claim that for any α,

5.21(8) Iα(D ↾ (u, h(x))) = {0} × Iα(h(x)).

5.21(9) For any (p, q) ∈ D ↾ (u, h(x)) let fα([(p, q)]Iα(D↾(u,h(x)))) = (p, [q]Iα(h(x))). Then
fα is well-defined, and is an isomorphism of (D ↾ (u, h(x))/Iα(D ↾ (u, h(x)))) onto
{(u′, [v]Iα(h(x))) : u′ ≤ u, v ≤ h(x), f(u′) = v}.

Note that 5.12(9) with α = α∗(D ↾ (u, h(x))) gives α∗(D ↾ t′(e)) = α∗(h(x)). Together
with 5.21(6) and 5.21(7) this finishes the proof.

5.21(8) and 5.21(9) are clear for α = 0. Now assume them for α. Suppose that (s, t) ∈
Iα+1(D ↾ (u, h(x))). Then there are atoms [(zi, yi)]Iα(D↾(u,h(x))) of (D ↾ (u, h(x)))/Iα(D ↾

(u, h(x))) for i < m such that [(s, t)]Iα(B↾(u,h(x))) =
∑

i<m[(zi, yi)]Iα(D↾(u,h(x))). Then
(s, t)△

∑

i<m(zi, yi) ∈ Iα(D ↾ (u, h(x))). So by 5.21(8) for α, s△
∑

i<m zi = 0 and
t△
∑

i<m yi ∈ Iα(v). For any i < m, by 5.21(9) for α, [(zi, yi)]Iα(h(x)) is an atom of
{(u′, [v′]Iα(h(x)) : u′ ≤ u, v′ ≤ h(x), f(u′) = v′}.

5.21(10) zi = 0.

For, suppose that zi 6= 0. Now f(zi) = yi. Let w be such that 0 < w < zi, and set
u = f(w). Then (0, 0) < [(w, u)]Iα(h(x)) < (zi, [yi]Iα(h(x)), contradiction. So 5.2(10) holds.
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It follows that [yi]Iα(h(x)) is an atom of h(x)/Iα(h(x)). Hence s = 0 and t ∈
Iα+1(h(x)).

Conversely, suppose that t ∈ Iα+1(h(x)). Then there exist atoms [yi]Iα(h(x)) of
h(x)/Iα(h(x)) for i < m such that [t]Iα(h(x)) =

∑

i<m[yi]Iα(h(x)). Then t△
∑

i<m yi ∈
Iα(h(x)). Hence by 5.21(8) for α, (0, t△

∑

i<m yi) ∈ Iα(D ↾ (u, h(x))). Hence
[(0, t)]Iα(D↾(u,h(x))) =

∑

i<m[(0, yi)]Iα(D↾(u,h(x))). Now each [(0, yi)]Iα(D↾(u,h(x))) is an atom
of D ↾ (u, h(x)) by 5.21(9) for α. Hence (0, t) ∈ Iα+1(D ↾ (u, h(x))).

This proves 5.21(8) for α+ 1.
For 5.21(9) for α+ 1, suppose that (p, q), (p′, q′) ∈ D ↾ (u, h(x)). Then

[(p, q)]Iα+1(D↾(u,h(x))) = [(p′, q′)]Iα+1(D↾(u,h(x)))

iff ((p, q)△(p′, q′)) ∈ Iα+1(D ↾ (u, h(x)))

iff p = p′ and q△q′ ∈ Iα+1(h(x)) by 5.21(8)

iff p = p′ and [q]Iα(h(x)) = [q′]Iα(h(x)).

5.21(9) for α+ 1 now easily follows.
The limit step is clear.
So 5.21(8) and 5.21(9) hold.

For any additive function s : Fr(ω) → ω1 the BA of Proposition 5.21 is denoted by Bs; an
isomorphism g : B∗

s → Fr(ω) is denoted by gs. Thus rBsgs
= s.

Proposition 5.22. If A is a countable non-superatomic BA, then there exist BAs B,C
such that A ∼= B × C and:

(i) B is normalized.
(ii) Either |C| = 1 or C is superatomic with atomic type of the form (α, 0, n) with

α ≥ σ′(B).

Proof. Let τ(A) = (α, β, n).
Case 1. n = 0. Then by Proposition 5.10, α = β. Hence Iar(A)(A) is special. Since

A/Iar(A)(A) is atomless, A is normalized. We can then take B = A and |C| = 1.
Case 2. n > 0. Now by Proposition 4.22 there is an element d ∈ Iar(A)(A) with

τs(Iar(A)(A) ↾ d) = (α, 0, n) and τs(d
⊥) = (β, β, 0). Now

d⊥ = {a ∈ Iar(A)(A) : a · d = 0} = Iar(A)(A) ∩ (A ↾ (−d))

= Iar(A)(A ↾ (−d)) = Iar(A↾(−d))(A ↾ (−d)).

Now
τ(A ↾ d) = τs(Iar(A↾d)(A ↾ d)) = τs(Iar(A)(A) ↾ d) = (α, 0, n)

and
τ(A ↾ (−d)) = τs(Iar(A↾(−d))(A ↾ (−d))) = τs(d

⊥) = (β, β, 0).

Proposition 5.23. Suppose that A is a countable nonsuperatomic BA, and A ∼= B×C ∼=
B′ × C′, and
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(i) B and B′ are normalized.
(ii) |C| = |C′| = 1, or there exist ordinals α, β and positive integers n, p such that

α ≥ σ′(B), β ≥ σ′(B′), τ(C) = (α, 0, n), and τ(C′) = (β, 0, p).

Then B ∼= B′ and C ∼= C′.

Proof. Assume the hypotheses. If |C| = |C′| = 1, then the desired conclusion is clear.
Assume now that α, β are ordinals and n, p are positive integers such that α ≥ σ′(B),
β ≥ σ′(B′), τ(C) = (α, 0, n), and τ(C′) = (β, 0, p). Say β ≤ α. Let f : A → B × C be an
isomorphism. Then by Proposition 4.11, f [Iα+1(A)] = Iα+1(B×C) = Iα+1(B)×Iα+1(C).
Similarly, let g : A→ B′×C′ be an isomorphism. Then by Proposition 4.11, g[Iα+1(A)] =
Iα+1(B

′ × C′) = Iα+1(B
′) × Iα+1(C

′). Now τs(Iα+1(B)) = (σ′(B), σ′(B), 0). By the
above, τs(C) = (α, 0, n). Also, τs(Iα+1(B

′)) = (σ′(B′), σ′(B′), 0). By the above, τs(C
′) =

(β, 0, p). Then by Proposition 4.14, τs(Iα+1(B) × Iα+1(C)) = (α, σ′(B), n). Similarly,
τs(Iα+1(B

′)× Iα+1(C
′)) = (β, σ′(B′), p). Now Iα+1(B)× Iα+1(C) ∼= Iα+1(B

′)× Iα+1(C
′),

so α = β, σ′(B) = σ′(B′), and n = p. Then τs(Iα+1(B)) = τs(Iα+1(B
′)), so Iα+1(B) ∼=

Iα+1(B
′) by Proposition 4.28. Similarly, Iα+1(C) ∼= Iα+1(C

′). Now C = Iα+1(C) and
C′ = Iα+1(C

′). Hence C ∼= C′. Now A/Iα+1(A) ∼= B/Iα+1(B)×C/Iα+1(C) ∼= B/Iα+1(B),
since |C/Iα+1(C)| = 1. Similarly, A/Iα+1(A) ∼= B′/Iα+1(B). Let h be an isomorphism
from B/Iα+1(B) onto Fr(ω). Now since Iα+1(B) ∼= Iα+1(B

′), let B′′ and j be such that j
is an isomorphism from B′ onto B′′ and j[Iα+1(B

′)] = Iα+1(B). Let k be an isomorphism
from B′′/Iα+1(B) onto Fr(ω). For each e ∈ A let t([eIα+1(A)) = 1st([f(e)]Iα+1(B). Then t
is an isomorphism from A/Iα+1(A) onto B/Iα+1(B).

Let l be an isomorphism of A/Iα+1(A) onto Fr(ω). Now if x ∈ Fr(ω) is given, choose
e ∈ A so that l([e]Iα+1(A)) = x. Then l ◦ t−1 is an isomorphism of B/Iα+1(B) onto Fr(ω).
Hence

l(t−1(t([e]Iα+1(A))) = l([e]Iα+1(A)) = x.

Hence

rB,l◦t−1(x) = rB,l◦t−1(l(t−1(t(e△Iα+1(A))))

= rB,l◦t−1(l(t−1(1st(f(e))△Iα+1(B) = σ′(1st(f(e)) = σ′(e).

Let g′ be an isomorphism of A onto B′′ × C. For each e ∈ A let s([e]Iα+1(A)) =
1st([g′(e)]Iα+1(B). Then s is an isomorphism from A/Iα+1(A) onto B′′/Iα+1(B). As above,
rB′′(x) = σ′(e). Hence B ∼= B′′ ∼= B′.

Now if A is a BA which is nonsuperatomic and is not normalized, then INV(A) =
(2, β, α, n, {rB◦f : f ∈ aut(Fr(ω)), where there is a superatomic BA C such that A ∼= B×C,
with B normalized, τ(B) = (β, β, 0), τ(C) = (α, 0, n), and α ≥ β. Note by Proposition
5.23 that the entries in INV(A) do not depend on the particular B,C chosen.

Theorem C. For any BAs A,A′ the following are equivalent:
(i) A ∼= A′.
(ii) INV(A) = INV(A′).

Proof. For A,A′ superatomic, or A,A′ normal, see Theorems A and B. Now suppose
that A,A′ are not superatomic, and not normal.
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(i)⇒(ii): Suppose that A ∼= A′. By Proposition 5.22 there are BAs B,C such that
A ∼= B×C, B is normalized, and C is superatomic with some type (α, 0, n), with α ≥ σ′(B).
Then clearly INV(A) = INV(A′).

(ii)⇒(i). Suppose that INV(A) = (2, β, α, n, {rB ◦ f : f ∈ aut(Fr(ω)), where there
is a superatomic BA C such that A ∼= B × C, with B normalized, τ(B) = (β, β, 0),
τ(C) = (α, 0, n), and α ≥ β and INV(A′) = (2, β′, α′, n′, {r′B ◦ f : f ∈ aut(Fr(ω)), where
there is a superatomic BA C′ such that A′ ∼= B′ × C′, with B′ normalized, τ(B′) =
(β, β, 0), τ(C′) = (α′, 0, n′), and α′ ≥ β′. Then α = α′, β = β′, n = n′, and there is an
f ∈ Aut(Fr(ω)) such that rB = rB′ ◦ f . Now τs(Iβ(B)) = τs(Iβ(B′)), so by Proposition
4.23, Iβ(B) ∼= Iβ(B′); say that h is an isomorphism from Iβ(B) onto Iβ(B′). Then there
exists an isomorphism h′ of B onto a BA B′′ such that Iβ(B′) ⊆ B′′ and h′ ↾ Iβ(B) = h:

B B′′

Iβ(B) Iβ(B′)

h′

h

⊆ ⊆

Now since B is normalized, there is an isomorphism l from B/Iβ(B) onto Fr(ω). Similarly,
there is an isomorphism k from B′/Iβ(B′) onto Fr(ω). For any a ∈ B′′ define g([a]Iβ(B′)) =
f(l([h′−1(a)]Iβ(B))). Then g is well-defined, since if a ∈ Iβ(B′) then h′−1(a) = h−1(a) ∈
Iβ(B). Clearly then g is an isomorphism from B′′/Iβ(B′) onto Fr(ω). Hence if b ∈ B′′

then

rB′′g(g([b]Iβ(B′))) = σ′(b) = σ′(h′−1(b))

= rB,l◦h′−1(l([h′−1(b)]Iβ(B))) = rB′,f◦l◦h′−1([f(l(h′−1(b)]Iβ(B)))

= rB′g(g([b]Iβ(B′)))

Thus rB′′g = rB′g, and so by Proposition 5.8, B′′ ∼= B′. Hence B ∼= B′.
C ∼= C′ by Proposition 4.28. It follows that A ∼= A′.

Also, we define

INV = {(0, α, n) : α an ordinal, n ∈ ω\{0}}

∪ {(1, α, {r ◦ f : f ∈ aut(Fr(ω))}) : α a nonzero ordinal,

r : Fr(ω) → α+ 1 is additive, r(1) = α}

∪ {(2, β, α, n, {r ◦ f : f ∈ aut(Fr(ω))}) : α, β are ordinals, n ∈ ω\{0},

α ≥ β 6= 0, r : Fr(ω) → β + 1 is additive, r(1) = β}

Theorem 5.24. If Γ ∈ INV, then there is a BA A such that INV(A) = Γ.

Proof. Suppose that Γ ∈ INV. For 1st(Γ) = 0 or 1, apply Propositions 4.19 and
5.21. Now suppose that 1st(Γ) = 2. Say Γ = (2, β, α, n, {r ◦ f : f ∈ aut(Fr(ω))}), where
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α, β are ordinals, n ∈ ω\{0}, α ≥ β 6= 0, r : Fr(ω) → β + 1 is additive, and r(1) = β. Let
A0 = Intalgd(ω

β). Thus A0 is a special ABID such that τ(A0) = (β, β, 0). By Proposition
5.21 let B be a BA such that τ(B) = (β, β, 0) and let g be an isomorphism of B∗ onto Fr(ω)
such that rBg = r. Let A = B × C, where C = Intalg(ωα · n). Then by Proposition 4.11,
(B×C)/Iβ(B×C) ∼= (B/Iβ(B))×(C/Iβ(C)). Thus B is normalized and τ(C) = (α, 0, n).
So Inv(A) = (2, β, α, n, {r ◦ f : f ∈ aut(Fr(ω))}).

Proposition 5.25. If A is a superatomic BA with τ(A) = (α, 0, n) and B is a normalized
BA with τ(B) = (β, β, 0), and α < β, then A×B ∼= B.

Proof. We have (A×B)/Iβ(A×B) ∼= (A/Iβ(A))×(B/Iβ(B)) ∼= (B/Iβ(B)) ∼= Fr(ω).
Also, Iβ(A × B) = Iβ(A) × Iβ(B). By Proposition 4.14, τs(Iβ(A × B)) = (β, β, 0). Thus
A×B is normalized. By Proposition 4.27, Iβ(A×B) ∼= Iβ(B). Let f be an isomorphism
of (A× B)/Iβ(A× B) onto Fr(ω). Let g be an isomorphism of A ×B onto a BA C such
that g[Iβ(A×B)] = Iβ(B). Let g′([(a, b)]Iβ(A×B)) = [g((a, b))]Iβ(C)) for all (a, b) ∈ A×B.
Thus g′ is an isomorphism of (A×B)/Iβ(A×B) onto C/Iβ(C). Let h be an isomorphism
of B/Iβ(B) onto Fr(ω). Now f ◦ g′−1 is an isomorphism of C/Iβ(C) onto Fr(ω). Let
x ∈ Fr(ω). Choose c ∈ C such that f(g′−1([c]Iβ(C))) = x. Then

rC,f◦g′−1(x) = rC,f◦g′−1(f(g′−1([c]Iβ(C)))) = σ′(C ↾ c) = σ′((A×B) ↾ g−1(c)).

Say g−1(c) = (a, b). Now there is an automorphism l of Fr(ω) such that for all (u, v) ∈
A×B, l(f(](u, v)]Iβ(A×B))) = h([v]Iβ(B)). Hence

rBh(l(x)) = rBh(l(f(g′−1([c]Iβ(C)))))) = rBh(l(f(g′−1([g(g−1(c))]Iβ(C))))))

= rBh(l(f(g′−1([g((a, b))]Iβ(C)))))) = rBh(l(f([(a, b)]Iβ(A×B))))

= rBh(h([b]Iβ(B) = σ′(B ↾ b) = σ′((A×B) ↾ g−1(c)).

It follows that B ∼= C ∼= A×B.

Proposition 5.26. Suppose that B and C are normalized, with τ(B) = (β, β, 0) and
τ(C) = (γ, γ, 0). Then

(i) if β < γ, then B × C ∼= C;
(ii) if γ < β, then B × C ∼= B;
(iii) if β = γ, then τ(B ×C) = (β, β, 0), B ×C is normalized, and ∀x ∈ Fr(ω)∃y, z ∈

Fr(ω)[x = y + z and rA×B,u(x) = max(rA,v(y), rB,w(z))] for some u, v, w.

Proof. (i): Assume that β < γ. By Proposition 4.14, τ(B × C) = (γ, γ, 0), and by
Proposition 4.11, Iγ(B × C) ∼= Iγ(C). Then

(B × C)/Iγ(B × C) ∼= (B/Iγ(B)) × (C/Iγ(C)) ∼= C/Iγ(C) ∼= Fr(ω).

Hence B × C is normalized. Let f be an isomorphism of B × C onto a BA D such that
f [Iγ(B×C)] = Iγ(D). Let g be an isomorphism from C/Iγ(C) onto Fr(ω), and let h be an
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isomorphism from D/Iγ(D) onto Fr(ω). Define f ′([(u, v)]Iγ(B×C)) = [f(u, v)]ID(D). Then
f ′ is an isomorphism of (B × C)/Iγ(B × C) onto D/Iγ(D). Define

k(h(f ′([(u, v)]Iγ(B×C)))) = g([v]Iγ(C)).

Then k is an automorphism of Fr(ω). Now given x ∈ Fr(ω)), choose (b, c) ∈ B × C such
that h(f ′([(b, c)]Iγ(B×C))) = x. Let g([c]Iγ(C)) = y. Then h ◦ f ′ is an isomorphism from
(B × C)/Iγ(B × C) onto Fr(ω). Further, k(x) = g([c]Iγ(C), and

rD,h◦f ′(x) = rD,h◦f ′(h(f ′((b, c)△Iγ(B × C))) = σ′(f(b, c));

rCg(k(x)) = rCg(g([c]Iγ(C)) = rCg(y) = σ′(c) = σ′(f(b, c)).

Hence B × C ∼= C.
(ii): this is symmetric to (i).
(iii): By Proposition 4.14, τ(B × C) = (β, β, 0). Also,

(B × C)/Iβ(B × C) ∼= (B/Iβ(B)) × (C/Iβ(C)) ∼= Fr(ω) × Fr(ω) ∼= Fr(ω).

So B × C is normalized.
Let f be an isomorphism of (B × C)/Iβ(B × C) onto Fr(ω). Given x ∈ Fr(ω) choose

(b, c) ∈ B × C such that f([(b, c)]Iβ(B×C)) = x. Then

rB×C,f (x) = rB×C,f (f([(b, c)]Iβ(B×C))) = σ′(b, c) = max(σ′((b, 0)), σ′((0, c)).

Now [(b, 0)]Iβ(B×C) + [(0, c)]Iβ(B×C) = [(b, c)]Iβ(B×C). Let f([(b, 0)]Iβ(B×C) = y and
f([(0, c)]Iβ(B×C) = z. Then x = y + z. Let g be an isomorphism of B/Iβ(B)
onto ((B × C)/Iβ(B × C)) ↾ ([(1, 0)]Iβ(B×C)) and h an isomorphism of C/Iβ(C) onto
((B×C)/Iβ(B×C)) ↾ ([(0, 1)]Iβ(B×C)). Then rB,f◦g(y) = rB,f◦g(f(g([b]Iβ(B))) = σ′((b, 0))
and similarly rC,f◦h(z) = σ′((0, c)). So rB×C,f (x) = max(rB,f◦g(y), rC,f◦h(z)).

Proposition 5.27. Let A,B be nontrivial countable BAs.
(i) INV(A) = (0, α, n), INV(B) = (0, β,m) ⇒ INV(A×B) = (0,max(α, β), p), where

p =

{

m if α < β,
n if β < α,
m+ n if α = β.

(ii) If INV(A) = (0, α, n) and INV(B) = (1, β, {rB ◦ f : f ∈ aut(Fr(ω))}), where B is
normalized and τ(B) = (β, β, 0), then

(a) if α < β, then A×B ∼= B and so INV(A×B) = INV(B),
(b) if β ≤ α, then INV(A×B) = (2, β, α, n, {rB ◦ f : f ∈ aut(Fr(ω)}).

(iii) If INV(A) = (0, α, n) and INV(B) = (2, β, γ,m, {rB ◦ f : f ∈ aut(Fr(ω)}), then
(a) if α < β, then A×B ∼= B and so INV(A×B) = INV(B),
(b) if β ≤ α, then INV(A×B) = (2, β, α, n, {rB ◦ f : f ∈ aut(Fr(ω))}),

(iv) If INV(A) = (0, α,m) and INV(B) = (2, β, γ, n, {rB ◦ f : f ∈ aut(Fr(ω))}), then
(a) if α < β, then A×B ∼= B, and so INV(A×B) = INV(B).
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(b) if β ≤ α, then INV(A × B) = (2, β, δ, p, {rB ◦ f : f ∈ aut(Fr(ω))}), where
δ = max(α, γ) and

p =

{

n if α < γ,
m if γ < α,
m+ n if α = γ.

(v) If INV(A) = (1, β, {rA ◦ f : f ∈ aut(Fr(ω))}), where A is normalized and τ(A) =
(β, β, 0) and INV(B) = (1, γ, {rB ◦ f : f ∈ aut(Fr(ω))}), where B is normalized and
τ(B) = (γ, γ, 0), then INV(A×B) is given by Proposition 5.29.

(vi) If INV(A) = (1, α, {rA ◦ f : f ∈ aut(Fr(ω))}), where A is normalized and τ(A) =
(α, α, 0) and INV(B) = (2, β, γ, n, {rB ◦ f : f ∈ aut(Fr(ω))}), then

(a) if α < β, then A×B ∼= B and INV(A×B) = INV(B);
(b) if γ < α, then A×B ∼= A and INV(A×B) = INV(A);
(c) if β < α ≤ γ, then INV(A×B) = (2, α, γ, n, {rA ◦ f : f ∈ aut(Fr(ω))});
(d) If α = β, then INV(A×B) = (2, α, γ, n, {rA×B ◦ f : f ∈ aut(Fr(ω))});

(vii) If INV(A) = (2, α, γ, n, {rA◦f : f ∈ aut(Fr(ω))}) and INV(B) = (2, β, δ,m, {rB◦
f : f ∈ aut(Fr(ω))}), then

(a) if γ < β then A×B ∼= B and INV(A×B) = INV(B);
(b) if α < β ≤ γ, then INV(A×B) = (2, β, ε, p, {rB ◦ f : f ∈ aut(Fr(ω))}), where

ε and p are determined by Proposition 5.14;
(c) If β < α, then INV(A × B) = (2, α, ε, p, {rA ◦ f : f ∈ aut(Fr(ω))}), where ε

and p are determined by Proposition 5.14;
(d) If β = α, then INV(A × B) = (2, ϕ, ε, p, {rA×B) ◦ f : f ∈ aut(Fr(ω))}), where

ϕ, ε and p are determined by Proposition 5.14.

Proof. (i): by Proposition 4.14.
(ii)(a): by Proposition 5.25.
(ii)(b): clear.
(iii): Let C be normalized and D be superatomic such that B ∼= C × D, τ(C) =

(β, β, 0), and τ(D) = (γ, 0, m).
(a): Then A× C ∼= C by Proposition 5.25, and hence A×B ∼= B.
(b): obvious.

(iii) Let C be normalized andD be superatomic such that B ∼= C×D, τ(C) = (β, β, 0),
and τ(D) = (γ, 0, m).

(a): clear.
(b): clear.

(iv)(a): by Proposition 5.25
(iv)(b): by Proposition 4.14.
(v): by Proposition 5.26.
(vi)(a): by Proposition 5.25.
(vi)(b): by Propositions 5.24, 5.25.
(vi)(c): by Proposition 5.25.
(vi)(d): by Proposition 5.25.
(vii)(a): by Propositions 5.24, 5.25.
(vii)(b): by Proposition 5.25.
(vii)(c),(d): by Propositions 5.24, 5.25.
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6. More examples

Example 6.1. If |A| = 1, then τ(A) = τs(A) = (0, 0, 0).

Example 6.2. If A is finite with n > 0 atoms, then τ(A) = τs(A) = (0, 0, n).

Example 6.3. If A = Intalg(ωα · n), with α a nonzero ordinal and n a nonzero natural
number, then τ(A) = τs(A) = (α, 0, n).

Proof. We claim that for all β < α,

6.3(1) atoms(A/Iβ(A)) = {[[ωα · i+ ωβ · ξ, ωα · i+ ωβ · (ξ + 1))]Iβ(A) : i < n, ξ < ωα}.

6.3(2) A/Iβ(A) is generated by the increasing sequence

{[[0, ωβ · ξ)]Iβ(A) : ξ < ωα}⌢

[[0, ωα + ωβ · ξ)]Iβ(A) : ξ < ωα}⌢

. . .

[[0, ωα · (n− 1) + ωβ · ξ)]Iβ(A) : ξ < ωα}.

We prove these statements by induction on β. They are clear for β = 0. Assume them for
β. Then they are clear for β + 1. Now assume that γ is limit < ωα and (1) and (2) hold
for all β < γ. Then for any i < n and ξ < ωα, [[ωα · i + ωγ · ξ, ωα · i + ωγ · (ξ + 1))]Iγ(A)

is an atom of A/Iγ(A). In fact, first note that each member of Iγ(A) is a finite union of
intervals [ϕ, ψ) with ψ − ϕ < γ; hence [[ωα · i+ ωγ · ξ, ωα · i+ ωγ · (ξ + 1))]Iγ(A) 6= 0. Now

suppose that i < n, ξ < ωα, and δ < ωγ . Choose β < γ so that δ < ωβ . Say β + ε = γ.
Then

[[ωα · i+ ωγ · ξ, ωα · i+ ωγ · ξ + δ))]Iγ(A)

= [[ωα · i+ ωβ · ωε · ξ, ωα · i+ ωβ · ωε · ξ + δ)]Iγ(A)

≤ [[ωα · i+ ωβ · ωε · ξ, ωα · i+ ωβ · ωε · ξ + ωβ)]Iγ(A)

≤ [[ωα · i+ ωβ · ωε · ξ, ωα · i+ ωβ · (ωε · ξ + 1))]Iγ(A) = 0

Now 6.3(1) and 6.3(2) follow for γ.
So 6.3(1) and 6.3(2) hold for all β < α. It follows that A/Iα(A) is generated by

{[[0, ωα)]Iα(A), . . . , [[ω
α · (n− 1),∞)]Iα(A)}.

So A/Iα(A) is finite with n atoms. Hence τ(A) = τs(A) = (α, 0, n).

Example 6.4. Let L = ω × Q ordered by second differences, and with a new zero 0′

adjoined. Let A = Intalgd(L). Then τ(A) = (1, 1, 0).

Proof.
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atoms(A) = {({n}, q) : n ∈ ω, q ∈ Q};
I1(A) is generated by {({n}, q) : n ∈ ω, q ∈ Q};
A/I1(A) is atomless;
I2(A) = I1(A);
I1(A)/I0(A) is not principal.
τ(A) = (1, 1, 0).
ar(A) = 1.
A is normal.
g : A/Iar(A)(A) → Intalg(Q) is defined by g([[0′, (m, q))]I1(A) = [0, q); with h an isomor-
phism of Intalg(Q onto Fr(ω) we have INV(A) = (1, 1, {rA,h◦g ◦ k : k ∈ Aut(Fr(ω))}.

Example 6.5. Let L = ω2 × Q ordered by second differences, and with a new zero 0′

adjoined. Let A = Intalg(L). Then τ(A) = (2, 2, 0).

Proof.

atoms(A) = {({α}, q) : α < ω2, q ∈ Q};
I1(A) is generated by {({α}, q) : α < ω2, q ∈ Q};
atoms(A/I1(A)) = {[([ω · n, σ · (n+ 1)), q)]I1(A) : n ∈ ω, q ∈ Q};
I2(A) is generated by I1(A) ∪ {([ω · n, σ · (n+ 1)), q) : n ∈ ω, q ∈ Q};
A/I2(A) is atomless;
I3(A) = I2(A);
I2(A)/I1(A) is not principal;
τ(A) = (2, 2, 0).
ar(A) = 2.
A is normal.
g : A/Iar(A)(A) → Intalg(Q) is defined by g([[0′, (α, q))]I1(A) = [0, q); with h an isomor-
phism of Intalg(Q onto Fr(ω) we have INV(A) = (2, 2, {rA,h◦g ◦ k : k ∈ Aut(Fr(ω))}.

Example 6.6. Let A = Intalg(ω2) × Intalg(Q). Then τ(A) = (2, 0, 1).

Proof.

atoms(A) = {({α}, 0) : α < ω2};
I1(A) is generated by {({α}, 0) : α < ω2};
atoms(A/I1(A)) = {[([ω · n, ω · (n+ 1)), 0)]I1(A) : n ∈ ω};
I2(A) is generated by I1(A) ∪ {([ω · n, ω · (n+ 1)), 0) : n ∈ ω};
atoms(A/I2(A)) = {[(1, 0)]I2(A)};
I3(A) is generated by I2(A) ∪ {(1, 0)};
A/I3(A) is atomless;
I4(A) = I3(A)
I3(A)/I0(A) is generated by [(1, 0)]I0(A);
A/I2(A) has the one atom [(1.0)]I2(A).
τ(A) = (2, 0, 1).

Example 6.7. Let A = Intalg(ω) × Intalg(ω2 × Q). Then τ(A) = (2, 2, 0).
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Proof.

atoms(A) = {({m}, 0) : m ∈ ω} ∪ {(0, ({α}, q)) : α < ω2, q ∈ Q};
I1(A) is generated by {({m}, 0) : m ∈ ω} ∪ {(0, ({α}, q)) : α < ω2, q ∈ Q};
atoms(A/I1(A)) = {[(1, 0)]I1(A)} ∪ {[(0, ([ω · n, ω · (n+ 1)), q)]I1(A) : n ∈ ω, q ∈ Q};
I2(A) is generated by I1(A) ∪ {(1, 0)} ∪ {(0, ([ω · n, ω · (n+ 1)), q) : n ∈ ω, q ∈ Q};
A/I2(A) is atomless;
I3(A) = I2(A);
I2(A)/I0(A) and I2/I1(A) are not principal;
τ(A) = (2, 2, 0).

Example 6.8. Let A = Intalg(ω2) × Intalg(ω2 × Q). Then τ(A) = (2, 2, 1).

Proof.

atoms(A) = {({α}, 0) : α < ω2} ∪ {(0, ({α}, q) : α < ω2, q ∈ Q};
I1(A) is generated by {({α}, 0) : α < ω2} ∪ {(0, {(α, q)}) : α < ω2, q ∈ Q};
atoms(A/I1(A)) = {[[ω ·n, ω ·(n+1)), 0)]I1(A) : n ∈ ω}∪{[(0, (0, [ω ·n, ω ·(n+1)), q))]I1(A) :
n ∈ ω, q ∈ Q};
I2(A) is generated by I1(A)∪{[ω ·n, ω · (n+1)), 0) : n ∈ ω}∪{(0, (0, [ω ·n, ω · (n+1)), q)) :
n ∈ ω, q ∈ Q};
atoms(A/I2(A)) = {[(1, 0)]I2(A)};
I3(A) is generated by I2(A) ∪ {(1, 0)};
A/I3(A) is atomless;
I4(A) = I3(A);
I3(A)/I0(A) is not principal; I3(A)/I1(A) is not principal; I3(A)/I2(A) is the principal
ideal determined by [(1, 0)]I2(A);
τ(A) = (2, 2, 1).

Example 6.9. Let L = (ω × Q) + (ω2 × Q) with a new zero 0′ adjoined, A = Intalg(L).
τ(A) = (2, 2, 0).

atoms(A) = {({m}, q) : q ∈ Q} ∪ {({α}, q) : α < ω2, q ∈ Q}.
I1(A) is generated by {({m}, q) : q ∈ Q} ∪ {({α}, q) : α < ω2, q ∈ Q}.
atoms(A/I1(A)) = {[([ω · n, ω · (n+ 1), q))]I1(A) : n ∈ ω, q ∈ Q}.
I2(A) is generated by I1(A) ∪ {[ω · n, ω · (n+ 1), q) : n ∈ ω, q ∈ Q}.
A/I2(A) is atomless.
I3(A) = I2(A).
ϕ(A) = (2, 2, 0).

II. Ketonen’s theorem

7. Monoids and measures

An m-monoid is an algebra (M,+, 0) such that + is a commutative and associative binary
operation on M , 0 ∈M , ∀a ∈M [a+ 0 = a] and ∀a, b ∈M [a+ b = 0 → a = b = 0].

For any m-monoid (M,+, 0) we set M∗ = M\{0}. Note that M∗ is closed under +,
so that (M∗,+) is a commutative semigroup.
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A morphism of an m-monoid (M,+, 0) to an m-monoid (M ′,+′, 0′) is a function
f : M →M ′ such that ∀x, y ∈M [f(x+ y) = f(x) + f(y)], f(0) = 0′, and f [M∗] ⊆M ′∗.

Proposition 7.1. If L is a linear order with smallest element 0, then (L,max, 0) is an
m-monoid, where max(a, b) is the maximum of a and b.

W is ω1 with a new smallest element o adjoined. So (W ,max, o) is an m-monoid.
If A is a BA and M is an m-monoid, then anM -measure on A is a mapping σ : A→M

such that

7.1(1) σ(x+ y) = σ(x) + σ(y) for each pair (x, y) of disjoint elements of A.

7.1(2) ∀x ∈ A[σ(x) = 0 iff x = 0].

The set of all M -measures on Fr(ω) will be denoted by M (M). M is M (W ).

Proposition 7.2. If M,N are m-monoids, Φ : M → N is a morphism, and σ ∈ M (M),
then Φ ◦ σ ∈ M (N).

Proof. Clearly Φ ◦ σ : Fr(ω) → N . If x, y are disjoint elements of Fr(ω), then

Φ(σ(x+ y)) = Φ(σ(x) + σ(y)) = Φ(σ(x)) + Φ(σ(y)).

Also, if x ∈ Fr(ω), then

Φ(σ(x)) = 0 iff σ(x) = 0 iff x = 0.

Proposition 7.3. If k is an automorphism of Fr(ω) and σ ∈ M (M), then σ ◦k ∈ M (M).

Proof. Assume that k is an automorphism of Fr(ω) and σ ∈ M (M). If x, y are
disjoint elements of Fr(ω), then k(x) and k(y) are disjoint, and

σ(k(x+ y)) = σ(k(x) + k(y)) = σ(k(x)) + σ(k(y)).

For any x ∈ Fr(ω),
σ(k(x)) = 0 iff k(x) = 0 iff x = 0.

8. Derived monoids

For any set M we denote by <<ωM the set of all finite nonempty sequences of members
of M . If (M,+, 0) is an m-monoid, then for any m ∈ ω\{0} the operation + on mM is
defined coordinatewise. We define the trace map T : <<ωM →M by

T (a) =
∑

i<m

ai where a ∈ mM with m ∈ ω\{0}.

If M is an m-monoid, m,n ∈ ω\{0}, a ∈ mM , and b ∈ nM , then a is a refinement of b,
in symbols a ≺ b, iff there is a mapping λ : m → n such that ∀j < n[bj =

∑

{ai : i <
m, λ(i) = j}]. Note that if a ≺ b with m,n, λ as indicated, then

∑

j<n bj =
∑

i<m ai.
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Proposition 8.1. ≺ is reflexive.

Proof. Suppose that a ∈ mM . Let λ(i) = i for all i < m. Then for all j < m,
aj =

∑

{ai : λ(i) = j}.

Proposition 8.2. ≺ is transitive.

Proof. Suppose that a ≺ b ≺ c. Say a ∈ mM , b ∈ nM , and c ∈ pM . Then there
exist λ : m → n and µ : n → p such that ∀j < n[bj =

∑

{ai : i < m, λ(i) = j}] and
∀k < p[ck =

∑

{bj : j < n, µ(j) = k}]. Then for all k < p,

ck =
∑

{bj : j < n, µ(j) = k} =
∑

{

∑

{ai : i < m, λ(i) = j} : j < n, µ(j) = k
}

=
∑

{ai : i < m : µ(λ(i)) = k}.

Proposition 8.3. If M is a m-monoid, m ∈ ω\{0}, a ∈ mM , and λ is a permutation of
m, let b = a ◦ λ = 〈aλ(0), aλ(1), . . . , aλ(m−1)〉. Then a ≺ b ≺ a.

Proof. ∀j < n[bj = aλ(j) =
∑

{ai : i < n, λ−1(i) = j}] and ∀j < n[aj = bλ−1(j) =
∑

{bi : i < n, λ(i) = j}].

Proposition 8.4. If M is a m-monoid, m ∈ ω\{0}, and a ∈ mM , then a⌢〈0〉 =
〈a0, . . . , am−1, 0〉 and a ≺ a⌢〈0〉 ≺ a.

Proof. Clearly a⌢〈0〉 = 〈a0, . . . , am−1, 0〉. Now let b = a⌢〈0〉. Let λ : m → m + 1
be the inclusion map. Then ∀j < m + 1[bj =

∑

{ai : i < n, λ(i) = j}]. So a ≺ b.
Now let µ : m + 1 → m be such that µ ↾ m is the identity and µ(m) = m − 1. Then
∀j < m[aj =

∑

{bi : i < m+ 1, µ(i) = j}], so b ≺ a.

Proposition 8.5. If M is a m-monoid, m,n ∈ ω\{0}, a ∈ mM , and b ∈ nM , and a ≺ b,
then T (a) = T (b).

Let f : ω × ω → ω be a bijection. Let (M,+, 0) be an m-monoid. The derived monoid
△M of M is the set of all α ∈ [<<ωM ]ω satisfying the following conditions:

(i) (Collection property, (C.P.)): For all a, b ∈ <<ωM , if a ∈ α and a ≺ b, then b ∈ α.
(ii) (Refinement property, (R.P.)): For all m,n ∈ ω\{0} and all a ∈ mM and b ∈ nM ,

if a, b ∈ α then there is a c ∈ m·nM such that c ∈ α, ∀i < m[ai =
∑

{cf(i,j) : j < n}] and
∀j < n[bj =

∑

{cf(i,j) : i < m}].
(iii) (Splitting property, (S.P.)) ∀m ∈ ω\{0} and all a ∈ mM , if a ∈ α and a0 6= o,

then there exist b, c ∈M\{0} such that a0 = b+ c and 〈b, c, a1, . . . , am−1〉 ∈ α.

For any α, β ∈ △M let

α+ β = {a+ b : a ∈ α, b ∈ β, dmn(a) = dmn(b)}.

Also, let O = {〈0〉, 〈0, 0〉, . . .}.

Proposition 8.6. If α ∈ △M , then for each m ∈ ω\{0}, α has a member of length m.
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Proof. α is infinite, so fix a ∈ α; say a has length m. Let λ : m → 1 be the obvious
function. Let b = {(0,

∑

{ai : i < m})}. Then b0 =
∑

{ai : i < m, λ(i) = 0}, so a ≺ b.
Hence by the C.P., b ∈ α. Thus α has an element of length 1. By Proposition 8.4 and the
C.P. it has elements of each positive length.

Proposition 8.7. If α, β ∈ △M , then α + β ∈ △M . Also O ∈ △M . Moreover,
(△M,+, O) is an m-monoid.

Proof. By Proposition 8.6, α+ β ∈ [<<ωM ]ω. Now to check C.P. for α+ β, suppose
that a, b ∈ <<ωM , a ∈ α+ β, and a ≺ b. Say a = c+ d and m ∈ ω\{0} with a, c, d ∈ mM ,
Say n ∈ ω\{0}, λ : m → n, and ∀j < n[bj =

∑

{ai : i < m, λ(i) = j}]. Define c′ and d′

with domain n by setting, for j < n, c′j =
∑

{ci : i < m, λ(i) = j} and d′j =
∑

{di : i <
m, λ(i) = j}. Then c ≺ c′ and d ≺ d′, so by C.P. for α and β, c′ ∈ α and d′ ∈ β. Clearly
b = c′ + d′, so b ∈ α+ β. This proves C.P. for α+ β.

For R.P., suppose that m,n ∈ ω\{0}, a ∈ mM , b ∈ nM , and a, b ∈ α + β. Say
c, d ∈ mM , e, f ∈ nM , c, e ∈ α, d, f ∈ β, a = c + d, and b = e + f . Choose g, h ∈ m·nM
such that g ∈ α, h ∈ β, ∀i < m[ci =

∑

{gf(i,j) : j < n}], ∀j < n[ej =
∑

{gf(i,j) : i < m}],
∀i < m[di =

∑

{hf(i,j) : j < n}], and ∀j < n[fj =
∑

{hf(i,j) : i < m}]. Let k = g + h.
Then k ∈ m·nM , k ∈ α+ β,

∀i < m
[

ai = ci + di =
∑

{kf(i,j) : j < n} and

∀j < n[bj = ej + fj =
∑

{kf(i,j) : i < m}
]

.

This proves R.P. for α+ β.
For S.P., suppose that m ∈ ω\{0}, a ∈ mM , a ∈ α + β, and a0 6= 0. Say a = b + c

with b ∈ α and c ∈ β.
Case 1. b0 = 0 6= c0. Choose d, e ∈M\{0} such that c0 = d+ e and

〈d, e, c1, c2, . . . cm−1〉 ∈ β.

Also, let f = 〈0, 0, b1, b2, . . . bm−1〉. Define λ : m → m + 1 by λ(i) = i + 1 for all i < m.
Then f0 = 0 =

∑

{bi : λ(i) = 0}, f1 = 0 =
∑

{bi : i < n, λ(i) = 1} = b0, and for j ≥ 2,
fj = bj−1 =

∑

{bi : i < n, λ(i) = j}. So b ≺ f , hence f ∈ α. Clearly a0 = d+ e and

〈d, e, a1, a2, . . . , am−1〉 = 〈d, e, c1, c2, . . . cm−1〉 + f ;

hence 〈d, e, a1, a2, . . . , am−1〉 ∈ α+ β.
Case 2. b0 6= 0 = c0. This is symmetric to Case 1.
Case 3. b0 6= 0 6= c0. Choose d, e ∈M\{0} such that c0 = d+ e and

〈d, e, c1, c2, . . . cm−1〉 ∈ β

and choose d′, e′ ∈ M\{0} such that b0 = d′ + e′ and 〈d′, e′, b1, b2, . . . bm−1〉 ∈ α. Then
a0 = b0 + c0 = d+ e+ d′ + e′ and

〈d+ d′, e+ e′, a1, a2, . . . , am−1〉 ∈ α+ β.
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This proves S.P. for α+ β.
Hence α+ β ∈ △M . Clearly O ∈ △M . Clearly then (△M,+, O) is an m-monoid.

Proposition 8.8. If a ∈ α ∈ △M , with a ∈ mM , and if λ is a permutation of m, then
a ◦ λ ∈ α.

Proof. By Proposition 8.3 and C.P.

Proposition 8.9. ∀m ∈ ω\{0}, all a ∈ mM , and all i < m, if a ∈ α and ai 6= o, then
there exist b, c ∈M\{0} such that ai = b+ c and 〈a0, . . . , ai−1, b, c, ai+1, . . . , am−1〉 ∈ α.

Proof. let λ : m→ m be the permutation (i, 0). Then

〈ai, a1, . . . , ai−1, a0, ai+1, . . . , am−1〉 ∈ α

by Proposition 8.8. By S.P. let b, c ∈M\{0} be such that ai = b+ c and

〈b, c, a1, . . . , ai−1, a0, ai+1, . . . , am−1〉 ∈ α.

Let d = 〈b, c, a1, . . . , ai−1, a0, ai+1, . . . , am−1〉, and let λ be the permutation of m+ 1 such
that

λ(0) = i+ 1, λ(1) = 2, . . . , λ(i− 1) = i,

λ(i) = 0, λ(i+ 1) = 1, λ(i+ 2) = i+ 2, . . . , λ(m) = m.

Then

d ◦ λ = 〈di+1, d2, . . . , di−1, b, c, di+1, . . . , dm〉 = 〈a0, a1, . . . , ai−1, b, c, ai+1, . . . , am−1〉.

Since d ∈ α, also d ◦ λ ∈ α by Proposition 8.8.

Proposition 8.10. If α is a countable subset of <<ωM satistying R.P. and a, b ∈ α, then
T (a) = T (b).

Proof. Say a ∈ mM and b ∈ nM . Let c ∈ α be obtained by R.P.; thus ∀i < m[ai =
∑

{cf(i,j) : j < n}] and ∀j < n[bj =
∑

{cf(i,j) : i < m}. We claim that a ≺ c. Let
λ(f(i, j)) = i for all i < m, j < n. Then

∀i < m[ai =
∑

{cf(i,j) : j < n} =
∑

{ck : k < m · n, λ(k) = i}.

So a ≺ c. By symmetry, b ≺ c. Hence by Proposition 8.5, T (a) = T (c) = T (b).

Now for any α ∈ △M we let T (α) = T (a) for any a ∈ α; this is justified by Proposition
8.10.

Proposition 8.11. T : △M →M is a morphism of m-monoids.
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Proof. For preservation of +, let α, β ∈ △M . Choose a ∈ α and b ∈ β with dmn(a) =
dmn(b). Then (a+ b) ∈ (α+ β), so T (α+ β) = T (a+ b) = T (a) + T (b) = T (α) + T (β).

Clearly T (O) = 0. If α 6= O, choose a ∈ α with dmn(a) = 1. Then a0 6= 0, so
T (α) = T (a) 6= 0.

Proposition 8.12. If α is a countable subset of <<ωM satisfying C.P. and R.P., then
〈T (α)〉 ∈ α.

Proof. Take any a ∈ α; say a has domain m. Let λ : m→ 1 be the obvious function.
Let b = {(0,

∑

{ai : i < m})}. Then b0 =
∑

{ai : i < m, λ(i) = 0}, so a ≺ b. Hence by the
C.P., b ∈ α.

