ON THE CHARACTERISTIC MAP OF FINITE UNITARY
GROUPS

NATHANIEL THIEM AND C. RYAN VINROOT

1. INTRODUCTION

In his seminal work [8], Green described a remarkable connection between
the class functions of the finite general linear group GL(n,F,) and a gener-
alization of the ring of symmetric functions of the symmetric group S,. In
particular, Green defines a map, called the characteristic map, that takes
irreducible characters to Schur-like symmetric functions, and recovers the
character table of GL(n,F,) as the transition matrix between these Schur
functions and Hall-Littlewood polynomials [18, Chapter IV]. Thus, we can
use the combinatorics of the symmetric group .S, to understand the represen-
tation theory of GL(n,F,). Some of the implications of this approach include
an indexing of irreducible characters and conjugacy classes of GL(n,F,) by
multi-partitions and a formula for the degrees of the irreducible characters
in terms of these partitions.

This paper describes the parallel story for the finite unitary group U(n, F2)
by collecting known results for this group and examining some applications
of the unitary characteristic map. Inspired by Green, Ennola [4, 5] used
results of Wall [21] to construct the appropriate ring of symmetric func-
tions and characteristic map. Ennola was able to prove that the analogous
Schur-like functions correspond to an orthonormal basis for the class func-
tions, and conjectured that they corresponded to the irreducible characters.
He theorized that the representation theory of U(n,[F,2) should be deduced
from the representation theory of GL(n,F,) by substituting “—¢” for ev-
ery occurrence of “q”. The general phenomenon of obtaining a polynomial
invariant in ¢ for U(n,F ) by this substitution has come to be known as
“Ennola duality”.

Roughly a decade after Ennola made his conjecture, Deligne and Lusztig
[3] constructed a family of virtual characters, called Deligne-Lusztig charac-
ters, to study the representation theory of arbitrary finite reductive groups.
Lusztig and Srinivasan [17] then computed an explicit decomposition of the
irreducible characters of U(n,Fg ) in terms of Deligne-Lusztig characters.
Kawanaka [14] used this composition to demonstrate that Ennola duality
applies to Green functions, thereby improving results of Hotta and Springer
[11] and finally proving Ennola’s conjecture.

This paper begins by describing some of the combinatorics and group
theory associated with the finite unitary groups. Section 2 defines the finite
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unitary groups, outlines the combinatorics of multi-partitions, and gives a
description of some of the key subgroups. Section 3 analyzes the conjugacy
classes of U(n,F2) and the Jordan decomposition of these conjugacy classes.

Section 4 outlines the statement and development of the Ennola conjec-
ture from two perspectives. Both points of view define a map from a ring
of symmetric functions to the character ring C of U(n,F,2). However, the
first uses the multiplication for C' as defined by Ennola, and the second uses
Deligne-Lusztig induction as the multiplicative structure of C'. The main
results are

I. (Theorem 4.2) The Deligne-Lusztig characters correspond to power-sum
symmetric functions via the characteristic map of Ennola.

IT. (Corollary 4.2) The multiplicative structure that Ennola defined on C' is
Deligne-Lusztig induction.

Section 5 computes the degrees of the irreducible characters, and uses this
result to evaluate various sums of character degrees (see [18, IV.6, Example
5] for the GL(n,F,) analogue of this method). The main results are

III. (Theorem 5.1) An irreducible x> character of U(m,F ) corresponds to

IT (@ -1

1<i<m

[T (@® - (-1)»@)’

Oex

(_1)|_m/2j+n(>\)s>\ and X)\(l) _ qn(A/)

where sy is a Schur-like function, and both n(A) and h(0) are combinatorial
statistics on the multi-partition .

IV. (Corollary 5.2) If P indexes the irreducible characters x> of U(n, F,2),
then

Z xM1) = {g € U(n,F.2) | g symmetric}|.

AEPY

V. (Theorem 5.3) We give a subset X C PS, such that
. |U(2n7Fq2)|

DM = @+ D + 1) g ) = (g e

AeX

Section 6 uses results by Ohmori [20] and Henderson [10] to adapt a model

for the general linear group, found by Klyachko [16] and Inglis and Saxl [12],
to the finite unitary group. The main result is

VI. (Theorem 6.2) Let U, = U(m,F;2), where ¢ is odd, and let I';, be the
Gelfand-Graev character of U,,, 1 be the trivial character of the finite sym-
plectic group Spo, = Sp(2r,F,), and Rg be the Deligne-Lusztig induction
functor. Then

Z R5272T@U27. (Fm—27” ® Indg;;r(l)) = Z XA
0<2r<m AP
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That is, in the theorem of Klyachko, one may replace parabolic induction
by Deligne-Lusztig induction to obtain a theorem for the unitary group.

These results give considerable combinatorial control over the representa-
tion theory of the finite unitary group, and there are certainly more applica-
tions to these results than what we present in this paper. Furthermore, this
characteristic map gives some insight as to how a characteristic map might
look in general type, using the invariant rings of other Weyl groups.

2. PRELIMINARIES

2.1. The unitary group and its underlying field k. Let K = Fq the the
algebraic closure of a finite field with ¢ elements and let K,,, = F,m denote
the finite subfield with ¢ elements. Let GL(n,K) denote the general linear
group over K, and define Frobenius maps

F :GL(n,K) — GL(n,K)
(aij) = (af)™

F’":GL(n,K) — GL(n,K)
q )—1

and
(aij) = (an—j,n—i

(2.1)

Then the unitary group U,, = U(n,Ky) is given by
(2.2) U, = GL(n,K)" = {a € GL(n,K) | F(a) = a}
(2.3) >~ GL(n,K)"" = {a € GL(n,K) | F'(a) = a}.

In fact, it follows from the Lang-Steinberg theorem (see, for example, [2])
that there exists y € GL(n, Ky) such that GL(n, K)¥ = yGL(n, K)F'y~1.
We define the multiplicative groups M,,, as

Mm = GL(I’K)F7’L — {x c K | xqm_(_l)m _ 1}

Note that M,,, = K, only if m is even. We identify K* with the inverse
limit lim M,,, with respect to the norm maps

Nmr : Mm — MT’
T — xxr 4q... x(_Q)

m/r—1 , where m,r € Z>1 with r | m.
If M, is the group of characters of M,,, then the direct limit
K* = lim M,
gives the group of characters of K*. Let
© = {F-orbits of K*}.
A polynomial f(t) € Ko[t] is F-irreducible if there exists an F-orbit
{zaz79,... ,z(-D"Y of K* such that
f(t) = (t =)t —a79) - (t =207,
Let
(24) @ ={f €Kylt] | fis F-irreducible} <=5 {F-orbits of K*}.
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The set ® has an alternate description, as given in [4]. For f = t¢ +
art?1 + . 4 ag € Kyt] with ag # 0, let
f=t"+a7%ad_t + -+ alt +1),
which has the effect of applying F' to the roots of f in K. Then a polynomial
f € Kq[t] is F-irreducible if and only if either
(a) f is irreducible in Ka[t] and f = f (d must be odd in this case), or
(b) f(t) = h(t)h(t) where h is irreducible in Ky[t] and h(t) # h(t).

2.2. Combinatorics of ¢-partitions and ©-partitions. Fix an ordering
of ® and O, and let

P = {partitions} and P,={rveP | |v]=n}.

Let X be either ® or ©. An X -partition v = (v(x1),v(x2),...) is a sequence
of partitions indexed by X. The size of an X-partition v is

x if ¥ =0,
(2.5) vl =Y |z|lw(@)], where |z]= { |d(|3;) if X =,

TEX

|