9. The derived monoid of W

Recall that W is ω1 with a new smallest element o adjoined; it is an m-monoid.
For each α ∈ (△W )∗ define θα : ω1 → ω + 1 by setting, for each ζ < ω1,

θα(ζ) = lub{|{i ∈ dmn(a) : ai = ζ}| : a ∈ α}.

Proposition 9.1. If α ∈ (△W )∗, and a ∈ α with a ∈ mW , then T (α) = max{ai : i <
m, ai 6= o, a ∈ α}, a countable ordinal.

Proposition 9.2. Suppose that α ∈ (△W )∗ and T (α) = η. Then
(i) θα(ζ) = 0 for all ζ > η.
(ii) 0 < θα(η) ≤ ω.
(iii) If ξ = min{ζ < ω1 : θα(ζ) 6= 0}, then

(a) ξ ≤ η.
(b) For each n ∈ ω there is an a ∈ α such that a has at least n entries equal to ξ.
(c) θα(ξ) = ω.
(d) ∀ζ < ξ[θα(ζ) = 0].

Proof. (i), (ii), and (iii)(a) are clear. We prove (iii)(b) by induction on n. It is clear
for n = 0, 1. Now assume it for n. Say a ∈ α and a has at least n entries equal to ξ. Say
a ∈ mW , i < m, and ai = ξ. By Proposition 8.10 there are b, c ∈ W ∗ such that ξ = ai =
b+c and 〈a0, . . . , ai−1, b, c, ai+1, . . . , am−1〉 ∈ α. Since max(b, c) = ξ and by the minimality
of ξ both ξ ≤ b and ξ ≤ c, we have b = c = ξ. Thus 〈a0, . . . , ai−1, b, c, ai+1, . . . , am−1〉 has
one more ξ than a, and hence it has at least n+ 1 entries equal to ξ. This proves (iii)(b).
(iii)(c) follows from (iii)(b). (iii)(d) is obvious.

Let N ∗ be the set of all mappings θ : ω1 → ω + 1 such that there exist ξ ≤ η ordinals in
ω1 such that θ(ζ) = 0 for ζ < ξ and η < ζ < ω1, with θ(ξ) = ω and 1 ≤ θ(η) ≤ ω.
Let N = N ∗ together with a new element o. We define + on N by setting, for θ, ψ ∈ N ∗,
o+ o = o; θ + o = θ = θ + o; (θ + ψ)(ζ) = θ(ζ) + ψ(ζ) for each ζ < ω1.

Proposition 9.3. Suppose that α ∈ △M , m,n ∈ ω\{0}, a ∈ mM , b ∈ nM , a, b ∈ α, λ
and µ are permutations of m,n respectively, c ∈ m·nM , c ∈ α, ∀i < m[aλ(i) =

∑

{cf(i,j) :
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j < n}], ∀j < n[bµ(j) =
∑

{cf(i,j) : i < m}], d ∈ m·nM , and ∀i < m∀j < n[df(i,j) =
cf(λ−1(i),µ−1(j))].

Then d ∈ α, ∀i < m[ai =
∑

{df(i,j) : j < n}], and ∀j < n[bj =
∑

{df(i,j) : i < m}].

Proof. Let ρ be the permutation of m × n such that ρ(f(i, j)) = f(λ−1(i), µ−1(j))
for all i < m and j < n. Then d = c ◦ ρ. Hence d ∈ α by Proposition 8.8.

Now take any i < m. Then

ai = aλ(λ−1(i)) =
∑

{cf(λ−1(i),j) : j < n}

=
∑

{cf(λ−1(i),µ−1(j)) : j < n} =
∑

{df(i,j) : j < n}.

By symmetry, bj =
∑

{df(i,j) : i < m} for all j < n.

Proposition 9.4. Suppose that α ∈ △M , m,n ∈ ω\{0}, a ∈ mM , b ∈ nM , m < n, a′ ∈
nM , a ⊆ a′, a, a′, b ∈ α, ∀i ∈ n\m[a′i = o], c ∈ n·nM , c ∈ α, ∀i < n[a′i =

∑

{cfnn(i,j) : j <
n}], ∀j < n[bj =

∑

{cfnn(i,j) : i < n}, d ∈ m·nM , and ∀i < m∀j < n[dfmn(i,j) = cfnn(i,j)].
Then d ∈ α, ∀i < m[ai =

∑

{dfmn(i,j) : j < n}] and ∀j < n[bj =
∑

{dfmn(i,j) : i <
m}].

Proof. Define λ : n · n→ m · n by setting, for any i < n and j < n,

λ(fnn(i, j)) =

{

fmn(i, j) if i < m,
fmn(m− 1, j) if m ≤ i < n.

Now ∀i ∈ n\m[o = a′i =
∑

{cfnn(i,j) : j < n} and hence

(∗) ∀i ∈ n\m∀j < n[cfnn(i,j) = o].

Now ∀i < m∀j < n∀k < n∀l < n[λ(fnn(k, l)) = fmn(i, j) iff (k = i and l = j) or
(m ≤ k < n and i = m− 1 and l = j)]. So if i < m− 1 and j < n then

∑

{cfnn(k,l) : λ(fnn(k, l)) = fmn(i, j)} = cfnn(i,j) = dfmn(i,j),

while if i = m− 1 and j < n then

∑

{cfnn(k,l) : λ(fnn(k, l)) = fmn(i, j)}

= cfnn(i,j) +
∑

{cfnn(k,l) : k ∈ n\m, j < n} = cfnn(i,j) = dfmn(i,j).

Hence c ≺ d, so d ∈ α by C.P. Next, for any i < m, ai = a′i =
∑

{cfnn(i,j) : j < n} =
∑

{dfmn(i,j) : j < n}. By (∗), for all j < n, bj =
∑

{cfnn(i,j) : i < n} =
∑

{cfnn(i,j) : i <
m} =

∑

{dfmn(i,j) : i < m}.

Note by symmetry that the modification of Proposition 9.4 by replacing m < n by n < m
also holds.

Proposition 9.5. The following statement implies R.P.:
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For all α ∈ △W , all m ∈ ω\{0} and for all a, b ∈ mW , if a, b ∈ α, a0 ≥ a1 ≥
· · · ≥ am−1 and b0 ≥ b1 ≥ · · · ≥ bm−1, then there is a c ∈ m·mW such that c ∈ α and
∀i < m[ai =

∑

{cfmm(i,j) : j < m}] and ∀j < m[bj =
∑

{cfmm(i,j) : i < m}].

Proof. Assume the indicated statement, and suppose that m,n ∈ ω\{0}, a ∈ mW ,
b ∈ nW , and a, b ∈ α. Let λ be a permutation of m and µ a permutation of n, such that
aλ(0) ≥ aλ(1) ≥ · · · ≥ aλ(m−1) and bµ(0) ≥ bµ(1) ≥ · · · ≥ bµ(n−1). Let a′ = a◦λ and b′ = b◦µ.
Wlog m < n. Let a′′ ∈ nW be such that a′ ⊆ a′′ and ∀i ∈ n\m[a′′i = o]. Then by the
assumed statement, there is a c ∈ n·nW such that c ∈ α and ∀i < n[a′′i =

∑

{cfnn(i,j) : j <
n}] and ∀j < n[b′j =

∑

{cfnn(i,j) : i < n}]. Define d ∈ m·nW by setting dfmn(i,j) = cfnn(i,j)

for all i < m and j < n, Then by Proposition 9.4, d ∈ α, ∀i < m[a′i =
∑

{dfmn(i,j) : j < n}]
and ∀j < n[b′j =

∑

{dfmn(i,j) : i < m}]. Now define e ∈ m×nW by setting, for i < m and
j < n, efmn(i,j) = dfmn(λ−1(i),µ−1(j)). Now ∀i < m[aλ(i) = a′i =

∑

{dfmn(i,j) : j < n}]
and ∀j < n[bµ(j) = b′j =

∑

{dfmn(i,j) : i < m}]. Hence by Proposition 9.3, e ∈ α,
∀i < m[ai =

∑

{efmn(i,j) : j < n}], and ∀j < n[bj =
∑

{efmn(i,j) : i < m}].

Proposition 9.6. Let f(O) = o, and for any α ∈ (△W )∗ let f(α) = θα. Then f is an
isomorphism of (△W ,+, O) onto (N ,+, o).

Proof. By Proposition 9.2, f maps △W into N . Now we check that f preserves +.
Suppose that x, y ∈ △W .

Case 1. x = y = O. Then f(x+ y) = f(O +O) = f(O) = o = o+ o = f(x) + f(y).
Case 2. x = α ∈ (△W )∗ and y = o. Then f(x+y) = f(α) = θα = θα+o = f(x)+f(y).
Case 3. x = o and y = β ∈ (△W )∗. Symmetric to Case 2.
Case 4. x = α ∈ (△W )∗ and y = β ∈ (△W )∗. Then f(x + y) = f(α + β) = θα+β,

f(x) = f(α) = θα, and f(y) = f(β) = θβ . So we want to show that θα+β = θα + θβ . Take
any ζ < ω1. Then if a ∈ α, b ∈ β, and dmn(a) = dmn(b), then

{i ∈ dmn(a) : ai + bi = ζ} ⊆ {i ∈ dmn(a) : ai = ζ} ∪ {i ∈ dmn(b) : bi = ζ},

and so θα+β(ζ) ≤ θα(ζ)+ θβ(ζ). On the other hand, if a ∈ α and b ∈ β, then a⌢c ∈ α and
d⌢b ∈ β, where c is the sequence of o’s with domain dmn(b) and d is the sequence of o’s
with domain dmn(a). Then (a⌢c) + (d⌢b) ∈ α+ β, and

|{i ∈ dmn(a) + dmn(b) : ((a⌢c) + (d⌢b))i = ζ}|

= |{i ∈ dmn(a) : ai = ζ}| + |{i ∈ dmn(b) : bi = ζ}|.

It follows that θα(ζ) + θβ(ζ) ≤ θα+β(ζ).
So f preserves +.
Now we define a function g with domain N which will turn out to be the inverse of f .

Let g(o) = O. Now suppose that θ ∈ N ∗. Say ξ ≤ η are ordinals in ω1 such that θ(ζ) = 0
for ζ < ξ and η < ζ < ω1, with θ(ξ) = ω and 1 ≤ θ(η) ≤ ω. Let

g(θ) = α = {a ∈ <<ω
W : T (a) = η and ∀ζ < ω1[|{i ∈ dmn(a) : ai = ζ}| ≤ θ(ζ)]}.

Now 〈η〉, 〈η, o〉, 〈η, o, o〉, . . . ∈ α, so α is infinite. Each member of α is a finite sequence of
members of {o} ∪ (η + 1), and so α is countable. Now we check that α ∈ △W .
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C.P.: Suppose that a ∈ α, b ∈ <<ωW , and a ≺ b. Say dmn(a) = m, dmn(b) = n,
λ : m → n, and ∀j < n[bj =

∑

{ai : i < m, λ(i) = j}]. Then T (b) = T (a) = η. For any
ζ < η we have |{j < n : bj = ζ}| ≤ |{i < m : ai = ζ}| ≤ θ(ζ). So C.P. holds.

S.P.: Suppose that m ∈ ω\{0}, a ∈ mW , a ∈ α and a0 6= o. Now ξ ≤ a0 and
a0 = a0 + ξ. Clearly

〈a0, ξ, a1, a2, . . . , am−1〉 ∈ α.

So S.P. holds.
R.P.: By Proposition 9.5 it suffices to prove the following statement:

(∗) For all m ∈ ω\{0} and for all a, b ∈ mW , if a, b ∈ α, a0 ≥ a1 ≥ · · · ≥ am−1 and
b0 ≥ b1 ≥ · · · ≥ bm−1, then there is a c ∈ m·mW such that c ∈ α, ∀i < m[ai =

∑

{cfmm(i,j) :
j < m}], and ∀j < m[bj =

∑

{cfmm(i,j) : i < m}].

We prove the statement by induction on m. First assume that m = 1 and a, b ∈ mW with
a, b ∈ α. Since dmn(a) = dmn(b) = 1 and T (a) = T (b), it follows that a0 = η = b0, hence
a = b. Then we can take c = a.

Now assume the result for m, and suppose that a, b ∈ m+1W , a, b ∈ α, a0 ≥ a1 ≥
· · · ≥ am and b0 ≥ b1 ≥ · · · ≥ bm. Let a′ = a ↾ m and b′ = b ↾ m. Let λ : m + 1 → m
be such that λ ↾ m is the identity, and λ(m) = m − 1. Then ∀j < m[a′j = aj =

∑

{ai :
i < m+ 1, λ(i) = j}], So a ≺ a′, hence a′ ∈ α by C.P. Similarly, b′ ∈ α. By the inductive
assumption there is a c ∈ m·mW with c ∈ α such that ∀i < m[a′i =

∑

{cf(i,j) : j < m}],
and ∀j < m[b′j =

∑

{cf(i,j) : i < m}]. Note that am = ξ or am = o; similarly, bm = ξ or

bm = o. Let d ∈ (m+1)·(m+1)W extend c, with

df(m,0) = am;

df(m,i) = o if 0 < i ≤ m;

df(0,m) = bm;

df(i,m) = o if 0 < i < m.

We have am =
∑

{df(m,i) : i ≤ m} and bm =
∑

{df(i,m) : i ≤ m}. Also, if i < m, then
∑

j≤m dij =
∑

j<m cij + dim = ai + o = ai, and similarly
∑

i≤m dij = bj . Also, d ∈ α by
the definition of g(θ), proving (∗) for m+ 1.

So R.P. holds.
Hence g maps into △W .
Now we claim that f(g(θ)) = θ for all θ ∈ N . For, f(g(o)) = f(O) = o. Now

let θ ∈ N ∗. Let α = g(θ). Choose ξ ≤ η ordinals in ω1 such that ∀ζ < ξ[θ(ζ) = 0],
∀ζ > η[θ(ζ) = 0], θ(ξ) = ω and 1 ≤ θ(η) ≤ ω. Now suppose that ζ < ω1.

Case 1. ζ < ξ. Then by the definition of g(θ), for any a ∈ α, |{i ∈ dmn(a) : ai =
ζ}| ≤ θ(ζ) = 0, so (f(g(θ))(ζ) = θα(ζ) = 0 = θ(ζ).

Case 2. ζ = ξ. Clearly there are members of α with an arbitrarily large number of
ζ’s, so θα(ξ) = ω = θ(ξ).

Case 3. ξ < ζ ≤ η. Then by the definition of g(θ), ∀a ∈ α[|{i ∈ dmn(a) : ai = ζ}| ≤
θ(ζ)]. Hence θα(ζ) ≤ θ(ζ). Now we consider subcases.

Subcase 3.1. ζ < η and θ(ζ) < ω. Let dmn(a) = θ(ζ) + 1 with a0 = η and ai = ζ
for 0 < i ≤ θ(ζ). Then a ∈ α, so θα(ζ) = θ(ζ).
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Subcase 3.2. ζ = η and θ(ζ) < ω. Let dmn(a) = θ(ζ) with ai = ζ for i < θ(ζ).
Then a ∈ α, so θα(ζ) = θ(ζ).

Subcase 3.3. θ(ζ) = ω and ζ = η. For each m ∈ ω\{0} let a have domain m with
constant value η. Then θα(η) = ω = θ(η).

Subcase 3.4. θ(ζ) = ω and ζ 6= η. For each m ∈ ω\{0} let a have domain m + 1
with a0 = η and ai = ζ for all i = 1, . . . , m. This shows that θα(ζ) = ω = θ(ζ).

Case 4. η < ζ. Since T (α) = η, for any a ∈ α we have {i ∈ dmn(a) : ai = ζ} = ∅.
Hence θα(ζ) = 0 = θ(ζ).

This proves the claim that f(g(θ)) = θ for all θ ∈ N .
Now to prove that g(f(α)) = α for all α ∈ △W , first note that g(f(O)) = g(o) = O.

Now suppose that α ∈ (△W )∗; we want to show that αθα
= α. Let η = T (α). If a ∈ α,

then T (a) = η and ∀ζ < ω1[|{i ∈ dmn(a) : ai = ζ}| ≤ θα(ζ)], hence a ∈ αθα
. Thus

α ⊆ αθα
.

Now since α ∈ (△W )∗, θα is given by

θα(ζ) = lub{|{i ∈ dmn(a) : ai = ζ}| : a ∈ α}.

Then we have ξ and η given by Proposition 9.2, and

αθα
= {a ∈ <<ω

W : T (a) = η and ∀ζ < η[|{i ∈ dmn(a) : ai = ζ}| ≤ θα(ζ)]}.

Now suppose that a ∈ αθα
. Say ζ0 > · · · > ζn are the distinct values of a, with multiplicities

k0, . . . , kn ≥ 1. Note that when R.P. is applied to a′ and b′, obtaining c, if ζ < ω1 occurs
l times in a′, then it occurs at least l times in c. Now for each i ≤ n we have ki ≤ θα(ζi),
so there is a bi ∈ α such that |{j ∈ dmn(bi) : bij = ζi}| ≥ ki. Applying R.P. to all the bi
in succession, we end up with c ∈ α such that ∀i ≤ n[|{j ∈ dmn(c) : cj = ζi}| ≥ ki]. Note
that c may have values in addition to ζ0, . . . , ζn. Say m = dmn(c). By Proposition 8.8 we
may assume that the entries of c are in decreasing order; say

ci = ζ0 for i = 0, . . . , k0 − 1; k0 ≤ l1;

ci = ζ1 for i = l1, . . . , l1 + k1 − 1; l1 + k1 ≤ l2;

. . . . . . . . . . . . . . .

ci = ζn for i = ln, . . . , ln + kn − 1; ln + kn ≤ m.

Let p = dmn(a), and define λ : m→ p as follows:

λ(j) = j for 0 ≤ j < k0;

λ(j) = k0 − 1 for k0 ≤ j < l1;

λ(j) = j for l1 ≤ j < l1 + k1;

λ(j) = l1 + k1 − 1 for l1 + k1 ≤ j < l2;

. . . . . . . . . . . . . . .

λ(j) = j for ln ≤ j < ln + kn;

λ(j) = ln + kn − 1 for ln + kn ≤ j < m.
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Now let dj =
∑

{ci : i < m, λ(i) = j} for all j < n. Thus c ≺ d, so d ∈ α by C.P. Now
d has entries, in order, ζ0, . . . ζn with multiplicities k0, . . . , kn. a is a permutation of d, so
a ∈ α by Proposition 8.8.

10. Derived measures

For the notion of an m-monoid, M -measure, and M (M) see section 7. We apply these
notions with A = Fr(ω). For any σ ∈ M (M) we define △σ with domain Fr(ω) by

(△σ)(x) = {〈σ(y0), . . . , σ(yn−1)〉 : n ∈ ω, x = y0+̇y1+̇ · · · +̇yn−1}.

Proposition 10.1. If σ ∈ M (M), then △σ ∈ M (△M).

Proof. Recall from Proposition 8.7 that △M is an m-monoid. Clearly (△σ)(0) = O,
the zero of △M . Conversely, if (△σ)(x) = O, then x = 0. Now suppose that x 6= 0. Then
clearly (△σ)(x) is a countable subset of <<ωM . To show that (△σ)(x) ∈ △M we need to
check C.P., R.P. and S.P.

C.P.: Suppose that a, b ∈ <<ωM , a ∈ (△σ)(x), and a ≺ b. Say a =
〈σ(y0), . . . , σ(ym−1)〉 with m ∈ ω and x = y0+̇y1+̇ · · · +̇ym−1, b has length n, λ : m → n,
and ∀j < n[bj =

∑

{ai : i < m, λ(i) = j}]. For each j < n let zj =
∑

{yi : i < m, λ(i) = j}.
Then x = z0+̇z1+̇ · · · +̇zn−1 and for all j < n,

bj =
∑

{σ(yi) : i < n, λ(i) = j} = σ
(

∑

{yi : i < n, λ(i) = j}
)

= σ(zj).

Thus b ∈ (△σ)(x). This proves C.P.
R.P.: Suppose that m,n ∈ ω\{0}, a ∈ mM , b ∈ nM , and a, b ∈ (△σ)(x). Say

x = y0+̇y1+̇ · · · +̇ym−1, ∀i < m[ai = σ(yi)], x = z0+̇z1+̇ · · · +̇zn−1, and ∀i < n[bi = σ(zi)].
For i < m and j < n let wf(i,j) = yi · zj . Then x =

∑

k<m·n wk (disjoint sum). Let
cf(i,j) = σ(yi · zj) for all i < m and j < n. Then ∀i < m[ai =

∑

{cf(i,j) : j < n}] and
∀j < n[bj =

∑

{cf(i,j) : i < m}. So R.P. holds.
S.P.: Suppose that m ∈ ω\{0}, a ∈ mM , a0 6= o, and a ∈ (△σ)(x). Say x =

y0+̇y1+̇ · · · +̇ym−1 and a = 〈σ(y0), σ(y1), . . . , σ(ym−1〉. Thus σ(y0) 6= o. So y0 6= 0. Write
y0 = u+̇v with u, v 6= 0. Then x = u+̇v+̇y1+̇ · · · +̇ym−1. Hence

〈σ(u), σ(v), σ(y1), . . . , σ(ym−1〉 ∈ (△σ)(x).

This proves S.P.
Thus (△σ)(x) ∈ △M .
To prove that (△σ) preserves +, suppose that x, y ∈ Fr(ω) are disjoint. Suppose

that u ∈ (△σ)(x) + (△σ)(y). Say a ∈ (△σ)(x), b ∈ (△σ)(y), with dmn(a) = dmn(b),
x = z0+̇z1+̇ · · · +̇zm−1, a = 〈σ(z0), σ(z1), . . . , σ(zm−1)〉, y = w0+̇w1+̇ · · · +̇wm−1,

b = 〈σ(w0), σ(w1), . . . , σ(wn−1)〉,

and a+ b = u. Now

x+ y = (z0+̇w0)+̇(z1+̇w1)+̇ · · · +̇(zm−1+̇wm−1)
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and
a+ b = 〈σ(z0+̇w0), σ(z1+̇w1), . . . , σ(zm−1+̇wm−1)〉,

hence u = a+ b ∈ (△σ)(x+ y). If follows that (△σ)(x) + (△σ)(y) ⊆ (△σ)(x+ y).
Conversely, suppose that v ∈ (△σ)(x + y). Say x + y = z0+̇z1+̇ · · · +̇zm−1 and

v = 〈σ(z0), σ(z1), . . . , σ(zm−1)〉. Then x = (x · z0)+̇(x · z1)+̇ · · · +̇(x · zm−1), and hence

a
def
= 〈σ(x · z0), σ(x · z1), . . . , σ(x · zm−1)〉 ∈ (△σ)(x). Similarly, b

def
= 〈σ(y · z0), σ(y ·

z1), . . . , σ(y · zm−1)〉 ∈ (△σ)(y). So a+ b ∈ (△σ)(x) + (△σ)(y). Now

a+ b = 〈σ(x · z0) + σ(y · z0), σ(x · z1) + σ(y · z1), . . . , σ(x · zm−1) + σ(y · zm−1)〉

= 〈σ(z0), σ(z1), . . . , σ(zm−1)〉 = v.

Thus v ∈ (△σ)(x) + (△σ)(y).

Proposition 10.2. ∀x ∈ Fr(ω)[T ((△σ)(x)) = σ(x)].

Proof. We have (△σ)(x) ∈ △M by Proposition 10.1. Hence by the definition before
Proposition 8.11, T ((△σ)(x)) = T (a) for any element a of (△σ)(x). So suppose that
x = y0+̇y1+̇ · · · +̇ym−1 and a = 〈σ(y0), σ(y1), . . . , σ(ym−1)〉. Hence T ((△σ)(x)) = T (a) =
∑

i<m σ(yi) = σ(
∑

i<m yi) = σ(x).

The definition of △σ can also be made with respect to any BA isomorphic to Fr(ω), and
10.1,10.2 hold.

Proposition 10.3. If z ∈ Fr(ω), k : Fr(ω) → Fr(ω) ↾ z is an isomorphism, and σ : Fr(ω) ↾

z → M is an M -measure on Fr(ω) ↾ z, then △(σ ◦ k) = (△′σ) ◦ k. Here △′ refers to the
above construction with A = Fr(ω) ↾ z.

Proof. Let x ∈ Fr(ω). First suppose that a ∈ (△(σ ◦ k))(x). Say x =
y0+̇y1+̇ · · · +̇ym−1 and a = 〈σ(k(y0)), σ(k(y1)), . . . , σ(k(ym−1)〉. Then

k(x) = k(y0)+̇k(y1)+̇ · · · +̇k(ym−1),

and so a ∈ (△′σ)(k(x)).
Conversely, suppose that a ∈ (△′σ)(k(x)). Say k(x) = z0+̇z1+̇ · · · +̇zm−1 and a =

〈σ(z0), σ(z1), . . . , σ(zm−1)〉. Let yi = k−1(zi) for all i < m. Then x = y0+̇y1+̇ · · · +̇ym−1

and a = 〈σ(k(y0)), σ(k(y1)), . . . , σ(l(ym−1))〉. Hence a ∈ (△(σ ◦ k))(x).

Proposition 10.4. Suppose that σ, τ are M measures with respect to Fr(ω) and k is an
automorphism of Fr(ω). Then (i) implies (ii):

(i) σ = τ ◦ k.
(ii) (△σ) = (△τ) ◦ k.

Proof. Assume that k is an automorphism k of Fr(ω) such that σ = τ ◦ k. Then by
Proposition 10.3, (△τ) ◦ k = △(τ ◦ k) = △σ.

The measure △σ is the first derivative of σ.
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11. Existence of measures

Proposition 11.1. If σ, τ ∈ M (M), k is an automorphism of Fr(ω), and σ = τ ◦ k, then
(△σ)(1) = (△τ)(1).

Proof. Let a ∈ (△σ)(1). Say

1 = y0+̇y1+̇ · · · +̇ym−1 and a = 〈σ(y0), σ(y1), . . . , σ(ym−1)〉.

Thus

a = 〈τ(k(y0)), τ(k(y1)), . . . , τ(k(ym−1))〉 and 1 = k(y0))+̇k(y1)+̇ · · · +̇k(ym−1),

so a ∈ (△τ)(1). The converse is symmetric.

Proposition 11.2. Suppose that M is an m-monoid, α ⊆ <<ωM satisfies C.P. and R.P.,
m,n ∈ ω\{0}, a ∈ mM , b ∈ nM , a, b ∈ α, and p ≥ n.

Then there is a c ∈ m·pM such that c ∈ α, ∀i < m[
∑

j<p cfmp(i,j) = ai], and c ≺ b.

Proof. By R.P. let d ∈ m·nM be such that d ∈ α, ∀i < m[ai =
∑

{dfmn(i,j) : j < n}]
and ∀j < n[bj =

∑

{dfmn(i,j) : i < m}]. Define c ∈ m·pM so that cfmp(i,j) = dfmn(i,j) for
i < m and j < n, and cfmp(i,j) = 0 for i < m and n ≤ j < p. Define λ : m · n → m · p
by λ(fmn(i, j)) = fmp(i, j) for all i < m and j < n. Now if i < m, j < p, k < m, l < n,
then λ(fmn(k, l)) = fmp(k, l), and so λ(fmn(k, l)) = fmp(i, j) iff j < n, k = i, and l = j.
so ∀i < m∀j < p[cfmp(i,j) =

∑

{dfmp(k,l) : k < m, l < n, λ(fmn(k, l)) = fmp(i, j)}. Hence
d ≺ c and so c ∈ α. We have

∀i < m





∑

j<p

cfmp(i,j) =
∑

j<n

cfmp(i,j) =
∑

j<n

dfmn(i,j) = ai



 .

Now define µ : m · p→ n by setting, for i < m and j < p,

µ(i, j) =

{

j if j < n,
n− 1 if n ≤ j < p.

Now take any j < n, and any k < m, l < p.
Case 1. j < n− 1. Then µ(k, l) = j iff l = j, so

∑

{cfmp(k,l) : µ(k, l) = j} =
∑

{cfmp(i,j) : i < m} =
∑

{dfmn(i,j) : i < m} = bj .

Case 2. j = n− 1. Then µ(k, l) = j iff n− 1 ≤ j < p Hence

∑

{cfmp(k,l) : µ(k, l) = j} =
∑

{cfmp(i,n−1) : i < m} +
∑

{cfmp(k,l) : k < m, n ≤ l < p}

=
∑

{cfmp(i,n−1) : i < m} = bn−1.
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Proposition 11.3. Suppose that M is an m-monoid, α ⊆ <<ωM satisfies C.P., R.P.,
and S.P., m,n ∈ ω\{0}, a ∈ mM ,b ∈ nM , a, b ∈ α, and p ≥ n. Also suppose that
∀i < m[ai 6= 0]

Then there is a c ∈ m·pM such that c ∈ α, ∀i < m[
∑

j<p cfmp(i,j) = ai], c ≺ b, and
∀i < m∀j < p[cfmp(i,j) 6= 0].

Proof. Assume all the hypotheses. By R.P. let d ∈ m·nM be such that d ∈ α,
∀i < m[ai =

∑

{dfmn(i,j) : j < n}] and ∀j < n[bj =
∑

{dfmn(i,j) : i < m}]. Then for every
i < m there is a j(i) < n such that dfmn(i,j(i)) 6= 0. For each i < m let r(i) = |{j < n :
dfmn(i,j) 6= 0}|. Thus 1 ≤ r(i) ≤ n. Let g be a bijection from

∏

i<m(n + p − r(i)) onto
some integer q. Applying Proposition 8.9 many times, for each i < m we get elements
ei
0, . . . , e

i
p−r(i) such that each ei

s 6= 0 and dfmn(i,j(i)) = ei
0 + . . .+ ei

p−r(i) and d′ ∈ α, where

for each i < m and k < n+ p− r(i) we have

d′g(i,k) =







dfmn(i,k) if k < j(i),
ei
l if k = j(i) + l with l ≤ p− r(i),
dfmn(i,k−p+r(i)) if j(i) + p− r(i) < k < n+ p− r(i).

Note that for each i < m there are n− r(i) 0’s among {dfmn(i,j) : j < n}. So if we delete
all 0’s in d′ we obtain a sequence c ∈ α of length

∑

i<m(r(i) + p− r(i)) =
∑

i<m p = m · p.
We claim that c is as desired.

For each i < m,

ai =
∑

{dfmn(i,j) : j < n} =
∑

{d′g(i,j) : j < n+ p− r(i)} =
∑

j<n

cfmp(i,j).

Now define λ : q → n as follows, with i < m:

λ(g(i, v)) =







v if v < j(i);
j(i) if v = j(i) + l with l ≤ p− r(i);
v − p+ r(i) if j(i) + p− r(i) < v < n+ p− r(i).

Then for all k < n,

∑

{d′g(i,v) : i < m, j < n+ p− r(i), λ(g(i, v)) = k}

=
∑

{d′g(i,k) : i < m, v = k < j(i)}

+
∑

{d′g(i,v) : i < m, k = j(i), v = j(i) + l, l ≤ p− r(i)}

+
∑

{d′g(i,v) : k = v − p+ r(i), j(i) + p− r(i) < v < n+ p− r(i)}

=
∑

{d′g(i,k) : i < m, v = k < j(i)}

+
∑

{d′g(i,v) : i < m, k = j(i), v = j(i) + l, l ≤ p− r(i)}

+
∑

{d′g(i,v) : i < m, j(i) < k < n, j(i) + p− r(i) < v < n+ p− r(i)}
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=
∑

{dfmn(i,k) : i < m, k < j(i)}

+
∑

{ei
l : i < m, k = j(i), l ≤ p− r(i)}

+
∑

{dfmn(i,k) : i < m, j(i) < k}

=
∑

{dfmn(i,k) : i < m} = bk.

Thus d′ ≺ b. By Propositions 8.3 and 8.4, c ≺ d′. So c ≺ b. Clearly ∀i < m∀j <
p[cfmp(i,j) 6= 0].

We let D = <ω2, and for each n ∈ ω, Dn = n2. If a : Dn → M , then we let a(Dn) =
〈a(lexDn

(i)) : i < |Dn|〉, where lexDn
enumerates Dn in lexicographic order. Thus a(Dn) ∈

2n

M . Let an = a(Dn). So an ∈ 2n

M ; an = 〈a(lexDn
(i)) : i < 2n〉.

Let α ∈ [<<ωM ]ω. An α-tree is a mapping a : D →M such that:

(t1) ∀n ∈ ω[an ∈ α].

(t2) If f ∈ Dn and n ≤ m, then a(f) =
∑

{a(g) : f ⊆ g ∈ m2}.

An α-tree a is dense iff :

(t3) ∀b ∈ α∃n ∈ ω[an ≺ b].

An α-tree a is homogeneous iff ∀f ∈ D [a(f) 6= 0].

Proposition 11.4. If α ∈ [<<ωM ]ω and ∀a, b ∈ α[T (a) = T (b)
def
= T (α)], and if a is an

α-tree, then a0 = 〈T (α)〉.

Proof. By (t1) we have a0 ∈ α, so T (a0) = T (α). Now a0 = a(D0) = a({∅}) = 〈a(∅)〉,
so T (α) = T (a0) = a(∅), hence a0 = 〈T (α)〉.

Proposition 11.5. If α ∈ [<<ωM ]ω, a is an α-tree, and n ≤ m, then am ≺ an.

Proof. Define λ : 2m → 2n by setting, for any i < 2m, λ(i) = lex−1
Dn

(lexDm
(i) ↾ n).

Then for any j < 2n,

∑

{am(i) : i < 2m and λ(i) = j} =
∑

{am(i) : i < 2m and lex−1
Dn

(lexDm
(i) ↾ n) = j}

=
∑

{am(i) : i < 2m and lexDm
(i) ↾ n = lexDn

(j)}

=
∑

{a(g) : g ∈ m2 and g ↾ n = lexDn
(j)}

= a(lexDn
(j)) = an(j).

Proposition 11.6. Let M be an m-monoid, and α a countable subset of <<ωM which
satisfies C.P. and R.P. Then there is a dense α-tree a.

Proof. Note that 〈T (α)〉 ∈ α by the proof of Proposition 8.6. Let α = {b0, b1, . . .}
with b0 = 〈T (α)〉. We define mn and a :

⋃

k≤mn
Dk → M by induction on n so that the

following conditions hold:
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11.6(1) ∀k ≤ mn[ak ∈ α].

11.6(2) ∀k ≤ mn∀f ∈ Dk[a(f) =
∑

{a(g) : g ∈ Dmn
, f ⊆ g}].

11.6(3) amn
refines each bj with j ≤ n.

11.6(4) n ≤ mn.

Note that D0 = 02 = {∅}. We let m0 = 0 and a(∅) = 〈T (α)〉. Thus a0 = a(D0) = a(∅) =
〈T (α)〉. So 11.6(1)–11.6(4) hold for n = 0. Now suppose that n and a :

⋃

k≤mn
Dk → M

have been defined so that 11.6(1)–11.6(4) hold. Note that amn
and bn+1 are in α. Say

bn+1 ∈ pM . Take any 2s ≥ p+ 1. Thus s ≥ 1 since p ≥ 1. Now we apply Proposition 11.2
with m,n, a, b, α, p replaced by 2mn , p, amn

, bn+1, α, 2
s. This gives a c ∈ 2mn ·2s

M such that

11.6(5) c ∈ α,

11.6(6) ∀i < 2mn [
∑

j<2s cf2mn 2s (i,j) = amn
(i) = a(lexDmn

(i))],

and

11.6(7) c ≺ bn+1.

Let mn+1 = mn + s. Since s > 0, we have n+ 1 ≤ mn+1. So 11.6(4) holds for n+ 1. For
each g ∈ Dmn+1

let a(g) = cf2mn 2s (i,j) with i = lex−1
Dmn

(g ↾ mn), and j = lex−1
Ds

(〈gmn+k :

k < s〉). For mn < k < mn+1 and g ∈ Dk let a(g) =
∑

{a(h) : h ∈ Dmn+1
, g ⊆ h}. Now

suppose that g ∈ Dmn
. Let lexDmn

(i) = g. Then

11.6(8) a(g) = a(lexDmn
(i)) =

∑

j<2s

cf2mn 2s (i,j) =
∑

{a(h) : h ∈ Dmn+1
, g ⊆ h}.

Now for k ≤ mn and g ∈ Dk we have

a(g) =
∑

{a(h) : h ∈ Dmn
, g ⊆ h} by 11.6(2) for n

=
∑

{a(h) : h ∈ Dmn+1
, g ⊆ h} by 11.6(8)

For mn < k < mn+1 and g ∈ Dk we have

a(g) =
∑

{a(h) : h ∈ Dmn+1
, g ⊆ h}.

Hence 11.6(2) holds for n+ 1.

Now suppose that k < 2mn+1 . Let g = lexDmn+1
(k). Then by the above, a(g) =

cf2mn 2s (i,j) with i = lex−1
Dmn

(g ↾ mn), and j = lex−1
Ds

(〈gmn+k : k < s〉). Now for i < 2mn

and j < 2s let µ(f2mn2s(i, j)) = lexD2mn (i)⌢lexD2s (j). Then

∀k < 2mn+1 [a(lexDmn+1
(k)) =

∑

{cf2mn2s (i,j) : i < 2mn , j < 2s, µ(f2mn2s(i, j)) = k}].
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It follows that c ≺ amn+1
, and so amn+1

∈ α. Next, suppose that mn ≤ k < mn+1. For

any h ∈ Dmn+1
let λ(lex−1

Dmn+1
(h)) = lex−1

Dk
(h ↾ k). Thus λ : 2mn+1 → 2k. For any i < 2k,

with g = lexDk
(i) we have

ak(i) = a(lexDk
(i)) = a(g)

=
∑

{a(h) : h ∈ Dmn+1
, g ⊆ h}

=
∑

{a(lexDmn+1
(j)) : g ⊆ lexDmn+1

(j))}

=
∑

{a(lexDmn+1
(j)) : (lexDmn+1

(j)) ↾ k = g}

=
∑

{a(lexDmn+1
(j)) : lexDmn+1

(j)) ↾ k = lexDk
(i)}

=
∑

{a(lexDmn+1
(j)) : λ(j) = i}

The last equation holds since

λ(j) = λ(lex−1
Dmn+1

(lexDmn+1
(j)) = lex−1

Dk
(lexDmn+1

(j) ↾ k),

hence λ(j) = i iff lexDmn+1
(j)) ↾ k = lexDk

(i).

Thus 〈a(lexDmn+1
(j)) : j < 2mn+1〉 ≺ 〈a(lexDk

(j)) : j < 2k〉, so 〈a(lexDk
(j)) : j <

2k〉 ∈ α. Hence 11.6(1) holds for n+ 1.
Now if s ≤ n, then 〈a(lexDn

(i)) : i < 2mn〉 ≺ bs by 11.6(3) for n. By the above with
k = 2mn we have

〈a(lex(j)) : j < 2mn+1〉 ≺ 〈a(lex(j)) : j < 2mn〉 ≺ bs.

Thus 11.6(3) holds for n+ 1.

Proposition 11.7. Let M be an m-monoid, and α 6= O a countable subset of <<ωM
which satisfies C.P., R.P., and S.P. Then there is a dense homogeneous α-tree a.

Proof. We add to the proof of Proposition 11.6. We apply Proposition 11.3 instead
of Proposition 11.2, and obtain in addition to the properties of c given in the proof of
Proposition 11.6 the condition ∀i < 2mn∀j < 2s[cf2mn 2s (i,j) 6= 0]. Clearly this gives the
homogeneous property.

Proposition 11.8. (1.16.4) If M is an m-monoid and O 6= α ∈ △M , then there is a
σ ∈ M (M) such that (△σ)(1) = α.

Proof. For each n ∈ ω and each f ∈ Dn let

11.8(1) x(f) = {g ∈ ω2 : f ⊆ g}.

Then {x(f) : f ∈ D} is a base for clop(ω2), which is a denumerable atomless BA.

11.8(2) If k ≤ i ∈ ω and f ∈ Dk, then x(f) =
⋃

{x(g) : g ∈ Di, f ⊆ g}, and this union is
pairwise disjoint.
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11.8(3) If 1 = y0+̇y1+̇ · · · +̇yn−1 with each yi clopen in ω2, then there is a k ∈ ω and a

partition Dk = G0

�
∪ G1

�
∪ . . .

�
∪ Gn−1 such that ∀j < n[yj =

∑

{x(f) : f ∈ Gj}].

In fact, since {x(f) : f ∈ D} is a base for clop(ω2) and each yi is clopen and hence compact,
there exist finite subsets D i of D for i < n such that ∀i < n[yi =

⋃

{x(f) : f ∈ D i}]. Let
k be greater than the domain of f , for all f ∈

⋃

i<n D i. By 11.8(2) we may assume that

each D i is a subset of Dk. Clearly the sets D i are pairwise disjoint. For any f ∈ k2 the
set x(f) is a nonempty set, and hence x(f) ∩ yi 6= ∅ for some i < n. So we must actually
have f ∈ D i. This proves 11.8(3).

By Proposition 11.7 let a be a dense homogeneous α-tree. Now let z ∈ clop(ω2). Then
by compactness there is a finite X ⊆ D such that z =

⋃

{x(f) : f ∈ X}. Hence there is a
k ∈ ω and a G ⊆ Dk such that z =

∑

{x(f) : f ∈ G}. (disjoint sum) We then define

σ(z) =
∑

{a(f) : f ∈ G}.

This definition does not depend on the particular choice of k and G. For, suppose that
also l ∈ ω, H ⊆ Dl, and z =

∑

{x(f) : f ∈ H}; we claim that
∑

{a(f) : f ∈ G} =
∑

{a(f) : f ∈ H}. For, suppose that k ≤ l, and let K = {f ∈ Dl : ∃g ∈ G[g ⊆ f}. Then
z =

∑

{x(f) : f ∈ K} by 11.8(2). Since x(f) ∩ x(g) = ∅ for distinct f, g ∈ Dl, it follows
that K = H. Then by 11.8(2) we get

∑

{a(f) : f ∈ G} =
∑

{a(g) : g ∈ K} =
∑

{a(f) : f ∈ H}.

Now to show that σ is additive, suppose that z, z′ ∈ clop(ω2) and z · z′ = 0. Choose
k, k′, G,G′ such thatG ⊆ Dk, G′ ⊆ Dk′ , z =

∑

{x(f) : f ∈ G}, and z′ =
∑

{x(f) : f ∈ G′};
thus σ(z) =

∑

{a(f) : f ∈ G} and σ(z′) =
∑

{a(f) : f ∈ G′}. Wlog k ≤ k′. Let
H = {f ∈ Dk′ : ∃g ∈ G[g ⊆ f ]}. Then by 11.8(2), z =

∑

{x(f) : f ∈ H} and σ(z) =
∑

{a(f) : f ∈ H}. Since z ·z′ = 0 we have H∩G′ = ∅. Now z+z′ =
∑

{x(f) : f ∈ H∪G′},
so

σ(z+z′) =
∑

{a(f) : f ∈ H∪G′} =
∑

{a(f) : f ∈ H}+
∑

{a(f) : f ∈ G′} = σ(z)+σ(z′).

Since a is homogeneous, clearly σ(z) = 0 iff z = 0. So σ ∈ M (M).
It remains only to show that (△σ)(1) = α. Suppose that b ∈ (△σ)(1). Say n ∈ ω,

1 = z0+̇z1+̇ · · · +̇zn−1 and b = 〈σ(z0), σ(z1), . . . , σ(zn−1)〉. Now by 11.8(3) let k ∈ ω and

G0, . . . , Gn−1 be such that Dk = G0

�
∪ G1

�
∪ . . .

�
∪ Gn−1 and ∀j < n[zj =

∑

{x(f) :
f ∈ Gj}. So ∀j < n[σ(zj) =

∑

{a(f) : f ∈ Gj}. Define λ : 2k → n by λ(m) = j iff
lex(m) ∈ Gj . Then ∀j < n[σ(zj) =

∑

{a(lex(m)) : m < 2κ, λ(m) = j}. Hence ak ≺ b,
hence b ∈ α by (t1) and C.P. This shows that (△σ)(1) ⊆ α.

For the other inclusion, first note that

11.8(4) ∀f ∈ D [σ(x(f)) = a(f)]

In fact, let f ∈ D . Let z = x(f) and G = {f}. Then by definition σ(x(f)) = a(f).

11.8(5) ∀k ∈ ω[ak ∈ (△σ)(1)].
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For, let k ∈ ω. Then

ak = a(Dk) = 〈a(lex(i)) : i < 2k〉 = 〈σ(x(lex(i))) : i < 2k〉 ∈ (△σ)(1)

since 1 =
∑

{x(lex(i)) : i < 2k}, a disjoint sum. So 11.8(5) holds.

Now take any b ∈ α. Since a is dense there is a k ∈ ω such that ak ≺ b. Now
(△σ)(1) ∈ △M by Proposition 10.1, so b ∈ (△σ)(1) by (t1) and C.P.

So (△σ)(1) = α.

12. Stable measures

Proposition 12.1. If x, y ∈ Fr(ω), σ is a M -measure, and (△σ)(x) = (△σ)(y), then
σ(x) = σ(y).

Proof. By Proposition 10.2.

An M -measure σ is stable iff ∀x, y ∈ Fr(ω), σ(x) = σ(y) implies that (△σ)(x) = (△σ)(y).

Proposition 12.2. Let M be an m-monoid, and σ, τ stable M -measures. Then the
following are equivalent:

(i) There is an automorphism k of Fr(ω) such that σ = τ ◦ k.
(ii) (△σ)(1) = (△τ)(1).

Proof. (i)⇒(ii): by Proposition 10.4.

(ii)⇒(i): Assume (ii). Define xRy iff σ(x) = τ(y).

12.2(1) R is a V -relation.

Recall from Section 3 the notion of a V -relation.

1R1: By Proposition 10.2, σ(1) = T ((△σ)(1)) = T (△τ(1)) = τ(1).

0R0: By definition, σ(0) = 0 = τ(0).

For (V9), we want to show that ∀x ∈ Fr(ω)[xR0 → x = 0]. Suppose that σ(x) = τ(0).
Since τ(0) = 0, we have σ(x) = 0, and hence x = 0.

(V10) is symmetric to the above.

To complete the proof of 12.2(1) by symmetry it suffices to prove (V11). So suppose
that σ(x) = τ(y+̇z). Now 1 = y+̇z+̇(−y · −z), so by definition 〈τ(y), τ(z), τ(−y · −z)〉 ∈
△τ(1) = (△σ)(1). Hence there exist u0, u1, u2 such that 1 = u0+̇u1+̇u2, τ(y) = σ(u0),
τ(z) = σ(u1), and τ(−y · −z) = σ(u2). Let v = u0 + u1. Then σ(v) = σ(u0) + σ(u1) =
τ(y)+τ(z) = τ(y+z) = σ(x). Then since σ is stable, (△σ)(v) = (△σ)(x). Now v = u0+u1,
so 〈σ(u0, σ(u1)〉 ∈ (△σ)(v) = (△σ)(x). Hence there exist w0, w1 such that x = w0+̇w1,
τ(y) = σ(u0) = σ(w0), and τ(z) = σ(u1) = σ(w1). Hence w0Ry and w1Rz. This proves
(V11). So we have proved 12.2(1).
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Now by 12.2(1) and Theorem 3.3, there is an automorphism k of Fr(ω) such that for
all x ∈ Fr(ω) there exist n ∈ ω and a disjoint y ∈ nFr(ω) such that x =

∑

i∈n yi and
∀i < n[yiRk(yi)]. So ∀i < n[σ(yi) = τ(k(yi)). Hence

σ(x) = σ

(

∑

i<n

yi

)

=
∑

i<n

σ(yi) =
∑

i<n

τ(k(yi)) = τ

(

k

(

∑

i<n

yi

))

= τ(k(x)).

Thus σ = τ ◦ k.

13. Fragments

Let M be an m-monoid. For α ⊆ <<ωM we define

Φ(α) = {b ∈ <<ωM : ∃c ∈ <ωM [b⌢c ∈ α]}.

If also a ∈M , then
Φa(α) = {b ∈ Φ(α) : T (b) = a}.

Elements of Φ(α) are called fragments of α; elements of Φa(α) are called a-fragments of α.

Proposition 13.1. If α is a countable subset of M , then Φ(α) and Φa(α) are countable.

Proposition 13.2. (i) α ⊆ Φ(α).
(ii) Φ(α ∪ β) = Φ(α) ∪ Φ(β).
(iii) Φ(∅) = ∅.
(iv) Φ(Φ(α)) = Φ(α).
(v) If α ⊆ β, then Φ(α) ⊆ Φ(β).

Proposition 13.3. If σ is an M -measure, then Φ((△σ)(1)) =
⋃

x∈Fr(ω)(△σ)(x).

Proof. Suppose that b ∈ Φ((△σ)(1)). Choose c ∈ <ωM such that b⌢c ∈ (△σ)(1).
Say b has length m and c has length n. Then we can write

1 = x0+̇ · · · +̇xm−1+̇xm+̇ · · · +̇xm+n−1, and

〈σ(x0), . . . , σ(xm−1), σ(xm), . . . σm+n−1〉 = b⌢c.

Let y = x0+̇ · · · +̇xm−1. Then b = 〈σ(x0), . . . , σ(xm−1)〉 ∈ (△σ)(y). This proves ⊆ in the
proposition.

Conversely, suppose that x ∈ Fr(ω) and b ∈ (△σ)(x). Say x = y0+̇ · · · +̇ym−1 and
b = 〈σ(y0), . . . , σ(ym−1)〉. Then 1 = y0+̇ · · · +̇ym−1+̇(−x), and so

〈σ(y0), . . . , σ(ym−1), σ(−x)〉 ∈ (△σ)(1),

and hence b ∈ Φ((△σ)(1)).
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Proposition 13.4. If σ is an M -measure and a ∈M , then

Φa((△σ)(1)) =
⋃

x∈Fr(ω)
σ(x)=a

(△σ)(x).

Proof. Suppose that b ∈ Φa((△σ)(1)). Then T (b) = a. Choose c ∈ <<ωM such that
b⌢c ∈ (△σ)(1). Say b has length m and c has length n. Then we can write

1 = x0+̇ · · · +̇xm−1+̇xm+̇ · · · +̇xm+n−1, and

〈σ(x0), . . . , σ(xm−1), σ(xm), . . . σm+n−1〉 = b⌢c.

Let y = x0+̇ · · · +̇xm−1. Then b = 〈σ(x0), . . . , σ(xm−1)〉 ∈ (△σ)(y). Also, σ(y) = σ(x0) +
· · ·+ σ(xm−1) = T (b) = a. This proves ⊆ in the proposition.

Conversely, suppose that x ∈ Fr(ω), σ(x) = a, and b ∈ (△σ)(x). Say x =
y0+̇ · · · +̇ym−1 and b = 〈σ(y0), . . . , σ(ym−1)〉. Then 1 = y0+̇ · · · +̇ym−1+̇(−x), and so

〈σ(y0), . . . , σ(ym−1), σ(−x)〉 ∈ (△σ)(1),

and hence b ∈ Φ((△σ)(1)). Also,

T (b) = σ(y0) + · · · + σ(ym−1) = σ(y0 + · · ·+ ym−1) = σ(x) = a.

Proposition 13.5. If α ⊆ <<ωM has C.P., then Φ(α) and Φa(α) have C.P.

Proof. Assume that α ⊆ <<ωM has C.P. Suppose that x ∈ Φ(α) and x ≺ y. Choose
z ∈ <<ωM so that x⌢z ∈ α. Say x ∈ mM , y ∈ nM , and z ∈ pM . Since x ≺ y, there is
a λ : m → n such that ∀j < n[yj =

∑

{xi : i < m, λ(i) = j}]. Let µ : m + p → n + p
extend λ by setting µ(m + k) = n + k for all k < p. Let w = y⌢z and v = x⌢z. Then
∀j < n+ p[wj =

∑

{vi : i < m+ p, λ(i) = j}. Hence (x⌢z) ≺ (y⌢z) so, since α has C.P.,
y⌢z ∈ α. It follows that y ∈ Φ(α).

For Φa(α), we assume in the above argument that in addition T (x) = a. By Proposi-
tion 8.5, T (y) = a.

Proposition 13.6. If α ⊆ <<ωM has S.P., then Φ(α) and Φa(α) have S.P.

Proof. Assume that α ⊆ <<ωM has S.P. Suppose that m ∈ ω\{0}, a ∈ mM ,
a ∈ Φ(α), and a0 6= o. Choose c ∈ <<ωM so that a⌢c ∈ α. Choose u, v ∈ M\{0} such
that a0 = u+ v and 〈u, v, a1, . . . , am−1, c0, c1 . . .〉 ∈ α. Then 〈u, v, a1, . . . , am−1〉 ∈ Φ(α).

For Φd(α), assuming that T (a) = d, we have

T (〈u, v, a1, . . . , am−1〉) = u+v+a1 +a2+· · ·+am−1 = a0+a1+· · ·+am−1 = T (a) = d.

Lemma 13.7. Let σ ∈ M (M) be stable, and let α = (△σ)(1). Suppose that a ∈ M ,
c ∈ <<ωM , and 〈a〉⌢c ∈ α. Then
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(i) Φa(α) ∈ △M .
(ii) ∀b ∈ Φa(α)[b⌢c ∈ α].

Proof. Assume the hypotheses. To prove (i), by Proposition 10.1 it suffices to find
x ∈ Fr(ω) such that Φa(α) = (△σ)(x). Now by Proposition 13.4,

Φa(α) = Φa((△σ)(1)) =
⋃

x∈Fr(ω)
σ(x)=a

(△σ)(x)

Note that if x, y ∈ Fr(ω) and σ(x) = a = σ(y), then (△σ)(x) = (△σ)(y) since σ is stable.
Since 〈a〉⌢c ∈ α = (△σ)(1), there is an x ∈ Fr(ω) such that σ(x) = a. So (i) follows.

Now for (ii), suppose that b ∈ Φa(α) with dmn(b) = m. Let dmn(c) = n. Since
〈a〉⌢c ∈ α = (△σ)(1), there are pairwise disjoint x, y0, . . . , yn−1 such that

1 = x+̇y0+̇y1+̇ · · · +̇yn−1

and a = σ(x) and ci = σ(yi) for all i < n. By the argument in the preceding paragraph,
b ∈ (△σ)(x). Say x = z0+̇ · · · +̇zm−1 and b = 〈σ(z0), . . . , σ(zm−1)〉. Then

1 = z0+̇ · · · +̇zm−1+̇y0+̇ · · · +̇yn−1 and

b⌢c = 〈σ(z0), . . . , σ(zm−1), σ(y0), . . . , σ(ym−1〉

If M is an m-monoid, a countable subset α of <<ωM has the local refinement property,
L.P., iff the following conditions hold:

(L1) ∀a ∈M [Φa(α) = ∅ or Φa(α) has R.P.].

(L2) ∀a ∈M∀c ∈ <<ωM [〈a〉⌢c ∈ α→ ∀b ∈ Φa(α)[b⌢c ∈ α]].

Proposition 13.8. If σ is a stable M measure, then (△σ)(1) satisfies L.P.

Proof. By Proposition 13.7.

Proposition 13.9. Suppose that α is a countable subset of <<ωM which satisfies C.P.,
R.P., and L.P. Also suppose that a ∈ α has domain n, a ∈ α, q ≤ n, c =

∑

i<q ai, b has
domain m, b ∈ Φc(α), and p ≥ m.

Then there is a d with domain n · p such that d ∈ α, ∀i < n[ai =
∑

j<p dfnp(i,j)], and
〈dfnp(i,j) : i < q, j < p〉 ≺ b.

Proof. Let e =
∑

q≤i<n ai.

13.9(1) 〈c, e〉 ∈ α.

For, let u = 〈c, e〉. Define n→ 2 by setting, for i < n,

λ(i) =

{

0 if i < q,
1 if q ≤ i < n.
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Then c = u0 =
∑

{aj : λ(j) = 0} and e = u1 =
∑

{aj : λ(j) = 1}. So a ≺ u, and 13.9(1)
follows by C.P.

Now Φc(α) 6= ∅ since b ∈ Φc(α). So Φc(α) has R.P. since α has L.P. Now a = 〈ai : i <
q〉⌢〈ai : q ≤ i < n〉, and a ∈ α, so by Proposition 8.3, 〈ai : q ≤ i < n〉⌢〈ai : i < q〉 ∈ α,
and so 〈ai : q ≤ i < n〉 ∈ Φe(α). Hence Φe(α) 6= ∅, so Φe(α) has R.P. since α has L.P. By
Proposition 13.5, Φc(α) and Φe(α) also have C.P. We now apply Proposition 11.2, with
α,m, n, a, b, p replaced by Φc(α), q,m, a ↾ q, b, p to get c′ ∈ q·pM such that c′ ∈ Φc(α),
∀i < q[

∑

j<p c
′
fqp(i,j) = ai] and c′ ≺ b. Now let gi = aq+i for all i < n − q. We now

apply Proposition 11.2 with α,m, n, a, b, p replaced by Φe(α), n− q,m, g, g, p. This gives
c′′ ∈ (n−q)·pM such that c′′ ∈ Φe(α) ∀i < n− q[

∑

j<p c
′′
f(n−q)p(i,j) = gi] and c′′ ≺ g.

Now define d with domain n · p by setting, for i < n and j < p,

dfnp(i,j) =

{

c′fqp(i,j) if i < q,

c′′f(n−q)p(i−q,j) if q ≤ i < n.

Then for all i < n we have

∑

j<p

dfnp(i,j) =

{
∑

j<p c
′
fqp(i,j) = ai if i < q,

∑

j<p c
′′
f(n−q)p(i−q,j) = gi−q = ai if q ≤ i < n.

We have c′ ∈ Φc(α), so by 13.9(1) and (L2), c′⌢〈e〉 ∈ α. Hence by Proposition 8.3,
〈e〉⌢c′ ∈ α. Since c′′ ∈ Φe(α), it follows by 13.9(1) that c′′⌢c′ ∈ α. Then by Proposition
8.3 again we get d ∈ α. Finally, if i < q and j < p, then dfnp(i,j) = c′fqp(i,j), so 〈dfnp(i,j) :

i < q, j < p〉 = c′ ≺ b.

Proposition 13.10. Assume the hypotheses of Proposition 13.9, and assume also that
α satisfies S.P., and ∀i < n[ai 6= 0]. Then in the conclusion we may assert that also
∀i < n∀j < p[dfnp(i,j) 6= 0].

Proof. Assume the hypotheses of Proposition 13.9, and assume also that α satisfies
S.P., and ∀i < n[ai 6= 0]. By Proposition 13.6, Φc(α) and Φe(α) have S.P. Then by Propo-
sition 11.3, in the proof of Proposition 13.9 we may assume that ∀i < q∀j < p[c′fqp(i,j) 6= 0]

and ∀i < n− q∀j < p[c′′f(n−q)p(i,j) 6= 0]. Hence ∀i < n∀j < p[dfnp(i,j) 6= 0].

Let α be a countable subset of <<ωM . An α-tree a is uniformly dense iff

∀n ∈ ω∀G ⊆ Dn∀b ∈ ΦT (a(G))(α)∃m ≥ n[a(G ↑ m) ≺ b].

Proposition 13.11. If α is a countable subset of <<ωM and a is a uniformly dense
α-tree, then a is dense.

Proof. Assume that α is a countable subset of <<ωM and a is a uniformly dense
α-tree. Let b ∈ α. Then T (b) = T (α) = T (a0), so b ∈ ΦT (a(D0)), hence there is an m ≥ 0
such that a(D0 ↑ m) ≺ b. Since D0 ↑ m = Dm, this means that am ≺ b. Thus a is
dense.
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Lemma 13.12. If α is a countable subset of <<ωM that satisfies C.P., R.P., and L.P.,
then there is a uniformly dense α-tree a.

Proof. Recall from Proposition 8.12 that 〈T (α)〉 ∈ α. Let {b0, b1, . . .} be an enumer-
ation of Φ(α) with b0 = 〈T (α)〉. We now define mn ∈ ω and a ↾

⋃

r≤mn
Dr by induction

on n so that the following conditions hold:

13.12(1) n < mn.

13.12(2) ∀r ≤ mn[ar ∈ α].

13.12(3) ∀r, s ≤ mn∀f ∈ Dr[r ≤ s→ a(f) =
∑

f≤g∈Ds
a(g)].

13.12(4) ∀k ≤ n∀G ⊆ Dn[bk ∈ ΦT (a(G))(α) → a(G ↑ mn) ≺ bk].

Let m0 = 1, a(∅) = T (α), a(〈0〉) = 0, a(〈1〉) = T (α). Now 〈alex(i) : i < 1〉 = 〈T (α)〉 ∈ α
by Proposition 8.12, and 〈a(lex(i)) : i < 2〉 = 〈0, T (α)〉 ∈ α by Proposition 8.4
and C.P. Hence 13.12(1)-13.12(4) hold for n = 0. Now suppose that 13.12(1)-13.12(4)
hold for n. List the set {(k,G) : k ≤ n + 1, G ⊆ Dn+1, bk ∈ ΦT (a(G))(α)} as
{(k0, G0), (k1, G1), . . . , (ki−1, Gi−1)}. Then

13.12(5) There is a m′
0 > mn and an extension of a to

⋃

r≤m′
0
Dr such that

(a) ∀r ≤ m′
0[〈a(lex(i)) : i < 2r〉 ∈ α].

(b) ∀r, s ≤ m′
0∀f ∈ Dr[r ≤ s→ a(f) =

∑

f≤g∈Ds
a(g)].

(c) a(G0 ↑ m′
0) ≺ bk0

.

To prove 13.12(5), first note that bk0
∈ ΦT (a(G0))(α). Now by 13.12(3) for mn, since

n < mn, an+1 ∈ α. Note that T (bk0
) = T (a(G0)) = T (〈a(lex(i)) : i < |G0|〉. Let l be

such that n+ 1 ≤ l and dmn(bk0
) ≤ 2l. By adjoining 0s to amn

we can obtain a sequence
e ∈ α of length 2l. By a permutation of e we obtain e′ ∈ α such that 〈a(lex(i)) : i < |G0|〉
is an initial segment of e′. Now we apply Proposition 13.9 with a, n, α, q, p,m, b replaced
by e′, 2l, α, |G0|, 2

l, dmn(bk0
), bk0

to obtain d ∈ α of length 2l · 2l such that ∀i < 2l[e′i =
∑

j<2l df
2l2l (i,j)] and 〈df

2l2l (i,j) : i < |G0|, j < 2l〉 ≺ bk0
. Let m′

0 = 2l. Let g : 22l → 2l × 2l

be a bijection. For each i < 22l let a(lex(i)) = df
2l2l ((g(i))0,(g(i))1). Now for s such that

mn < s ≤ m′
0 and f ∈ Ds let a(f) =

∑

{a(k) : f ⊆ k ∈ D2l}.
Clearly (b) holds, and (a) holds for r = m′

0. Now suppose that mn < r < m′
0. For i <

22l let λ(i) = lex−1(lex(i) ↾ r). Then for any j < 2r, a(lex(j)) =
∑

lex(i)⊆h∈D2l
a(lex(i)) =

∑

{a(lex(i)) : i < 22l, λ(i) = j}. Hence 〈a(lex(i)) : i < 22i〉 ≺ 〈a(lex(j)) : j < 2r〉 and so
〈a(lex(j)) : j < 2r〉 ∈ α. Thus (a) holds. Now we claim that a(G0 ↑ m′

0) ≺ 〈df
2l2l(i,j) : i <

|G0|, j < 2l〉, hence a(G0 ↑ m′
0) ≺ bk0

, giving (c). For, if i < |G0| and j < 2l, then

df
2l2l(i,j) =

∑

{a(lex(k)) : lex−1(lex(k) ↾ (n+ 1)) = i}.

Now we repeat this argument for (k1, G1), . . . , (ki−1, Gi−1), ending up withmn+1 satisfying
13.12(1)-13.12(4) for n+ 1.

Finally we get a : D →M , and this is clearly the desired uniformly dense α-tree.

Lemma 13.13. If α 6= ∅ is a countable subset of <<ωM that satisfies C.P., R.P., L.P.
and S.P., then there is a uniformly dense homogeneous α-tree a.
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Proof. We modify the proof of Lemma 13.12 by adding the condition that a(f) 6= 0
for all f . Instead of adding 0s in the proof, we split the last element. We apply Proposition
13.10 instead of 13.9.

Proposition 13.14. Let α ∈ △M . Then the following are equivalent:
(i) There is a stable M -measure σ on Fr(ω) such that ((△σ))(1) = α.
(ii) α has L.P.

Proof. (i)⇒(ii): Assume (i). Then (ii) holds by Proposition 13.8.
(ii)⇒(i): Assume (ii). Thus α satisfies C.P., R.P., S.P., and L.P. Hence by Proposition

13.13 there is a uniformly dense homogeneous α-tree a.
For each n ∈ ω and each f ∈ Dn let

13.14(1) x(f) = {g ∈ ω2 : f ⊆ g}.

Then {x(f) : f ∈ D} is a base for clop(ω2), which is a denumerable atomless BA.

13.14(2) If k ≤ i ∈ ω and f ∈ Dk, then x(f) =
⋃

{x(g) : g ∈ Di, f ⊆ g}, and this union is
pairwise disjoint.

13.14(3) If 1 = y0+̇y1+̇ · · · +̇yn−1 with each yi clopen, then there is a k ∈ ω and a partition

Dk = G0

�
∪ G1

�
∪ . . .

�
∪ Gn−1 such that ∀j < n[yj =

∑

{x(f) : f ∈ Gj}].

In fact, since {x(f) : f ∈ D} is a base for clop(ω2) and each yi is clopen and hence compact,
there exist finite subsets D i of D for i < n such that ∀i < n[yi =

⋃

{x(f) : f ∈ D i}]. Let
k be greater than the domain of f , for all f ∈

⋃

i<n D i. By 13.14(2) we may assume that

each D i is a subset of Dk. Clearly the sets D i are pairwise disjoint. For any f ∈ k2 the
set x(f) is a nonempty set, and hence x(f) ∩ yi 6= ∅ for some i < n. So we must actually
have f ∈ D i. This proves 13.14(3).

Now let z ∈ clop(ω2). Then by compactness there is a finite X ⊆ D such that
z =

⋃

{x(f) : f ∈ X}. Hence by 13.14(2) there is a k ∈ ω and a G ⊆ Dk such that
z =

∑

{x(f) : f ∈ G}. (disjoint sum) We then define

σ(z) =
∑

{a(f) : f ∈ G}.

This definition does not depend on the particular choice of k and G. For, suppose that
also l ∈ ω, H ⊆ Dl, and z =

∑

{x(f) : f ∈ H}; we claim that
∑

{a(f) : f ∈ G} =
∑

{a(f) : f ∈ H}. For, suppose that k ≤ l, and let K = {f ∈ Dl : ∃g ∈ G[g ⊆ f}. Then
z =

∑

{x(f) : f ∈ K} by (88). Since x(f) ∩ x(g) = ∅ for distinct f, g ∈ Dl, it follows that
K = H. Then by 13.14(2) we get

∑

{a(f) : f ∈ G} =
∑

{a(g) : g ∈ K} =
∑

{a(f) : f ∈ H}.

Now to show that σ is additive, suppose that z, z′ ∈ clop(ω2) and z · z′ = 0. Choose
k, k′, G,G′ such thatG ⊆ Dk, G′ ⊆ Dk′ , z =

∑

{x(f) : f ∈ G}, and z′ =
∑

{x(f) : f ∈ G′};
thus σ(z) =

∑

{a(f) : f ∈ G} and σ(z′) =
∑

{a(f) : f ∈ G′}. Wlog k ≤ k′. Let
H = {f ∈ Dk′ : ∃g ∈ G[g ⊆ f ]}. Then by 13.14(2), z =

∑

{x(f) : f ∈ H} and σ(z) =
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∑

{a(f) : f ∈ H}. Since z ·z′ = 0 we have H∩G′ = ∅. Now z+z′ =
∑

{x(f) : f ∈ H∪G′},
so

σ(z+z′) =
∑

{a(f) : f ∈ H∪G′} =
∑

{a(f) : f ∈ H}+
∑

{a(f) : f ∈ G′} = σ(z)+σ(z′).

Since a is homogeneous, clearly σ(z) = 0 iff z = 0. So σ ∈ M (M).
Next we show that (△σ)(1) = α. Suppose that b ∈ (△σ)(1). Say n ∈ ω, 1 =

z0+̇z1+̇ · · · +̇zn−1 and b = 〈σ(z0), σ(z1), . . . , σ(zn−1)〉. (89) gives k ∈ ω and G0, . . . , Gn−1

such that Dk = G0

�
∪ G1

�
∪ . . .

�
∪ Gn−1 and ∀j < n[zj =

∑

{x(f) : f ∈ Gj}. So
∀j < n[σ(zj) =

∑

{a(f) : f ∈ Gj}. Define λ : 2k → n by λ(m) = j iff lex(m) ∈ Gj . Then
∀j < n[σ(zj) =

∑

{a(lex(m)) : m < 2κ, λ(m) = j}. Hence ak ≺ b, hence b ∈ α by (63) and
C.P. This shows that (△σ)(1) ⊆ α.

For the other inclusion, first note that

13.14(4) ∀f ∈ D [σ(x(f)) = a(f)]

In fact, let f ∈ D . Let z = x(f) and G = {f}. Then by definition σ(x(f)) = a(f).

13.14(5) ∀k ∈ ω[ak ∈ (△σ)(1)].

For, let k ∈ ω. Then

ak = a(Dk) = 〈a(lex(i)) : i < 2k〉 = 〈σ(x(lex(i))) : i < 2k〉 ∈ (△σ)(1)

since 1 =
∑

{x(lex(i)) : i < 2k}, a disjoint sum. So 13.14(5) holds.
Now take any b ∈ α. Since a is dense there is a k ∈ ω such that ak ≺ b. Now

(△σ)(1) ∈ △M by Proposition 10.1, so b ∈ (△σ)(1) by 13.14(5) and C.P.
So (△σ)(1) = α.
It remains only to show that σ is stable. Suppose that y, z ∈ Fr(ω) and σ(y) = σ(z).

Choose n ∈ ω and G ⊆ Dn so that y =
∑

f∈G x(f). Then σ(y) =
∑

f∈G σ(x(f)) =
∑

f∈G a(f) by 13.14(4). Thus σ(y) = T (a(G)). Now suppose that b ∈ ((△σ))(z). Then
T (b) = T (((△σ)(z))) = σ(z) (by Proposition 10.2) = σ(y) = T (a(G)). Since a is uniformly
dense, there is an m ≥ n such that a(G ↑ m) ≺ b. Now

∑

f∈G↑m x(f) =
∑

f∈G x(f) = y,
so a(G ↑ m) = 〈σ(x(lex(i))) : i < |G ↑ m|〉 ∈ ((△σ))(y). Hence b ∈ ((△σ))(y) by C.P.
This proves that ((△σ))(z) ⊆ ((△σ))(y). The other inclusion follows by symmetry, so
((△σ))(z) = ((△σ))(y). Thus σ is stable.

14. Iterated derivatives

Proposition 14.1. Let M be an m-monoid. Then there are functions 〈△ζM : ζ < ω1〉
and 〈T ζ

η : η ≤ ζ < ω1〉 with the following properties, for any ζ < ω1 and η ≤ ζ:

14.1(1) If ζ = 0, then △ζM = M .

14.1(2) T ζ
ζ is the identity on △ζM .

14.1(3) If ζ = η + 1, then △ζM = △(△ηM),

14.1(4) If ζ = η + 1 and ξ ≤ η, then T ζ
ξ = T η

ξ ◦ T , with T : △(△ξM) → △ξM .
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14.1(5) If ξ ≤ η ≤ ζ, then T η
ξ ◦ T ζ

η = T ζ
ξ

14.1(6) ∀η ≤ ζ[△ηM is an m-monoid].
14.1(7) If ζ is a limit ordinal, then

△ζM = {a : dmn(a) = ζ, ∀η < ζ[aη ∈ △ηM ], ∀ξ, η < ζ[ξ < η → T η
ξ (aη) = aξ]}.

14.1(8) If ζ is a limit ordinal, then ∀η < ζ∀a ∈ △ζM [T ζ
η (a) = aη].

14.1(9) If η ≤ ζ < ω1 then T ζ
η : △ζM → △ηM .

14.1(10) if ζ is a limit ordinal, x, y ∈ △ζM , and T ζ
η (x) = T ζ

η (y) for all η < ζ, then x = y.

Proof. We construct △ζM and T ζ
η by recursion on ζ. For ζ = 0 we take 14.1(1) and

14.1(2) as definitions. Clearly the other conditions hold. For the successor case we take
14.1(1)–14.1(4) as definitions. For 14.1(5), with ζ = η+1, assume that ξ ≤ ρ ≤ ζ. If ρ = ζ

the conclusion is clear. If ρ < ζ, then T ρ
ξ ◦ T ζ

ρ = T ρ
ξ ◦ T η

ρ ◦ T = T η
ξ ◦ T = T ζ

ξ . 14.1(6) and
14.1(7) are clear.

Now for ζ limit, we use 14.1(2), 14.1(7), and 14.1(8) as definitions. Then 14.1(9) is
clear. To check 14.1(5), suppose that ξ ≤ η < ζ. Then ∀a ∈ △ζM [T η

ξ ◦ T ζ
η (a) = T η

ξ (aη) =

aξ = T ζ
ξ (a)]. To check 14.1(6), suppose a, b ∈ △ζM . Then ∀η < ζ[(a + b)η = aη + bη ∈

△ηM ]. Also, if ξ < η < ζ, then T η
ξ ((a+ b)η) = T η

ξ (aη + bη) = T η
ξ (aη)+T η

ξ (bη) = aξ + bξ =

(a+ b)ξ. So this shows that a+ b ∈ △ζM . Now the monoid conditions are clear.
It remains to check 14.1(10). So assume that ζ is a limit ordinal, x, y ∈ △ζM , and

T ζ
η (x) = T ζ

η (y) for all η < ζ. Then for all η < ζ, xη = T ζ
η (x) = T ζ

η (y) = yη. So x = y.

Proposition 14.2. Let M be an m-monoid and σ ∈ M (M). Then for each ζ < ω1 there
is a unique △ζσ ∈ M (△ζM) such that the following conditions hold:

14.2(1) For ζ = 0, △ζσ = σ.
14.2(2) For ζ = ξ + 1, △ζσ = △(△ξσ)].
14.2(3) ∀η ≤ ζ < ω1[T

ζ
η ◦ △ζσ = △ησ].

14.2(4) For ζ limit, ∀x ∈ Fr(ω)[(△ζσ)(x) = 〈(△ησ)(x) : η < ζ〉.

Proof. We define △ζσ by recursion on ζ. For ζ = 0 we take 14.2(1) as a definition.
For ζ = ξ+1 we take 14.2(2) as a definition. Then clearly 14.2(2) holds for η = ζ, while for
η < ζ, T ζ

η ◦△
ζσ = T ξ

η ◦T ◦△(△ξσ) = T ξ
η ◦△

ξσ (by Proposition 10.2) = △ησ. For ζ limit we

take 14.2(3) as a definition. We check that △ζσ ∈ M (△ζM). Take any x ∈ Fr(ω), and let
a = 〈(△ησ)(x) : η < ζ〉. Then a has domain ζ, and for any η < ζ, aη = △ησ(x) ∈ △ηM .
If ξ < η < ζ, then T η

ξ (aη) = T η
ξ ((△ησ)(x)) = (T η

ξ ◦ △ησ)(x) = (△ξσ)(x) = aξ. This

checks that (△ζσ)(x) ∈ △ζM . Hence clearly △ζσ ∈ M (△ζM). Finally we check 14.2(2).
Suppose that η < ζ. Then for any x ∈ Fr(ω),

(T ζ
η ◦ △ζσ)(x) = T ζ

η ((△ζσ)(x)) = T ζ
η (〈(△ρσ)(x) : ρ < ζ〉) = (△ησ)(x)

Proposition 14.3. If k is an automorphism of Fr(ω), σ = τ ◦ k, and ξ is any ordinal,
then △ξσ = (△ξτ) ◦ k.
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Proof. Induction on ξ. It is clear for ξ = 0. Assume that it holds for ξ. Then by
Proposition 14.2(2), △ξ+1σ = △(△ξσ) = △(△ξτ) ◦ k (by Proposition 10.4) = △ξ+1τ ◦ k.
Now suppose that ξ is a limit ordinal and it holds for all η < ξ. Then for any x ∈ Fr(ω),

(△ξσ)(x) = 〈(△ησ)(x) : η < ξ〉 = 〈(△ητ)(k(x)) : η < ξ〉 = (△ξτ)(k(x)).

15. The depth of measures

Recall the definition of stable measure from section 12.

Proposition 15.1. If M is an m-monoid and σ ∈ M (M), then there is a smallest ordinal
d(σ) < ω1 such that ∀ζ ≥ d(σ)[△ζσ is stable].

Proof. For each ζ < ω1 let Eζ = {(x, y) ∈ Fr(ω)×Fr(ω) : △ζσ(x) = △ζ(y)}. Clearly
Eζ is an equivalence relation on Fr(ω).

15.1(1) If η ≤ ζ < ω1, then Eζ ⊆ Eη.

In fact, suppose that η ≤ ζ < ω1 and (x, y) ∈ Eζ . By Proposition 14.2(3), T ζ
η ◦ △ζσ =

△ησ. Hence (△ησ)(x) = T ζ
η ((△ζσ)(x)) = T ζ

η ((△ζσ)(y)) = (△η)(y), so that (x, y) ∈ Eη.
Since Fr(ω) is countable, there is a smallest d(σ) < ω1 such that Eζ = Ed(σ) for all

ζ ≥ d(σ). Hence if ζ ≥ d(σ), x, y ∈ Fr(ω), and (△ζσ)(x) = (△ζσ)(y), then △((△ζσ)(x) =
(△ζ+1σ)(x) = (△ζ+1σ)(y) = △((△ζσ)(y).

d(σ) is the depth of σ.

Proposition 15.2. If M is an m-monoid and σ, τ ∈ M (M), then the following are
equivalent:

(i) σ = τ ◦ k for some automorphism k of Fr(ω).
(ii) ∀ζ < ω1[(△ζσ)(1) = (△ζτ)(1)].
(iii) There is a countable ordinal ζ ≥ d(σ), d(τ) such that (△ζ+1σ)(1) = (△ζ+1τ)(1).

Proof. (i)⇒(ii): Assume that k is an automorphism of Fr(ω) and σ = τ ◦ k.

15.2(1) ∀ζ < ω1[(△ζσ) = (△ζτ) ◦ k],

We prove 15.2(1) by induction on ζ. (△0σ) = σ = τ ◦k = (△0τ)◦k. Assume that (△ζσ) =
(△ζτ)◦k. Then by Proposition 10.4, (△ζ+1σ) = (△(△ζσ)) = (△(△ζτ))◦k = (△ζ+1τ)◦k.
Now assume that ζ is a limit ordinal, and (△ησ) = (△ητ) ◦ k for every η < ζ. Then for
every x ∈ Fr(ω) and every η < ζ, (△ησ)(x) = ((△ητ) ◦ k)(x) = (△ητ(k(x)). Thus

(△ζσ)(x) = 〈(△ησ)(x) : η < ζ〉 = 〈(△ητ)(k(x)) : η < ζ〉 = (△ζ(k(x)).

Thus 15.2(1) holds. Hence (ii) follows.
(ii)⇒(iii): obvious.
(iii)⇒(i): Assume (iii). By Proposition 12.2 applied to (△(△ζσ))(1) = (△ζ+1σ)(1) =

(△ζ+1τ)(1) = (△(△ζτ))(1), there is an automorphism k of Fr(ω) such that (△ζσ) =

(△ζτ) ◦ k. Hence by Proposition 14.2(3), σ = T ζ
0 ◦ △ζσ = T ζ

0 ◦ (△ζτ) ◦ k = τ ◦ k.
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16. The Boolean hierarchy

Recall that W is ω1 with a new o added, and M is M (W ).
For each ordinal ζ, let K ζ = {(△ζ+1σ)(1) : σ ∈ M , d(σ) ≤ ζ}. The system of sets

〈K ζ : ζ < ω1〉 is called the Boolean heirarchy.

Proposition 16.1. Define σ ≡ τ iff σ, τ ∈ M and there is an automorphism k of Fr(ω)
such that σ = τ ◦ k. Then ≡ is an equivalence relation on M .

Proposition 16.2. For all σ, τ ∈ M the following are equivalent:
(i) σ ≡ τ .
(ii) ∀ζ > d(σ), d(τ)[(△ζσ)(1) = (△ζτ)(1)].

Proof. By Proposition 15.2.

Proposition 16.3. For η ≤ ζ < ω1 there is an injection Σζ
η : K η → K ζ such that

16.3(1) If ξ ≤ η ≤ ζ < ω1, then Σζ
η ◦ Ση

ξ = Σζ
ξ .

16.3(2) If η ≤ ζ, then T ζ+1
η+1 ◦ Σζ

η is the identity on Kη.

16.3(3) If ρ ≤ η ≤ ζ, then rng(Σζ
ρ) ⊆ rng(Σζ

η).

Proof. Assume that η ≤ ζ < ω1. Take any σ ∈ M with d(σ) ≤ η. Define
Σζ

η((△η+1σ)(1)) = (△ζ+1σ)(1). Then Σζ
η is well-defined. For, suppose that also τ ∈ M ,

d(τ) ≤ η, and (△η+1σ)(1) = (△η+1τ)(1). Then by Proposition 16.2, (△ζ+1σ)(1) =
(△ζ+1τ)(1).

Σζ
η is one-one. For suppose that σ, τ ∈ M , d(σ), d(τ) ≤ η, and (△ζ+1σ)(1) =

(△ζ+1τ)(1). Then by Proposition 14.2,

(△η+1σ)(1) = T ζ+1
η+1 ((△ζ+1σ)(1)) = T ζ+1

η+1 ((△ζ+1τ)(1)) = (△η+1τ)(1).

Now (16.3(1) is obvious.
For (16.3(2), suppose that η ≤ ζ, σ ∈ M , and d(σ) ≤ η. Then, using Proposition

14.2,
T ζ+1

η+1 (Σζ
η((△η+1σ)(1))) = T ζ+1

η+1 ((△ζ+1σ)(1)) = (△η+1σ)(1).

For 16.3(3), rng(Σζ
ρ) = {(△σ)(1) : d(σ) ≤ ρ} ⊆ {(△σ)(1) : d(σ) ≤ η} = rng(Σζ

η)}.

Now let

K = {a : ∃η < ω1[a is a function with domain [η, ω1) and

∀ζ ∈ [η, ω1)[aζ ∈ K
ζ ] and ∀ξ, ζ ∈ [η, ω1)[ξ ≤ ζ → Σζ

ξ(aξ) = aζ ]}

For any η < ω1 define Σ′η with domain K η: for each a ∈ K η, Σ′η(a) is the function with
domain [η, ω1) such that for any ζ ∈ [η, ω1), (Σ′η(a))(ζ) = Σζ

η(a).

Proposition 16.4. For each η < ω1, Σ′η is an injection from K η into K , and K =
⋃

η<ω1
rng(Σ′η). Moreover, if ξ ≤ η < ω1 then Σ′η ◦ Ση

ξ = Σ′ξ.
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Proof. Suppose that a ∈ K η. Then Σ′η(a) is a function with domain K η,

∀ζ ∈ [η, ω1)[(Σ
′η(a))(ζ) = Σζ

η(a) ∈ K
ζ ] and

∀ξ, ρ ∈ [η, ω1)[ξ ≤ ρ→ Σρ
ξ((Σ

′η(a))(ξ) = Σρ
ξ(Σ

ξ
η(a)) = Σρ

η(a) = (Σ′η(a))(ρ).

Thus Σ′η(a) ∈ K .
If a, b are distinct elements of K η, then (Σ′η(a))(η) = Ση

η(a) = a 6= b = Ση
η(b) =

(Σ′η(b))(η). So Σ′η(a) 6= Σ′η(b). Thus Σ′η is an injection from K η into K . Now suppose
that a ∈ K . Choose η < ω1 such that a is a function with domain [η, ω1) and ∀ζ ∈

[η, ω1)[aζ ∈ K ζ ] and ∀ξ, ζ ∈ [η, ω1)[ξ ≤ ζ → Σζ
ξ(aξ) = aζ ]. Let b = aη. Thus b ∈ K η. We

claim that a = Σ′η(b). In fact, take any ζ ∈ [η, ω1). Then (Σ′η(b))(ζ) = Σζ
η(b) = Σζ

η(aη) =
aζ .

Now we define 〈Lζ : ζ < ω1〉 and 〈ρζ : ζ < ω1〉 by recursion, so that:

(Z1) L0 ⊆ L1 ⊆ · · ·;
(Z2) ∀ζ < ω1[ρ

ζ is a bijection from K ζ onto Lζ ];
(Z3) ∀η, ζ < ω1[η < ζ → ρζ ◦ Σζ

η = ρη].

Let L0 = K 0 and let ρ0 be the identity on K 0. Suppose that Lζ and ρζ have been
defined so that (Z1)–(Z3) hold. Note that ρζ ◦ (Σζ+1

ζ )−1 is a bijection from rng(Σζ+1
ζ )

onto Lζ . Let M = {(Lζ , x) : x ∈ K ζ+1\rng(Σζ+1
ζ )}. Thus |M | = |K ζ+1\rng(Σζ+1

ζ )| and

M ∩ Lζ = ∅. Let Lζ+1 = Lζ ∪M and ρζ+1 = ρζ ◦ (Σζ+1
ζ )−1 ∪ k, where k is a bijection

from K ζ+1\rng(Σζ+1
ζ ) onto M . Thus Lζ ⊆ Lζ+1 and ρζ+1 is a bijection from K ζ+1 onto

Lζ+1. Moreover, if η ≤ ζ, then

ρζ+1 ◦ Σζ+1
η = ρζ+1 ◦ Σζ+1

ζ ◦ Σζ
η = ρζ ◦ Σζ

η = ρη.

This is illustrated by the following commutative diagram:

Lζ ⊆ Lζ+1

K ζ K ζ+1

ρζ

Σζ+1
ζ

ρζ+1

Now suppose that ζ < ω1 is a limit ordinal. Then K ζ =
⋃

η≤ζ rng(Σζ
η). In fact, let σ ∈ M

with d(σ) ≤ ζ; so (△ζ+1σ)(1) ∈ K ζ . Then Σζ
d(σ)((△

d(σ)+1)(1)) = (△ζ+1σ)(1).

Now let N =
⋃

η<ζ L
η, and let M = {(N, x) : x ∈ K ζ\

⋃

η<ζ rng(Σζ
η)}. Let Lζ =

N ∪M . We now define ρζ with domain K ζ . Take any x ∈ K ζ . Say x = (△ζ+1σ)(1)

with d(σ) ≤ ζ. If d(σ) < ζ, note that Σζ
d(σ)((△

d(σ)+1σ)(1)) = (△ζ+1σ)(1) = x, and let
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ρζ(x) = ρd(σ)((△d(σ)+1σ)(1)). If d(σ) = ζ let ρζ(x) = k(x), where k is a bijection from
K ζ\

⋃

η<ζ rng(Σζ
η) onto M .

Now we check (Z3) for ζ. Suppose that η < ζ, and let x ∈ K η. Say x = (△η+1σ)(1)
with d(σ) ≤ η. Then

ρζ(Σζ
η(x)) = ρζ(Σζ

η((△η+1σ)(1))) = ρζ((△ζ+1σ)(1)) = ρd(σ)((△d(σ)+1σ)(1))

= ρη(Ση
d(σ)((△

d(σ)+1σ)(1))) = ρη((△η+1σ)(1)) = ρη(x).

Next, ρζ is one-one. For, suppose that x, y ∈ K ζ , ρζ(x) = ρζ(y), and x 6= y. Then we
must have x, y ∈

⋃

η<ζ rng(Σζ
η). Say x = Σζ

η((△η+1σ)(1)) and y = Σζ
τ ((△τ+1τ)(1)), with

η, τ < ζ. Then x = (△ζ+1σ)(1) and y = (△ζ+1τ)(1). Hence ρζ(x) = ρd(σ)((△d(σ)+1σ)(1))
and ρζ(y) = ρd(τ)((△d(τ)+1τ)(1)). Say d(σ) ≤ d(τ). Then

ρd(τ)(Σ
d(τ)
d(σ)((△

d(σ)+1σ)(1))) = ρd(σ)((△d(σ)+1σ)(1)))

= ρζ(x) = ρζ(y)

= ρd(τ)((△d(τ)+1τ)(1))

Hence (△d(τ)+1σ)(1) = Σ
d(τ)
d(σ)((△

d(σ)+1σ)(1)) = (△d(τ)+1τ)(1). So

y = (△ζ+1τ)(1) = Σζ
d(τ)((△

d(τ)+1τ)(1) = Σζ
d(τ)((△

d(τ)+1σ)(1)) = (△ζ+1σ(1)) = x,

contradiction.
Next, ρζ maps onto Lζ . In fact, if x ∈ Lζ then there are two cases.
Case 1. x ∈ N . Say η < ζ and x ∈ Lη. Then there is a y ∈ Kη such that ρη(y) = x.

Say y = (△η+1σ)(1) with d(σ) ≤ η. Then Σζ
η(y) ∈ K ζ , and

ρζ(Σζ
η(y)) = ρζ(Σζ

η((△η+1σ)(1)) = ρη((△η+1σ)(1)) = ρη(y) = x.

Case 2. x ∈M . Obviously there is a y ∈ Kζ such that ρζ(y) = x.

Thus ρζ is a bijection Lζ .
Hence for ζ limit we have the following diagram:

Lη ⊆ · · · Lζ

K η K ζ

ρη

Σζ
η

ρζ
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Finally, define τ : K →
⋃

η<ω1
Lη by defining, for any a ∈ K , with dmn(a) = [η, ω1),

τ(a) = ρη(aη). Then for any a ∈ K η we have

τ(Σ′η(a)) = τ(〈Σζ
η(a) : ζ ∈ [η, ω1)〉) = ρη(Σζ

η(a)).

This gives the following diagram:

Lη ⊆ · · ·
⋃

η<ω1
Lη

K η K

ρη

Σ′η

τ

17. The heirarchy property

Lemma 17.1. K ζ ⊆ △(△ζW ).

Proof. Let x ∈ K ζ . Then there is a σ ∈ M (W ) such that d(σ) ≤ ζ and x =
(△ζ+1σ)(1). By Proposition 14.2, x ∈ △ζ+1W , and by Proposition 14.2(103), △ζ+1W =
△(△ζW ).

Lemma 17.2. Let α ∈ K ζ , and suppose that a ∈ △ζW with 〈a〉 ∈ Φ(α). Also suppose

that η < ζ and c ∈ T ζ
η+1(a). Then there is a b ∈ Φa(α) such that c = T ζ

η ◦ b.

Proof. By definition of K ζ , there is a σ ∈ M with d(σ) ≤ ζ such that α =
(△ζ+1σ)(1). By Proposition 15.1, △ζσ is stable. Now by Proposition 17.1 α ∈ △(△ζW ),
so by definition α ⊆ <<ω(△ζW ) Now 〈a〉 ∈ Φ(α), so there is a b ∈ <<ω(△ζW ) such
that 〈a〉⌢b ∈ α = (△ζ+1σ)(1) = (△(△ζσ))(1). So if b has domain m we can write
1 = x + y0 + · · · + ym−1 with (△ζσ)(x) = a and (△ζσ)(yi) = bi for all i < m. Now

c ∈ T ζ
η+1(a) = T ζ

η+1((△
ζσ)(x)) = (△η+1σ)(x) = (△(△ησ))(x). Hence we can write

x = d0 + · · · + dn−1 with c = 〈(△ησ)(d0), . . . , (△ησ)(dn−1)〉. Let bi = (△ζσ)(di) for all
i < n. Then T (b) =

∑

i<n(△ζσ)(di) = (△ζσ)(x) = a. Now 1 = d0 + · · ·+dn−1 +y0 + · · ·+

ym−1, so 〈(△ζσ)(d0), . . . , (△ζσ)(dn−1), (△ζσ)(y0), . . . , ((△σ))(ym−1)〉 ∈ (△(△ζσ))(1) =
(△ζ+1σ)(1) = α. Thus b ∈ Φa(α). Finally, for all i < n, T ζ

η (bi) = T ζ
η ((△ζσ)(di)) =

(△ησ)(di) = ci.

Now let M be an m-monoid and ζ < ω1. A set α ∈ △(△ζM) has the heirarchy property

(H.P.) iff ∀a ∈ △ζM [〈a〉 ∈ Φ(α) → ∀η < ζ∀c ∈ T ζ
η+1(a)∃b ∈ Φa(α)[c = T ζ

η ◦ b]]. Note that
this condition holds vacuously if ζ = 0.

Proposition 17.3. If ζ < ω1 and α ∈ △ζ+1W , then the following conditions are equiva-
lent:
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(i) α ∈ K ζ .
(ii) α satisfies L.P. and H.P.

Proof. (i)⇒(ii): Assume (i). Then by the definition of K ζ and d(σ) and Proposition
13.8, α has L.P. By Lemma 17.2, α has R.P.

(ii)⇒(i): Assume (ii). By Proposition 14.1(94) we have α ∈ △(△ζW ). Hence by
Proposition 13.14 there is a stable △ζW -measure τ such that (△τ)(1) = α.

17.3(1) ∀x ∈ Fr(ω)∀η < ζ∀c ∈ (T ζ
η+1 ◦ τ)(x)∀m ∈ ω[dmn(c) = m → ∃y ∈ mFr(ω)[x =

y0 + · · · + ym−1 and ∀j < m[cj = (T ζ
η )(τ(yj))]]].

In fact, suppose that x ∈ Fr(ω), η < ζ, c ∈ (T ζ
η+1 ◦ τ)(x), m ∈ ω, and dmn(c) = m.

Now x + −x = 1, so 〈τ(x), τ(−x)〉 ∈ (△τ)(1) = α, and hence 〈τ(x)〉 ∈ Φ(α). Since
c ∈ T ζ+1

η (τ(x)), we can apply H.P. to τ(x) in place of a to get b ∈ Φτ(x)(α) such that

c = T ζ
η ◦b. Now there is a d such that b⌢d ∈ α = (△τ)(1), so we can write 1 = y0+· · ·+yn−1

with b⌢d = 〈τ(y0), . . . , τ(yn−1)〉. Let z = y0 + · · · + ym−1. Then b = 〈τ(y0), . . . , τ(ym−1〉
and so b ∈ (△τ)(z). Then τ(z) = τ(y0) + · · ·+ τ(ym−1) = T (b) = τ(x) since b ∈ Φτ(x)(α).
Since τ is stable it follows that △τ(z) = △τ(x), so b ∈ △τ(x). Hence we can write x =
d0+̇ · · · +̇dm−1 with b = 〈τ(d0), . . . , τ(dm−1)〉. So for any j < m, cj = T ζ

η (bj) = T ζ
η (τ(dj)).

This proves 17.3(1).

Now let σ = T ζ
0 ◦ τ . Note that τ : Fr(ω) → △ζW and T ζ

0 : △ζW → W . So
σ : Fr(ω) → W , i.e., σ ∈ M . Now we claim

17.3(2) ∀η ≤ ζ[T ζ
η ◦ τ = △ησ].

Note that with η = ζ in 17.3(2) we get τ = △ζσ. Since (△τ)(1) = α, this gives α =
(△ζ+1σ)(1). Since τ is stable and τ = △ζσ, we have d(σ) ≤ ζ. Hence α ∈ K ζ , finishing
the proof.

We prove 17.3(2) by induction on η. It is obvious for η = 0. Now suppose that it

holds for η. Suppose that c ∈ (T ζ
η+1 ◦ τ)(x). By (114) write x = y0 + · · · + ym−1 with

∀j < m[cj = T ζ
η (τ(xj))]. By the inductive hypothesis ∀j < m[T ζ

η (τ(xj)) = (△ησ)(xj). So
c ∈ (△(△ησ)(x). This proves ⊆ in (115) for η + 1.

Conversely suppose that c ∈ (△η+1σ)(x) = (△(△ησ))(x). Say c has length m. Then
we can write x = y0+· · ·+ym−1 with ∀j < m[cj = (△ησ)(yj)]. By the inductive hypothesis,
(△ησ(yj) = T ζ

η (τ(yj)). Now note by Proposition 14.1 that T η+1
η = T η

η ◦ T = T . Hence

by Proposition 14.1, T ◦ T ζ
η+1 = T η+1

η ◦ T ζ
η+1 = T ζ

η . So cj = T (T ζ
η+1(τ(yj))). Now

T ζ
η+1(τ(yj) ∈ △η+1W = (△(△η))W , so by Proposition 8.12, 〈cj〉 ∈ T ζ

η+1(τ(yj)). Hence

c = (c0, 0, 0, . . . , 0) + (0, c1, 0, 0, . . . , 0) + · · ·+ (0, 0, . . . , cm−1)

∈ T ζ
η+1(τ(y0)) + · · · + T ζ

η+1(τ(ym−1)

= T ζ
η+1(τ(x)).

This proves (17.3(2) for η + 1.
Now suppose that ξ < ζ is a limit ordinal and 17.3(2) holds for all η < ξ. If η < ξ,

then T ξ
η ◦△ξσ = △ησ (by Proposition 14.2) = T ζ

η ◦ τ (induction hypothesis) = T ξ
η ◦T ζ

ξ ◦ τ

(by Proposition 14.1). Hence by Proposition 14.1, △ξσ = T ζ
ξ ◦ τ .
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18. The monoid of isomorphism types

Recall from page 29 the definition of BA and SBA, which are m-monoids.

Proposition 18.1. BA has the refinement property. That is, if m,n ∈ ω\{0}, a ∈ mBA,
b ∈ nBA, and

∑

i<m ai =
∑

j<n bj, then there exist cij ∈ BA for i < m and j < n such
that ∀i < m[ai =

∑

j<n cij ] and ∀j < n[bj =
∑

i<m cij ].

Proof. Assume the hypotheses. Say ∀i < m[ai = [Ai]] and ∀j < n[bj = [Bj]]. Let
D =

∏

i<m Ai and E =
∏

j<nBj . Let Cij = Ai × Bj for all i < m and j < n. For each
i < m define ci ∈

∏

i<m Ai by

ci(k) =
{

1 if k = i,
0 otherwise

Similarly, for each j < n define dj ∈
∏

j<nBj by

dj(k) =
{

1 if k = j,
0 otherwise

Let f be an isomorphism from D onto E. Then for any i < m,

f(ci) = f(ci) ·
∑

j<n

dj =
∑

j<n

(f(ci) · dj).

Hence
Ai

∼= (D ↾ ci) ∼= (E ↾ f(ci)) ∼=
∏

j<n

(E ↾ (f(ci) · dj)) ∼=
∏

j<n

Cij .

Hence ai =
∑

j<n[Cij ]. Similarly, ∀j < n[bj =
∑

i<m[Cij ].

NBA is the set of isomorphism classes of normalized BAs. MBA is the set of isomorphism
classes of BAs which are neither superatomic nor normalized.

Proposition 18.2. BA = SBA
�
∪ NBA

�
∪ MBA.

Proposition 18.3. SBA is a submonoid of BA.

Proof. By Proposition 5..13.

Proposition 18.4. NBA is a subsemigroup of BA.

Proof. By Proposition 6.29.

19. Refinement monoids

Let M be an m-monoid. Define a ≤ b iff ∃c ∈M [b = a+ c].

Proposition 19.1. Let M be an m-monoid.
(i) ≤ is reflexive and transitive.
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(ii) ∀a ∈M [0 ≤ a].
(iii) ∀a, b, c ∈M [a ≤ b→ a+ c ≤ b+ c].

Proof. (i): a = a+ 0.
(ii): Suppose that a ≤ b ≤ c. Choose d, e so that b = a + d and c = b + e. Then

c = (a+ d) + e = a+ (d+ e).
(iii): Assume that a, b, c ∈ M and a ≤ b. Choose d so that b = a + d. Then

b+ c = a+ c+ d.

An element a of an m-monoid M has the Schröder-Bernstein property (S.-B.) iff ∀b ∈
M [a ≤ b ≤ a→ a = b].

Proposition 19.2. a has the Schröder-Bernstein property iff ∀c, d ∈M [a = a+ c+ d→
a = a+ c].

Proof. ⇒: Assume that a has the Schröder-Bernstein property, and suppose that
c, d ∈M with a = a+ c+ d. Then a ≤ a+ c ≤ a, so a = a+ c.

⇐: Assume that ∀c, d ∈M [a = a+ c+ d→ a = a+ c] and a ≤ b ≤ a. Choose c, d so
that b = a+ c and a = b+ d. Then a = a+ c+ d, so a = a+ c = b.

If a ∈ M we define M ↾ a = {b ∈ M : b ≤ a}. M is locally countable iff ∀a ∈ M [M ↾ a is
countable].

Proposition 19.3. BA is locally countable.

Proof. If a ∈ BA, then BA ↾ a = {b ∈ BA : b ≤ a} = {b ∈ BA : ∃c[a = b+c]}.

A submonoid N of M is a hereditary submonoid of M iff ∀a ∈M∀b ∈ N [a ≤ b→ a ∈ N ].

Proposition 19.4. N is a hereditary submonoid of M iff ∀a ∈ N [M ↾ a = N ↾ a].

Proposition 19.5. If N is a submonoid of M and M is locally countable, then so is
N .

Proof. For a, b ∈ N , a ≤ b in the sense of N implies that a ≤ b in the sense of M .
Hence ∀a ∈ N [N ↾ a ⊆M ↾ a].

M is a refinement monoid, r-monoid, iff M is an m-monoid, and ∀m,n ∈ ω\{0}∀a ∈
mM∀b ∈ nM [

∑

i<m ai =
∑

j<n bj → ∃c ∈ m×nM [∀i < m[ai =
∑

j<n cij ] and ∀j < n[bj =
∑

i<m cij ]]].

Proposition 19.6. Every hereditary submonoid of a refinement monoid is a refinement
monoid.

Proof. Suppose thatN is a hereditary submonoid of a refinement monoidM . Suppose
that m,n ∈ ω, a ∈ mN , b ∈ nN , and

∑

i<m ai =
∑

j<n bj. Choose c ∈ m×nM such
that ∀i < m[ai =

∑

j<n cij ] and ∀j < n[bj =
∑

i<m cij ]]. Each cij is ≤ ai, and hence
cij ∈ N .

M has the (2, 2)-refinement property iff the above definition holds for m = n = 2.
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Proposition 19.7. An m-monoid is an r-monoid iff M has the (2, 2)-refinement property.

Proof. ⇒: obvious. ⇐: Assume that M has the (2, 2)-refinement property. First we
obviously have

19.7(1) ∀n ∈ ω\{0}∀a ∈ 1M∀b ∈ nM [a0 =
∑

j<n bj → ∃c ∈ 1×nM [a0 =
∑

j<n c0j and
∀j < n[bj = c0j ]].

19.7(2) ∀m ∈ ω\{0}∀a ∈ mM∀b ∈ 1M [
∑

i<m ai = b0 → ∃c ∈ m×1M [∀i < m[ai = ci0 and
b0 =

∑

i<m ci0]].

Now we prove the refinement property for m,n ≥ 2 by induction on m + n. The case
m + n = 4 is given. Now suppose that m + n > 4 and the property is true for 2 ≤ m′, n′

with m′ + n′ < m + n. Wlog m ≤ n. Thus 2 < n. Suppose that a ∈ nM , b ∈ mM , and
∑

i<m ai =
∑

j<n bj . Define b′ ∈ n−1M by setting, for any j < n− 1,

b′j =

{

bj if j < n− 2,
bn−2 + bn−1 if j = n− 2.

Then
∑

i<m ai =
∑

j<n−1 b
′
j . Hence by the inductive hypothesis there is a c ∈ m×(n−1)M

such that ∀i < m[ai =
∑

j<n−1 cij ] and ∀j < n − 1[b′j =
∑

i<m cij ]. Now bn−2 + bn−1 =
b′n−2 =

∑

i<m ci,n−2.
Case 1. m = 2. We apply the 2,2 case to get

(*) d ∈ m×2M such that ∀j < 2[bn−1−j =
∑

i<m dij ] and ∀i < m[ci,n−2 =
∑

j<2 dij ].

Case 2. m > 2. We apply the inductive hypothesis to 2, m to again get (*).
Now we define e ∈ m×nM . For any i < m and j < n,

eij =

{

cij if j < n− 2,
di1 if j = n− 2,
di0 if j = n− 1.

Then for any i < m,

ai =
∑

j<n−1

cij =
∑

j<n−2

cij + ci,n−2 =
∑

j<n−2

eij +
∑

j<2

dij =
∑

j<n

eij

and for any j < n − 2, bj = b′j =
∑

i<m cij =
∑

i<m eij . Moreover, bn−2 =
∑

i<m di1 =
∑

i<m ei,n−2 and bn−1 =
∑

i<m di0 =
∑

i<m ei,n−1.

Lemma 19.8. Let M be an r-monoid, and suppose that a ≤
∑

j<n bj. Then there is a
c ∈ nM such that a =

∑

j<n cj and ∀j < n[cj ≤ bj ].

Proof. By the definition of ≤, there is an a1 ∈M such that
∑

j<n bj = a0 +a1, where

a0 = a. By the refinement property choose c ∈ 2×nM such that ∀i < 2[ai =
∑

j<n cij ] and
∀j < n[bj =

∑

i<2 cij . In particular, a = a0 =
∑

j<n c0j and ∀j < n[c0j ≤ bj ].

An m-monoid M is atomless iff ∀a ∈M∗∃b, c ∈M∗[a = b+ c].
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Proposition 19.9. BA is not atomless.

Proof. If A is a 2-element BA, then a = [A] is a counterexample.

If M is an m-monoid and a ∈M , we let

δ(a) = δM (a) =







b : ∃n ∈ ω\{0}



b ∈ nM and a =
∑

j<n

bj











.

Proposition 19.10. If M is a locally countable r-monoid and a ∈ M , then δM (a) is a
countable subset of <<ωM that satisfies C.P., R.P. and L.P.

Proof. Assume that M is a locally countable r-monoid and a ∈M . Clearly δM (a) is
a countable subset of <<ωM .

C.P.: Suppose that b, c ∈ <<ωM , b ∈ δM (a), and b ≺ c. Say b ∈ mM and c ∈ nM .
Let λ : m → n be such that ∀j < n[cj =

∑

{bi : i < m, λ(i) = j}. Then a =
∑

i<m bi =
∑

j<n cj . Hence c ∈ δM (a).
R.P.: Assume that m,n ∈ ω\{0}, b ∈ mM , c ∈ nM , and b, c ∈ δM (a). Clearly then

∑

i<m bi =
∑

j<n cj . The desired conclusion follows since M is an r-monoid.
L.P.: First note that if a ∈ M and b ∈ Φa(δM (a)), then, with n = dmn(b) we have

∑

i<n bi = a and so b ∈ ∆M (a). Thus Φa(δM (a)) ⊆ δM (a). The converse holds by
Proposition 13.2(i), so Φa(δM (a)) = δM (a). Hence (79) follows from the above. For (80),
suppose that b ∈M , c ∈ <<ωM , and 〈b〉⌢c ∈ δM (a). Say c ∈ nM . Then b+

∑

i<n ci = a.
If d ∈ Φb(δM (a)), clearly d⌢c ∈ δM (a).

Proposition 19.11. If M is an atomless locally countable r-monoid and a ∈ M , then
δM (a) has S.P.

Proof. Suppose that M is an atomless locally countable r-monoid and a ∈ M , and
that m ∈ ω\{0}, b ∈ mM , b ∈ δM (a), and b0 6= o. Since M is atomless, there are c, d ∈M∗

such that b0 = c+ d. Clearly then 〈c, d, b1, . . . , bm−1〉 ∈ δM (a).

Proposition 19.12. Let M is an atomless locally countable r-monoid. Define δM =
{δM (a) : a ∈M}. Then δM is a submonoid of △M . Moreover, δM is an isomorphism of
M onto δM with inverse T ↾ δM .

Proof. By Propositions 19.10 and 19.11, δM ∈ △M . If a, b ∈ M , c ∈ δM (a),
d ∈ δM (b), and dmn(c) = dmn(d), then clearly c+ d ∈ δM (a+ b). Thus δM (a) + δM (b) ⊆
δM (a+ b). Now suppose that c ∈ δM (a+ b). Say dmn(c) = m ∈ ω\{0}. Thus

∑

i<m ci =
a + b. Let d0 = a, d1 = b. By the refinement property there is an e ∈ m×2 such
that ∀i < m[ci =

∑

j<2 eij ] and ∀j < 2[dj =
∑

i<m eij ]. Let u = 〈ei0 : i < m〉 and
v = 〈ei1 : i < m〉. Then

∑

i<m ei0 = d0 = a and
∑

i<m ei1 = d1 = b. So u ∈ δM (a) and
v ∈ δM (b) and so a+ b =

∑

i<m ci =
∑

i<m,j<2 eij = u+ v and hence c ∈ δM (a) + δM (b).
Therefore δM (a) + δM (b) ⊆ δM (a+ b).

Clearly δM (a) 6= δM (b) if a 6= b. Obviously δM maps M onto δM . If x ∈ δM , say
x = δM (a). Then T (x) = a.
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20. The V -radical

Let M and N be m-monoids. A V -m-relation between M and N is a subset R ⊆M ×N
such that the following conditions hold:

(Vm1) ∀a ∈M∀b ∈ N [aRb→ (a = 0 iff b = 0)].

(Vm2) ∀a ∈M∀b ∈ N [aRb→
(Vm2a) ∀a0, a1 ∈ M [a = a0 + a1 → ∃b0, b1 ∈ N [b = b0 + b1 and a0Rb0 and a1Rb1]]

and
(Vm2b) ∀b0, b1 ∈ N [b = b0 + b1 → ∃a0, a1 ∈M [a = a0 + a1 and a0Rb0 and a1Rb1]].

A weak V -m-relation is a subset of M×N which satisfies (Vm2) but not necessarily (Vm1).

Proposition 20.1. If M and N are m-monoids and R ⊆M ×N , then R is a V -relation
between M and N iff the following conditions hold:

(Vm1) As above

20.1(1) ∀a ∈M∀b ∈ N [aRb→
20.1(1a) ∀m ∈ ω\{0}∀c ∈ mM [a =

∑

i<m ci → ∃d ∈ mN [b =
∑

i<m di and ∀i <
m[ciRdi]]] and

20.1(1b) ∀m ∈ ω\{0}∀d ∈ mM [b =
∑

i<m di → ∃c ∈ mN [a =
∑

i<m ci and ∀i <
m[ciRdi]]].

Proof. 20.1(1)⇒(Vm2) is obvious. Now assume (Vm2). We prove 20.1(1) by induc-
tion on m. It is trivial for m = 1, and (Vm2) gives the case m = 2. Now assume 20.1(1)
for m. By symmetry it suffices to prove 20.1(1a) for m+ 1. Suppose that c ∈ m+1M and
a =

∑

i≤m ci. By (Vm2a) there are b0, b1 ∈ N such that b = b0 + b1 and (
∑

i<m ci)Rb0
and cmRb1. By the induction hypothesis there is a d ∈ mN such that b0 =

∑

i<m di and
∀i < m[ciRdi]. Since also cmRb1, this proves 20.1(1a) for m+ 1.

If R ⊆ M × N is a weak V -m-relation and is also a morphism, then it is called a V -m-
morphism.

Proposition 20.2. R ⊆ M × N is a V -m-morphism iff R is a morphism and ∀a ∈
M∀b0, b1 ∈ N , if R(a) = b0 + b1 then there exist a0, a1 ∈ M such that a = a0 + a1,
R(a0) = b0, and R(a1) = b1.

Proof. ⇒: suppose that R ⊆ M × N is a V -morphism. Then it is a morphism.
Suppose that a ∈M , b0, b1 ∈ N , and R(a) = b0 + b1. thus aR(b0 + b1), so by (119b) there
are a0, a1 ∈M such that a = a0 + a1, a0Rb0, and a1Rb1. So R(a0) = b0 and R(a1) = b1.

⇐: Assume the indicated conditions. In particular, R is a morphism. To check
(Vm2a), suppose that aRb and a = a0 + a1. Then b = R(a) = R(a0) + R(a1). Let
b0 = R(a0) and b1 = R(a1). Then b = b0 + b1 and a0Rb0 and a1Rb1. So (Vm2a) holds.

To check (Vm2b),suppose that aRb and b = b0 + b1. Then R(a) = b = b0 + b1, so
there exist a0, a1 ∈M such that a = a0 + a1, R(a0) = b0, and R(a1) = b1.

A V -m-congruence on M is a congruence R on M which is a weak V -m-relation.
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Proposition 20.3. If R : M → N is a V -morphism, then ker(R) = {(a0, a1) ∈ 2M :
R(a0) = R(a1)} is a V -congruence on M .

Proof. Assume that R : M → N is a V -morphism. To check (Vm2a) for ker(R),
suppose that a, a′ ∈ M , a(ker(R)a′, and a = a0 + a1. Thus R(a) = R(a′). Hence
R(a0) + R(a1) = R(a′). Let bi = R(ai) for i < 2. Then a′R(b0 + b1). Hence there exist
c0, c1 ∈ M such that a′ = c0 + c1, c0Rb0, and c1Rb1. Then R(c0) = b0 = R(a0) and
R(c1) = b1 = R(a1), hence a0(ker(R))c0 and a1(ker(R))c1. This checks (Vm2a for ker(R).

To check (Vm2b) for ker(R), suppose that a, a′ ∈ M , a(ker(R)a′, and a′ = a0 + a1.
Thus R(a) = R(a′). Hence R(a0) + R(a1) = R(a). Let bi = R(ai) for i < 2. Then
aR(b0 + b1). Hence there exist c0, c1 ∈M such that a = c0 + c1, c0Rb0, and c1Rb1. Then
R(c0) = b0 = R(a0) and R(c1) = b1 = R(a1), hence a0(ker(R))c0 and a1(ker(R))c1. This
checks (Vm2b) for ker(R).

Proposition 20.4. If R : M → N is a surjective morphism and ker(R) is a V -congruence,
then R is a V -morphism.

Proof. Suppose that R : M → N is a surjective morphism and ker(R) is a V -
congruence. To check (Vm2a) for R, suppose that aRb, a0, a1 ∈M , and a = a0 + a1. Let
b0 = R(a0) and b1 = R(a1). Then b = R(a) = R(a0) +R(a1) = b0 + b1, as desired.

To check (Vm2b) for R, suppose that aRb, b0, b1 ∈ N , and b = b0 + b1. Since R
is surjective, choose a0, a1 ∈ M such that R(a0) = b0 and R(a1) = b1. Then R(a) =
b = b0 + b1 = R(a0) + R(a1) = R(a0 + a1). Thus a(ker(R))(a0 + a1). Hence there are
c0, c1 ∈M such that a = c0+c1, c0(ker(R))a0, and c1(ker(R))a1. Thus R(c0) = R(a0) = b0
and R(c1) = R(a1) = b1, as desired.

Proposition 20.5. Suppose that R is a (weak) V -relation between M and N and S is a
(weak) V -relation between N and P . Then R|S is a (weak) V -relation between M and P .

Proof. Assume that R is a V -relation between M and N and S is a V -relation
between N and P . Then R ⊆ M × N and S ⊆ N × P , so R|S ⊆ M × P . For (Vm1),
suppose that a(R|S)c and a = 0. Say aRbSc. Then b = 0 and so c = 0. The converse of
(Vm1) is similar.

For (Vm2a), suppose that a(R|S)c, a0, a1 ∈M , and a = a0 + a1. Say aRbSc. Choose
b0, b1 ∈ N such that b = b0 + b1, a0Rb0, and a1Rb1. Then choose c0, c1 ∈ P such that
c = c0 + c1, b0Sc0, and b1Sc1. Then a0(R|S)c0 and a1(R|S)c1, as desired.

(Vm2b) is treated similarly.

Proposition 20.6. If R is a (weak) V -relation between M and N , then R−1 is a (weak)
V -relation between N and M .

Proposition 20.7. If M is an m-monoid, then Id ↾ M is a V -relation.

Proposition 20.8. If A is a collection of (weak) V -relations between M and N , then
⋃

A is a (weak) V -relation between M and N .
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For any m-monoid M let

Y (M) =
⋃

{R ⊆M ×M : R is a weak V -relation}.

An m-monoid M is V -simple iff Y (M) = Id ↾ M .

Proposition 20.9. If M is an r-monoid, then Y (M) is a V -congruence on M .

Proof. By Proposition 20.8, Y (M) is a weak V -relation. So it suffices to show that
it is a congruence. By Propositions 20.5, 20.6, and 20.7 it is an equivalence relation on M .
Now let

R = {(a0 + a1, b0 + b1) : a0(Y (M))b0 and a1(Y (M))b1}.

We claim that R is a weak V -relation on M . (Hence Y (M) is a congruence.) To prove
this, by symmetry it suffices to prove (Vm2a). So suppose that aRb and a = c0 + c1.
Say a = a0 + a1 and b = b0 + b1 with a0(Y (M))b0 and a1(Y (M))b1. By the refinement
property let d ∈2×2 M be such that ∀i < 2[ci = di0 + di1] and ∀j < 2[ai = d0j + d1j ].
Thus d00 + d10 = a0(Y (M))b0 so, since Y (M) is a V -relation, there are u0, u1 ∈ M such
that b0 = u0 + u1, d00(Y (M))u0 and d10(Y (M))u1. Similarly, d01 + d11 = a1(Y (M))b1, so
there are v0, v1 ∈ M such that b1 = v0 + v1, d01(Y (M))v0, and d11(Y (M))v1. Then b =
b0+b1 = u0+u1+v0+v1 = u0+v0+u1+v1. Since d00(Y (M))u0 and d01(Y (M))v0 we have
(d00+d01)R(u0+v0). Since d10(Y (M))u1 and d11(Y (M))v1 we have (d10+d11)R(u1+v1).
Now c0 = d00 + d01 and c1 = d10 + d11, so this proves (Vm2a).

Proposition 20.10. If M is an r-monoid and R is a V -congruence on M , then M/R is
an r-monoid.

Proof. Assume that M is an r-monoid and R is a V -congruence on M . Suppose
that

∑

i<m[ai] =
∑

j<n[bj ]. Thus [
∑

i<m ai] = [
∑

j<n bj], so (
∑

i<m ai)R(
∑

j<n bj). By
Proposition 20.1, choose d ∈ mM so that

∑

j<n bj =
∑

i<m di and ∀i < m[aiRdi]. Now by

the refinement property choose e ∈ m×nM so that ∀j < n[bj =
∑

i<m eij ] and ∀i < m[di =
∑

j<n eij ]. Now for each i < m we have aiRdi =
∑

j<n eij , so by Proposition 20.1 choose
ui ∈ nM so that ai =

∑

j<n uij and ∀j < n[uijReij ]. Then ∀i < m[[ai] =
∑

j<n[uij ] =
∑

j<n[eij ] and ∀j < n[[bj] =
∑

i<m[eij ].

Proposition 20.11. If M is an r-monoid, R is a V -congruence on M and S is a V -
relation on M/R, let T = {(a, b) ∈M ×M : [a]S[b]}. Then T is a V -relation on M .

Proof. To check (Vm2a), suppose that aTb and a = a0 + a1. Then [a]S[b]. Now
[a] = [a0] + [a1] so, since S is a V -relation on M/R, there exist c, d ∈ M such that
[b] = [c] + [d], [a0]S[c], and [a1]S[d]. Thus [b] = [c + d], so bR(c + d). Since R is a V -
relation, there are u, v ∈ M such that b = u + v, uRc, and vRd. Then [a0]S[c] = [u] and
[a1]S[d] = [v], so a0Tu and a1Tv. This proves (Vm2a).

(Vm2b) is similar.

Proposition 20.12. If M is an r-monoid, then M/Y (M) is a V -simple r-monoid.
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Proof. By Propositions 20.9 and 20.10, M/Y (M) is an r-monoid. Now suppose
that [a](Y (M/Y (M)))[b]. Let T = {(a, b) ∈ M × M : [a](Y (M/Y (M)))[b]}. Then by
Proposition 20.11, T is a V -relation on M . Hence T ⊆ Y (M), so a(Y (M))b, hence
[a] = [b]. This shows that Y (M/Y (M)) ⊆ id ↾ (M/Y (M)). By Proposition 20.7, id ↾

(M/Y (M)) ⊆ Y (M/Y (M)). So M/Y (M) is V -simple.

Proposition 20.13. If M is an r-monoid, then the natural map from M onto M/Y (M)
is a V -morphism.

Proof. By Propositions 20.9 and 20.4.

The congruence relation Y (M) on an r-monoid M is called the V -radical of M .

Proposition 20.14. If R : M → N is a V -morphism of r-monoids, then rng(R) is a
hereditary submonoid of N .

Proof. Clearly rng(R) is a submonoid of N . Suppose that a ∈ N , b ∈ rng(R), and
a ≤ b. Choose c ∈ N so that b = a + c. Say b = R(d) with d ∈ M . Thus R(d) = a + c,
i.e., dR(a+ c). By (Vm2b) there are u, v ∈ M such that b = u+ v, uRa, and vRc. Thus
R(v) = a, as desired.

Proposition 20.15. If R : M → N is a V -morphism of r-monoids, then ker(R) ⊆ Y (M).

Proof. By Proposition 20.3.

Proposition 20.16. If M is an hereditary submodel of N and R is a weak V -relation on
M , then R is a weak V -relation on N .

Proof. Assume the hypotheses. Suppose that aRb, a0, a1 ∈ N , and a = a0 + a1.
Then a0, a1 ≤ a, so a0, a1 ∈M . Hence the desired conclusion follows.

Proposition 20.17. If M is an hereditary submodel of N and N is V -simple, then M is
V -simple.

Proof. Assume the hypotheses. Since Y (M) is a V -relation on M , by Proposition
20.16 it is a weak V -relation on N . Hence Y (M) ⊆ Y (N), and the desired conclusion
follows.

Proposition 20.18. If R : M → N is a V -morphism of r-monoids, then there is an
isomorphism T of M/ker(R) onto rng(R) such that T ([a]) = R(a) for all a ∈M .

Proposition 20.19. Suppose that R is a V -congruence on M . Let S = ([a]R, [b]R) :
aY (M)b}. Then S is a weak V -relation on M/R.

Proof. Suppose that u, v ∈ M/R, uSv, w0, w1 ∈ M/R, and u = w0 + w1. Say
u = [a] and v = [b], with aY (M)b, and w0 = [a0], w1 = [a1]. Then [a] = [a0] + [a1],
so (a0 + a1, a) ∈ R ⊆ Y (M). Now by Proposition 20.5, Y (M) is closed under |. Hence
(a0+a1, b) ∈ Y (M). Since Y (M) is a V -relation, there are c0, c1 ∈M such that b = c0+c1,
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c0Y (M)a0, and c1Y (M)a1. So a0Y (M)c0 and a1Y (M)c1. So v = [c0] + [c1], w0S[c0], and
w1S[c1]. This proves (Vm2a) for S.

Now suppose that u, v ∈ M/R, uSv, w0, w1 ∈ M/R, and v = w0 + w1. Say u = [a]
and v = [b], with aY (M)b, and w0 = [a0], w1 = [a1]. Then [b] = [a0]+[a1], so (b, a0+a1) ∈
R ⊆ Y (M). Now by Proposition 20.5, Y (M) is closed under |. Hence (a, a0 +a1) ∈ Y (M).
Since Y (M) is a V -relation, there are c0, c1 ∈ M such that a = c0 + c1, c0Y (M)a0, and
c1Y (M)a1. So u = [c0] + [c1], [c0]Sw0, and [c1]Sw1. This proves (Vm2b) for S.

Proposition 20.20. If R is a V -congruence on M , then Y (M/R) = {([a], [b]) : aY (M)b}.

Proof. Let T = {(a, b) ∈ M ×M : [a]Y (M/R)[b]}. By Proposition 20.11, T is a
V -relation on M , so T ⊆ Y (M). So if (u, v) ∈ Y (M/R) we can choose a, b so that u = [a]
and v = [b]. Then (a, b) ∈ T , so aY (M)b. Thus ⊆ holds. Conversely, suppose that
aY (M)b. Then [a]S[b], where S is as in Proposition 20.19. Hence ([a], [b]) ∈ Y (M/R),
proving ⊇.

Proposition 20.21. If R : M → N is a V -morphism of r-monoids and N is V -simple,
then ker(R) = Y (M).

Proof. By Proposition 20.14, rng(R) is an hereditary submonoid of N . Hence
by Proposition 20.17, rng(R) is V -simple. So by Proposition 20.18, M/ker(R) is V -
simple. Now ker(R) ⊆ Y (M) by Proposition 20.15. Now suppose that aY (M)b. Then
[a]Y (M/ker(R))[b] by Proposition 20.20, so [a] = [b], i.e. R(a) = R(b), i.e. (a, b) ∈ ker(R).

Proposition 20.22. If R : M → N is a V -morphism of r-monoids and N is V -simple,
then there is only one V -morphism from M to N .

Proof. Assume that R, S : M → N are V -morphisms of r-monoids and N is V -
simple. Now S−1|R is a V -relation on N by Propositions 20.5 and 20.6. Hence S−1|R ⊆
Y (N) = (id ↾ N). Now if R(a) = b and S(a) = c, then cS−1aRb, hence c(S−1|R)b, hence
b = c.

Proposition 20.23. If M and N are r-monoids and M is a hereditary submonoid of N ,
then the inclusion map from M to N is a V -morphism.

Proof. By Proposition 20.2.

21. Dobbertin’s theorem

Lemma 21.1. Let M be a locally countable r-monoid and a ∈ M . Then there exist a
countable BA A uniquely determined up to isomorphism and a relation R ⊆ A × (M ↾ a)
such that:

(i) 1ARa.
(ii) ∀x ∈ A[xR0 → x = 0] and ∀b ∈ (M ↾ a)[0Rb→ b = 0].
(iii) ∀x ∈ A∀b0, b1 ∈ (M ↾ a)[xR(b0 + b1) → ∃x0.x1 ∈ A[x = x0+̇x1 and x0Rb0 and

x1Rb1]] and ∀x0, x1 ∈ A∀b ∈ (M ↾ a)[(x0+̇x1)Rb → ∃b0, b1 ∈ (M ↾ a)[b = b0 + b1 and
x0Rb0 and x1Rb1]].
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Proof. Assume that M is a locally countable r-monoid and a ∈M . If a = 0, clearly
A = {0} and R = {0, 0)} works, and A is unique up to isomorphism. So assume that a 6= 0.
Recall the definition of δM after Proposition 19.9. By Proposition 19.10, δM (a) satisfies
C.P., R.P., and L.P. Hence by Proposition 13.12 there is a uniformly dense δM (a)-tree b.
Thus b : D → M . For each f ∈ D let x(f) = {p ∈ ω2 : f ⊆ p}. Let J be the ideal in
clop(ω2) generated by {x(f) : f ∈ D , b(f) = 0}.

21.1(1) ∀f ∈ D [x(f) ∈ J iff b(f) = 0].

In fact, ⇐ is clear. Now suppose that f ∈ D and x(f) ∈ J . Then there is a finite F ⊆ D

such that ∀g ∈ F [b(g) = 0] and x(f) ⊆
⋃

g∈F x(g). Hence x(f) =
⋃

{x(f ∪ g) : g ∈ F, f ∪ g
is a function}. For g ∈ F and f ∪ g a function we have b(f ∪ g) = 0, since b(g) = 0. Hence
b(f) = 0, proving 21.1(1).

Let A = clop(ω2)/J and

R =















⋃

f∈G

x(f)





J

,
∑

f∈G

b(f)



 : G ⊆ Dn, n ∈ ω







.

We claim that R ⊆ A × (M ↾ a). For, suppose that G ⊆ Dn with n ∈ ω. Then obviously
[
⋃

f∈G x(f)]J ∈ A. By (t1), ∀m ∈ ω[bm ∈ δM (a)], where bm = b(Dm) = 〈b(lex(p)) : p <
|Dm|〉. By the definition of δM (a) after Proposition 19.9, a =

∑

{b(lex(p)) : p < |Dm}.
Hence

∑

f∈G b(f) ≤ a. This proves the claim.
Now we check (i)–(iii). For (i), let D1 = {f0, f1}. Then [

⋃

f∈Dn
x(f)] = 1A. Also,

b1 ∈ δM (a), so
∑

f∈D1
b(f) = a. This proves (i).

For (ii), first suppose that y ∈ A and yR0. Say y = [
⋃

f∈G x(f)] and
∑

f∈G b(f) = 0,
where G ⊆ Dn with n ∈ ω. Then ∀f ∈ G[b(f) = 0], so by 21.1(1), ∀f ∈ G[x(f) ∈ J ].
Hence y = 0.

Second, suppose that c ∈ M ↾ a and 0Rc. Say [
⋃

f∈G x(f)] = 0 and c =
∑

f∈G b(f),
where G ⊆ Dn with n ∈ ω. Then by 21.1(1), c = 0.

For (iii), first suppose that y ∈ A, c0, c1 ∈ (M ↾ a), and yR(c0+c1). Note that c0+c1 ≤
a by the above claim. Say n ∈ ω, G ⊆ Dn, y = [

⋃

f∈G x(f)], and c0 + c1 =
∑

f∈G b(f).
Then

∑

f∈G b(f) =
∑

j<|G| b(lex(j)) = b(G). Thus 〈c0, c1〉 ∈ ΦT (b(G))(δM (a)). Since b is a

uniformly dense δM (a)-tree, it follows that there is an m ≥ n such that b(G ↑ m) ≺ 〈c0, c1〉.
Thus 〈b(lex(i)) : i < |G ↑ m|〉 ≺ 〈c0, c1〉. Let λ : |G ↑ m| → 2 be such that ∀j < 2[cj =
∑

{b(lex(i)) : i < |G ↑ m|, λ(i) = j}]. Let Hj = {lex(i) : i < |G ↑ m|, λ(i) = j} for

j < 2. Thus (G ↑ m) = H0

�
∪ H1 and ∀j < 2[cj = T (b(Hj))]. For each j < 2 let

xj = [
∑

f∈Hj
x(f)]. Then y = x0 + x1, x0Rc0, and x1Rc1.

Second suppose that y0, y1 ∈ A, c ∈ (M ↾ a), and (y0+̇y1)Rc. Then there exist n ∈ ω
and G ⊆ Dn such that y0+̇y1 = [

⋃

f∈G x(f)] and c =
∑

f∈G b(f). Then there exist m ≥ n
and subsets Hi ⊆ Dm for i < 2 such that yi = [

⋃

g∈Hi
x(g)]. Let Gi = (G ↑ m) ∩Hi for

i < 2. Then G0 ∪G1 = (G ↑ m) and yi = [
⋃

g∈Gi
x(g)] for i < 2. Let di =

∑

f∈Gi
b(g) for

i < 2. Then c = d0 + d1, y0Rd0, and y1Rd1.

Theorem 21.2. BA is a locally countable V -simple r-monoid.
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Proof. BA is locally countable by Proposition 19.3. By Proposition 18.1 it is an
r-monoid. Now let S = Y (BA). Then S is a V -congruence on BA by Proposition 20.9.
Define ARB iff A,B ∈ BA and [A]S[B]. Then R satisfies the conditions of Proposition
3.4, so ARB implies that A is isomorphic to B. Thus [A]S[B] implies that [A] = [B]. So
BA is V -simple.

Theorem 21.3. If M is a locally countable r-monoid, then there is a unique V -morphism
S : M → BA; ker(S) = Y (M), and rng(S) is a hereditary submonoid of BA.

Proof. Assume that M is a locally countable r-monoid. For each a ∈M let Aa and
Ra be as in Lemma 21.1. For each a ∈M let S(a) = [Aa]. So S : M → BA. If S(a) = 0,
then Aa is a one-element BA, hence by Lemma 21.1(i), 0Raa, and so by Lemma 21.1(ii),
a = 0. On the other hand, if a = 0 then by Lemma 21.1(i), 1Aa

R0, and hence by Lemma
21.1(ii), 1Aa

= 0, and so Aa is a one-element BA, and S(a) = 0.
To show that S is a morphism, suppose that a0, a1 ∈ M . Let a = a0 + a1. Then

1Aa
Raa = a0 + a1, so there are x0, x1 ∈ Aa such that 1Aa

= x0+̇x1, x0Raa0, and x1Raa1.

21.3(1) a0, M ↾ a0, Aa ↾ x0, Ra ∩ ((A ↾ x0) × (M ↾ a0)) satisfy the conditions of Lemma
21.1, with these entries replacing a, M , A, R respectively.

For, let T = Ra ∩ ((A ↾ x0) × (M ↾ a0)). For (i), 1Aa↾x0
= x0Ta0, as desired.

For (ii), if x ∈ (Aa ↾ x0) and xT0, then xRa0 and hence x = 0. If b ∈ (M ↾ a0) and
0Tb, then b ∈ (M ↾ a) and 0Rab, so b = 0.

For (iii), first suppose that x ∈ (Aa ↾ x0), c0, c1 ∈ (M ↾ a0), and xT (c0 + c1). Then
x ∈ Aa, c0, c1 ∈ (M ↾ a), and xRa(c0 + c1). Hence there are y0, y1 ∈ Aa such that
x = y0+̇y1, y0Rac0, and y1Rac1. Then y0, y1 ∈ (Aa ↾ x0), x = y0+̇y1, y0Tc0, and y1Tc1.

Second, suppose that y0, y1 ∈ (Aa ↾ x0), c ∈ (M ↾ a0). and (y0+̇y1)Tc. Then
y0, y1 ∈ Aa, c ∈ (M ↾ a), and (y0+̇y1)Rac. Hence there exist d0, d1 ∈ (M ↾ a) such that
c = d0 + d1, y0Rad0, and y1Rad1. Then d0, d1 ∈ (M ↾ a0), c = d0 + d1, y0Td0, and y1Td1.
This proves 21.3(1).

Then by the uniqueness assertion of Lemma 21.1 we have Aa0
∼= (Aa ↾ x0)

By symmetry we get

21.3(2) a1, M ↾ a1, Aa ↾ x1, Ra ∩ ((A ↾ x1) × (M ↾ a1)) satisfy the conditions of Lemma
21.1, with these entries replacing a, M , A, R respectively.

By the uniqueness assertion of Lemma 21.1 we have Aa1
∼= (Aa ↾ x1).

Hence S(a0) + S(a1) = [Aa0
] + [Aa1

] = [Aa ↾ x0] + [Aa ↾ x1] = [(Aa ↾ x0) × (Aa ↾

x1)] = [Aa] = S(a) = S(a0 + a1). This proves that S is a morphism.
To check (Vm2a) for S, suppose that a ∈ M , b ∈ BA, S(a) = b, and a = a0 + a1.

Then since S is a morphism, b = S(a) = S(a0) + S(a1), as desired.
To check (Vm2b) for S, suppose that a ∈ M , b ∈ BA, S(a) = b, b0, b1 ∈ BA, and

b = b0 + b1. Say b0 = [C] and b1 = [D]. Then [Aa] = S(a) = b = [C] + [D], so that
Aa

∼= C ×D. Then there is an x ∈ Aa such that (Aa ↾ x) ∼= C and (Aa ↾ (−x)) ∼= D. Now
1 = (x+−x)Raa, so there are c0, c1 ≤ a such that a = c0 +c1, xRac0, and (−x)Rac1. Now
by 21.3(1) and 21.3(2), Ac0

∼= (Aa ↾ x) and Ac1
∼= (Aa ↾ (−x)). Hence S(c0) = [Ac0

] =
[Aa ↾ x] = [C] = b0 and similarly S(c1) = b1, as desired.
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It follows that S is a V -morphism. Now by Theorem 21.2, BA is V -simple. Hence
by Proposition 20.22, S is unique. By Proposition 20.21, ker(S) = Y (M). By Proposition
20.14, rng(S) is a hereditary submonoid of BA.

Proposition 21.4. Suppose that N is a monoid satisfying the following:
(i) N is a locally countable V -simple r-monoid.
(ii) If M is any locally countable r-monoid, then there is a unique V -morphism S :

M → N such that ker(S) = Y (M) and rng(S) is a hereditary submonoid of M .

Then N is isomorphic to BA.

Proof. Assume the hypotheses. By Theorem 21.3, let S : N → BA be a V -morphism
such that ker(S) = Y (N) and rng(S) is a hereditary submonoid of N . Since N is V -simple,
S is an injection. By the hypotheses of the proposition, let T : BA → N be a V -morphism
such that ker(T ) = Y (BA) and rng(T ) is a hereditary submonoid of N . Since BA is
V -simple, T is an injection. Then S ◦ T is a V -morphism from BA to BA such that
ker(S ◦ T ) = Y (BA) and rng(S ◦ T ) is a hereditary submonoid of BA. The identity on
BA also has these properties, so by the uniqueness assertion of Theorem 21.3, S ◦T is the
identity. Similarly, T ◦ S is the identity.

22. Ketonen’s theorem

Theorem 22.1. Any countable commutative semigroup is isomorphic to a subsemigroup
of BA.

The proof of Theorem 22.1 will come after a series of lemmas.

Corollary 22.2. Z2 can be isomorphically embedded into BA.

Corollary 22.3. There is a countable BA A such that A ∼= A× A×A but A 6∼= A× A.

Proof. In Z2, 1 + 1 + 1 = 1 but 1 + 1 6= 1.

Corollary 22.4. There are countable BAs A,B such that A ∼= A×B×B but A 6∼= A×B.

Corollary 22.5. There are countable BAs A,B,C such that A ∼= A×B×C but A 6∼= A×B.

23. Products of measures

Recall the definition of M (M) from just before Proposition 7.2. Suppose that k : Fr(ω) →
Fr(ω) × Fr(ω) is an isomorphism. For σ, τ ∈ M (M) and x ∈ Fr(ω) define

(σ ⊕k τ)(x) = σ(π0(k(x))) + τ(π1(k(x))).

Thus (σ ⊕k τ) : Fr(ω) →M .

103



Proposition 23.1. If k : Fr(ω) → Fr(ω) × Fr(ω) is an isomorphism and σ, τ ∈ M (M),
then (σ ⊕k τ) ∈ M (M).

Proof. Assume that k : Fr(ω) → Fr(ω)×Fr(ω) is an isomorphism and σ, τ ∈ M (M).
If x, y are disjoint elements of Fr(ω), then k(x), k(y) are disjoint. π0(k(x)) and π0(k(y))
are disjoint, and π1(k(x)) and π1(k(y)) are disjoint, hence

(σ ⊕k τ)(x+ y) = σ(π0(k(x+ y))) + τ(π1(k(x+ y)))

= σ(π0(k(x)) + π0(k(y))) + τ(π0(k(x)) + π0(k(y)))

= σ(π0(k(x))) + σ(π0(k(y))) + τ(π0(k(x))) + τ(π0(k(y)))

= (σ ⊕k τ)(x) + (σ ⊕k τ)(y).

Clearly (σ ⊕k τ)(x) = 0 iff x = 0.

Proposition 23.2. Assume:
(i) k0 and k1 are automorphisms of Fr(ω);
(ii) σ, σ′, τ, τ ′ ∈ M (M);
(iii) ∀x ∈ Fr(ω)[σ(x) = σ′(k0(x))];
(iv) ∀x ∈ Fr(ω)[τ(x) = τ ′(k1(x))];
(v) l0, l1 : Fr(ω) → Fr(ω) × Fr(ω) are isomorphisms;
(vi) ∀x, y ∈ Fr(ω)[s(x, y) = (k0(x), k1(y))];
(vii) ∀x ∈ Fr(ω)[k2(x) = l−1

1 (s(l0(x)))];

Then:
(viii) s : Fr(ω) × Fr(ω) → Fr(ω) × Fr(ω) is an isomorphism;
(ix) k2 is an automorphism of Fr(ω);
(x) ∀x ∈ Fr(ω)[(σ ⊕l0 τ)(x) = (σ′ ⊕l1 τ

′)(k2(x))].

Proof. Assume (i)–(vii). Then (viii) and (ix) are clear. For (x), suppose that
x ∈ Fr(ω). Then

(σ′ ⊕l1 τ
′)(k2(x)) = σ′(π0(l1(k2(x)))) + τ ′(π1(l1(k2(x))))

= σ′(π0(s(l0(x)))) + τ ′(π1(s(l0(x))))

= σ′(π0(s(π0(l0(x)), π1(l0(x)))) + τ ′(π1(s(π0(l0(x)), π1(l0(x)))))

= σ′(π0(k0(π0(l0(x))), k1(π1(l0(x)))) + τ ′(π1(k0(π0(l0(x))), k1(π1(l0(x))))

= σ′(k0(π0(l0(x)))) + τ ′(k1(π1(l0(x))))

= σ(π0(l0(x))) + τ(π1(l0(x)))

= (σ ⊕l0 τ)(x).

Proposition 23.3. If k : Fr(ω) → Fr(ω) × Fr(ω) is an isomorphism and ξ < ω1, then
△ξ(σ ⊕k τ) = △ξσ ⊕k △ξτ .

Proof. Assume that k : Fr(ω) → Fr(ω) × Fr(ω) is an isomorphism and ξ < ω1. We
prove the indicated conclusion by induction on ξ. It is trivial for ξ = 0. Now assume
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that it holds for ξ. Suppose that a ∈ (△ξ+1(σ ⊕k τ))(x). By Proposition 14.2 (103),
a ∈ (△(△ξ(σ ⊕k τ)))(x). Say x = y0+̇ · · · +̇yn−1 and

a = 〈(△ξ(σ ⊕k τ))(y0), . . . , (△
ξ(σ ⊕k τ))(yn−1)

= 〈(△ξσ ⊕k △ξτ)(y0), . . . , (△
ξσ ⊕k △ξτ)(yn−1)〉

= 〈(△ξσ)(π0(k(y0))) + (△ξτ)(π1(k(y0))), . . . ,

(△ξσ)(π0(k(yn−1))) + (△ξτ)(π1(k(yn−1)))〉

= 〈(△ξσ)(π0(k(y0))), . . . , (△
ξσ)(π0(k(yn−1)))〉+

〈(△ξτ)(π0(k(y0))), . . . , (△
ξτ)(π0(k(yn−1)))〉

∈ (△(△ξσ))(π0(k(x))) + (△(△ξτ))(π0(k(x)))

= (△ξ+1σ ⊕k △ξ+1τ)(x).

Thus (△ξ+1(σ ⊕k τ))(x) ⊆ (△ξ+1σ ⊕k △ξ+1τ)(x).
Now suppose that a ∈ (△ξ+1σ ⊕k △ξ+1τ)(x). Thus

a ∈ (△ξ+1σ)(π0(k(x))) + (△ξ+1τ)(π1(k(x))).

Say a has domain n. Then we can write π0(k(x)) = y0 + · · · + yn−1 and π1(k(x)) =
z0 + · · ·+ zn−1 with

a = 〈(△ξσ)(y0), . . . (△
ξσ)(yn−1)〉 + 〈(△ξτ)(z0), . . . (△

ξτ)(zn−1)〉

= 〈(△ξσ)(y0) + (△ξτ)(z0), . . . , (△
ξσ)(yn−1) + (△ξτ)(zn−1〉.

Now let xi = k−1(yi, zi) for all i < n. Then

k(x) = (y0 + · · · + yn−1, z0 + · · ·+ zn−1) = (y0, z0) + · · ·+ (yn−1, zn−1);

hence x = x0 + · · ·+ xn−1. By the above,

a = 〈(△ξσ)(y0) + (△ξτ)(z0), . . . , (△
ξσ)(yn−1) + (△ξτ)(zn−1〉

= 〈(△ξσ)(π0(k(x0))) + (△ξτ)(π1(k(x0))), . . . ,

(△ξσ)(π0(k(xn−1))) + (△ξτ)(π1(k(xn−1)))〉

= 〈(△ξσ ⊕k △ξτ)(x0), . . . .(△
ξσ ⊕k △ξτ)(xn−1)〉

= 〈(△ξ(σ ⊕k τ))(x0), . . . , (△
ξ(σ ⊕k τ))(xn−1)〉

∈ (△ξ+1(σ ⊕k τ))(x).

This gives the conclusion for ξ + 1.
Now suppose the conclusion holds for all ξ < ζ, with ζ a limit ordinal. Then

(△ζ(σ ⊕k τ))(x) = 〈(△η(σ ⊕k τ))(x) : η < ζ〉

= 〈(△ησ ⊕k △ητ)(x) : η < ζ〉

= 〈(△ησ)(π0(k(x))) + (△ητ)(π1(k(x))) : η < ζ〉

= 〈(△ησ)(π0(k(x))) : η < ζ〉 + 〈(△ητ)(π1(k(x))) : η < ζ〉

= (△ζσ)(π0(k(x))) + (△ζτ)(π1(k(x)))

= (△ζσ ⊕k △ζτ)(x)
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Proposition 23.4. Suppose that 0 < x < 1 in Fr(ω), and k1 : Fr(ω) → Fr(ω) ↾ x and
k2 : Fr(ω) → Fr(ω) ↾ (−x) are isomorphisms. Suppose that ρ ∈ M (M). Define σ = ρ ◦ k1,
τ = ρ ◦ k2, and ∀y ∈ Fr(ω)[k(y) = (k−1

1 (x · y), k−1
2 ((−x) · y))].

Then k is an isomorphism of Fr(ω) onto Fr(ω)×Fr(ω), σ, τ ∈ M (M), and ρ = σ⊕k τ .

Proof. Clearly k is an isomorphism of Fr(ω) onto Fr(ω) × Fr(ω) and σ, τ ∈ M (M).
Now suppose that y ∈ Fr(ω). Then

(σ ⊕k τ)(y) = σ(π0(k(y))) + τ(π1(k(y)))

= σ(k−1
1 (x · y)) + τ(k−1

2 ((−x) · y))

= ρ(x · y) + ρ((−x) · y) = ρ(y).

Proposition 23.5. Assume the hypotheses of Proposition 23.4, and also assume that ρ is
stable. Then σ and τ are stable.

Proof. By symmetry it suffices to show that σ is stable. So assume that y, z ∈
Fr(ω) and σ(y) = σ(z). Thus ρ(k1(y)) = σ(y) = σ(z) = ρ(k1(z)). Since ρ is stable,
(△ρ)(k1(y)) = (△ρ)(k1(z)). Hence

((△σ))(y) = {〈σ(u0), . . . , σ(un−1)〉 : y = u0 + · · ·+ un−1}

= {〈ρ(k1(u0)), . . . , ρ(k1(un−1))〉 : y = u0 + · · ·+ un−1}

= {〈ρ(v0), . . . , ρ(vn−1)〉 : k1(y) = v0 + · · · + vn−1} (∗)

= (△ρ)(k1(y)).

To see the step (∗), clearly

{〈ρ(k1(u0)), . . . , ρ(k1(un−1))〉 : y = u0 + · · · + un−1}

⊆ {〈ρ(v0), . . . , ρ(vn−1)〉 : k1(y) = v0 + · · ·+ vn−1}.

On the other hand, suppose that k1(y) = v0 + · · · + vn−1. For each i < n choose ui ∈
Fr(ω) such that k1(ui) = vi. Then k1(u0 + · · · + un−1) = v0 + · · · + vn−1 = k1(y), so
u0 + · · · + un−1 = y. This proves the other inclusion, so that (∗) holds.

Now by symmetry, ((△σ))(z) = (△ρ)(k1(z)), so ((△σ))(y) = ((△σ))(z).

For the following proposition, recall the definition of Bs and gs from just before Proposition
5.22.

Proposition 23.6. If s and t are additive functions from Fr(ω) into ω1 and k : Fr(ω) →
Fr(ω) × Fr(ω) is an isomorphism, then Bs ×Bt

∼= Bs⊕kt.

Proof. Recall gs is an isomorphism from Bs/Iar(Bs)(Bs) onto Fr(ω) such that rBsgs
=

s and gt is an isomorphism from Bt/Iar(Bt)(Bt) onto Fr(ω) such that rBtgt
= t. Now

Iar(Bs)(Bs) × Iar(Bt)(Bt) is an ideal in Bs ×Bt. Clearly

23.6(1) There is an isomorphism h from (Bs ×Bt)/(A×A′) onto Fr(ω)× Fr(ω) such that
∀x ∈ Bs∀y ∈ Bt[h([x, y]) = (gs([x]), gt([y]))).
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Then by definition, for any u ∈ Bs and v ∈ Bt,

rBs×Bt,k−1◦h(k−1(h([u, v]))) = α∗((Bs ×Bt) ↾ (u, v)).

Suppose that w ∈ Fr(ω). Say k(w) = (x, y). Choose u ∈ Bs and v ∈ Bt such that
gs([u]) = x and gt([v]) = y. Then

rBs⊕kt,s⊕kt(w) = (s⊕k t)(w)

= (s⊕k t)(k
−1(x, y))

= s(x) + t(y) = rBsgs
(gs([u])) + rBtgt

(gt([v]))

= α∗(Bs ↾ u) + α∗(Bt ↾ v) = α∗((Bs ×Bt) ↾ (u, v))

= rBs×Bt,k−1◦h(k−1(h([u, v])))

= rBs×Bt,k−1◦h(k−1(gs([u], gt([v]))))

= rBs×Bt,k−1◦h(w).

By Proposition 5.8, Bs⊕kt
∼= Bs ×Bt.

24. The strict hierarchy property

Let M be an m-monoid and ξ a countable ordinal. We say that α has the strict ξ-heirarchy
property iff α ∈ △ξ+1M and for all η < ξ, and all a and b with 〈a〉⌢b ∈ α, for all n ∈ ω, and

all e with domain n, if e ∈ T ξ
η+1(a) then there is a c with domain n such that

∑

i<n ci = a,

c⌢b ∈ α, and T ξ
η (ci) = ei for all i < n.

Proposition 24.1. If α has the strict ξ-heirarchy property, then it has the heirarchy
property with respect to ξ.

Proof. Suppose that α has the strict ξ-heirarchy property, a ∈ △ξM , 〈a〉 ∈ Φ(α),

η < ξ, and e ∈ T ξ
η+1(a). Choose b so that 〈a〉⌢b ∈ α. Say e has domain n. Choose c with

domain n such that
∑

i<n ci = a, c⌢b ∈ α, and T ξ
η (ci) = ei for all i < n. Thus c ∈ Φa(α)

and e = T ξ
η ◦ c.

Proposition 24.2. Let M be an m-monoid and ξ a countable ordinal. If α ∈ △ξ+1M has
L.P. and H.P. then it has the strict ξ-heirarchy property.

Proof. Assume that M is an m-monoid, ξ a countable ordinal, α ∈ △ξ+1M has L.P.
and H.P., η < ξ, a, b are such that 〈a〉⌢b ∈ α, n ∈ ω, e has domain n, and e ∈ T ξ

η+1(α).

Then a ∈ △ξM and 〈a〉 ∈ Φ(α), so by H.P. there is a c ∈ Φa(α) such that e = T ξ
η ◦ c. By

L.P., c⌢b ∈ α.

For every ξ < ω1 let

L
ξ = {α ∈ △ξ+1

W : α has the strict ξ-heirarchy property}.

Proposition 24.3. ∀ξ < ω1[K
ξ ⊆ L ξ].
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Proof. By Propositions 17.3 and 24.2.

Proposition 24.4. For all ξ < ω1, L ξ is a submonoid of △ξ+1W .

Proof. First we deal with 0. Note:

24.4(1) For each ξ < ω1 let 0ξ be the zero of △ξW . Then
24.4(2a) 0ξ+1 = {〈0ξ〉, 〈0ξ, 0ξ〉. . . .}.
24.4(2b) For ξ limit, 0ξ is the function with domain ξ such that ∀η < ξ[0ξ(η) = 0η].

24.4(3) If η ≤ ξ, then T ξ
η (0ξ) = 0η.

24.4(4) 0ξ+1 ∈ Lξ.

For, suppose that η < ξ, 〈a〉⌢b ∈ 0ξ+1, n ∈ ω, e has domain n, and e ∈ T ξ
η+1(a). Then

a = 0ξ and b = 〈0ξ, 0ξ, . . .〉. Also, T ξ
η+1(a) = 0η+1, so e = 〈0η, 0η, . . .〉. Let ci = 0ξ for all

i < n. Then
∑

i<n ci = a, c⌢b ∈ α, and T ξ
η (ci) = 0η = ei. So 24.4(3) holds.

Now suppose that α and β are nonzero elements of L ξ. Suppose that η < ξ, 〈a〉⌢b ∈

α + β, n ∈ ω, e has domain n, and e ∈ T ξ
η+1(a). Then there exist a0, a1, b0, b1 such

that a = a0 + a1, b = b0 + b1, 〈a0〉⌢b0 ∈ α, and 〈a1〉⌢b1 ∈ β. Then e ∈ T ξ
η+1(a) =

T ξ
η (a0) + T ξ

η (a1), so there exist e0 ∈ T ξ
η+1(a0) and e1 ∈ T ξ

η+1(a1) such that e = e0 + e1.

Since α and β have the strict ξ-hierarchy property, we get c0, c1 with domain n such that
∑

i<n c
j
i = aj, c

0⌢b0 ∈ α, c1⌢b1 ∈ β, and T ξ
η ◦ cj = ej for j < 2. Let c = c0 + c1. Then

∑

i<n ci = a0 + a1 = a, c⌢b ∈ α+ β, and T ξ
η ◦ c = e.

Proposition 24.5. Let M be a locally countable submonoid of △ξ+1W such that
(i) M has the refinement property.
(ii) ∀α ∈ M∀a ∈ α∀n ∈ ω[dmn(a) = n → ∃β ∈ nM [∀i < n[T (βi) = ai] and

∑

i<n βi = α]].

Then M∗ is isomorphic to a subsemigroup of NBA.

Proof. First we note:

24.5(1) M is atomless.

For, M ⊆ △ξ+1W , so M satisfies S.P. Hence M is atomless. By Proposition 19.12, δM is
an isomorphism of M into △ξ+2W . By Proposition 19.10, if α ∈ M then δM (α) satisfies
R.P. and L.P., and so by Proposition 24.2 δM (α) has the strict (ξ + 1)-hierarchy property.
Then by Propositions 17.3, δM (α) ∈ K ξ+1. Hence by the definition of K ξ+1 there is a
σα ∈ M such that δM (α) = (△ξ+2σα)(1) and d(σα) ≤ ξ + 1.

24.5(2) ∀α ∈M [(△ξ+1σα)(1) = α].

In fact, if a ∈ δM (α) then we can write 1 = x0+̇ · · · +̇xn−1 with ∀i < n[ai = (△ξ+1σα)(xi)].
Then α =

∑

i<n ai = (△ξ+1σα)(1).
If k is an automorphism of Fr(ω) such that σα = σβ ◦ k, then, using Proposition 14.3,

δM (α) = (△ξ+2σα)(1) = ((△ξ+2(σβ) ◦ k))(1) = (△ξ+2σβ)(1) = δM (β), hence α = β, since
by Proposition 19.12 δM is one-one.
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Suppose that α, β ∈M∗. Then

〈(△ξ+1σα)(1), (△ξ+1σβ)(1)〉 = 〈(△ξ+1σα)(1), 0〉+ 〈0, (△ξ+1σβ)(1)〉

∈ (△ξ+2σα)(1) + (△ξ+2σβ)(1)

= δM (α) + δM (β) = δM (α+ β) =

= (△ξ+2σα+β)(1) = (△(△ξ+1σα+β))(1).

Hence by the definition of △σ before Proposition 10.1, we can write 1 = x+ (−x) with

〈(△ξ+1σα)(1), (△ξ+1σβ)(1)〉 = 〈(△ξ+1σα+β)(x), (△ξ+1σα+β)(−x)〉.

So (△ξ+1σα)(1) = (△ξ+1σα+β)(x) and (△ξ+1σβ)(1) = (△ξ+1σα+β)(−x). Let k1 : Fr(ω) →
Fr(ω) ↾ x and k2 : Fr(ω) → Fr(ω) ↾ (−x) be isomorphisms. Then (△ξ+1σα+β)(k1(1)) =
(△ξ+1σα)(1) and (△ξ+1σα+β)(k2(1)) = (△ξ+1σβ)(1). Now △ξ+1σα+β is stable, so by
Proposition 23.5, also (△ξ+1σα+β) ◦ k1 and (△ξ+1σα+β) ◦ k2 are stable.

24.5(3) (△ξ+2σα)(1) = (△ξ+2σα+β)(x).

In fact, suppose that 1 = u0 + · · · + un−1 = v0 + · · · + vm−1. Then

〈(△ξ+1σα)(u0), . . . , (△
ξ+1σα)(un−1)〉 ∈ (△ξ+2σα)(1)

and
〈(△ξ+1σβ)(v0), . . . , (△

ξ+1σβ)(vm−1)〉 ∈ (△ξ+2σβ)(1),

so

〈(△ξ+1σα)(u0), . . . , (△
ξ+1σα)(un−1), 0, 0, . . . , 0〉+

〈0, 0, . . . , 0, (△ξ+1σβ)(v0), . . . , (△
ξ+1σβ)(vm−1)〉

∈ (△ξ+2σα)(1) + (△ξ+2σβ)(1) = δM (α) + δM (β) = δM (α+ β).

Hence we can write 1 = w0+̇ · · · +̇wn−1+̇wn+̇ · · · +̇wn+m−1 so that ∀i < n[(△ξ+1σα)(ui) =
(△ξ+1σα+β(wi)] and ∀i < m[(△ξ+1σβ)(vi) = (△ξ+1σα+β)(wn+i)]. Thus

(△ξ+1σα+β)(x) = (△ξ+1σα)(1) =
∑

i<n

(△ξ+1σα)(ui)

=
∑

i<n

(△ξ+1σα+β)(wi) = (△ξ+1σα+β)

(

∑

i<n

wi

)

.

Since △ξ+1σα+β is stable, it follows that (△ξ+2σα+β)(x) = (△ξ+2σα+β)
(
∑

i<n wi

)

. Now

〈(△ξ+1σα)(u0), . . . , (△
ξ+1σα)(un−1)〉 = 〈(△ξ+1σα+β)(w0), . . . , (△

ξ+1σα+β)(wn−1)〉

∈ (△ξ+2σα+β)

(

∑

i<n

wi

)

= (△ξ+2σα+β)(x).
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It follows that (△ξ+2σα)(1) ⊆ (△ξ+2σα+β)(x).
Now suppose that a ∈ (△ξ+2σα+β)(x). Say ai = (△ξ+1σα+β)(yi) for all i < n

with x = y0+̇ · · · +̇yn−1. Then
∑

i<n ai = (△ξ+1σα+β)(x) = (△ξ+1σα)(1) = α, and so

a ∈ δM (α) = (△ξ+2σα)(1). Thus (△ξ+2σα)(1) = (△ξ+2σα+β)(x). Thus (130) holds.

24.5(4) There is an automorphism l of Fr(ω) such that △ξ+1σα+β ◦ k1 = △ξ+1σα ◦ l.

In fact, by 24.5(3) we have (△ξ+2σα)(1) = (△ξ+2σα+β) ◦ k1. Hence 24.5(4) holds by
Proposition 12.2.

By symmetry we have

24.5(5) There is an automorphism l′ of Fr(ω) such that △ξ+1σα+β ◦ k2 = △ξ+1σα ◦ l′.

Now by Proposition 23.4 with ρ, σ, τ replaced by △ξ+1σα+β , △ξ+1σα ◦ l and △ξ+1σα ◦ l′,
we get an isomorphism s of Fr(ω) onto Fr(ω) × Fr(ω) such that △ξ+1σα+β = (△ξ+1σα ◦
l)⊕s (△ξ+1σβ ◦ l′). Now we apply Proposition 23.2(x) with k0, k1, σ, σ

′, τ, τ ′, l0, l1 replaced
by l, l′,△ξ+1σα ◦ l,△ξ+1σα,△ξ+1σβ ◦ l′,△ξ+1σβ , s, s; we get an automorphism k2 of Fr(ω)
such that △ξ+1σα+β = ((△ξ+1σα) ⊕s (△ξ+1σβ)) ◦ k2. By Proposition 23.3 we then have
△ξ+1σα+β = (△ξ+1(σα ⊕s σβ)) ◦ k2. Then (△ξ+1σα+β)(1) = (△ξ+1(σα ⊕s σβ))(1). By
Proposition 15.2 there is an automorphism k3 of Fr(ω) such that σα+β = (σα ⊕s σβ) ◦ k3.

Now for the proof of the proposition, for each α ∈M let f(α) = Bσα
; see Proposition

6.24. Then f(α+ β) = Bσα+β
∼= Bσα⊕sσβ

(by Proposition 16.1) ∼= Bσα
× Bσβ

(by Propo-
sition 23.6) = f(α)× f(β). So f is a homomorphism. If f(α) ∼= f(β), then by Proposition
16.1 there is an automorphism k4 of Fr(ω) such that σα = σβ ◦ k4, and so by a remark
early in this proof, α = β.

25. Shifting monoids

Recall the definition of N from just before Proposition 9.3. For any θ ∈ N let

supp(θ) = {ξ < ω1 : θ(ξ) > 0}.

Proposition 25.1. Suppose that θ ∈ N .
(i) supp(θ) has a largest element.
(ii) supp(θ) is countable and nonempty.
(iii) θ(min(supp(θ))) = ω.

Now if a ∈ <<ωW we define ϕa : ω1 → ω by ϕa(ξ) = |{i < dmn(a) : ai = ξ}|. Then
supp(ϕa) = {ξ < ω1 : ϕa(ξ) > 0}. Then for any θ ∈ N ∗ we let Ψ(θ) be g(θ) with g as in
the proof of Proposition 9.6. We also set Ψ(o) = o.

Two mappings θ, χ : ω + 1 → ω + 1 are equal almost everywhere, in symbols θ ≡ae χ,
iff {k ≤ ω : θ(k) 6= χ(k)} is finite. 0c and ωc are the constant mappings: 0c(k) = 0 and
ωc(k) = ω for all k ∈ ω + 1. N 0∗

is the set of all θ : ω + 1 → ω + 1 such that one of the
following holds:

(AE1) θ ≡ae 0c.

(AE2) θ ≡ae ω
c and θ(ω) = ω.
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(AE3) {k ∈ ω + 1 : θ(k) = ω} is finite, and limk→∞ θ(k) = ω = θ(ω).

Here this limit is with respect to the order topology on ω + 1. Thus limk→∞ θ(k) = ω iff
∀l < ω∃m∀k ∈ (m,ω)[l < θ(k)].

Addition in N 0∗

is defined like this: ∀k ∈ ω + 1[(θ + χ)(k) = θ(k) + χ(k)], where
ω + k = k + ω = ω for any k ∈ ω + 1. We also adjoin a new element o to N 0∗

and define
o+ k = k + o = k for any k ∈ (ω + 1) ∪ {o}. Finally, N 0 = N 0∗

∪ {o}.
We also define x ≡′

ae y iff one of the following holds:

(AE4) x, y ∈ N 0∗

and x ≡ae y.

(AE5) x ∈ N 0∗

, y = o, and x ≡ae 0c.

(AE6) x = o, y ∈ N 0∗

, and y ≡ae 0c.

(AE7) x = y = o.

We also define k + l for k, l ∈ ω + 1 by

k + l =
{

k + l if k, l ∈ ω,
ω if k = ω or l = ω.

Proposition 25.2. (ω + 1,+) is an r-monoid.

Proof. Clearly (ω + 1,+) is an m-monoid. To show that it is an r-monoid we apply
Proposition 19.7. So, suppose that a, b ∈ 2(ω + 1) and a0 + a1 = b0 + b1. We want to find
c ∈ 2×2(ω + 1) such that ∀i < 2[ai =

∑

j<2 cij ] and ∀j < 2[bj =
∑

i<2 cij ].
Case 1. a0 = a1 = b0 = b1 = ω. Let cij = ω for all i, j < 2.
Case 2. a0 = a1 = ω = b0 and b1 < ω. Let c01 = 0, c11 = b1, and cij = ω otherwise.
Case 3. a0 = b0 = b1 = ω and a1 < ω. Symmetric to Case 2.
Case 4. a0 = b0 = ω and a1, b1 < ω. Let c10 = a1, c11 = 0, c01 = b1, and cij = ω

otherwise.
Case 5. Other cases with one or more of a0, a1, b0, b1 equal to ω. This is symmetric

to above cases.
Case 6. a0, a1, b0, b1 < ω. Wlog a0 ≤ b0. Let c00 = a0, c01 = 0, c10 = b0 − a0, and

c11 = b1. Then c00 + c01 = a0, c10 + c11 = b0 − a0 + b1 = a1, c00 + c10 = a0 + b0 − a0 = b0,
and c01 + c11 = b1.

Proposition 25.3. N 0 is an r-monoid.

Proof. First we check that N 0 is closed under +. Suppose that x, y ∈ N 0. Obviously
x+ y ∈ N 0 if one of x, y is o. Now suppose that x, y 6= o. So x, y : ω + 1 → ω + 1.

Case 1. x, y ≡ae 0c. Clearly x+ y ≡ae 0c.
Case 2. x ≡ae 0c, y ≡ae ω

c, and y(ω) = ω. Clearly x+ y ≡ae ω and (x+ y)(ω) = ω.
Case 3. x ≡ae 0c, {k ∈ ω + 1 : y(k) = ω} is finite, limk→∞ y(k) = ω = y(ω). Then

clearly {k ∈ ω + 1 : (x+ y)(k) = ω} is finite, limk→∞(x+ y)(k) = ω = (x+ y)(ω).
Case 4. x ≡ae ω

c, y ≡ae 0c. Symmetric to Case 2.
Case 5. x ≡ae ωc, y ≡ae ωc, x(ω) = ω, y(ω) = ω. Clearly x + y ≡ae ωc and

(x+ y)(ω) = ω.
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Case 6. x ≡ae ω
c, {k ∈ ω + 1 : y(k) = ω} is finite, limk→∞ y(k) = ω = y(ω). Clearly

x+ y ≡ae ω
c and (x+ y)(ω) = ω.

Case 7. {k ∈ ω + 1 : x(k) = ω} is finite, limk→∞ x(k) = ω = x(ω), y ≡ae 0c.
Symmetric to Case 3.

Case 8. {k ∈ ω + 1 : x(k) = ω} is finite, limk→∞ x(k) = ω = x(ω), y ≡ae ωc.
Symmetric to Case 6.

Case 9. {k ∈ ω + 1 : x(k) = ω} is finite, limk→∞ x(k) = ω = x(ω), {k ∈ ω + 1 :
y(k) = ω} is finite, limk→∞ y(k) = ω = y(ω). Clearly {k ∈ ω+1 : (x+y)(k) = ω} is finite,
limk→∞(x+ y)(k) = ω = (x+ y)(ω),

So N 0 is closed under +.

Clearly now N 0 is an m-monoid.

To prove that N 0 is an r-monoid we again apply Proposition 19.7. So, suppose
that a0, a1, b0, b1 ∈ N 0 and a0 + a1 = b0 + b1. We want to define θ ∈ 2×2N 0 so that
∀i < 2[ai =

∑

j<2 θij ] and ∀j < 2[bj =
∑

i<2 θij ].

Case 1. One or more of a0, a1, b0, b1 is equal to o. By symmetry say a0 = o. Let
θ00 = o = θ01, θ10 = b0, and θ11 = b1.

Case 2. All of a0, a1, b0, b1 are different from o. For each k ≤ ω, by Proposition 25.2
there is a 〈θij(k) : i, j < 2〉 such that each θij(k) ∈ ω+1, ∀i < 2[ai(k) =

∑

j<2 θij(k)], and
∀j < 2[bj(k) =

∑

i<2 θij(k)].

Subcase 2.1. a0 ≡ae 0c and a1 ≡ae 0c. Clearly then b0 ≡ae 0c and b1 ≡ae 0c.
Clearly also θij ≡ae 0c for all i, j < 2.

Subcase 2.2. a0 ≡ae 0c, a1 ≡ae ω
c, and a1(ω) = ω. Then a0 + a1 ≡ae ω

c, so also
b0 + b1 ≡ae ω

c.

Subsubcase 2.2.1. b0 ≡ae 0c. Then b1 ≡ae ω
c and b1(ω) = ω since b0+b1 ≡ae ω

c.

Now the set M
def
= {k ∈ ω+ 1 : a0(k) 6= 0 or a1(k) 6= ω or b0(k) 6= 0 or b1(k) 6= ω} is finite.

For k ∈ (ω + 1)\M we have 0 = a0(k) =
∑

j<2 θ0j(k), hence θ00(k) = 0 and θ01(k) = 0.
Also, 0 = b0(k) =

∑

i<2 θi0(k), hence θ00(k) = 0 and θ10(k) = 0. Thus θ00, θ01, θ10 are
in N 0 by (133). Also ω = a1(k) =

∑

j<2 θ1j(k) while θ10(k) = 0, so θ11(k) = ω. Let

θ′11 be equal to θ11 except that θ11(ω) = ω. Then θ′11 ∈ N 0, a1(ω) =
∑

j<2 θ
′
1j(ω), and

b1(ω) =
∑

i<2 θ
′
i1(ω), with θ′01 = θ01.

Subsubcase 2.2.2. b1 ≡ae 0c. This is symmetric to Subsubcase 2.2.1.

Subsubcase 2.2.3. b0 ≡ae ωc ≡ae b1 and b0(ω) = b1(ω) = ω. Then the set

M
def
= {k ∈ ω + 1 : a0(k) 6= 0 or a1(k) 6= ω or b0(k) 6= ω or b1(k) 6= ω} is finite. For

k ∈ (ω + 1)\M we have 0 = a0(k) =
∑

j<2 θ0j(k), hence θ00(k) = θ01(k) = 0. Hence

θ00, θ01 ∈ N 0. Also, ω = b0(k) =
∑

i<2 θi0(k) and θ00(k) = 0, so θ10(k) = ω. Also
ω = b1(k) =

∑

i<2 θi1(k) and θ01(k) = 0, so θ11(k) = ω. Let θ′10 be like θ10 except
that θ′10(ω) = ω, and let θ′11 be like θ11 except that θ′11(ω) = ω, Then θ′10, θ

′
11 ∈ N 0,

a1 =
∑

j<2 θ
′
1j, b0 =

∑

i<2 θ
′
i0, and b1 =

∑

i<2 θ
′
i1, with θ′00 = θ00 and θ′01 = θ01.

Subsubcase 2.2.4. b0 ≡ae ωc, b0(ω) = ω, {k ∈ ω + 1 : b1(k) = ω} is finite,

and limk→∞ b1(k) = ω = b1(ω). Then M
def
= {k ∈ ω + 1 : a0(k) 6= 0 or a1(k) 6= ω or

b0(k) 6= ω or b1(k) = ω} is finite. Take any k ∈ (ω + 1)\M . Then as in Subsubcase 2.2.3,
θ00(k) = θ01(k) = 0 and θ10(k) = ω. Hence θ00, θ01 ∈ N 0. Also b1(k) =

∑

i<1 θi1(k) and
θ01(k) = 0, so b1(k) = θ11(k). Let θ′10 be like θ10 except that θ′10(ω) = ω, and let θ′11 be
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like θ11 except that θ′11(ω) = ω. Then θ′10, θ
′
11 ∈ N 0. a1 =

∑

j<q θ
′
1j, b0 =

∑

i<2 θ
′
i0, and

b1 =
∑

i<2 θ
′
i1, with θ′00 = θ00 and θ′01 = θ01.

Subsubcase 2.2.5. b1 ≡ae ω
c, b1(ω) = ω, {k ∈ ω + 1 : b0(k) = ω} is finite, and

limk→∞ b0(k) = ω = b0(ω). This is symmetric to Subsubcase 2.2.4.
Subcase 2.3. a0 ≡ae 0c, {k ∈ ω+ 1 : a1(k) = ω} is finite, and limk→∞ a1(k) = ω =

a1(ω). Then (134) does not hold for b0 or b1. Also b0 and b1 are not both ≡ae 0c.
Subsubcase 2.3.1. b0 ≡ae 0c, {k ∈ ω + 1 : b1(k) = ω} is finite, and

limk→∞ b1(k) = ω = b1(ω). Then M
def
= {k ∈ ω + 1 : a0(k) 6= 0 or a1(k) = ω or b0(k) 6= 0

or b1(k) = ω} is finite. Suppose that k ∈ (ω + 1)\M . Then 0 = a0(k) =
∑

j<2 θ0j(k), so

θ00(k) = θ01(k) = 0. Also, 0 = b0(k) =
∑

i<2 θi0(k), so θ10(k) = 0. Thus θ00, θ01, θ10 ∈ N 0.
Now a1(k) =

∑

j<2 θ1j(k) and θ10(k) = 0, so a1(k) = θ11(k). Let θ′11 be like θ11 except

that θ′11(ω) = ω). Then θ′11 ∈ N 0, ∀i < 2[ai =
∑

j<2 θ
′
ij ], and ∀j < 2[bj =

∑

i<2 θ
′
ij ], with

θ′00 = θ00, θ
′
01 = θ01, θ

′
10 = θ10.

Subsubcase 2.3.2. {k ∈ ω + 1 : b0(k) = ω} is finite, limk→∞ b0(k) = ω =

b0(ω), {k ∈ ω + 1 : b1(k) = ω} is finite, limk→∞ b1(k) = ω = b1(ω), Then M
def
= {k ∈

ω + 1 : a0(k) 6= 0 or a1(k) = ω or b0(k) = ω or b1(k) = ω} is finite. Suppose that
k ∈ (ω + 1)\M . Then θ00(k) = θ01(k) = 0 as in Subsubcase 2.3.1. Hence θ00, θ01 ∈ N 0.
b0(k) =

∑

i<2 θi0(k) = θ10(k). b1(k) =
∑

i<2 θi1(k) = θ11(k). Let θ′10 be like θ10 except
that θ′10(ω) = ω, and let θ′11 be like θ11 except that θ′11(ω) = ω. Then θ′10, θ

′
11 ∈ N 0,

∀i < 2[ai =
∑

j<2 θ
′
ij ], and ∀j < 2[bj =

∑

i<2 θ
′
ij ], where θ′00 = θ00 and θ′01 = θ01.

Subcase 2.4. a0 ≡ae ωc ≡ae a1 and a0(ω) = ω = a1(ω). Then b0 ≡ae ωc and
b0(ω) = ω, or b1 ≡ae ω

c and b1(ω) = ω.
Subsubcase 2.4.1 b0 ≡ae ω

c ≡ae b1, b0 = ω, and b1(ω) = ω. Then M = {k ∈
ω+ 1 : a0(k) 6= ω or a1(k) 6= ω or b0(k) 6= ω or b1(k) 6= ω} is finite. For k ∈ (ω+ 1)\M we
have θij(k) = ω for all i, j < 2. Defining θ′ij as above, the desired conclusion follows.

Subsubcase 2.4.2 b0 ≡ae ω
c, b(ω) = ω, {k ∈ ω + 1 : b1(k) = ω} is finite, and

limk→∞ b1(k) = ω = b1(ω). Then M = {k ∈ ω + 1 : a0(k) 6= ω or a1(k) 6= ω or b0(k) 6= ω
or b1(k) = ω} is finite. Suppose that k ∈ (ω + 1)\M . Then b1(k) =

∑

i<2 θi1(k), so
θ01(k) 6= ω 6= θ11(k). a0(k) =

∑

j<2 θ0j(k), so θ00(k) = ω. a1(k) =
∑

j<2 θ1j(k), so

θ10(k) = ω. Thus θ00, θ10 ∈ N 0. Now we define for k ∈ ω + 1

θ′00(k) =
{

θ00(k) if k < ω,
ω if k = ω

θ′10(k) =
{

θ10(k) if k < ω,
ω if k = ω

;

θ′01(k) =







θ01(k) if k ∈M , k 6= ω,
b1(k) if k /∈M , k 6= ω,
ω if k = ω,

θ′11(k) =
{

θ11(k) if k ∈M ,
0 if k /∈M or k = ω.

Then each θ′ij ∈ N 0, ∀i < 2[ai =
∑

j<2 θ
′
ij ], and ∀j < 2[bj =

∑

i<2 θ
′
ij ].

Subcase 2.5. a0 ≡ae ωc, a0(ω) = ω, {k ∈ ω + 1 : a1(k) = ω} is finite, and
limk→∞ a1(k) = ω = a1(ω). Then (134) holds for b0 or b1. If it holds for both, we
have a subcase symmetric to Subcase 2.4; and if (133) holds for one and (134) for the
other we have a subcase symmetric to Subcase 2.2. So we may assume that b0 ≡ae ω

c,
b0(ω) = ω, {k ∈ ω + 1 : b1(k) = ω} is finite, and limk→∞ b1(k) = ω = b1(ω). Then
M = {k ∈ ω + 1 : a0(k) 6= ω or a1(k) = ω or b0(k) 6= ω or b1(k) = ω} is finite. Suppose
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that k ∈ (ω + 1)\M . Now a1(k) =
∑

j<2 θ1j(k), so θ10(k) 6= ω 6= θ11(k). Also b1(k) =
∑

i<2 θi1(k), so θ01(k) 6= ω 6= θ11(k). Since a0(k) =
∑

j<2 θ0j(k), we have θ00(k) = ω.
Define

θ′00(k) =

{

θ00(k) if k < ω,
ω if k = ω,

θ′11(k) =







θ11(k) if k ∈M , k 6= ω,
⌊min(a1(k), b1(k))/2⌋ if k /∈M , k 6= ω,
ω if k = ω,

θ′10(k) =

{

a1(k) − θ′11(k) if k /∈M , k 6= ω,
θ10(k) if k ∈M , k 6= ω,
ω if k = ω

θ′01(k) =

{

b1(k) − θ′11(k) if k /∈M , k 6= ω,
θ01(k) if k ∈M , k 6= ω,
ω if k = ω.

Clearly ∀i < 2[ai =
∑

j<2 θ
′
ij ] and ∀j < 2[bj =

∑

i<2 θ
′
ij ]; and also each θ′ij ∈ N 0.

Subcase 2.6. {k ∈ ω + 1 : a0(k) = ω} is finite, limk→∞ a0(k) = ω = a0(ω),
{k ∈ ω + 1 : a1(k) = ω} is finite, limk→∞ a1(k) = ω = a1(ω), {k ∈ ω + 1 : b0(k) = ω} is
finite, limk→∞ b0(k) = ω = b0(ω), {k ∈ ω + 1 : b1(k) = ω} is finite, and limk→∞ b1(k) =

ω = b1(ω). Then M
def
= {k ∈ ω + 1 : a0(k) = ω or a1(k) = ω or b0(k) = ω or b1(k) = ω} is

finite.

(*) Suppose that k /∈ M ∪ {ω} and a0(k) min(a0(k), a1(k), b0(k), b1(k)). Then there are
ckij for i, j < 2 such that ∀i < 2[ai(k) =

∑

j<2 c
k
ij ], ∀j < 2[bj(k) =

∑

i<2 c
k
ij ], and ∀i, j <

2[⌊a0(k)/2⌋ ≤ ckij ].

For, let ck01 = ⌊a0(k)/2⌋, c
k
00 = a0(k) − ck01, c

k
10 = b0(k) − ck00, c

k
11 = b1(k) − ck01. Then

ck00 + ck01 = a0(k), c
k
00 + ck10 = b0(k), c

k
01 + ck11 = b1(k), and ck10 + ck11 = b0(k)− ck00 + b1(k)−

ck01 = a0(k) − ck00 + a1(k) − ck01 = a1(k). Moreover,

ck00 = a0(k)/2 + a(0)/2 − ⌊a0(k)/2⌋ ≥ ⌊a0(k)/2⌋;

ck10 ≥ a0(k) − (a0(k) − ck01) = ck01 = ⌊a0(k)/2⌋;

ck11 ≥ a0(k) − ⌊a0(k)/2⌋ ≥ ⌊a0(k)/2⌋.

Thus (*) holds.
We obtain ckij similarly for other cases of min(a0(k), a1(k), b0(k), b1(k)). Now for each

i, j < 2 and k ∈ ω + 1 define

θ′ij(k) =

{

θij(k) if k ∈M\{ω},
ckij if k /∈M ∪ {ω},
ω if k = ω.

Clearly the desired conditions hold.

Proposition 25.4. Suppose that a0, a1, b0, b1 ∈ ω, one of them is 0, and a0 +a1 = b0 +b1.
Then there exists c ∈ 2×2ω such that ∀i < 2[ai =

∑

j<2 cij ], and ∀j < 2[bj =
∑

i<2 cij ].
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Proof. Say wlog a0 = 0. Let c00 = c01 = 0, c10 = b0, and c11 = b1. Then
a0 = c00 + c01, a1 = c10 + c11, b0 = c00 + c10, and b1 = c01 + c11.

Proposition 25.5. Suppose that a0, a1, b0, b1 ∈ ω\{0}, 0 < m < min{a0, a1, b0, b1}/2,
a0 + a1 = b0 + b1. Then there exists c ∈ 2×2ω such that min{cij : i, j < 2} = m, c00 = m
or c11 = m, ∀i < 2[ai =

∑

j<2 cij ], and ∀j < 2[bj =
∑

i<2 cij ].

Proof. Assume the hypotheses.
Case 1. min{a0, a1, b0, b1} = b0. Let c00 = m, c01 = a0 − m, c10 = b0 − m, c11 =

a1 − b0 +m. So c00 + c01 = a0, c10 + c11 = a1, c00 + c10 = b0, c01 + c11 = b1.
Case 2. min{a0, a1, b0, b1} = b1. Let c11 = m, c01 = b1 − m, c10 = a1 − m, c00 =

a0 − b1 +m. So c00 + c01 = a0, c10 + c11 = a1, c00 + c10 = b0, c01 + c11 = b1.
Case 3. min{a0, a1, b0, b1} = a0. Let c00 = m, c01 = a0 − m, c10 = b0 − m, c11 =

b1 − a0 +m. So c00 + c01 = a0, c10 + c11 = a1, c00 + c10 = b0, c01 + c11 = b1.
Case 4. min{a0, a1, b0, b1} = a1. Let c11 = m, c01 = b1 − m, c10 = a1 − m, c00 =

b0 − a1 +m. So c00 + c01 = a0, c10 + c11 = a1, c00 + c10 = b0, c01 + c11 = b1.

Proposition 25.6. If θ0 + θ1 = ψ0 + ψ1 in N 0∗, θ0 6≡ae 0c, θ1 6≡ae 0c, ψ0 6≡ae 0c,
ψ1 6≡ae 0c, and not(θ0 ≡ae θ1 ≡ae ψ0 ≡ae ψ1 ≡ae ω

c), then there are uncountably many
χ ∈ 2×2(N 0∗) such that ∀i < 2[θi =

∑

j<2 χij ] and ∀j < 2[ψj =
∑

i<2 χij ].

Proof. For each k ∈ ω+1 let µ(k) = min{θ0(k), θ1(k), ψ0(k), ψ1(k)}. Then µ ∈ N 0∗.
In fact, this is clear since one of θ0, θ1, ψ0, ψ1 satisfies satisfies (135) and so clearly µ does
also. Clearly also µ 6≡ae 0c, ωc. Let F ⊆ ω be a finite set such that ∀k ∈ ω\F [0 < µ(k) < ω].
For each E ⊆ ω\F we define χE ∈ 2×2(N 0∗). For k ∈ F take χE

ij(k) by Proposition 25.2

so that ∀i < 2[θi(k) =
∑

j<2 χ
E
ij(k)] and ∀j < 2[ψj =

∑

i<2 χ
E
ij(k)]. For k ∈ E take χE

ij(k)

by Proposition 25.5 so that ∀i < 2[θi(k) =
∑

j<2 χ
E
ij(k)], ∀j < 2[ψj =

∑

i<2 χ
E
ij(k)], and

min{χE
ij(k) : i, j < 2} = µ(k)/3. For k ∈ ω\(F ∪ E) take χE

ij(k) by Proposition 25.5 so

that ∀i < 2[θi(k) =
∑

j<2 χ
E
ij(k)], ∀j < 2[ψj =

∑

i<2 χ
E
ij(k)], and min{χE

ij(k) : i, j < 2} =

µ(k)/4. Finally, for any i, j < 2 we let χE
ij(k) = ω.

For each θ ∈ N 0∗

define (Ωθ) : ω1 → ω + 1 by:

(Ωθ)(α) =











ω if α = 0,
θ(α− 1) if 0 < α < ω,
θ(ω) if α = ω,
0 if ω < α < ω1.

Proposition 25.7. (Ωθ) ∈ N ∗.

We also define (Ωo) = o. So (Ωx) ∈ N for any x ∈ N 0.

Proposition 25.8. Ω : N 0 → N is a morphism of m-monoids.

Proof. (Ω(o + o)) = (Ωo) = o = o + o = (Ωo) + (Ωo). For any θ ∈ N 0∗

we have
(Ω(θ+ o)) = (Ωθ) = (Ωθ) + o = (Ωθ) + (Ωo) and similarly for o = θ. Finally, suppose that
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θ, ψ ∈ N 0∗

. Then for any α ∈ ω1,

(Ω(θ + ψ))(α) =











ω if α = 0
(θ + ψ)(α− 1) if 0 < α < ω
(θ + ψ)(ω) if α = ω
0 if ω < α < ω1.

=











ω + ω if α = 0
θ(α− 1) + ψ(α− 1) of 0 < α < ω
θ(ω) + ψ(ω) if α = ω
0 + 0 if ω < ω1

= (Ωθ)(α) + (Ωψ)(α)

= ((Ωθ) + (Ωψ))(α).

Proposition 25.9. (i) T (Ψ((Ωo))) = 0.
(ii) T (Ψ((Ω0c))) = 0.
(iii) ∀θ ∈ N ∗\{0c}[θ ≡ae 0c → T (Ψ((Ωθ))) = 1 + max supp(θ)].
(iv) ∀θ ∈ N ∗[θ 6≡ae 0c → T (Ψ((Ωθ))) = ω].

Proof. (i): T (Ψ((Ωo))) = T (Ψ(o)) = T (o) = o.
(ii): For any α < ω1 we have

(Ω0c)(α) =











ω if α = 0,
0 if 0 < α < ω
0 if α = ω
0 if ω < α < ω1.

Thus supp((Ω0c)) = {0}. So Ψ((Ω0c)) = {a ∈ <<ωW : T (a) = 0 and ∀α ∈ ω1\{0, ω}[aα =
0]}. Hence T (Ψ((Ω0c))) = 0.

(iii): Suppose that θ ∈ N ∗\{0c} and θ ≡ae 0c. Then there is a k ≤ ω such that
θ(k) 6= 0. Let k = max(supp(θ). Then k + 1 is the “η” for (Ωθ), and so T (Ψ((Ωθ))) =
1 + max supp(θ)].

(iv): Suppose that θ ∈ N ∗ and θ 6≡ae 0c. Then θ(ω) = ω, and so ω is the “η” for
(Ωθ). Hence T (Ψ((Ωθ))) = ω.

We extend ≡′
ae to <<ωN 0 by defining a ≡′

ae b iff dmn(a) = dmn(b) and ∀i < dmn(a)[ai ≡′
ae

bi].
N 1∗

is the set of all α ∈ △N 0 such that:

(AE8) ∀n ∈ ω∀a, b[dmn(a) = dmn(b) = n and a ≡′
ae b ∈ α and

∑

i<n ai =
∑

i<n bi → a ∈
α].

(AE9) ∀a, b[a⌢b ∈ α and a 6≡ae 0c → ∃c, d[a = c+d in N 0 and c, d 6≡ae 0c and c⌢d⌢b ∈ α]].

Further, we let N 1 = N 1∗

∪ {0}, where 0 is the 0 of △N 0.

Proposition 25.10. In ω+1, if
∑

i<n ui =
∑

i<n(vi+wi), then there exist v′, w′ ∈ n(ω+1)
such that ∀i < n[ui = v′i + w′

i],
∑

i<n v
′
i =

∑

i<n vi, and
∑

i<n w
′
i =

∑

i<n wi.
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Proof. We may assume that n > 1. For i < 2n let

bi =

{

vi if i < n,
wi−n if n ≤ i < 2n.

Then let c ∈ n×2n(ω+1) be such that ∀i < n[ui =
∑

j<2n cij ] and ∀j < 2n[bj =
∑

i<n cij ].
Then ∀j < n[vj =

∑

i<n cij ] and ∀j < n[wj =
∑

i<n ci,j+n]. For each i < n let v′i =
∑

j<n cij and w′
i =

∑

j<n ci,n+j . Then ∀i < n[ui = v′i + w′
i],

∑

i<n

v′i =
∑

i<n

∑

j<n

cij =
∑

j<n

∑

i<n

cij =
∑

j<n

vj ,

∑

i<n

w′
i =

∑

i<n

∑

j<n

ci,n+j =
∑

j<n

∑

i<n

ci,n+j =
∑

j<n

wj .

Proposition 25.11. N 1 is a submonoid of △N 0.

Proof. Clearly 0 + 0 = 0 and α + 0 = 0 + α = α for any α ∈ N 1. Now suppose
that α, β ∈ N 1∗

. We want to prove that α + β ∈ N 1∗

. Suppose that n ∈ ω, a, b have
domain n, a ≡′

ae b ∈ (α + β), and
∑

i<n ai =
∑

i<n bi. Choose c, d with domain n such
that ∀i < n[bi = ci + di], c ∈ α, and d ∈ β. Let F = {k ∈ ω + 1 : ∃i < n[ai(k) 6= bi(k)]}.
Thus F is a finite subset of ω + 1. For any k ∈ (ω + 1)\F and any i < n let c′i(k) = ci(k)
and d′i(k) = di(k). Now for any k ∈ F we apply Proposition 25.10 with ai(k), ci(k), di(k)
in place of ui, vi, wi to obtain c′i(k) and d′i(k) such that ∀i < n[ai(k) = c′i(k) + d′i(k)],
∑

i<n c
′
i(k) =

∑

i<n ci(k), and
∑

i<n d
′
i(k) =

∑

i<n di(k). Then ∀i < n[ai = c′i + d′i]. Now
c′ ≡ae c ∈ α and d′ ≡ae d ∈ β, so a ∈ (α+ β), as desired in (AE8).

For (AE9), suppose that a⌢b ∈ (α+β) and a 6≡ae 0c. Write a⌢b = (a′⌢b′)+(a′′⌢b′′)
with a′⌢b′ ∈ α and a′′⌢b′′ ∈ β. Then choose c′, d′, c′′, d′′ so that a′ = c′ +d′, a′′ = c′′ +d′′,
c′, d′, c′′, d′′ 6≡ae 0c, and c′⌢d′⌢b′ ∈ α and c′′⌢d′′⌢b′′ ∈ β. Let c = c′ + c′′ and d = d′ + d′′.
Then c⌢d⌢b ∈ (α+ β), as desired.

Proposition 25.12. If Θ : M → N is an injective morphism of m-monoids, for any
α ∈ △M let (△Θ)(α) = {Θ ◦ a : a ∈ α}. Then △Θ is an injective morphism from △M to
△N .

Proof. First we check that ∀α ∈ △M [(△Θ)(α) ∈ △N ]. So suppose that α ∈ △M .
C.P.: Suppose that a ∈ (△Θ)(α) and a ≺ b. Say dmn(a) = m, dmn(b) = n, λ :

m → n, and ∀j < n[bj =
∑

{ai : i < m, λ(i) = j}]. Say a = Θ ◦ c with c ∈ α. Define
dj =

∑

{ci : i < m, λ(i) = j} for all j, n. Then c ≺ d, so d ∈ α. Clearly Θ ◦ d = b. So
b ∈ (△Θ)(α).

R.P.: Suppose that m,n ∈ ω\{0}, a ∈ mN , b ∈ nN , and a, b ∈ (△Θ)(α). Choose
a′, b′ ∈ α such that a = Θ ◦ a′ and b = Θ ◦ b′. Then there is a c ∈ m·nM such that c ∈ α,
∀i < m[a′i =

∑

{cf(i,j) : j < n}], and ∀j < n[b′j =
∑

{cf(i,j) : i < m}]. Then (Θ ◦ c) ∈
(△Θ)(α), ∀i < m[ai =

∑

{(Θ◦ c)f(i,j) : j < n}], and ∀j < n[bj =
∑

{(Θ◦ c)f(i,j) : i < m}].
S.P.: Suppose that m ∈ ω\{0}, a ∈ mN , a ∈ (△Θ)(α), and a0 6= 0. Say

a = Θ ◦ a′ with a′ ∈ α. Then a′0 6= 0. Hence there are b, c ∈ M\{0} such that
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a′0 = b + c and 〈b, c, a′1, . . . , a
′
m−1〉 ∈ α. Then since Θ is injective, Θ(b),Θ(c) 6= o, and

(Θ ◦ 〈b, c, a′1, . . . , a
′
m−1〉) ∈ (△Θ)(α).

Thus (△Θ)(α) ∈ △N .
We check that △Θ preserves the operation:

(△Θ)(α+ β) = {Θ ◦ a : a ∈ α+ β}

= {Θ ◦ a : ∃b, c[b ∈ α and c ∈ β and a = b+ c]}

= {Θ ◦ (b+ c) : b ∈ α, c ∈ β}

= {Θ ◦ b : b ∈ α} + {Θ ◦ c : c ∈ β}

= (△Θ)(α) + (△Θ)(β).

Finally, if α, β ∈ △M and α 6= β, say a ∈ α\β. Then Θ ◦ a ∈ (△Θ)(α)\(△Θ)(β).

Proposition 25.13. If Θ : M → N is an isomorphism, then △Θ : △M → △N is an
isomorphism.

Proof. For any α ∈ △M ,

(△Θ−1)((△Θ)(α)) = {Θ−1 ◦ a : a ∈ (△Θ)(α)}

= {Θ−1 ◦ a : ∃b ∈ α[a = Θ ◦ b]}

= α.

Thus (△Θ−1) ◦ (△Θ) is the identity. Similarly, (△Θ) ◦ (△Θ−1) is the identity.

Proposition 25.14. If Θ : M → N and T : N → P are morphisms of m-monoids, then
△(T ◦ Θ) = (△T ) ◦ (△Θ).

Proof. Assume that Θ : M → N and T : N → P are morphisms of m-monoids. Let
α ∈ △M . Then

(△(T ◦ Θ))(α) = {T ◦ Θ ◦ a : a ∈ α}

= {T ◦ b : ∃a ∈ α[b = Θ ◦ a]}

= {T ◦ b : b ∈ (△Θ)(α)}

= (△T )((△Θ)(α)).

Proposition 25.15. (△(Ψ ◦ Ω)) ↾ N 1 is an injective morphism from N 1 into L 1.

Proof. By Proposition 25.8, Ω is a morphism from N 0 to N , and by the proof
of Proposition 9.6, Ψ is a morphism from N to △W ; see the definition of Ψ following
Propostition 25.1. Clearly both Ω and Ψ are injective, so by Proposition 25.12, (△(Ψ◦Ω)) ↾

N 1 is injective. Now Ψ ◦Ω is a morphism from N 0 to △W . Hence by 25.13, △(Ψ ◦Ω) is a
morphism from △N 0 to △(△W ). By Proposition 25.11, N 1 is a submonoid of △N 0. By
Proposition 24.4, L 1 is a submonoid of △(△W ).
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Now let α ∈ N 1; we want to show that (△(Ψ ◦ Ω))(α) ∈ L 1. Thus we want to show
that (△(Ψ◦Ω))(α) has the strict 1-hierarchy property. Suppose that 〈a〉⌢b ∈ (△(Ψ◦Ω))(α)
and e, with domain n, is in a. We want to find c with domain n such that

∑

i<n ci = a,
c⌢b ∈ (△(Ψ ◦ Ω))(α) and ∀i < n[T (ci) = ei]. By the definition of (△(Ψ ◦ Ω))(α), there
exists 〈a′〉⌢b′ ∈ α such that 〈a〉⌢b = Ψ ◦ Ω ◦ (〈a′〉⌢b′〉. Thus a = Ψ(Ω(a′)). Note that
a ⊆ <<ωW and a ∈ △W . By C.P. for △W we may assume that e has the form

〈e0, . . . , er−1, er, . . . , es−1, es, . . . , en−1〉,

where

e0 ≥ e1 ≥ · · · ≥ er−1 ≥ 1 > er = · · · = es−1 = 0 > es = · · · = en−1 = o

Now for each i < n and k ∈ ω + 1 we define

ci(k) =

{

1 if 1 ≤ i < r and k = ei − 1
0 if 1 ≤ i < r and k 6= ei − 1
0 if r ≤ i < s,

with ci = o if s ≤ i < n. Let c0 = a′ −
∑

1≤i<n ci, with c0 = ω if a′ = ω. Then
∑

i<n ci = a′. If i < n and k < ω1, then

(Ωci)(k) =











ω if k = 0,
ci(k − 1) if 0 < k < ω,
ci(ω) if k = ω,
0 if ω < k < ω1

=



























ω if k = 0,
1 if 0 < k < ω and ei = k,
0 if 0 < k < ω and ei 6= k,
1 if k = ω and ei = ω,
0 if k = ω and ei 6= ω,
0 if ω < k < ω1.

The “η” for Ωci is the largest k such that ei = k. Thus ∀i < n[T (ci) = ei]. Also,
supp(ci) = {ei − 1}, so by Proposition 25.9(iii), T (Ψ(Ωci)) = ei. Now for any k < ω1,

(Ωa′)(k) =











ω if k = 0,
a′(k − 1) if 0 < k < ω,
a(ω) if k = ω,
0 if ω < k < ω1.

Since e ∈ a = Θ(Ω(a′)), it follows that for any k ∈ ω1, |{i < n : ei = k}| ≤ (Ωa′)(k).
Hence c0(k) ≥ 0. Thus Ψ ◦ Ω ◦ c is as desired.
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26. The monoid P

Clearly ≡ae is a congruence relation on N 0. The congruence class of an element θ of N 0

will be denoted by [θ]ae. P is the quotient semigroup of all congruence classes. Thus
[θ]ae + [ψ]ae = [θ + ψ]ae. Π is the homomorphism of N 0 → P such that Π(θ) = [θ]ae for
all θ ∈ N 0.

Proposition 26.1. P is an m-monoid.

Proof. It remains only to show that if [θ]ae+[ψ]ae = [0c]ae, then [θ]ae = [0c]ae = [ψ]ae.
Suppose that [θ]ae + [ψ]ae = [0c]ae. Then there is a finite set F such that ∀x /∈ F [θ(x) +
ψ(x) = 0], hence ∀x /∈ F [θ(x) = 0], so [θ]ae = [0c]ae. Similarly [ψ]ae = [0c]ae.

Proposition 26.2. ∀θ ∈ N 0[[θ]ae is countable].

Proposition 26.3. The natural ordering of P is antisymmetric.

Proof. Clearly [θ]ae ≤ [0c] implies that [θ]ae = [0c]ae. So ∀θ[[0c] ≤ [θ]ae ≤ [0c] →
[0c]ae = [θ]ae].

26.3(1) ∀θ[[ωc]ae ≤ [θ]ae → [ωc]ae = [θ]ae].

In fact, suppose that [ωc]ae ≤ [θ]ae. Choose ψ so that [ωc]ae + [ψ]ae = [θ]ae. Then there
is a finite set F such that ∀x /∈ F [ω + ψ(x) = θ(x)], hence ∀x /∈ F [ω = θ(x)]. Thus
[ωc]ae = [θ]ae.

By 26.3(1) we have ∀θ[[ωc]ae ≤ [θ]ae ≤ [ωc]ae → [θ]ae = [ωc]ae].
Hence to prove the proposition it suffices to take θ, ψ each satisfying (AE3) and show

that [θ]ae ≤ [ψ]ae ≤ [θ]ae implies that [θ]ae = [ψ]ae. So, suppose that θ, ψ each satisfy
(AE3) and [θ]ae ≤ [ψ]ae ≤ [θ]ae. Say [θ]ae + [µ]ae = [ψ]ae and [ψ]ae + [ν]ae = [θ]ae. Then
there is a finite set F such that ∀x /∈ F [θ(x) 6= ω 6= ψ(x) and θ(x) + µ(x) = ψ(x) and
ψ(x) + ν(x) = θ(x)]. So ∀x /∈ F [ω 6= θ(x) = θ(x) + µ(x) + ν(x)], hence ∀x /∈ F [µ(x) =
ν(x) = 0], so ∀x /∈ F [θ(x) = ψ(x)].

Proposition 26.4. P\{[ωc]ae} is a submonoid of P.

Proposition 26.5. P\{[ωc]ae} is isomorphic to a submonoid of the additive monoid of
a vector space over Q.

Proof. Define f ∼ g iff f, g ∈ ωQ and {n ∈ ω : f(n)) 6= g(n)} is finite. Clearly ∼ is
an equivalence relation on ωQ. Note that ωQ can be considered to be a vector space over
Q. The following two statements are clear.

26.5(1) If f, g, f ′, g′ ∈ω Q, f ∼ f ′, and g ∼ g′, then f + g ∼ f ′ + g′.

26.5(2) If f, f ′ ∈ω Q, q ∈ Q, and f ∼ f ′, then qf ∼ qf ′.

Now let V be the collection of all ∼-classes, with [f ]∼ +[g]∼ = [f +g]∼ and q[f ]∼ = [qf ]∼;
so V is a vector space over Q.
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For any x ∈ P\{[ωc]ae} choose θ ∈ N 0 such that ∀k ∈ ω[θ(k) < ω] and x = [θ]ae,
and set f(x) = [θ ↾ ω]∼. Clearly f is well-defined and one-one and is an isomorphism of
P\{[ωc]ae} into V .

Proposition 26.6. P is an r-monoid.

Proof. We apply Proposition 19.7. Suppose that θ, ψ ∈ 2N 0 and [θ0]ae + [θ1]ae =
[ψ0]ae + [ψ1]ae. Thus [θ0 + θ1]ae = [ψ0 + ψ1]ae. Let F be a finite subset of ω+ 1 such that
∀k ∈ (ω + 1)\F [θ0(k) + θ1(k) = ψ0(k) + ψ1(k)]. Define θ′0, θ

′
1, ψ

′
0, ψ

′
1 by:

θ′0(k) =

{

θ0(k) if k /∈ F ,
0 otherwise;

θ′1(k) =

{

θ1(k) if k /∈ F ,
0 otherwise;

ψ′
0(k) =

{

ψ0(k) if k /∈ F ,
0 otherwise;

ψ′
1(k) =

{

ψ1(k) if k /∈ F ,
0 otherwise.

Then θ′0 + θ′1 = ψ′
0 + ψ′

1, so by Proposition 25.3 there is a c ∈ 2×2N 0 such that ∀i <
2[θ′i =

∑

j<2 cij ] and ∀j < 2[ψ′
j =

∑

i<2 cij ]. Then ∀i < 2[[θi]ae =
∑

j<2[cij ]ae] and
∀j < 2[[ψj]ae =

∑

i<2[cij ]ae].

Proposition 26.7. If a ∈ P∗\{[ωc]ae}, then P ↾ a is uncountable.

Proof. We may assume that a = [θ]ae, where θ satisfies (135) and ∀k ∈ ω[0 <
θ(k) < ω]. Define ε ≡ δ iff ε, δ ∈ ω2 and {i ∈ ω : ε(i) 6= δ(i)} is finite. This is an
equivalence relation, and each equivalence class is countable. Let X consist of one element
from each equivalence class. So |X | = 2ω. Let 〈kn : n ∈ ω〉 be strictly increasing such that
〈θ(kn);n ∈ ω〉 is also stictly increasing. For each ε ∈ X define ψε with domain ω + 1 by

ψε(m) =







|⌈ θ(kn)
2 ⌉ − ε(m)| if m = kn for some n ∈ ω,

|θ(m) − ε(m)| if m ∈ ω\rng(k),
ω if m = ω.

Then limm→∞ ψε(m) = ω. For, given M > 0 choose N so that ∀m ≥ N [θ(m) ≥ 2M + 2].

Then if m ≥ N and m = kn for some n, then ψε(m) ≥ θ(m)
2

− 1 ≥M , while if m /∈ rng(k)
then ψε(m) = θ(m) − 1 ≥ 2M + 1.

Next, note that for any n ∈ ω, θ(kn) ≥ ⌈ θ(kn)
2

⌉. Now define χε with domain ω+1 by:

χε(m) =







θ(kn) − ⌈ θ(kn)
2

⌉ + ε(m) if m = kn for some n ∈ ω,
θ(m) + ε(m) if m ∈ ω\rng(k),
ω if m = ω.

Clearly limm→∞ χε(m) = ω. It follows that [ψε]ae ≤ [θ]ae.
Clearly [ψε]ae 6= [ψδ]ae for ε 6= δ.

Proposition 26.8. If K is a countable subset of P, and a ∈ P, then there exist a0, a1 ∈
P such that a = a0 + a1 and a0 6= [ωc]ae is not in the vector space span of K\{[ωc]ae}.
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Proof. If a = [ωc]ae, then let a0 be any member of P\{[ωc]ae} not in the span
of K\{[ωc]ae}, using Proposition 26.7; and let a1 = [ωc]ae. If a 6= [ωc]ae, then apply
Proposition 26.7 to get the desired a0, a1.

27. The monoid P1

Let P1 = △P.

Proposition 27.1. Suppose that m,n ∈ ω\{0}, θ ∈ mN 0∗

, χ ∈ nN 0∗

, ψ ∈ m×nP, ∀i <
m[Π(θi) =

∑

j<n ψij ], and ∀j < n[Π(χj) =
∑

i<m ψij ]. Then there is a ρ ∈ m×nN 0∗

such
that ∀i < m∀j < n[Π(ρij) = ψij ], ∀i < m[θi =

∑

j<n ρij ], and ∀j < n[χj =
∑

i<m ρij ].

Proof. Assume the hypotheses. Since Π is surjective, there is a ψ′ ∈ m×nN 0∗

such
that ∀i < m∀j < n[Π(ψ′

ij) = ψij ]. Thus ∀i < m[Π(θi) =
∑

j<n Π(ψ′
ij)], and ∀j <

n[Π(χj) =
∑

i<m Π(ψ′
ij)]. Hence there is a finite subset F of ω + 1 such that ∀k ∈ (ω +

1)\F [∀i < m[θi(k) =
∑

j<n ψ
′
ij(k)] and ∀j < n[χj(k) =

∑

i<m ψ′
ij(k)]]. Now for each k ∈ F

let σk ∈ m×n(ω+1) be such that ∀i < m[θi(k) =
∑

j<n σ
k
ij ] and ∀j < n[χj(k) =

∑

i<m σk
i ].

Now for any k ∈ ω + 1 and i < m, j < n define

ρij(k) =

{

ψ′
ij if k /∈ F ,

σk
ij if k ∈ F .

Clearly the desired conclusion holds.

For any α ∈ N 1 let
Π1(α) = {〈Π(θi) : i < n〉 : θ ∈ α}.

Proposition 27.2. Π1 is a monoid morphism from N 1 to P1.

Proof. Let α ∈ N 1. Thus by definition, α ∈ △N 0. If θ ∈ α, say θ has domain m.
Then Π ◦ θ ∈ mP. Hence Π1(α) ∈ [<<ωP]ω.

C.P.: Suppose that a, b ∈ <<ωP, a ∈ Π1(α), and a ≺ b. Say a = Π◦θ with m ∈ ω\{0}
and θ ∈ α, θ with domain m. Also say b has domain n, λ : m→ n, and ∀j < n[bj =

∑

{ai :
i < m, λ(i) = j}]. Say b = Π ◦ψ. Then ∀j < n[Π(ψj)) =

∑

{Π(θ(i)) : i < m, λ(i) = j}. So
∀j < n[ψj ≡ae

∑

{θ(i) : i < m, λ(i) = j}. Hence there is a ψ′ with ∀j < n[ψj ≡ae ψ
′
j ] and

θ ≺ ψ′. So ψ′ ∈ α and hence b = Π ◦ ψ = Π ◦ ψ′ ∈ Π1(α).
R.P.: Suppose that m,n ∈ ω\{0}, a ∈ mP, b ∈ nP, and a, b ∈ Π1(α). Choose

θ, ψ ∈ α such that a = Π ◦ θ and b = Π ◦ ψ. Then choose c ∈ m×nN 0 so that ∀i <
m[θi =

∑

j<n cij ] and ∀j < n[ψj =
∑

i<m cij ]. Then ∀i < m[Π(θi) =
∑

j<n Π(cij)] and
∀j < n[Π(ψj) =

∑

i<m Π(cij)].
S.P.: Suppose that m ∈ ω\{0}, a ∈ mP, a ∈ Π1(α), a0 6= o. Say a = Π(θ) with θ ∈ α.

Thus θ0 6= o. By (141) there are c, d such that θ0 = c+d, c, d 6≡ae 0c, and c⌢d⌢〈θ1, . . .〉 ∈ α.
Then a0 = Π(c) + Π(d), Π(c),Π(d) 6= o, and Π(c)⌢Π(d)⌢〈a1, . . .〉 ∈ Π(α).

This checks that Π1(α) ∈ P1. To check that it preserves the monoid operation, suppose
that α, β ∈ N 1. Then

Π1(α+ β) = {Π ◦ θ : θ ∈ α+ β}
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= {Π ◦ (θ + ψ) : θ, ψ have the same domain and θ ∈ α, ψ ∈ β}

= {µ+ ρ : µ, ρ have the same domain and µ ∈ Π1(α), ρ ∈ Π1(β)}

= Π1(α) + Π1(β).

Proposition 27.3. For any α ∈ P1 and any χ ∈ N 0, if T (α) = Π(χ). then there is a
unique β ∈ N 1 such that Π1(β) = α and T (β) = χ.

Proof. Assume that α ∈ P1, χ ∈ N 0, and T (α) = Π(χ). Let

β =

{

θ ∈ nN 0 : n ∈ ω\{0},Π ◦ θ ∈ α,
∑

i<n

θi = χ

}

.

We claim that β ∈ N 1. First we show that β ∈ △N 0. By the definition of P1, α is
countable, and so by Proposition 26.2, β is countable.

C.P.: Suppose that a, b ∈ <<ωN 0, a ∈ β, and a ≺ b. Say a has domain m, b has
domain n, λ : m → n, and ∀j < n[bj =

∑

{ai : i < m, λ(i) = j}]. Since a ∈ β, we have
Π ◦ a ∈ α. Now ∀j < n[Π(bj) =

∑

{Π(ai) : i < m, λ(i) = j}. Hence Π ◦ a ≺ Π ◦ b, so
Π ◦ b ∈ α. Also,

∑

j<n bj =
∑

i<n ai = χ. So b ∈ β.

R.P.: Suppose that m,n ∈ ω\{0}, a ∈ mN 0, b ∈ nN 0, and a, b ∈ β. So Π◦a,Π◦b ∈ α.
By R.P. for α, there is a c ∈ m·nP such that ∀i < n[Π(ai) =

∑

{cf(i,j) : j < n}] and ∀j <
n[Π(bj) =

∑

{cf(i,j) : i < m}]. Let c′(i, j) = cf(i,j) for all i < m and j < n. By Proposition
27.1 there is a ρ ∈ m×nN 0 such that ∀i < m∀j < n[Π(ρij) = c′ij ]. ∀i < m[ai =

∑

j<n ρij ],
and ∀j < n[bj =

∑

i<m ρij ]. Let ρ′f(i,j) = ρij for all i < m and j < n. This proves R.P. for
β.

S.P.: Suppose that m ∈ ω\{0}, a has domain m, a ∈ β, and a0 6= o. Then
also Π(a0) 6= o. By S.P. for α, choose b, c ∈ P such that Π(a0) = b + c and
〈b, c,Π(a1), . . . ,Π(am−1)〉 ∈ α. Say b = Π(b′) and c = Π(c′) Then Π◦〈b′, c′, a1, . . . , am−1〉 ∈
α. Hence 〈b′, c′, a1, . . . , am−1〉 ∈ β.

This proves that β ∈ △N 0. Now for β ∈ N 1, for (AE8), suppose that n ∈ ω,
dmn(a) = dmn(b) = n, a ≡ae b ∈ β, and

∑

i<n ai =
∑

i<n bi. Then Π ◦ a = Π ◦ b ∈ α and
∑

i<n ai =
∑

i<n bi = χ. So a ∈ β.
For (AE9), suppose that a⌢b ∈ β and a 6≡ae 0c. Then Π ◦ (a⌢b) ∈ α and

∑

i<m ai +
∑

j<n bj = χ. Then Π ◦ a 6= 0. Wlog Π(a0) 6= 0. By S.P. for α choose c, d 6= o so that
Π(a0) = c + d and 〈c, d,Π(a1), . . . ,Π(bn−1)〉 ∈ α. Say c = Π(c′) and d = Π(d′). Then
Π◦〈c′, d′, a1, . . . , bn−1〉 ∈ α. We may assume that c′ +d′ = a0. In fact, let F = {i ∈ ω+1 :
c′(i) + d′(i) 6= a0(i)}; so F is finite. let

c′′(i) =

{

c′(i) if i /∈ F ,
a0(i) if i ∈ F ,

d′′(i) =
{

d′(i) if i /∈ F ,
0 if i ∈ F .

Then c′′ + d′′ = a0 and Π(c′′) = Π(c′), Π(d′′) = Π(d′). This proves (141).
So β ∈ N 1. Clearly Π1(β) ⊆ α. If c ∈ α, say c ∈ nP. Then there is a b ∈ nN 0 such

that c = Π ◦ b. Then [χ] = Π(χ) = T (α) = T (c) = [
∑

i<n bi]. Let F be a finite subset of
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ω + 1 such that χ(m) =
∑

i<n bi(m) for all m /∈ F . Then we define

b′i(m) =







bi(m) if m /∈ F ,
χ(m) if m ∈ F and i = 0,
0 if m /∈ F and i 6= 0.

Then c = Π ◦ b′ and
∑

i<n b
′
i = χ. Hence c ∈ Π1(β). So Π1(β) = α. Clearly T (β) = χ.

For uniqueness, suppose that Π1(γ) = α and T (γ) = χ. Take any θ ∈ γ; say θ has
domain n. Then Π ◦ θ ∈ Π1(γ), so Π ◦ θ ∈ Π1(β). Choose ψ ∈ β so that Π ◦ θ = Π ◦ ψ.
Now T (γ) =

∑

i<n θi =
∑

i<n ψi. Hence by (140), θ ∈ β. By symmetry, γ = β.

Let Q1 = {α ∈ P1 : T (α) = [ωc]ae}.

Proposition 27.4. Q1 is a subsemigroup of P1.

Proposition 27.5. There is a unique morphism Γ1 : Q1 → N 1 such that ∀α ∈
Q1[Π1(Γ1(α)) = α] and T (Γ1(α)) = ωc.

Proof. Apply Proposition 27.3 with χ = ωc; for α ∈ Q1 let Γ1(α) be the β of
27.3.

Proposition 27.6. Π1 maps N 1 onto P1. In fact, if α ∈ P1 and T (α) = Π(d) then
there is a β ∈ N 1 such that Π1(β) = α and T (β) = d.

Proof. By Proposition 27.3.

28. One step up the heirarchy

Proposition 28.1. The following diagram is commutative:

△2W N 1 P1

△W N 0 P

△(Ψ ◦ Ω) Π1

T T T

Ψ ◦ Ω Π

Proof. By Proposition 25.15, △(Ψ◦Ω) : N 1 → L 1. By Proposition 27.2, Π1 : N 1 →
P1. By definition, Π : N 0 → P. By Proposition 25.8, Ω : N 0 → N , and by Proposition
9.6, Ψ : N → △W . Hence Ψ ◦ Ω : N 0 → △W . Clearly T : △2W → W . By Proposition
25.11, T : N 1 → N 0. Clearly T : P1 → P0.
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To show that Ψ ◦ Ω ◦ T = T ◦ △(Ψ ◦ Ω), suppose that α ∈ N 1. Then α ∈ △N 0,
so T (α) = T (a) for any a ∈ α; say a has domain n. Then Ψ(Ω(T (α))) = Ψ(Ω(T (a))) =
∑

i<n Ψ(Ω(ai)). On the other hand,

(T△(Ψ◦Ω))(α) = T ((△(Ψ◦Ω))(α)) = T ({Ψ◦Ω◦a : a ∈ α} = T (Ψ◦Ω◦a) =
∑

i<n

Ψ(Ω(ai)),

as desired.
To show that Π ◦ T = T ◦ Π1, suppose that α ∈ P1 = △P. Then T (α) = T (a) for

any a ∈ α, so Π(T (α)) = Π(T (a)). On the other hand,

T (Π1(α)) = T ({〈Π(ai) : i < n〉 : a ∈ α, dmn(a) = n}

=
∑

i<n

Π(ai) for any a ∈ α

= Π(T (a)).

Let M be an m-monoid and A ∈ △2M . Then A satisfies the new heirarchy property iff

(N1) For all m,n ∈ ω\{0}, all 〈α, β1, . . . , βm−1〉 ∈ A and all 〈a0, . . . , an−1〉 ∈ α there
exist αi ∈ △M for i < n such that 〈α0, . . . , αn−1, β1, . . . , βm−1〉 ∈ A,

∑

i<n αi = α, and
∀i < n[T (αi) = ai].

N 2 is the set of all A ∈ △N 1 such that:

(N2) A satisfies the new hierarchy property.

(N3) If ∀n ∈ ω\{0}∀α, β[α and β have domain n, α ∈ A, and ∀i < n[Π1(βi) = Π1(αi)],
then β ∈ A.

(N4) ∀n ∈ ω∀〈α, β1. . . . , βn−1〉 ∈ A[Π1(α) 6= 0 → ∃γ0, γ1[α = γ0 + γ1 in N 1,
Π1(γ0),Π1(γ1) 6= 0, and 〈γ0, γ1, β1, . . . , βn−1〉 ∈ A]].

P2 is the set of all A ∈ △P1 which satisfy the new heirarchy property.

Proposition 28.2. If A and B satisfy the new heirarchy property, then so does A+B.

Proof. Suppose thatA andB satisfy the new heirarchy property. Suppose thatm,n ∈
ω\{0}, 〈α, β1, . . . , βm−1〉 ∈ A+B, and 〈a0, a1, . . . , an−1〉 ∈ α. Now A,B ∈ △2M , so there
are 〈α0, β0

1 , . . . , β
0
m−1〉 ∈ A, and 〈α1, β1

1 , . . . , β
1
m−1〉 ∈ B such that 〈α, β1, . . . , βm−1〉 =

〈α0, β0
1 , . . . , β

0
m−1〉 + 〈α1, β1

1 , . . . , β
1
m−1〉. Moreover,

〈α0, β0
1 , . . . , β

0
m−1〉 + 〈α1, β1

1 , . . . , β
1
m−1〉 = 〈α0 + α1, β0

1 + β1
1 , . . . , β

0
m−1 + β1

m−1〉.

Hence there are 〈a0
0, a

0
1, . . . , a

0
n−1〉 ∈ α0 and 〈a1

0, a
1
1, . . . , a

1
n−1〉 ∈ α1 such that

〈a0, a1, . . . , an−1〉 = 〈a0
0, a

0
1, . . . , a

0
n−1〉 + 〈a1

0, a
1
1, . . . , a

1
n−1〉.

Since A satisfies the new heirarchy property, there are γ0
0 , γ

0
1 , . . . , γ

0
n−1 ∈ △M such that

〈γ0
0 , γ

0
1 , . . . , γ

0
n−1, β

0
1 , . . . , β

0
m−1〉 ∈ A,

∑

i<n γ
0
i = α0, and ∀i < n[T (γ0

i ) = a0
i ].
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Similarly, there are γ1
0 , γ

1
1 , . . . , γ

1
n−1 ∈ △M such that

〈γ1
0 , γ

1
1 , . . . , γ

1
n−1, β

1
1 , . . . , β

1
m−1〉 ∈ B,

∑

i<n

γ1
i = α1, and ∀i < n[T (γ1

i ) = a1
i ].

Hence

〈γ0
0 + γ1

0 , . . . , γ
0
n−1 + γ1

n−1, β1, . . . , βm−1〉 ∈ A+B,
∑

i<n

(γ0
i + γ1

i ) = α, ∀i < n[T (γ0
i + γ1

i ) = ai.

Proposition 28.3. P2 is a submonoid of △P1.

Proposition 28.4. Assume that m,n ∈ ω\{0}, α has domain m, β has domain n,
∀i < m[αi ∈ N 1], ∀j < n[βj ∈ N 1], γ has domain m × n, ∀i < m∀j < n[γij ∈ P1],
∀i < m[Π1(αi) =

∑

j<n γij ], and ∀j < n[Π1(βj) =
∑

i<m γij ]. Then there is a δ with

domain m×n such that ∀i < m∀j < n[δij ∈ N 1 and Π1(δij) = γij], ∀i < m[αi =
∑

j<n δij ],
and ∀j < n[βj =

∑

i<n δij ]]].

Proof. Assume that m,n ∈ ω\{0}, α has domain m, β has domain n, ∀i < m[αi ∈
N 1]. ∀j < n[βj ∈ N 1],

∑

i<m Π1(αi) =
∑

j<n Π1(βj), γ has domain m × n, ∀i < m∀j <

n[γij ∈ P1], ∀i < m[Π1(αi) =
∑

j<n γij ], and ∀j < n[Π1(βj) =
∑

i<m γij]. Let θi = T (αi)
for all i < m, ψj = T (βj) for all j < n, and ρij = T (γij) for all i < m, j < n. Then
by Proposition 28.1, Π(θi) = Π(T (αi) = T (Π1(αi)) =

∑

j<n T (γij) =
∑

j<n ρij for all

i < m, and similarly Π(ψj) =
∑

i<m ρij for all j < n. Moreover, ∀i < m[θi ∈ N 0],
∀j < n[ψj ∈ N 0], and ∀i < m∀j < n[ρij ∈ P]. Hence by Proposition 27.1 withm,n, θ, χ, ψ
replaced by n,m, θ, ψ, ρ we get σ ∈ m×nN 0∗

such that ∀i < m∀j < n[Π(σij) = ρij ],
∀i < m[θi =

∑

j<n σij ], and ∀j < n[ψj =
∑

i<m σij ]. Then T (γij) = ρij = Π(σij) for all
i < m, j < n, so by Proposition 27.3 with α, χ replaced by γij , σij, there is a δ with domain
m × n such that ∀i < m∀j < n[δij ∈ N 1, Π1(δij) = γij and T (δij) = σij ]. Now for any
i < m, Π1(

∑

{δij : j < n}) =
∑

{γij : j < n} and T (
∑

{δij : j < n}) =
∑

{σij : j < n}.
Also, Π1(αi) =

∑

{γij : j < n} and T (αi) = θi =
∑

{σij : j < n}. Hence by the uniqueness
assertion in Proposition 27.3, αi =

∑

{δij : j < n}. Similarly, ∀j < n[βj =
∑

i<m δij ].

Proposition 28.5. N 2 is a submonoid of △N 1.

Proof. Suppose that A,B ∈ N 2. By Proposition 28.3, A + B satisfies the new
hierarchy property. To prove (N2) for A + B, suppose that n ∈ ω\{0}, α and β have
domain n, α ∈ A+B, and ∀i < n[Π1(βi) = Π1(αi)]. Say α = γ+ δ with γ ∈ A and δ ∈ B.
Take any i < n. Then αi, γi, δi ∈ N 1 and αi = γi + δi. Hence Π1(αi) = Π1(γi) + Π1(δi).
Let εf(0,i) = γi and εf(1,i) = δi.

For i < n and k < 2n let

cik =
{

Π1(εk) if k = f(u, i) for some u ∈ 2,
0 otherwise.
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Then for all i < n,

Π1(βi) = Π1(αi) = Π1(γi)+Π1(δi) = Π1(εf(0,i))+Π1(εf(1,i)) = cif(0,i) + cif(1,i) =
∑

k<2n

cik

and for all k < 2n, with f(u, j) = k,

Π1(εk) = cjk =
∑

i<n

cik.

Now we apply Proposition 28.4 with m,n, α, β, γ replaced by n, 2n, β, ε, c; we get d with
domain n × 2n such that ∀i < n∀k < 2n[dik ∈ N 1 and Π1(dik) = cik], ∀i < n[βi =
∑

k<2n dik], and ∀k < 2n[εk =
∑

i<n dik]. Then

∑

i<n

γi =
∑

i<n

εf(0,i) =
∑

i<n

∑

j<n

djf(0,i) =
∑

j<n

∑

i<n

djf(0,i) =
∑

i<n

∑

j<n

dif(0,j).

Further,

Π1(γi) = Π1(εf(0,i) = Π1





∑

j<n

djf(0,i)



 =
∑

j<n

cjf(0,i) = Π1(εf(0,i)).

Also, Π1(
∑

j<n dif(0,j)) =
∑

j<n cif(0,j) = Π1(εf(0,i)). Now we apply (N3) with n, αi, βi

replaced by n,
∑

j<n dif(0,j), εf(0,i); we get 〈
∑

j<n dif(0,j) : i < n〉 ∈ A. Similarly,

〈

∑

j<n

dif(1,j) : i < n

〉

∈ B.

Now for each i < n, βi =
∑

k<2n dik =
∑

j<n dif(0,j) +
∑

j<n dif(1,j). Hence β ∈ A+B.
To prove (N4) for A+B, suppose that n ∈ ω, 〈α, β1, . . . , βn−1〉 ∈ A+B, and Π1(α) 6= 0.

Say 〈α, β1, . . . , βn−1〉 = 〈α0, β0
1 , . . . , β

0
n−1〉+ 〈α1, β1

1 , . . . , β
1
n−1〉 with 〈α0, β0

1 , . . . , β
0
n−1〉 ∈ A

and 〈α1, β1
1 , . . . , β

1
n−1〉 ∈ B. Wlog Π1(α

0) 6= 0. Then there are γ0, γ1 such that α0 = γ0+γ1,
Π1(γ0),Π1(γ1) 6= 0, and 〈γ0, γ1, β

0
1 , . . . , β

0
n−1〉 ∈ A. Also, 〈0, α1, β1

1 , . . . , β
1
n−1〉 ∈ B, so

〈γ0, γ1 + α1, β1, . . . , βn−1〉 ∈ A+B and Π1(γ0),Π1(γ1 + α1) 6= 0.

Now we define, for any A ∈ N 2,

Π2(A) = {Π1 ◦ a : a ∈ A}.

Proposition 28.6. Π2 is a monoid morphism from N 2 to P2.

Proof. By Proposition 28.1, Π1 is a morphism from N 1 to P1. Note that
Π2 = (△Π1). Now let A ∈ N 2. Then by the proof of Proposition 25.12, Π2(A) sat-
isfies C.P. and R.P. For S.P., suppose that a ∈ Π2(A) and a0 6= o. Say a = Π1 ◦ b
with b ∈ A. By (148) there are γ0, γ1 such that b0 = γ0 + γ1, Π1(γ0),Π1(γ1) 6= 0,
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and 〈γ0, γ1.a1, . . .〉 ∈ A. Hence Π1 ◦ 〈γ0, γ1.a1, . . .〉 ∈ Π2(A), as desired. So we
have shown that Π2(A) ∈ △P1. To check the new heirarchy property, suppose that
m ∈ ω\{0}, 〈α, β1, . . . βm−1〉 ∈ Π2(A), and 〈a0, a1, . . . , an−1〉 ∈ α. Say 〈α, β1, . . . βm−1〉 =
Π1 ◦ 〈α′, β′

1, . . . β
′
m−1〉 with 〈α′, β′

1, . . . β
′
m−1〉 ∈ A. Then 〈a0, a1, . . . , an−1〉 ∈ Π1(α

′); say
〈a0, a1, . . . , an−1〉 = 〈Π(a′0).Π(a′1), . . . ,Π1(a

′
n−1)〉 with 〈a′0, a

′
1, . . . , a

′
n−1〉 ∈ α′. Then by

the new heirarchy property for A, there are α′
0, α

′
1, . . . , a

′
n−1 such that α′ =

∑

i<n α
′
i,

∀i < n[T (α′
i) = a′i], and 〈α′

0, α
′
1, . . . , α

′
n−1, β

′
1, . . . , β

′
m−1〉 ∈ A. Then α = Π1(α

′) =
∑

i<n Π1(α
′
i). Using Proposition 28.1, for any i < n, T (Π1(α

′
i) = Π(T (α′

i) = Π(a′i) = ai.
Finally,

Π1 ◦ 〈α
′
0, α

′
1, . . . , α

′
n−1, β

′
1, . . . , β

′
m−1〉

= 〈Π1(α
′
0),Π1(α

′
1), . . . ,Π1(α

′
n−1),Π1(β

′
1), . . .Π1(b

′
m−1)〉

= 〈Π1(α
′
0),Π1(α

′
1), . . . ,Π1(α

′
n−1), β1, . . . , βm−1〉 ∈ Π2(A).

Thus Π2(A) has the new heirarchy property. So Π2(A) ∈ P2.
Now Π2 preserves +:

Π2(A+B) = {Π1 ◦ a : a ∈ A+B} = {Π1 ◦ (b+ c) : b ∈ A, c ∈ B, dmn(a) = dmn(b)}

= {(Π1 ◦ b) + (Π1 ◦ c) : b ∈ A, c ∈ B, dmn(a) = dmn(b)} = Π2(A) + Π2(B).

Proposition 28.7. The following diagram is commutative:

N 2 P2

N 1 P1

Π2

T T

Π1

Proof. Π2 is a morphism from N 2 to P2 by Proposition 28.6. T is a morphism from
N 2 to N 1 by Proposition 8.11. T is a morphism from P2 to P1 by Proposition 8.11. The
arrow at the bottom holds by Proposition 28.1. For commutativity, for any A ∈ N 2 we
have

T (Π2(A)) = T ({Π1 ◦ a : a ∈ A})

=
∑

i<n

Π1(ai)) for some a ∈ A

= Π1

(

∑

i<n

ai

)

for some a ∈ A

= Π1(T (A)).
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Proposition 28.8. (2.11.5) If A ∈ P2, β ∈ N 1, and T (A) = Π1(β), then there is a
unique B ∈ N 2 such that Π2(B) = A and Π1(T (B)) = Π1(β).

Proof. Suppose that A ∈ P2, β ∈ N 1, and T (A) = Π1(β).

28.8(1) ∀α ∈ P1[{γ ∈ N 1 : Π1(γ) = α} is countable].

For, suppose that α ∈ P1, and let X = {γ ∈ N 1 : Π1(γ) = α}. Now α ∈ P1 = △P.
Hence T (α) = T (c) ∈ P. So T (α) is countable. If γ ∈ X , then T (α) = T (Π1(γ)) =
Π(T (γ)) by Proposition 28.1. Thus T (γ) ∈ T (α). So X =

⋃

x∈T (α){γ ∈ X : T (γ) = x}.

We claim that for any x ∈ T (α) there is at most one γ ∈ X such that T (γ) = x. For,
suppose that γ ∈ X and T (γ) = x with x ∈ T (α). Then T (α) = Π(T (γ)), so by Proposition
27.3 there is a unique β ∈ N 1 such that Π1(β) = α and T (β) = T (γ). So β = γ. This
proves 28.8(1).

The following is a consequence of 28.8(1):

28.8(1)′ ∀m ∈ ω\{0}∀α ∈ mP1[{γ ∈ mN 1 : Π1 ◦ γ = α} is countable.

Now let

B = {b ∈ n(N 1) : n ∈ ω,Π1 ◦ b ∈ A and Π1

(

∑

i<n

bi

)

= Π1(β)}

Now A ∈ P2 ⊆ △P1, so A is countable. Hence by 28.8(1)′, also B is countable. We
claim that B ∈ N 2. First we prove that B ∈ △N 1. We have B ∈ [<<ωN 1]ω.

C.P.: Suppose that a ∈ B and a ≺ b. Say dmn(a) = m, dmn(b) = n, λ : m → n,
and ∀j < n[bj =

∑

{ai : i < m, λ(i) = j}]. We have Π1 ◦ a ∈ A and ∀j < n[Π1(b(j)) =
∑

{Π1(ai) : i < m, λ(i) = j}], so Π1 ◦ a ≺ Π1 ◦ b. Hence Π1 ◦ b ∈ A. Also,
∑

j<n bj =
∑

i<m ai, so Π1(
∑

j<n bj) = Π1(
∑

i<n ai) = Π1(β. Hence b ∈ B.

R.P.: Suppose that m,n ∈ ω\{0}, a ∈ m(N 1), b ∈ n(N 1), and a, b ∈ B. By the
definition of B, Π1(

∑

i<m ai) = Π1(β) = Π1(
∑

i<n bi). Since a, b ∈ B we have Π1 ◦
a,Π1 ◦ b ∈ A. Now A ∈ P2 ⊆ △P1. Hence by R.P. for A there is a c with domain
m · n such that c ∈ A, ∀i < m[Π1(ai) =

∑

j<n cf(i,j)] and ∀j < n[Π1(bj) =
∑

i<m cf(i,j)].
Define d with domain m × n by dij = cf(i,j). Then ∀i < m[Π1(ai) =

∑

j<n dij ] and
∀j < n[Π1(bj) =

∑

i<m dij ]. Hence by Proposition 28.4 there is a e with domain m×n such
that ∀i < m∀j < n[Π1(eij) = dij ], ∀i < m[ai =

∑

j<n eij ], and ∀j < n[bj =
∑

i<m eij ].
Now define g with domain m · n by gf(i,j) = eij . Then ∀i < m[ai =

∑

j<n gf(i,j)], and
∀j < n[bj =

∑

i<m gf(i,j)]. Now for any i < m and j < n, Π1(gf(i,j)) = Π1(eij) = dij =
cf(i,j). So Π1 ◦ g = c ∈ A. Also,

Π1

(

∑

k<m·n

gk

)

= Π1





∑

i<m

∑

j<n

eij



 = Π1

(

∑

i<m

ai

)

= Π1(β).

It follows that g ∈ B. This proves R.P. for B.
S.P.: suppose that m ∈ ω\{0}, a ∈ m(N 1), a ∈ B and a0 6= o. Thus Π1 ◦ a ∈ A and

Π1(a0) 6= O. Hence by S.P. for A, there exist u, v ∈ P1\{0} such that Π1(a0) = u+ v and
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〈u, v,Π1(a1), . . . ,Π1(am−1)〉 ∈ A. Hence by Proposition 27.3 there exist u′, v′ ∈ N 1 such
that Π1(u

′) = u and Π1(v
′) = v. Thus Π1 ◦ 〈u′, v′, a1, . . . , am−1〉 ∈ A. Also,

Π1(u
′ + v′ + a1 + · · · + am−1) = u+ v + Π1(a1 + · · ·+ am−1)

= Π1(a0) + Π1(a1 + · · · + am−1)

= Π1(a0 + · · · + am−1) = Π1(β).

Hence 〈u′, v′, a1, . . . , am−1〉 ∈ B. So S.P. holds.

Thus we have shown that B ∈ △N 1.
To check the new heirarchy property for B, suppose m ∈ ω\{0}, 〈α, γ1, . . . , γm−1〉 ∈ B,

and 〈a0, a1, . . . , an−1〉 ∈ α. Then

Π1

(

α+

m−1
∑

i=1

γi

)

= Π1(β) and 〈Π1(α),Π1(γ1), . . . ,Π1(γm−1)〉 ∈ A,

and 〈Π(a0),Π(a1), . . . ,Π(an−1)〉 ∈ Π1(α). By the new heirarchy property for A, there are
δ0, δ1, . . . , δn−1 ∈ P1 such that Π1(α) =

∑

i<n δi, ∀i < n[T (δi) = Π(ai)], and

〈δ0, δ1, . . . , δn−1,Π1(γ1), . . . ,Π1(γm−1)〉 ∈ A.

By Proposition 27.3, for each i < n there is an εi such that Π1(εi) = δi and T (εi) = ai.
Now T (

∑

i<n δi) = Π(
∑

i<n ai), so by Proposition 27.3 there is a unique x such that
Π1(x) =

∑

i<n δi and T (x) =
∑

i<n ai. Now Π1(α) =
∑

i<n δi and T (α) =
∑

i<n ai. Also
Π1(

∑

i<n εi) =
∑

i<n δi and T (
∑

i<n εi) =
∑

i<n ai. So by the uniqueness assertion in
Proposition 27.3 we have α =

∑

i<n εi. Now Π1 ◦ 〈ε0, ε1, . . . , εn−1, γ1, . . . , γm−1〉 ∈ A and

Π1

(

∑

i<n

εi +
m−1
∑

i=1

γi

)

= Π1

(

α+
m−1
∑

i=1

γi

)

= Π1(β).

Hence 〈ε0, ε1, . . . , εn−1, γ1, . . . , γm−1〉 ∈ B. This proves the new heirarchy property for B.
To check (N3) for B, suppose that n ∈ ω\{0}, a and b have domain n, a ∈ B, and

∀i < n[Π1(ai) = Π1(bi)]. Then Π1 ◦ b = Π1 ◦ a ∈ A and Π1(
∑

i<n bi) = Π1(
∑

i<n ai) =
Π1(β). So b ∈ B.

For (N4) for B, suppose that n ∈ ω and 〈a, b1, . . . , bn−1〉 ∈ B, with Π1(a) 6= 0.
Then 〈Π1(a),Π1(b1), . . . ,Π1(bn−1)〉 ∈ A, so by S.P. for A, there are nonzero c, d such that
Π1(a) = c+ d and 〈c, d,Π1(b1), . . . ,Π1(bn−1)〉 ∈ A. Say T (c) = [c′′] and T (d) = [d′′]. Now
[c′′ + d′′] = T (c + d) = T (Π1(a)) = Π(T (a)) = [T (a)]. So T (a) ≡ae c

′′ + d′′. Note that
T (a) ∈ N 0. Let F = {k ∈ ω + 1 : (T (a))(k) 6= c′′(k) + d′′(k)}. So F is finite. Define

c′′′(k) =

{

(T (a))(k) if k ∈ F ,
c′′(k) otherwise;

d′′(k) =

{

(T (a))(k) if k ∈ F ,
d′′(k) otherwise.

Thus T (a) = c′′′ + d′′′, [c′′] = [c′′′], and [d′′] = [d′′′]. Now T (c) = [c′′] = [c′′′] = Π(c′′′),
so by Proposition 27.3 there is a c′ such that Π1(c

′) = c and T (c′) = c′′′. Similarly there
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is a d′ such that Π1(d
′) = d and T (d′) = d′′′. Hence Π1(c

′ + d′) = c + d = Π1(a) and
T (c′ + d′) = c′′′ + d′′′ = T (a). Now T (c + d) = T (Π1(a)) = Π(T (a)), so by Proposition
27.3 there is a unique β such that Π1(β) = c + d and T (β) = T (a). β = a works, and so
does c′ + d′. Hence a = c′ + d′. Also,

Π1(c
′ + d′ + b1 + · · ·+ bm−1) = Π1(c

′ + d′) + Π1(b1 + · · ·+ bm−1)

= Π1(a) + Π1(b1 + · · ·+ bm−1)

= Π1(a+ b1 + · · ·+ bm−1) = Π1(β).

So 〈c′, d′, b1, . . . , bm−1〉 ∈ B, as desired.
So, we have shown that B ∈ N 2.
Clearly Π2(B) ⊆ A. Now suppose that c ∈ A. Now A ∈ P2 ⊆ △P1. Say c ∈ mP1.

For any i < m, ci ∈ P1. Then there is a di ∈ N 0 such that T (ci) = Π(di). By Proposition
27.3 there is an ei ∈ N 1 such that Π1(ei) = ci and T (ei) = di. So Π1 ◦ e = c and T ◦ e = d.
Then

{

Π ◦ θ : θ ∈
∑

i<m

ei

}

= Π1

(

∑

i<n

ei

)

=
∑

i<n

Π1(ei) =
∑

i<n

ci

= T (c) = T (A) = Π1(β) = {Π ◦ θ : θ ∈ β}.

Thus Π1(
∑

i<m ei) = Π1(β). Hence c ∈ Π2(B). So Π2(B) = A.
Clearly Π1(T (B)) = Π1(β).
Now suppose that also C ∈ N 2, Π2(C) = A, and Π1(T (C)) = Π1(β). If c ∈ C, then

Π1 ◦ c ∈ Π2(C) = A = Π2(B), so there is a b ∈ B such that Π1 ◦ c = Π1 ◦ b ∈ A. Also,
Π1(

∑

i<m ci) = Π1(T (c)) = Π1(T (C)), so c ∈ B.
If b ∈ B, then Π1◦b ∈ Π2(B) = A = Π1(C), so there is a c ∈ C such that Π1◦b = Π1◦c.

By (147) for C, b ∈ C. Thus B = C.

Let Q2 = {A ∈ P2 : T (A) ∈ Q1}.

Proposition 28.9. Q2 is a subsemigroup of P2.

Proof. Let A,B ∈ Q2. Then T (A + B) = T (A) + T (B), and this sum is in Q1 by
Proposition 27.4.

Proposition 28.10. There is a homomorphism Γ2 : Q2 → N 2 such that:
(i) ∀A ∈ Q2[Π2(Γ2(A)) = A].
(ii) ∀A ∈ Q2[Π1(T (Γ2(A))) = T (A)].

Proof. Suppose that A ∈ Q2. Thus A ∈ P2. Say T 2(A) = Π(X) with X ∈ N 0.
Then by Proposition 27.6 we get β ∈ N 1 such that Π1(β) = T (A) and T (β) = X .
By Proposition 28.8 let Γ2(A) be the set B indicated there. Then Π2(Γ2(A)) = A and
Π1(T (Γ2(A))) = Π1(β). So Π1(T (Γ2(A))) = T (A).

For preservation of +, suppose that A1, A2 ∈ P2. Then T 2(A1 + A2) = T 2(A1) +
T 2(A2) = Π(X1) + Π(X2) = Π(X1 + X2). Say T 2(A1) = Π(U1) and T 2(A2) = Π(U2).
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Then there are unique β1, β2 such that Π1(β1) = T (A1), T (β1) = X1, Π1(β2) = T (A2),
and T (β2) = X2. Then we have

Γ2(A1) = {b ∈ n(N 1) : n ∈ ω,Π1 ◦ b ∈ A1 and Π1

(

∑

i<n

bi

)

= Π1(β1};

Γ2(A2) = {b ∈ n(N 1) : n ∈ ω,Π1 ◦ b ∈ A2 and Π1

(

∑

i<n

bi

)

= Π1(β2)}.

Hence

Γ2(A1 + A2) = {b ∈ n(N 1) : n ∈ ω,Π1 ◦ b ∈ A1 + A2 and Π1

(

∑

i<n

bi

)

= Π1(β1 + β2)}.

Hence Γ2 preserves +.

Proposition 28.11. △2(Ψ ◦ Ω) ↾ N 2 is an injective morphism from N 2 into △3W .

Proof. By Proposition 25.15, (△(Ψ ◦ Ω)) ↾ N 1 is an injective morphism from N 1

into L 1. Hence by Proposition 25.123, (△2(Ψ ◦Ω)) ↾ △N 1 is an injective morphism from
△N 1 into △L 1. By Proposition 28.5, N 2 is a submonoid of △N 1. So (△2(Ψ ◦ Ω)) ↾ N 2

is an injective morphism of N 2 into △L 1. By definition △L 1 ⊆ △3W .

29. First reduction step

Proposition 29.1. Suppose that N is a countable submonoid of P2 such that:
(i) N has the refinement property.
(ii) ∀A ∈ N∀(α0, α1) ∈ A∃A0, A1 ∈ N [A = A0+A1 and T (A0) = α0 and T (A1) = α1].

Then N ∩ Q2 is isomorphic to a subsemigroup of NBA.

Proof. Let N1 = {B ∈ N 2 : Π2(B) ∈ N}.

29.1(1) N1 is a submonoid of N 2.

For, suppose that B,C ∈ N1. Then B + C ∈ N 2, and Π2(B + C) = Π2(B) + Π2(C) ∈ N .
So B + C ∈ N1, proving 29.1(1).

29.1(2) N ∩ Q2 is a submonoid of P2, and Γ2 is an injective homomorphism of N ∩ Q2

into N1.

In fact, N is a submonoid of P2 by definition, and Q2 is a submonoid of P2 by Proposition
28.9. So N ∩ Q2 is a submonoid of P2. For any A ∈ N ∩ Q2 we have Π2(Γ2(A)) = A ∈
N by Proposition 28.10, so Γ2(A) ∈ N1. If Γ2(A) = Γ2(A

′), then A = Π2(Γ2(A)) =
Π2(Γ2(A

′)) = A′. Thus Γ2 is injective.

29.1(3) N1 is countable.

For, N1 =
⋃

{{B ∈ N 2 : Π2(B) = X} : X ∈ N} so, since N is countable, it suffices to
show that for any X ∈ N the set {B ∈ N 2 : Π2(B) = X} is countable.
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29.1(4) ∀X ∈ P[{θ ∈ N 0 : Π(θ) = X} is countable].

For, suppose that X ∈ P. Say X = [ψ]ae. Then {θ ∈ N 0 : Π(θ) = X} = [ψ]ae is countable
by Proposition 26.2.

29.1(5) ∀X ∈ P1[{b ∈ N 1 : Π1(b) = X} is countable].

For, assume that X ∈ P1. Let Y = {b ∈ N 1 : Π1(b) = X}. Let Z = {x ∈ N 0 : Π(x) =
T (X)}. So Z is countable by 29.1(4). If b ∈ Y , then T (X) = T (Π1(b)) = Π(T (b)), so that
T (b) ∈ Z. Suppose that b, b′ ∈ Y and T (b) = T (b′). Then T (Π1(b)) = Π(T (b)) and so by
Proposition 27.3 there is a unique β such that Π1(β) = Π1(b) and T (β) = T (b). So β = b.
But also Π1(b

′) = Π1(b) and T (b′) = T (b), so b = b′. Hence T ↾ Y is a one-one function
mapping Y into Z; so Y is countable.

Now we can prove 29.1(3). Suppose that X ∈ N , and let Y = {B ∈ N 2 : Π2(B) = X}.
Let Z = {x ∈ N 1 : Π1(x) = T (X)}. So Z is countable by (154). Suppose that b, b′ ∈ Y
and T (b) = T (b′). Then T (Π2(b)) = Π1(T (b)) and so by Proposition 28.6 there is a unique
β such that Π2(β) = Π2(b) and Π1(T (β)) = Π1(T (b)). So β = b. But also Π2(b

′) = Π2(b)
and Π1(T (b′)) = Π1(T (b)), so b = b′. Hence T ↾ Y is a one-one function mapping Y into
Z; so Y is countable. This proves 29.1(3).

Now by Proposition 28.11, N 2 is isomorphic to a submonoid of △3W . Hence it suffices
now to check conditions (i) and (ii) of Proposition 24.5 for N1.

29.1(6) N1 has the refinement property.

For, we use Proposition 19.7. Suppose that A,B ∈ 2N1 and A0 + A1 = B0 + B1. Then
Π2(A0) + Π2(A1) = Π2(B0) + Π2(B1) and T (A0) + T (A1) = T (B0) + T (B1). Now
Π2(A0), . . . ,Π2(B1) ∈ N , so by (i) there is a C ∈ 2×2N such that ∀i < 2[Π2(Ai) =
∑

j<2 Cij ] and ∀j < 2[Π2(Bj) =
∑

i<2 Cij ]. For all i, j < 2 let γij = T (Cij). Then
∀i < 2[Π1(T (Ai)) = T (Π2(Ai)) =

∑

j<2 γij], and similarly ∀j < 2[Π1(T (Bj)) =
∑

i<2 γij ].

By Proposition 28.4 there is a ρ ∈ 2×2N 1 such that ∀i, j < 2[Π1(ρij) = γij], ∀i < 2[T (Ai) =
∑

j<2 ρij], and ∀j < 2[T (Bj) =
∑

i<2 ρij ]. Thus ∀i, j < 2[T (Cij) = γij = Π1(ρij)], so by

Proposition 28.8 there is aD ∈ 2×2N 2 such that ∀i, j < 2[Π2(Dij) = Cij and T (Dij) = ρij ].
It follows that ∀i < 2[T (Ai) =

∑

j<2 ρij =
∑

j<2 T (Dij) = T (
∑

j<2Dij) and Π2(Ai) =
∑

j<2 Cij =
∑

j<2 Π2(Dij) = Π2(
∑

i<2Dij ]. Now ∀i < 2[Π1(T (Ai)) = T (Π2(Ai))], so
by Proposition 28.8, for each i < 2 there is a unique X such that Π2(X) = Π2(Ai) and
T (X) = T (Ai). It follows that ∀i < 2[Ai =

∑

j<2Dij ]. Similarly, ∀j < 2[Bj =
∑

i<2Dij ].
This proves 29.1(6).

29.1(7) ∀n ∈ ω\{0}∀A ∈ N∀α ∈ A[dmn(α) = n → ∃B ∈ nN [A =
∑

i<nBi and ∀i <
n[T (Bi) = αi]].

We prove 29.1(7) by induction on n. It is trivial for n = 1, and (ii) gives n = 2. Now
assume it for n, and suppose that α ∈ A with dmn(α) = n+1. Then 〈

∑

i<n αi, αn) ∈ A, so
by (ii) there are C0, C1 ∈ N such that A = C0 + C1, T (C0) =

∑

i<n αi, and T (C1) = αn.
Then by the inductive hypothesis there is a B ∈ nN such that C0 =

∑

i<nBi, and
∀i < n[T (Bi) = αi]. This gives 29.1(7) for n+ 1.

To prove Proposition 24.5(ii), suppose that A ∈ N1, n ∈ ω, α ∈ A, and dmn(α) = n.
So T (A) =

∑

i<n αi and Π2(A) ∈ N . Now Π1 ◦α ∈ Π2(A). By 29.1(7) there is B ∈ N with
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domain n such that Π2(A) =
∑

i<nBi and ∀i < n[T (Bi) = Π1(αi)]. By Proposition 28.8
there is C ∈ N 2 with domain n such that ∀i < n[Π2(Ci) = Bi and T (Ci) = αi]. Hence
∀i < n[Ci ∈ N1]. Now Π2(

∑

i<n Ci) =
∑

i<n Bi = Π2(A) and T (
∑

i<n Ci) =
∑

i<n αi =
T (A). Hence by Proposition 28.8, A =

∑

i<n Ci.

30. Distinguished elements

An element e of an m-monoid M is distinguished iff ∀f ∈M [e+f = e→ f = 0]. Note that
0 is distinguished. Ms is the set of all distinguished elements of M . M is distinguished iff
every element of M is a sum of distinguished elements.

Proposition 30.1. ∀θ ∈ N 0[[θ]ae is distinguished iff [θ]ae 6= [ωc]ae].

Proof. ⇒: [ωc]ae + [ω]ae = [ω]ae and [ω]ae 6= [0c]ae, so [ωc]ae is not distinguished.
⇐: Obviously [0c] is distinguished. Now suppose that θ ∈ N 0 satisfies (135), ψ ∈ N 0,

and [θ]ae + [ψ]ae = [θ]ae. Then F
def
= {k ∈ ω + 1 : θ(k) + ψ(k) 6= θ(k)} is finite. Clearly

∀k ∈ (ω + 1)\F [ψ(k) = 0], so [ψ]ae = [0c]ae.

Proposition 30.2. In P, [ωc]ae is not a sum of distinguished elements. Hence P is not
distinguished.

Proof. Suppose that [ωc]ae =
∑

i<m ai, each ai ∈ P. Then some ai is equal to
[ωc]ae, and so by Proposition 30.1 is not distinguished.

Proposition 30.3. If e is a distinguished element of M , then e has the Schröder-Bernstein
property.

Proof. Assume that e is a distinguished element of M and e ≤ b ≤ e. Thus there
are c, d ∈ M such that b = e + c and e = b + d. Thus e = e + c + d, so c + d = 0, hence
c = d = 0, hence b = e.

Proposition 30.4. In P, [ωc]ae has the Schröder-Bernstein property, but [ωc]ae is not
distinguished.

Proof. By Propositions 30.1, [ωc]ae is not distinguished. Now suppose that [ωc]ae ≤
a ≤ [ωc]ae. Choose b, c ∈ P such that a = [ωc]ae + b and [ωc]ae = a + c. Clearly then
a = [ωc]ae.

For m-monoids M,N , we say that N is a distinguished extension of M if N is an extension
of M and Ms ⊆ Ns.

Proposition 30.5. If P is a distinguished extension of N and N is a distinguished
extension of M , then P is a distinguished extension of M .

Proposition 30.6. If 〈Mk : k ∈ ω〉 is a system of m-monoids such that ∀k ∈ ω[Mk+1

is a distinguished extension of Mk], then ∀k ∈ ω[
⋃

i∈ω Mi is a distinguished extension of
Mk].
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Proposition 30.7. If e is a nonzero element of an m-monoid M , then there exist a
distinguished extension N of M and e0, e1 ∈ N such that

(i) e = e0 + e1 and e0 and e1 are distinguished and nonzero.
(ii) N is generated as a monoid by M ∪ {e0, e1}.
(iii) ∀m,n ∈ ω∀f, f ′ ∈M [f ′ = f +me0 + ne1 → m = n and f ′ = f +me].
(iv) If Λ : M →M ′ is a morphism of m-monoids, then ∀f0, f1 ∈M ′[Λ(e) = f0 +f1 →

∃Λ′[Λ ⊆ Λ′ and Λ′ : N →M ′ is a morphism and ∀i < 2[Λ′(ei) = fi]]].

Proof. Let (ω,+) be the natural monoid. Define P = M × ω × ω. Define

(f,m, n) ∼ (f ′, m′, n′) iff (f,m, n), (f ′, m′, n′) ∈ P, m− n = m′ − n′,

f +me = f ′ +m′e, and f + ne = f ′ + n′e.

30.7(1) ∼ is a congruence relation on P .

In fact, it is clearly an equivalence relation on P . Now suppose that (f,m, n) ∼ (f ′, m′, n′)
and (f ′′, m′′, n′′) ∼ (f ′′′, m′′′, n′′′). Then

(f,m, n) + (f ′′, m′′, n′′) = (f + f ′′, m+m′′, n+ n′′);

(f ′, m′, n′) + (f ′′′, m′′′, n′′′) = (f ′ + f ′′′, m′ +m′′′, n′ + n′′′);

m+m′′ − (n+ n′′) = m− n+m′′ − n′′

= m′ − n′ +m′′′ − n′′′

= m′ +m′′′ − (n′ + n′′′);

f + f ′′ + (m+m′′)e = f +me+ f ′′ +m′′e

= f ′ +m′e+ f ′′′ +m′′′e

= f ′ + f ′′′ + (m′ +m′′′)e

f + f ′′ + (n+ n′′)e = f + ne+ f ′′ + n′′e

= f ′ + n′e+ f ′′′ + n′′′e

= f ′ + f ′′′ + (n′ + n′′′)e.

This proves 30.7(1).
Let N = P/ ∼ and let Π be the natural mapping from P to N . For any f ∈ M let

Ψ(f) = [(f, 0, 0)]∼.

30.7(2) Ψ is an injective morphism from M to N .

In fact, clearly Ψ is a morphism from M to N . Now suppose that Ψ(f) = Ψ(f ′). Thus
(f, 0, 0) ∼ (f ′, 0, 0). Clearly f = f ′. This proves 30.7(2).

30.7(3) If f is distinguished in M , then Ψ(f) is distinguished in N .

For, suppose that f is distinguished in M , and Ψ(f)+[(f ′, m, n)]∼ = Ψ(f). Thus (f, 0, 0)+
(f ′, m, n) ∼ (f, 0, 0), i.e., (f + f ′, m, n) ∼ (f, 0, 0). Hence f + f ′ + me = f ; since f is
distinguished, this implies that f ′ + me = 0, hence f ′ = 0 = m. Also, m − n = 0, so
m = n. Hence [(f ′, m, n)] = 0, proving 30.7(3).
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Now let e0 = [(0, 1, 0)]∼ and e1 = [(0, 0, 1)]∼.

30.7(4) e0 is distinguished.

For, suppose that e0 + [(f,m, n)]∼ = e0. Thus (f,m+ 1, n) ∼ (0, 1, 0), so m+ 1 − n = 1,
f + (m+ 1)e = e, and f + ne = 0. Hence f = n = 0 and m = 0. So [(f,m, n0]∼ = 0. This
proves 30.7(4). Similarly,

30.7(5) e1 is distinguished.

30.7(6) Ψ(e) = e0 + e1.

In fact, Ψ(e) = [(e, 0, 0)]∼, and e0 +e1 = [(0, 1, 1)]∼. We have 0−0 = 1−1, e+0e = 0+1e,
and e+ 0e = 0 + 1e. So Ψ(e) = [(e, 0, 0)]∼ = [(0, 1, 1)]∼ = e0 + e1.

30.7(7) e0 6= 0.

In fact, suppose that [(0, 1, 0)]∼ = [(0, 0, 0)]∼. then 1− 0 = 0− 0, contradiction. Similarly,

30.7(8) e1 6= 0.

30.7(9) N is generated by Ψ[M ] ∪ {e0, e1}.

In fact, let [(f,m, n)]∼ ∈ N . Then Ψ(f) +me0 + ne1 = [(f,m, n)]∼, as desired.

30.7(10) ∀m,n ∈ ω∀f, f ′ ∈M [Ψ(f ′) = Ψ(f) +me0 + ne1 → m = n and f ′ = f +me].

For, suppose that m,n ∈ ω, f, f ′ ∈ M , and Ψ(f ′) = Ψ(f) +me0 + ne1. Thus (f ′, 0, 0) ∼
(f,m, n), so 0 − 0 = m− n and f ′ = f +me. So m = n, proving 30.7(4).

Now suppose that Λ : M → M ′ is a morphism of m-monoids, f0, f1 ∈ M ′, and
Λ(e) = f0 + f1. Define Λ′ : N → M ′ by Λ′([(f,m, n)]∼) = Λ(f) + mf0 + nf1. Then Λ′

is well-defined: Suppose that [(f,m, n)]∼ = [(f ′, m′, n.)]∼. Thus (f,m, n) ∼ (f ′, m′, n′),
so m − n = m′ − n′, f +me = f ′ +m′e, and f + ne = f ′ + n′e. Say m ≥ n. Then also
m′ ≥ n′, and

Λ(f) +mf0 + nf1 = Λ(f) + n(f0 + f1) + (m− n)f0 = Λ(f) + nΛ(e) + (m− n)f0

= Λ(f + ne) + (m′ − n′)f0 = Λ(f ′ + n′e) + (m′ − n′)f0

= Λ(f ′) + n′Λ(e) + (m′ − n′)f0 = Λ(f ′) + n′(f0 + f1) + (m′ − n′)f0

= Λ(f ′) +m′f0 + n′f1.

So Λ′ is well-defined.
Λ′ preserves the operation:

Λ′([(f,m, n)]∼ + [(f ′, m′, n′)]∼) = Λ′([(f + f ′, m+m′, n+ n′)]∼)

= Λ(f + f ′) + (m+m′)f0 + (n+ n′)f1

= Λ(f) + Λ(f ′) +mf0 +m′f0 + nf1 + n′f1

= Λ′([(f,m, n)]∼) + Λ′([(f ′, m′, n′)]∼)).

Clearly Λ′([f, 0, 0)]∼) = Λ(f), and Λ′(ei) = fi for i < 2.
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Proposition 30.8. If M is distinguished and N is as in Proposition 30.7, then N is
distinguished.

Proposition 30.9. (2.13.4) If M is a countable m-monoid, then there is a distinguished
extension N of M such that N is distinguished, countable and atomless.

Proof. Assume that M is a countable m-monoid. Let 〈ek; k < ω〉 enumerate M\{0}.
We define N0 = M , and Nk+1 is obtained from Nk by applying Proposition 30.7 to Nk

and ek. Thus we have ek = ek0 + ek1 for some distinguished nonzero elements of Nk+1.
Let P =

⋃

k∈ω Nk. Thus

30.9(1) P is a countable distinguished extension of M such that for each nonzero x ∈ M
there are nonzero distinguished e, e′ ∈ P such that x = e+ e′.

Now let Q0 = M and let Qk+1 be obtained from Qk by the proof of 30.9(1). Let N =
⋃

k∈ω Q
k. Then N is a distinguished extension of M such that for every nonzero x ∈ N

there are nonzero distinguished elements e, e′ ∈ N such that x = e+ e′. So N is atomless.

31. Constructing refinements

M2(ω) is the monoid of 2 × 2 matrices with entries in ω under matrix addition. For
i, j < 2, εij is the 2 × 2 matrix with 1 in the (i, j)-position and 0 elsewhere. Define
αi =

∑

j<2 εij for i < 2 and βj =
∑

i<2 εij for j < 2. Define ϕ : M2(ω) → Z by
ϕ(
∑

i,j<2 rijεij) = r00 + r11 − r01 − r10.

Proposition 31.1. ϕ is a semigroup homomorphism from M2(ω) to Z.

Proof.

ϕ





∑

i,j<2

rijεij +
∑

i,j<2

r′ijεij



 = ϕ





∑

i,j<2

(rij + r′ij)εij





= r00 + r′00 + r11 + r′11 − r01 − r′01 − r10 − r′10

= r00 + r11 − r01 − r10 + r′00 + r′11 − r′01 − r′10

= ϕ





∑

i,j<2

rijεij



+ ϕ





∑

i,j<2

r′ijεij



 .

Proposition 31.2. ∀i < 2[ϕ(αi) = ϕ(βi) = 0].

Proposition 31.3.

α0 + α1 = β0 + β1 =

(

1 1
1 1

)

A 2 × 2 matrix γ ∈M2(ω) is counter-diagonal iff γ00 = γ11 = 0.
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Proposition 31.4. Every γ ∈M2(ω) can be represented in the form

31.4(1) γ = δ +
∑

i<2

miαi +
∑

j<2

njβj

where δ is diagonal or counter-diagonal, ∀i < 2[mi, ni ∈ ω], and n0n1 = 0.

Proof. Suppose that γ ∈M2(ω). We prove the existence of a decomposition 31.4(1)
by induction on p =

∑

i,j<2 γij . Note that if γ is diagonal or counter-diagonal then we can
take each mi and ni equal to 0. If p = 0, then γ is diagonal. Assume the result for values
≤ p, and now assume that

∑

i,j<2 γij = p + 1. We may assume that γ is not diagonal or
counter-diagonal. Thus

(γ01 6= 0 or γ10 6= 0) and (γ00 6= 0 or γ11 6= 0).

This gives four cases.
Case 1. γ01 6= 0 6= γ00.

Subcase 1.1. γ01 ≤ γ00. Let γ′ = γ − γ01α0. Then
∑

i,j<2 γ
′
ij ≤ p− 1, so γ′ can be

written in the form 31.4(1), and hence so can γ = γ′ + γ01α0.
Subcase 1.2. γ00 < γ01. Let γ′ = γ − γ00α0; 31.4(1) follows.

Case 2. γ01 6= 0 6= γ11.
Subcase 2.1. γ01 ≤ γ11. Let γ′ = γ = γ01β1; 31.4(1) follows.
Subcase 2.2. γ11 < γ01. Similarly.

Case 3. γ10 6= 0 6= γ00.
Subcase 3.1. γ10 ≤ γ00. Let γ′ = γ − γ10β0; 31.4(1) follows.
Subcase 3.2. γ00 < γ10. Similarly.

Case 4. γ10 6= 0 6= γ11.
Subcase 4.1. γ10 ≤ γ11. Let γ′ = γ − γ10α1; 31.4(1) follows.
Subcase 4.2. γ11 < γ10. Similarly.

Thus we have the representation 31.4(1). To see that we can add the condition n0n1 = 0,
we take two cases. Recall that α0 + α1 = β0 + β1.

Case 1. n0 ≤ n1. Then

δ +
∑

i<2

miαi +
∑

j<2

njβj = δ +
∑

i<2

miαi + n0(β0 + β1) + (n1 − n0)β1

= δ +
∑

i<2

miαi + n0(α0 + α1) + (n1 − n0)β1

= δ + (m0 + n0)α0 + (m1 + n0)α1 + (n1 − n0)β1.

Case 2. n1 < n0. Similarly.

A representation of γ as in Proposition 31.4 is called a reduced representation of γ.

Proposition 31.5. In a reduced representation of a matrix γ ∈M2(ω), ϕ(γ) = ϕ(δ).
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Proof. In fact, for each i < 2 we have

miαi =
∑

j<2

miεij =

(

mi mi

0 0

)

,

so ϕ(miαi) = 0. Similarly ϕ(miβi) = 0. Hence the proposition holds.

Proposition 31.6. In a reduced representation of a matrix γ ∈M2(ω), δ = 0 iff ϕ(γ) = 0.

Proof. Let γ ∈M2(ω), and consider a reduced representation of γ as in Proposition
31.3. If δ = 0, then ϕ(γ) = ϕ(δ) = 0 by Proposition 31.4. Assume that ϕ(γ) = 0. Then
ϕ(δ) = ϕ(δ) = 0 by Proposition 31.4. If δ is diagonal, then δ00 + δ11 = 0, hence δ = 0. If
δ is counter-diagonal, then δ01 + δ10 = 0, hence δ = 0.

Proposition 31.7. If γ has the reduced representation 34.1(1) with δ = 0, then in any
reduced representation

γ = δ′ +
∑

i<2

m′
iαi +

∑

j<2

n′
jβj

we must have δ′ = 0, ∀i < 2[mi = m′
i], and ∀j < 2[nj = n′

j].

Proof. By Proposition 31.5 we have ϕ(γ) = ϕ(δ′) = ϕ(δ) = 0. Clearly ϕ(A) 6 −0
if A 6= 0 is diagonal or counter-diagonal. So δ′ = 0. So assume that we have reduced
representations

γ =
∑

i<2

miαi +
∑

j<2

njβj =
∑

i<2

m′
iαi +

∑

j<2

n′
jβj .

Then

m0α0 =

(

m0 m0

0 0

)

; m1α1 =

(

0 0
m1 m1

)

;

n0β0 =

(

n0 0
n0 0

)

; n1β1 =

(

0 n1

0 n1

)

.

Say wlog n0 = 0. Then

∑

i<2

miαi +
∑

j<2

njβj =

(

m0 m0 + n1

m1 m1 + n1

)

.

Case 1. n′
0 = 0. Then also

∑

i<2

m′
iαi +

∑

j<2

n′
jβj =

(

m′
0 m′

0 + n′
1

m′
1 m′

1 + n′
1

)

.

It follows that m0 = m′
0, m1 = m′

1, n0 = n′
0, and n1 = n′

1.
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Case 2. n′
1 = 0. Then

∑

i<2

m′
iαi +

∑

j<2

n′
jβj =

(

m′
0 + n′

0 m′
0

m′
1 + n′

0 m′
1

)

This gives the equations

m0 = m′
0 + n′

0

m1 = m′
1 + n′

0

m0 + n1 = m′
0

m1 + n1 = m′
1

It follows that n′
0 = n1 = 0, m0 = m′

0, and m1 = m′
1. So n0 = n′

0 and n1 = n′
1.

Proposition 31.8. Suppose that M is an m-monoid, e0, e1, f0, f1 ∈M\{0}, and e0+e1 =
f0+f1. Then there is a distinguished extension N of M such that N contains distinguished
elements gij for i, j < 2 such that:

(i) ∀i < 2[ei =
∑

j<2 gij ].
(ii) ∀j < 2[fj =

∑

i<2 gij ].
(iii) N is generated by M ∪ {gij : i, j < 2}.
(iv) ∀g, g′ ∈ M∀r ∈ 2×2ω[g′ = g +

∑

i,j<2 rijgij → r00 + r11 − r01 − r10 =
0 and ∃mi, ni ∈ ω for i < 2[∀i, j < 2[rij = mi +nj ] and g′ = g+

∑

i<2miei +
∑

j<2 njfj]]].
(v) If Λ : M →M ′ is a morphism, ∀i, j < 2[hij ∈M ′], ∀i < 2[Λ(ei) =

∑

j<2 hij ], and
∀j < 2[Λ(fj) =

∑

i<2 hij ], then there is an extension Λ′ of Λ to a morphism of N to M ′

such that ∀i, j < 2[Λ′(gij) = hij ].

Proof. Let P = M ×M2(ω). We define (g, γ) ∼ (g′, γ′) iff there exist δ ∈M2(ω) and
mi, ni, m

′
i, n

′
i ∈ ω for i < 2 such that the following conditions hold:

31.8(1) γ = δ +
∑

i<2

miαi +
∑

j<2

njβj , γ′ = δ +
∑

i<2

m′
iαi +

∑

j<2

n′
jβj , and

31.8(2) g +
∑

i<2

miei +
∑

j<2

nifi = g′ +
∑

i<2

m′
iei +

∑

j<2

n′
ifi

We may assume that the representations in 31.8(1) are reduced. In fact, let

δ = δ′ +
∑

i<2

m′′
i α

′′
i +

∑

j<2

n′′
j β

′′
j

be a reduced representation of δ. Then the first equation of 31.8(1) becomes

γ = δ′ +
∑

i<2

(mi +m′′
i )αi +

∑

j<2

(nj + n′′
j )βj ,
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and the argument at the end of the proof of Proposition 31.3 can be used to put this in
reduced form, with δ′ retained. Namely, if n0 + n′′

0 ≤ n1 + n′′
1 , then

∑

i<2

(mi +m′′
i )αi +

∑

j<2

(nj + n′′
j )βj

=
∑

i<2

(mi +m′′
i )αi +

∑

j<2

(nj + n′′
j )βj + (n0 + n′′

0)

(

1 1
1 1

)

− (n0 + n′′
0)

(

1 1
1 1

)

=
∑

i<2

(mi +m′′
i )αi +

∑

j<2

(nj + n′′
j )βj + (n0 + n′′

0)(α0 + α1) − (n0 + n′′
0)(β0 + β1)

= (m0 +m′′
0 + n0 + n′′

0)α0 + (m1 +m′′
1 + n0 + n′′

0)α1 + (n1 + n′′
1 − n0 − n′′

0)β1,

while if n1 + n′′
1 < n0 + n′′

0 then

∑

i<2

(mi +m′′
i )αi +

∑

j<2

(nj + n′′
j )βj

= (m0 +m′′
0 + n0 + n′′

0)α0 + (m1 +m′′
1 + n1 + n′′

1)α1 + (n0 + n′′
0 − n1 − n′′

1)β0.

The second equation in 31.8(1) is treated similarly.
The condition 31.8(2) can be treated similarly. Namely, if n0 + n′′

0 ≤ n1 + n′′
1 , then

∑

i<2

(mi +m′′
i )ei +

∑

j<2

(nj + n′′
j )fj

=
∑

i<2

(mi +m′′
i )ei + (n0 + n′′

0)(f0 + f1) + (n1 + n′′
1 − n0 − n′′

0)f1

=
∑

i<2

(mi +m′′
i )ei + (n0 + n′′

0)(e0 + e1) + (n1 + n′′
1 − n0 − n′′

0)f1

= (m0 +m′′
0 + n0 + n′′

0)e0 + (m1 +m′′
1 + n0 + n′′

0)e1 + (n1 + n′′
1 − n0 − n′′

0)f1,

while if n1 + n′′
1 < n0 + n′′

0 then

∑

i<2

(mi +m′′
i )ei +

∑

j<2

(nj + n′′
j )fj

= (m0 +m′′
0 + n0 + n′′

0)e0 + (m1 +m′′
1 + n1 + n′′

1)e1 + (n0 + n′′
0 − n1 − n′′

1)f0.

Now

g +
∑

i<2

(mi +m′′
i )ei +

∑

j<2

(nj + n′′
j )fj

= g′ +
∑

i<2

(m′
i +m′′

i )ei +
∑

j<2

(n′
j + n′′

j )fj .

So 38.1(2) can be changed corresponding to the change of 38.1(1).
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31.8(3) If (g, γ) ∼ (g′, γ′), then ϕ(γ) = ϕ(γ′).

This follows from Proposition 31.5.
Now for any (g, γ) ∈ M ×M2(ω) it is clear that (g, γ) ∼ (g, γ). So ∼ is reflexive on

M ×M2(ω). Clearly ∼ is symmetric. Next, let (g, γ) ∼ (g′, γ′) and (g′′, γ′′) ∼ (g′′′, γ′′′).
Say

γ = δ +
∑

i<2

miαi +
∑

j<2

njβj , γ′ = δ +
∑

i<2

m′
iαi +

∑

j<2

n′
jβj ,

g +
∑

i<2

miei +
∑

j<2

nifi = g′ +
∑

i<2

m′
iei +

∑

j<2

n′
ifi,

γ′′ = δ′′ +
∑

i<2

m′′
i αi +

∑

j<2

n′′
j βj , γ′′′ = δ′′ +

∑

i<2

m′′′
i αi +

∑

j<2

n′′′
j βj ,

g′′ +
∑

i<2

m′′
i ei +

∑

j<2

n′′
i fi = g′′′ +

∑

i<2

m′′′
i ei +

∑

j<2

n′′′
i fi.

Then

γ + γ′′ = δ + δ′′ +
∑

i<2

(mi +m′′
i )αi +

∑

j<2

(nj + n′′
j )βj ;

γ′ + γ′′′ = δ + δ′′ +
∑

i<2

(m′
i +m′′′

i )αi +
∑

j<2

(n′
j + n′′′

j )βj ;

g + g′′ +
∑

i<2

(mi +m′′
i )ei +

∑

j<2

(ni + n′′
i )fi

= g′ + g′′′ +
∑

i<2

(m′
i +m′′′

i )ei +
∑

j<2

(n′
i + n′′′

i )fi

Thus (g + g′′, γ + γ′′) ∼ (g′ + g′′′, γ′ + γ′′′).
It follows that the transitive closure ≈ of ∼ is a congruence relation on P .
Next we claim

31.8(4) If (g, 0) ≈ (g′, θ), then θ has the form
∑

i<2 piαi +
∑

j<2 qiβi, and g = g′ +
∑

i<2 piei +
∑

j<2 qifi.

For, say (g, 0) = (g0, γ0) ∼ (g1, γ1) ∼ · · · ∼ (gs, γs) = (g′, θ). By (171) we have ϕ(γi) = 0
for all i. Hence in the reduced representations of the γi, all the δ-s are 0 by Proposition
31.6. So we get

γk =
∑

i<2

mk
i αi +

∑

j<2

nk
jβj and

gk +
∑

i<2

mk
i ei +

∑

j<2

nk
j fj = gk+1 +

∑

i<2

mk+1
i ei +

∑

j<2

nk+1
j fj .
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By uniqueness (Proposition 31.7), m0
i = 0 = n0

i for all i < 2. Hence the desired conclusion
holds.

We let N = P/ ≈, and let Ω : P → N be the natural map. Define Ψ(g) = Ω(g, 0) for
any g ∈ M . Clearly Ψ is a morphism from M to N . We claim that Ψ is one-one. For,
suppose that Ψ(g) = Ψ(g′). Thus (g, 0) ≈ (g′, 0), so by 31.8(4) we get g = g′. Thus Ψ is
one-one.

31.8(5) If g is distinguished in M , then Ψ(g) is distinguished in N .

For suppose that g is distinguished in M , and Ψ(g) + [(h, γ)]≈ = Ψ(g). Then (g, 0) ≈
(g + h, γ) ≈. Hence by 31.8(4), γ has the form

∑

i<2miαi +
∑

j<2 niβi, and g = g + h +
∑

i<2miei +
∑

j<2 nifi. Since g is distinguished, it follows that h = 0 and
∑

i<2miei +
∑

j<2 nifi = 0. So (h, γ) ∼ (0, 0), as desired.

31.8(6) ∀i < 2[(ei, 0) ∼ (0, αi) and (fi, 0) ∼ (0, βi)].

In fact, for (e0, 0) ∼ (0, α0) we have

0 = 0 +
∑

i<2

0αi +
∑

i<2

0βi, α0 = 0 + α0 + 0α1 +
∑

j<2

0βj and

e0 +
∑

i<2

0αi +
∑

j<2

0βj = 0 + e0 + 0e1 +
∑

j<2

0βj .

Similarly for the other three cases.
Now we define for i, j < 2, gij = [(0, εij)]≈. Then ∀i < 2[

∑

j<2 gij = [(0, αi)]≈ =
[(ei, 0)]≈ = Ψ(ei)], using 31.8(6). Similarly, ∀j < 2[

∑

i<2 gij = Ψ(fj)]. This gives (i) and
(ii) of the proposition.

31.8(7) N is generated by Ψ[M ] ∪ {gij : i, j < 2}.

In fact, if (g, γ) ∈ P , then [(g, γ)]≈ = Ψ(g) +
∑

i,j<2 γijgij .

31.8(8) ∀i, j < 2[gij is distinguished].

For, suppose that i, j < 2 and gij + [(h, γ)]≈ = gij . Thus (h, γ + εij) ≈ (0, εij); say

(0, εij) = (g0, γ0) ∼ · · · ∼ (gs, γs) = (h, γ + εij).

Thus

εij = εij +
∑

i<2

0αi +
∑

j<2

0βj , γ1 = εij +
∑

i<2

m1
iαi +

∑

j<2

n1
iβj ,

0 = g1 +
∑

i<2

m1
i ei +

∑

j<2

n1
i fj.

It follows that g1 = 0 and m1
i = n1

i for all i < s, and h = γ = 0. So 31.8(8) holds.
Now we prove (iv). Suppose that g, g′ ∈ M , r ∈ 2×2ω, and Ψ(g′) = Ψ(g) +

∑

i,j<2 rijgij. Thus (g′, 0) ∼ (g1, γ1) ∼ · · · ∼ (g,
∑

i,j<2 rijεij). By 31.8(4) we have
0 = ϕ(γ1) = · · · = ϕ(r). So r00 + r11 − r01 − r10 = 0.
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Case 1. r00 ≤ r01. Let n0 = 0, n1 = r01 − r00, m0 = r00, m1 = r10
Case 2. r01 < r00. Let n0 = r00 − r01. n1 = 0, m0 = r01, m1 = r11.

Then in either case we have ∀i, j < 2[rij = mi + nj]. Now

∑

i<2

miΨ(ei) +
∑

j<2

njΨ(fj) = m0Ψ(e0) +m1Ψ(e1) + n0Ψ(f0) + n1Ψ(f1)

= m0g00 +m0g01 +m1g10 +m1g11

+ n0g00 + n0g10 + n1g01 + n1g11

= r00g00 + r01g01 + r10g10 + r11g11

This proves (iv).
Now for (v), suppose that Λ : M → M ′ is a morphism, ∀i, j < 2[hij ∈ M ′], ∀i <

2[Λ(ei) =
∑

j<2 hij ], and ∀j < 2[Λ(fj) =
∑

i<2 hij ]. Define Γ : P →M ′ by

Γ(g, r) = Λ(g) +
∑

i,j<2

rijhij .

Clearly Γ preserves +. Now

Γ(0, α0) = Γ



0,
∑

j<2

ε0j



 = Γ

(

0,

(

1 1
0 0

))

= h00 + h01 = Λ(e0);

Γ(0, α1) = Γ



0,
∑

j<2

ε1j



 = Γ

(

0,

(

0 0
1 1

))

= h10 + h11 = Λ(e1);

Γ(0, β0) = Γ

(

0,
∑

i<2

εi0

)

= Γ

(

0,

(

1 0
1 0

))

= h00 + h10 = Λ(f0);

Γ(0, β1) = Γ

(

0,
∑

i<2

εi1

)

= Γ

(

0,

(

0 1
0 1

))

= h01 + h11 = Λ(f1).

Suppose now that (g, γ) ∼ (g′, γ′) as in (169), (170). Then

Γ(g, γ) = Γ(g, 0) + γ(0, γ)

= Λ(g) + Γ(0, δ) +
∑

i<2

miΓ(0, αi) +
∑

j<2

njΓ(0, βj)

= Λ(g) + Γ(0, δ) +
∑

i<2

miΛ(ei) +
∑

j<2

njΛ(fj)

= Γ(0, δ) + Λ



g +
∑

i<2

miei +
∑

j<2

njfj




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= Γ(0, δ) + Λ



g′ +
∑

i<2

m′
iei +

∑

j<2

n′
jfj





= Λ(g′) + Γ(0, δ) +
∑

i<2

m′
iΛ(ei) +

∑

j<2

njΛ(fj)

= Λ(g′) + Γ(0, δ) +
∑

i<2

m′
iΓ(0, αi) +

∑

j<2

n′
jΓ(0, βj)

= Γ(g′, γ′).

Thus Γ induces Γ′ defined by Γ′([(g, γ)]≈) = Γ(g, γ). We have Γ′(gij) = Γ′([(0.εij)]≈) =
Γ(0, εij) = hij .

32. Models

R is the set of all countable nonempty subsets α of <<ωP such that α has C.P. and
∀m,n ∈ ω∀a, b ∈ α[dmn(a) = m and dmn(b) = n→

∑

i<m ai =
∑

j<n bj ].

Proposition 32.1. R is an m-monoid which contains △P as a submonoid.

Proof. The sum of elements of R is defined as in the definition of △M . If α, β ∈ R,
a, b ∈ α + β, dmn(a) = m, dmn(b) = n, then there exist c, d ∈ α and e, f ∈ β such
that dmn(c) = dmn(e) = m and a = c + e, and dmn(d) = dmn(f) = n and b = d + f .
Then

∑

i<m ci =
∑

i<n di and
∑

i<m ei =
∑

i<n fi, so
∑

i<m ai =
∑

i<m(ci + ei) =
∑

i<n(di+fi) =
∑

i<n bi. By the proof of Proposition 8.7, α+β has C.P. Hence α+β ∈ R.
Clearly R contains △P as a submonoid.

Proposition 32.2. If α, β ∈ R and

∀m,n ∈ ω\{0}∀a ∈ α∀b ∈ β[dmn(a) = m and dmn(b) = n→
∑

i<m

ai =
∑

j<n

bj ,

then α ∪ β ∈ R.

For any a ∈ P let

â = {b ∈ <ω
P : ∃l ∈ dmn(b)[bl = a and ∀j 6= l[bl = 0]]}.

Proposition 32.3. If a ∈ P, then â ∈ R.

Proof. For the collection property, suppose that b ∈ â and b ≺ c. Say bl = a
and ∀s 6= l[bs = 0]. Also say b has domain m, c has domain n. λ : m → n, and
∀j < n[cj =

∑

{bi : λ(i) = j}. Say λ(l) = k. Then ck = a and cs = 0 for all s 6= k. So
c ∈ â. Thus â has C.P. Clearly the other condition for â ∈ R holds.

Proposition 32.4. T (â) = a.

Proposition 32.5. If α ∈ R, b ∈ α, and dmn(b) = m, then
∑

i<m b̂i ⊆ α.
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Proof. Suppose that c ∈
∑

i<m b̂i; say c has domain n. Then there are di ∈ b̂i for
each i < m such that the di have common domain n and ∀j < n[cj =

∑

i<m di(j)]. For
each i < m let λi < n be such that di(λi) = bi and di(s) = 0 for all s 6= λi. Then for all
j < n, cj =

∑

{bi : λi = j}. So b ≺ c, hence c ∈ α.

Let M be a countable m-monoid. A submodel of M is a mapping Ψ : M → R such that
(M1) ∀e ∈M [Ψ(e) = 0 iff e = 0].
(M2) ∀e, f ∈M [Ψ(e) + Ψ(f) ⊆ Ψ(e+ f)].

A model of M is an m-monoid morphism Ψ of M to P1 such that
(M3) ∀e ∈Ms∀f ∈M [e 6= f → Ψ(e) 6= Ψ(f)].

Proposition 32.6. If Ψ is a model of M , then ∀e ∈M [Ψ(e) = 0 iff e = 0].

Proof. Suppose that Ψ is a model of M and e ∈ M . Clearly e = 0 implies that
Ψ(e) = 0. If e 6= 0 then, since 0 is distinguished, ∀f ∈M [0 6= f → 0 = Ψ(0) 6= Ψ(f)].

Proposition 32.7. Let Ψ : M → R be a submodel of an m-monoid M . For any e ∈ M
let Ψ′(e) = T (Ψ(e)). Then Ψ′ is a morphism from M to P.

Proof. If e = f = 0, clearly Ψ′(e + f) = Ψ′(e) + Ψ′(f). If e 6= 0 or f 6= 0, then
by (M1) and (M2), Ψ(e) + Ψ(f) is a nonempty subset of Ψ(e+ f). Hence T (Ψ(e+ f)) =
T (Ψ(e) + Ψ(f)) = T (Ψ(e)) + T (Ψ(f)).

Proposition 32.8. Let E be a generating set for a countable m-monoid M . Suppose that
Ψ : E → R is a mapping such that

(i) ∀e ∈ E[Ψ(e) = 0 iff e = 0].
(ii) ∀m,n ∈ ω∀e ∈ mE∀f ∈ nE[

∑

i<m ei =
∑

j<n fj →
∑

i<m T (Ψ(ei)) =
∑

j<n T (Ψ(fj))].
For each g ∈M let

Ψ+(g) =
⋃

{

∑

i<m

Ψ(ei) : m ∈ ω, e ∈ mE,
∑

i<m

ei = g

}

.

Then Ψ+ is a submodel of M , and ∀e ∈M [Ψ(e) ⊆ Ψ+(e)].

Proof. Assume the hypotheses. Suppose that g ∈M ; we want to show that Ψ+(g) ∈
R. Clearly Ψ+(g) is countable and nonempty. Clearly also

∑

i<m Ψ(ei) ∈ R for any m ∈ ω
and e ∈ mE, so Ψ+(g) ⊆ <<ωP. C.P. is closed under unions, so Ψ+(g) has C.P. Now
suppose that m,n ∈ ω, a, b ∈ Ψ+(g), dmn(a) = m, and dmn(b) = n. Say a ∈

∑

i<p Ψ(ei)
with e ∈ pE and

∑

i<p ei = g; and b ∈
∑

i<q Ψ(e′i) with e′ ∈ qE and
∑

i<q e
′
i = g. By

(ii),
∑

i<p T (Ψ(ei)) =
∑

i<q T (Ψ(e′i)). By Proposition 32.1,
∑

i<p Ψ(ei),
∑

i<q Ψ(e′i) ∈ R,
and by Proposition 32.2,

∑

i<p Ψ(ei) ∪
∑

i<q Ψ(e′i) ∈ R. Hence
∑

i<m ai =
∑

i<n bi. So

Ψ+(g) ∈ R.
Clearly Ψ+(0) = 0. If g 6= 0, choose m ∈ ω and e ∈ mE so that

∑

i<m ei = g. Say
i < m and ei 6= 0. Then by (i), Ψ(ei) 6= 0. So

∑

j<m Ψ(ej) 6= 0. Thus Ψ+(g) 6= 0. Thus

(M1) holds for Ψ+.
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Now suppose that g, h ∈M and x ∈ Ψ+(g)+Ψ+(h). Then there exist y, z with equal
domains such that x = y+z, y ∈ Ψ+(g), and z ∈ Ψ+(h). Say y ∈

∑

i<m Ψ(ei) with m ∈ ω,
e ∈ mE, and

∑

i<m ei = g; and z ∈
∑

i<n Ψ(e′i) with n ∈ ω, e′ ∈ nE, and
∑

i<n e
′
i = h.

Clearly then x ∈ Ψ+(g + h).

Clearly ∀e ∈M [Ψ(e) ⊆ Ψ+(e)].

The mapping Ψ+ of Proposition 32.8 is called the closure of Ψ.

Proposition 32.9. Suppose that Ψ is a submodel of M , and Θ : M → R satisfies
∀e ∈M [Ψ(e) ⊆ Θ(e)]. Then Θ satisfies (i) and (ii) of Proposition 32.8.

Proof. (i) is clear. (ii) holds since for any e ∈ M Ψ(e) ⊆ Θ(e) and so T (Ψ(e)) =
T (Θ(e)).

33. Expansions of submodels

For any α ⊆ <<ωP let

Dom(α) = {a ∈ P : a is an entry in some x ∈ α}.

If M is a collection of subsets of <<ωP, then

Dom(M) =
⋃

α∈M

Dom(α).

Proposition 33.1. If M is a submonoid of R, then Dom(M) is a submonoid of P.

Proof. Suppose that M is a submonoid of R and a, b ∈ Dom(M). Say a ∈ Dom(α)
and b ∈ Dom(β) with α, β ∈ M . Say a = xi with x ∈ α and b = yj with y ∈ β.
Say x has domain m. Define λ : m → 2 by λ(k) = 0 if k 6= i and λ(i) = 1. Let
c0 =

∑

{xk : k < m, k 6= i} and c1 = i. Then ∀j < 2[cj =
∑

{xk : λ(k) = j}. So
〈
∑

{xk : k < m, k 6= i}, xi〉 ∈ α. Similarly, 〈
∑

{yk : k < m, k 6= j}, yj〉 ∈ β. It follows that
xi + yj is an entry in a member of α+ β.

Let M and N be m-monoids, with M a submonoid of N . If Ψ is a submodel of M and Θ
is a submodel of N , then Θ is an expansion of Ψ iff

(E) ∀e ∈M [Θ(e) ∩ <<ω(Dom(Ψ[M ]) = Ψ(e)].

Proposition 33.2. If Θ is an expansion of Ψ, then ∀e ∈M [Ψ(e) ⊆ Θ(e) and T (Ψ(e)) =
T (Θ(e))].

Proof. Assume that Θ is an expansion of Ψ. Then ∀e ∈ M [Ψ(e) ⊆ Θ(e) ⊂ R], so
the proposition follows from the definition of R.

Proposition 33.3. If Θ is an expansion of Ψ, then Dom(Ψ[M ]) ⊆ Dom(Θ[M ]).
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Proof.

Dom(Ψ[M ]) =
⋃

α∈Ψ[M ]

Dom(α) =
⋃

e∈M

Dom(Ψ(e))

⊆
⋃

e∈M

Dom(Θ(e)) =
⋃

α∈Θ[M ]

Dom(α) = Dom(Θ[M ]).

Proposition 33.4. If Θ is an expansion of Ψ, then ∀e, f ∈ M [Ψ(e) 6= Ψ(f) → Θ(e) 6=
Θ(f)].

Proof. Suppose that Θ is an expansion of Ψ, e, f ∈ M , and Θ(e) = Θ(f). Then
Ψ(e) = Θ(e) ∩ <<ωΨ[M ] = Θ(f) ∩ <<ωΨ[M ] = Ψ(f).

Proposition 33.5. Suppose that:
(i) M0,M1,M2 are m-monoids.
(ii) M0 is a submonoid of M1 and M1 is a submonoid of M2.
(iii) Θ0,Θ1,Θ2 are submodels of M0,M1,M2 respectively.
(iv) Θ1 is an expansion of Θ0 and Θ2 is an expansion of Θ1.

Then M0 is a submonoid of M2, and Θ2 is an expansion of Θ0.

Proof. Clearly M0 is a submonoid of M2. For any e ∈M0 we have

Θ2(e) ∩
<<ω(Dom(Θ0[M0]) ⊆ Θ2(e) ∩

<<ω(Dom(Θ1[M1]) = Θ1(e).

Hence
Θ2(e) ∩

<<ω(Dom(Θ0[M0]) ⊆ Θ1(e) ∩
<<ω(Dom(Θ0[M0]) = Θ0(e).

On the other hand, clearly Θ0(e) ⊆ Θ2(e) ∩ <<ω(Dom(Θ0[M0]). So Θ2 is an expansion of
Θ0.

Proposition 33.6. Let M0 ⊆ M1 ⊆ · · · be an ω-chain of submonoids of an m-monoid
M , with

⋃

k∈ω Mk = M . Suppose that each Mk+1 is a distinguished extension of Mk. For
each k ∈ ω let Ψk be a submodel of Mk, and suppose that ∀k ∈ ω[Ψk+1 is an expansion of
Ψk]. For each k ∈ ω and e ∈Mk let Θk(e) =

⋃

n≥k Ψn(e). Then the following hold:
(i) ∀k ∈ ω[Θk is a submodel of Mk].
(ii) ∀k ∈ ω[Θk is an expansion of Ψk].
(iii) ∀k, n ∈ ω[k ≤ n→ Θk = Θn ↾ Mk].
(iv) ∀k ∈ ω[∀n ≥ k[Ψn is a model] → Θk is a model].

Proof. Assume the hypotheses. (i): (M1) is clear. For (M2), suppose that e, f ∈Mk

and x ∈ Θk(e) + Θk(f). So there exist y ∈ Θk(e) and z ∈ Θk(f) such that x = y + z. Say
k ≤ n and y ∈ Ψn(e) and z ∈ Ψn(f). So x ∈ Ψn(e) + Ψn(f) ⊆ Ψn(e + f) ⊆ Θk(e + f).
This proves (M2).

For (ii), assume that k ∈ ω. Suppose that e ∈Mk. Then

Θk(e) ∩ <<ω(Dom(Ψk[Mk]) =
⋃

n≥k

(Ψn(e) ∩ <<ω(Dom(Ψk[Mk]))) = Ψk(e).
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For (iii), suppose that n, k ∈ ω and k ≤ n. Then for any e ∈ Mk, if k ≤ m ≤ n then
Ψm(e) ⊆ Ψn(e), and so Θn(e) =

⋃

m≥n Ψm(e) =
⋃

m≥k Ψm(e) = Θk(e). For (iv), assume
that k ∈ ω and ∀n ≥ k[Ψn is a model]. Suppose that e ∈ Mks and f ∈ Mk, with e 6= f .
Say Θk(e) = Ψm(e) and Θk(f) = Ψm(f). Then e ∈Mms, so Ψm(e) 6= Ψm(f).

Proposition 33.7. Suppose that the hypotheses of Proposition 33.6 hold. For each e ∈M
let Θω(e) = Θk(e), where k is minimum such that e ∈Mk. Then

(i) Θω is a submodel of M .
(ii) ∀k < ω[Θω is an expansion of Ψk].

Proof. Assume the hypotheses. For (i), clearly Θω(e) = 0 iff e = 0. Now take
e, f ∈ M . Say k minimum such that e ∈ Mk, and l is minimum such that f ∈ Ml.
Say k ≤ l. Take any u ∈ Θω(e) + Θω(f). Then Θω(e) = Θk(e) and Θω(f) = Θl(f). Say
u = x+y with x ∈ Θk(e) and y ∈ Θl(f). Then x ∈ Θl(e), so u ∈ Θl(e)+Θl(f) ⊆ Θl(e+f).
Say s is minimum such that e+f ∈Ms. So s ≤ l. Θs(e+f) =

⋃

m≥s Ψm(e+f); if s ≤ m ≤ l
then Ψm(e+ f) ≤ Ψl(e+ f). so Θs(e+ f) = Θl(e+ f). So Θω(e+ f) = Θl(e+ f). Hence
(i) holds.

For (ii), suppose that k ∈ ω and e ∈Mk. Let s be minimum such that e ∈Ms. Then

Θω(e) ∩ <<ω(Dom(Ψk[Mk])) = Θs(e) ∩
<<ω(Dom(Ψk[Mk]))

= Θk(e) ∩ <<ω(Dom(Ψk[Mk]))

= Ψk(e).

The submodel Θω is called the limit of 〈Ψk : k ∈ ω〉.

Proposition 33.8. Under the notation of Proposition 33.7, if all Ψk are models, then Θω

is a model.

Proof. Suppose that e ∈Ms and f ∈M . Say e ∈Mk and f ∈Mk. Clearly e ∈Mks.
Hence Ψk(e) 6= Ψk(f). By Proposition 33.7(ii), clearly Θω(e) 6= Θω(f).

34. Second reduction step

Proposition 34.1. Let M0 ⊆ M1 ⊆ · · · be a chain of countable submonoids of an m-
monoid M , and suppose that for each k ∈ ω, Ψk is a model of Mk, with Ψk+1 an expansion
of Ψk. Also assume:

(i) Each Mk is distinguished, and Mk+1 is a distinguished extension of Mk.
(ii) ∀k ∈ ω∀e0, e1, f0, f1 ∈ Mk[e0 + e1 = f0 + f1 → ∃g ∈ 2×2Mk+1[∀i < 2[ei =

∑

j<2 gij] and ∀j < 2[fj =
∑

i<2 gij ]]].
(iii) ∀k ∈ ω∀e ∈ Mk∀n ∈ ω∀〈a0, . . . , an−1〉 ∈ Ψk(e)∃〈e′0, . . . , e

′
n−1〉 ∈ Mk+1[e =

∑

i<n e
′
i and ∀i < n[T (Ψk+1(e

′
i)) = ai]].

(iv) Ψ0(M
∗
0 ) ⊆ Q1.

Then M∗
0 is isomorphic to a subsemigroup of NBA.

Proof. We may assume that M =
⋃

k∈ω Mk. Hence M is a countable m-monoid. By
Proposition 19.7 and (ii), M is an r-monoid.
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We claim that M is atomless. For, suppose that e ∈M∗. Say e ∈Mk. Then Ψk(e) 6=
0. Now Ψk(e) ∈ P1 = △P, so by the splitting property there is an (a0, a1) ∈ Ψk(e) with
a0 6= 0 6= a1. Then (iii) shows that e is not an atom.

By Propositions 33.7 and 33.8, Θω is a model of M and is an expansion of each Ψk.
For each e ∈M let

Λ(e) =

{

Θω ◦ f :
∑

i<n

fi = e

}

.

We are going to apply Proposition 29.1 to Λ[M∗
0 ].

Let N = {Λ(e) : e ∈M}. Note that Λ = (△Θω) ◦ δM . In fact, if e ∈M , then

(△Θω)(δM (e)) = (△Θω)

({

b :
∑

i<n

bj = e

})

=

{

Θω ◦ f :
∑

i<n

fi = e

}

.

Now by Proposition 19.12, δM is a morphism from M to △M . Θω is a morphism from M
to P1. Since M is distinguished, the proof of Proposition 25.9 gives: △Θω is a morphism
from △M to △P1. Hence Λ is a morphism from M to N , and N is a submonoid of △P1.
Since Λ maps M onto N , it follows that N has the refinement property. Now suppose that
A ∈ N and (α0, α1) ∈ A. Then there exist g ∈ M such that A = Λ(g), and f0, f1 ∈ M
with f0 + f1 = g, α0 = Ωω(f0), and α1 = Θω(f1). Say A0 = Λ(f0) and A1 = Λ(f1). So
A = A0 + A1. Moreover,

T (A0) = T (Λ(f0)) =
∑

i<m

Ωω(gi) = Ωω

(

∑

i<m

gi

)

= Ωω(f0) = α0,

and similarly T (A1) = α1. This checks (ii) of Proposition 29.1.

34.1(1) N ⊆ P2.

In fact, if e ∈ M , then by the above, Λ(e) ∈ △P1, so we just need to show that Λ(e)
has the new heirarchy property. Suppose that m,n ∈ ω\{0}, 〈α, β1, . . . , βm−1〉 ∈ Λ(e),
and 〈a0, . . . , an−1〉 ∈ α. Then there are f, g1, . . . , gm−1 such that f +

∑

i<m gi = e,
α = Θω(f), and ∀i < m[βi = Θω(gi) = βi]. Since 〈a0, . . . , an−1〉 ∈ α, there is a k < ω
such that f ∈ Mk and 〈a0, . . . , an−1〉 ∈ Ψk(f). By (iii), there are e0, . . . , en−1 ∈ Mk+1

such that
∑

i<n ei = f and ∀i < n[T (Ψk+1(ei)) = ai]. Hence ∀i < n[T (Ωω(ei)) = ai]. Now
∑

i<n ei +
∑

i<m gi = e, so 〈Θω(e0), . . . ,Θω(en−1),Θω(g0), . . . ,Θω(gm−1)〉 ∈ Λ(e). This
checks the new heirarchy property; so 34.1(1) holds.

34.1(2) Λ[M∗
0 ] ⊆ Q2.

In fact, let e ∈M∗
0 . By (iv), Ψ0(e) ∈ Q1, so T (Ψ0(e)) = [ωc]ae. Also, T (Λ(e)) = Ωω(e) ⊇

Ψ0(e). Hencee T 2(Λ(e)) = [ωc]ae. This proves (182).
Now by Proposition 29.1, Λ[M∗

0 ] is isomorphic to a subsemigroup of NBA. Hence it
suffices now to show that Λ is injective. Suppose that e, f ∈M and Λ(e) = Λ(f). Since M
is distinguished, we can write e =

∑

i<m ei with each ei ∈Ms. Then Θω ◦e ∈ Λ(e) = Λ(f),
so there exist gi so that

∑

i<m gi = f and Θω ◦ e = Θω ◦ g. Since Ωω is a model,
∀i < m[gi = ei], so e = f .
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35. Two expansions

Proposition 35.1. Suppose that M is a countable m-monoid, Θ is a submodel of M ,
e ∈ M∗, 〈a, b0, . . . , bm−1〉 ∈ Θ(e), a 6= 0, and ∃i < m[bi 6= 0]. Then there exist a
distinguished extension N of M and an expansion Θ′ of Θ to a submodel of N such that:

(i) ∃e0, e1[e0, e1 are distinguished in N , e = e0 + e1, and N is generated by M ∪
{e0, e1}].

(ii) 〈a〉 ∈ Θ′(e0) and 〈b0, . . . , bm−1〉 ∈ Θ′(e1).
(iii) Θ′ ↾ M = Θ.

Proof. By Proposition 30.7 let N be a distinguished extension of M with e0, e1 ∈ N
such that e0, e1 are distinguished and nonzero, e = e0 +e1, N is generated by M ∪{e0, e1},
and Proposition 30.7(iii),(iv) hold. Define Ψ : M ∪ {e0, e1} → R by

Ψ(f) = Θ(f) if f ∈M ;

Ψ(e0) = â;

Ψ(e1) =
∑

i<m

b̂i.

35.1(1) The hypotheses of Proposition 32.8 hold for Ψ.

Proposition 32.8(i) is clear. Now by Proposition 32.7, T ◦Θ is a morphism from M to P.
Moreover,

35.1(2) There is a morphism Λ′ : N → P such that T ◦ Θ ⊆ Λ′, Λ′(e0) = T (â) = a, and

Λ′(e1) = T (
∑

i<m b̂i) =
∑

i<m bi.

This holds by Proposition 30.7(iv), since T (Θ(e)) = a+
∑

i<p bi.
For Proposition 32.8(ii), suppose p, n ∈ ω, u ∈ p(M ∪ {e0, e1}), v ∈ n(M ∪ {e0, e1}),

and
∑

i<p ui =
∑

j<n vj . Say
∑

i<p ui = g+ pe0 + qe1 and
∑

j<n vj = g′ + p′e0 + q′e1 with
g, g′ ∈M . Then

∑

i<p

T (Ψ(ui)) = T (Ψ(g′)) + pT (Ψ(e0)) + qT (Ψ(e1))

= T (Θ(g)) + pa+ q
∑

i<m

bi

= Λ′(g) + pΛ′(e0) + qΛ′(e1)

= Λ′(g + pe0 + qe1) = Λ′





∑

i<p

ui



 = Λ′





∑

j<n

vj





= Λ′(g′) + p′Λ′(e0) + q′Λ′(e1)

= T (Ψ(g′)) + p′T (Ψ(e0)) + q′T (Ψ′(e1))

=
∑

j<n

T (Ψ(vj)).
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Thus Proposition 32.8(ii) holds. So (183) holds. We thus get a submodel Ψ+ of N .
To see that Ψ+ ↾ M = Θ, suppose that g ∈M . Take e′ such that

∑

i<m e′i = g. Then
we can write

∑

i<m e′i = f+me0+ne1 with f ∈M . By Proposition 30.7(iii) we havem = n

and
∑

i<m e′i = f +me. Hence
∑

i<m Ψ(e′i) = Ψ
(
∑

i<m e′i
)

= Ψ(f +me) = Ψ(g) = Θ(g).
So Ψ+ ↾ M = Θ. In particular, Ψ+ is an expansion of Θ.

Now 〈a〉 ∈ â = Ψ(e0) ⊆ Ψ+(e0). Also, 〈b0, . . . , bm−1〉 ∈
∑

i<m b̂i = Ψ(e1) ⊆ Ψ+(e1).

Proposition 35.2. Suppose that M is a countable m-monoid, Θ is a submodel of M , and
e0 + e1 = f0 + f1 in M∗.

Then there exist a distinguished extension N of M and elements g00, g01, g10, g11 of
N such that N is generated by M ∪ {g00, g01, g10, g11}, the gij are distinguished elements,
∀i < 2[ei =

∑

j<2 gij], and ∀j < 2[fj =
∑

i<2 gij]. Also, there is a submodel Λ of N such
that ∀e ∈M [Θ(e) ⊆ Λ(e)].

Proof. We take N and gij as in Proposition 31.8. So it remains only to find Λ. For all
i < 2 let ai = T (Θ(ei)) and bi = T (Θ(fi)). Then ai, bi ∈ P for each i < 2. By Proposition
26.6 there is a c : 2 × 2 → P such that ∀i < 2[ai =

∑

j<2 cij ] and ∀j < 2[bj =
∑

i<2 cij ].
Now define Ψ : M ∪ {g00, g01, g10, g11} → R by:

Ψ(x) =

{

Θ(x) if x ∈M ,
ĉij if x = gij.

35.2(1) The hypotheses of Proposition 32.8 hold for Ψ.

In fact, Proposition 32.8(i) is clear. For Proposition 32.8(ii), assume that m,n ∈ ω,
h ∈ mE, f ∈ nE, and

∑

i<m hi =
∑

j<n fj , where E = M ∪ {g00, g01, g10, g11}. Now
T ◦ Θ is a morphism from M into P, ∀i < 2[T (Θ(ei)) = ai =

∑

j<2 cij ], and ∀j <
2[T (Θ(fj)) = bj =

∑

i<2 cij ]. Hence by Proposition 31.8(v) there is an extension Λ of
T ◦ Θ to a morphism of N into P such that ∀i, j < 2[Λ(gij) = cij ]. Note that for any
i, j < 2, T (Ψ(gij)) = cij = Λ(gij). So Λ is an extension of T ◦ Ψ. Hence

∑

i<m

T (Ψ(hi)) =
∑

i<m

Λ(hi) = Λ

(

∑

i<m

hi

)

= Λ





∑

j<n

fj



 =
∑

j<n

Λ(fj) =
∑

j<n

T (Ψ(fj)).

Thus 35.2(1) holds.
By Proposition 32.8, Ψ+ is a submodel of N . Clearly ∀e ∈M [Θ(e) ⊆ Ψ+(e)].
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36. The basic lemma

Proposition 36.1. Suppose that M is a countable m-monoid, Ψ is a submodel of M , and
e, f ∈M . Suppose that e 6≤ f and a = T (Ψ(e)).

Then there exist a0, a1 ∈ P such that a = a0 + a1 and there is an expansion Θ of Ψ
such that (a0, a1) ∈ Θ(e)\Θ(f).

Proof. Dom(Ψ[M ]) is countable, so by Proposition 26.7 there exist a0, a1 such that
a = a0 + a1 and a0 is linearly independent from Dom(Ψ[M ]), with a0 6= [ωc]ae. Define
Λ : M → R by:

Λ(g) =

{

Ψ(g) if g 6= e,
Ψ(e) ∪ (â0 + â1) if g = e.

Clearly Λ : M → R. Suppose that m,n ∈ ω, h ∈ mM , f ′ ∈ nM , and
∑

i<m hi =
∑

j<n f
′
j.

Say
∑

i<m hi = x+ sa with x ∈M\{a}, and
∑

j<n f
′
j = y + ta with y ∈M\{a}. Then

∑

i<m

T (Λ(hi)) = T (Λ(x)) + sT (Λ(e)) = T (Ψ(x)) + sT (Ψ(e) ∪ (â0 + â1))

= T (Λ(x)) + sa = T (Λ(x)) + sT (λ(e))

= T (Λ(x+ se)) = T (Λ(y + te)

=
∑

j<n

T (Λ(f ′
j)).

By Proposition 32.8, let Θ be the closure of Λ; so Θ is a submodel of M . Moreover,
(a0, a1) ∈ â0 + â1 ⊆ Λ(e) ⊆ Θ(e). If

∑

i<m ui = f , then each ui 6= e, and so Ψ(f) =
∑

i<m Ψ(ui) =
∑

i<m Λ(ui); hence Ψ(f) = Θ(f). Since a0 /∈ Dom(Ψ[M ]), it follows that
(a0, a1) /∈ Θ(f).

It remains only to show that Θ is an expansion of Ψ. Suppose that v ∈M . Obviously
Ψ(v) ⊆ Θ(v) ∩ <<ω(Dom(Ψ[M ])). Now suppose that b ∈ Θ(v), with dmn(b) = m and
∀i < m[bi ∈ Dom(Ψ[M ])]. By the definition of closure, there is an m ∈ ω and w ∈ mM
such that

∑

i<mwi = v and b ∈
∑

i<m Λ(wi).
Case 1. ∀i < m[wi 6= e]. Then

∑

i<m Λ(wi) =
∑

i<m Ψ(wi) = Ψ(
∑

i<m wi) = Ψ(v).
So b ∈ Ψ(v).

Case 2. ∃i < m[wi = e]. Then there exist y ∈M\{e} and p ∈ ω such that
∑

i<mwi =
y+pe. Then b ∈ Λ(y)+pΛ(e) = Ψ(y)+p(Ψ(e)∪ (â0 + â1)). Thus we may assume that b =
b′+b1+· · ·+bq+bq+1+· · ·+bp, with b′ ∈ Ψ(y), b1, . . . , bq ∈ Ψ(e), and bq+1, . . . , bp ∈ â0+â1.
For each r ∈ {q+1, . . . , p} choose cr0, c

r
1 such that br = cr0 + cr1, c

r
0 ∈ â0, c

r
1 ∈ â1. Moreover,

there are d′, d1, . . . , dp ∈ M and γ′ ∈ Ψ(d′), γ1 ∈ Ψ(d1), . . . γp ∈ Ψ(dp) such that b′ is an
entry in γ′ and ∀r ∈ {1, . . . , p}[br is an entry in γr]. Thus for all r = q+1. . . . , p, cr0 + cr1 is
an entry in γr ⊆ Dom(Ψ[M ]). It follows that a0 and a1 appear at the same place in cr0 and
cr1. Thus for all r = q + 1, . . . , p, br ∈ â. Now clearly â ⊆ Ψ(e), so for all r = q + 1, . . . , p,
br ∈ Ψ(e). Hence b ∈ Ψ(y) + pΨ(e) = Ψ(y + pe) = Ψ(

∑

i<m wi) = Ψ(v).

Proposition 36.2. Suppose that M is a countable m-monoid, Ψ is a submodel of M ,
e0, e1 ∈ M , and a ∈ Ψ(e0 + e1). Then there is a submodel Θ of M such that ∀e ∈
M [Ψ(e) ⊆ Θ(e)] and a ∈ Θ(e0) + Θ(e1).
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Proof. We proceed by induction on the length n of a. For n = 1, say a = 〈x〉. Then
x = T (Ψ(e0 + e1)) = T (Ψ(e0)) + T (Ψ(e1)) = T (Ψ(e0) + Ψ(e1)), so a ∈ Ψ(e0) + Ψ(e1).

Now suppose inductively that n > 1. Write a = 〈ai : i < n〉. We may assume that
a0 6= 0 and ∃i[0 < i < n and ai 6= 0]. Then by Proposition 35.1 there exist a distinguished
extension N of M and an expansion Θ′ of Θ to a submodel of N such that:

36.2(1) ∃f0, f1[f0, f1 are distinguished in N , e0 + e1 = f0 + f1, and N is generated by
M ∪ {f0, f1}].

36.2(2) 〈a0〉 ∈ Θ′(f0) and 〈a1, . . . , an−1〉 ∈ Θ′(f1).

36.2(3) Θ′ ↾ M = Θ.

Now by Proposition 35.2 there exist a distinguished extension N ′ of N and elements
g00, g01, g10, g11 of N ′ such that N ′ is generated by N ∪ {g00, g01, g10, g11}, the gij are
distinguished elements, ∀i < 2[ei =

∑

j<2 gij ], and ∀j < 2[fj =
∑

i<2 gij ]. Also, there is
a submodel Λ of N ′ such that ∀e ∈ N [Θ′(e) ⊆ Λ(e)]. Hence 〈a1, . . . , an−1〉 ∈ Θ′(f1) ⊆
Λ(f1) = Λ(g01 + g11). By the inductive hypothesis there is a submodel Θ′′ of N ′ such that
∀e ∈ N ′[Λ(e) ⊆ Θ′′(e)] and 〈a1, . . . , an−1〉 ∈ Θ′′(g01)+Θ′′(g11). Say 〈a1, . . . , an−1〉 = b0+b1
with b0 ∈ Θ′′(g01) and b1 = Θ′′(g11). Also, a0 = T (Θ′(f0)) = T (Λ(f0)) = T (Θ′′(f0)) =
T (Θ′′(g00)) + T (Θ′′(g10)). Let a′0 = T (Θ′′(g00)) and a′1 = T (Θ′′(g10)). Then for any
i < 2, 〈a′i〉

⌢bi = (〈a′i〉
⌢0) + (0⌢bi) ∈ Θ′′(gi0) + Θ′′(gi1) ⊆ Θ′′(gi0 + gi1) = Θ′′(ei).

Now let Θ′′′ = Θ′′ ↾ M . Then Θ′′′ is a submodel of M , ∀e ∈ M [Θ(e) ⊆ Θ′′′(e)], and
a ∈ Θ′′′(e0) + Θ′′′(e1).

Proposition 36.3. Suppose that M is a countable m-monoid, Ψ is a submodel of M ,
e ∈ M , m,n ∈ ω, a ∈ m(Ψ(e)), and b ∈ n(Ψ(e)). Then there is a submodel Θ of M such
that ∀x ∈M [Ψ(x) ⊆ Θ(x)] and there is a c ∈ m×n(Θ(e)) such that ∀i < m[ai =

∑

j<n cij ]
and ∀j < n[bj =

∑

i<m cij ].

Proof. By Proposition 35.1 and induction, there exist an extension N of M , a
submodel Θ of M and elements e′ ∈ mN such that ∀i < m[T (Θ(e′i)) = ai],

∑

i<m e′i = e,
and Θ ↾ M = Ψ. Now b ∈ n(Ψ(e)) ⊆ n(Θ(e)), so by Proposition 36.2 there is a submodel
Λ of M such that ∀x ∈ M [Θ(x) ⊆ Λ(x)] and b ∈

∑

i<m Λ(e′i). Say b =
∑

i<m ci with
each ci ∈ n(Λ(ei)). Thus ∀j < n[bj =

∑

i<m cij ]. Then ∀i < m[
∑

j<n cij = T (Λ(e′i)) =

T (Θ(e′i)) = ai]. Now c ∈ m×nR, and

c = c⌢0 · · ·⌢ cm−1

= (c⌢0 0 · · ·⌢ 0) + (0⌢c⌢1 0 · · ·⌢ 0) + · · ·+ (0⌢0⌢ · · ·⌢ cm−1)

∈
∑

i<m

Λ(ei) ⊆ Λ

(

∑

i<m

ei

)

= Λ(e).

Thus Λ is as desired.

Proposition 36.4. If Ψ is a submodel of M , (a, b) ∈ Ψ(e) with a 6= 0, ∃i < dmn(b)[bi 6= 0],
then there exist a0, a1 and Θ such that ∀x ∈ M [Ψ(x) ⊆ Θ(x)], a0 6= 0 6= a1, a = a0 + a1,
and (a0, a1, b) ∈ Θ(e).
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Proof. By Proposition 35.1 there exist e0, e1, an distinguished extension N of M ,
and an expansion Ψ′ of Ψ to a submodel of N , such that e = e0 + e1, a = T (Ψ′(e0)),
b ∈ Ψ′(e1), and Ψ′ ↾ M = Ψ. Then by Proposition 36.1, taking f = 0, there exist
a0, a1 ∈ P and an expansion Θ of Ψ′ such that a = a0 + a1 and (a0, a1) ∈ Θ(e0). Hence
(a0, a1, b) ∈ Θ(e0) + Θ(e1) ⊆ Θ(e).

Proposition 36.5. If M is a countable m-monoid and Ψ is a submodel of M , then there
is a submodel Θ of M such that ∀x ∈ M [Ψ(x) ⊆ Θ(x)] and for all e, f ∈ M with e
distinguished and e 6= f we have Θ(e) 6= Θ(f).

Proof. Let 〈(ei, fi) : i ∈ ω〉 list all pairs (e, f) such that e, f ∈M , e is distinguished,
and e 6= f . Define Θ0 = Ψ. Suppose that Θi has been defined so it is a submodel of M
and ∀j < i∀x ∈M [Θj(x) ⊆ Θi(x)]. By Proposition 30.3 we have ei 6≤ fi or fi 6≤ ei. Hence
by Proposition 36.1 there is a submodel Θi+1 of M such that ∀x ∈ M [Θi(x) ⊆ Θi+1(x)]
and Θi+1(ei) 6= Θi+1(fi).

Now define Λ(x) =
⋃

i∈ω Θi(x) for all x ∈M . Clearly Λ is as desired.

Proposition 36.6. If M is a countable distinguished m-monoid and Ψ is a submodel
of M , then there is a submodel Θ of M such that ∀x ∈ M [Ψ(x) ⊆ Θ(x)] and ∀e0, e1 ∈
M [Ψ(e0 + e1) ⊆ Θ(e0 + e1).

Proof. This follows by an easy construction using Proposition 36.2.

Proposition 36.7. If M is a countable distinguished m-monoid and Ψ is a submodel of
M , then there is a model Θ of M such that ∀x ∈M [Ψ(x) ⊆ Θ(x)].

Proof. This follows by an inductive construction using Propositions 36.5 and 36.6.

37. Proof of Ketonen’s theorem

Proposition 37.1. Let M be a countable distinguished m-monoid, and suppose that Ψ is
a model of M . Suppose that e ∈ M and (a0, a1) ∈ Ψ(e). Then there exist a distinguished
extension of M to a countable distinguished monoid N , a model Θ of N such that ∀x ∈
M [Ψ(x) ⊆ Θ(x)], and elements e0, e1 of N , such that e = e0+e1 and ∀i < 2[T (Θ(ei)) = ai].

Proof. By Propositions 35.1 and 36.7.

Proposition 37.2. Let M be a countable distinguished m-monoid, and suppose that Ψ
is a model of M . If e0 + e1 = f0 + f1 in M∗, then there exist a distinguished extension
N of M and elements gij of N for i, j < 2 such that N is countable and distinguished,
∀i < 2[ei =

∑

j<2 gij ], and ∀j < 2[fj =
∑

i<2 gij ].

Proof. By Propositions 36.3 and 36.7.

Theorem 37.3. (Ketonen) Every countable monoid can be isomorphically embedded into
NBA.
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Proof. Let M be a countable monoid. Let 0 be a new element, define M ′ = M ∪{0},
and define for any x, y ∈M ′,

x+M ′ y =

{

x+M y if x, y ∈M ,
x if y = 0,
y if x = 0 6= y.

Thus M ′ is a countable m-monoid. By Proposition 30.9 it can be embedded in a countable
atomless distinguished m-monoid N . For each x ∈ N let Ψ(x) = ([ωc]ae)̂. Obviously Ψ is
a submodel of N . By Proposition 36.7 there is a model Ψ0 of N such that ∀x ∈ N [Ψ(x) ⊆
Ψ0(x)]. Note that ∀x ∈ N [T (Ψ(x)) = T (Ψ0(x)) = [ωc]ae], so Ψ0[P ] ⊆ Ψ0[N

∗] ⊆ Q1.
Let M0 = N and Ψ0 = Ψ. Suppose that we have defined countable distinguished

m-monoids M0, . . . ,Mm and models Ψk of Mk for k ≤ m such that if k < m then Mk+1 is
a distinguished extension of Mk, ∀x ∈Mk[Ψk(x) ⊆ Ψk+1(x)], and the following conditions
hold:

37.3(1) ∀e0, e1, f0, f1 ∈ Mk[e0 + e1 = f0 + f1 → ∃g ∈ 2×2Mk+1[∀i < 2[ei =
∑

j<2 gij ] and
∀j < 2[fj =

∑

i<2 gij ]]].

37.3(2) ∀e ∈Mk∀(a0, a1) ∈ Ψk(e)∃e0, e1 ∈Mk+1[e = e0+e1 and ∀i < 2[T (Ψk+1(ei)) = ai]].

Using Propositions 37.1 and 37.2 we define Mk+1 and Ψk+1 satisfying the above conditions.
Now define R =

⋃

k∈ω Mk and Θ(x) =
⋃

{Ψk(x) : x ∈ Mk}. By Proposition 34.1, M
is a submonoid of NBA.
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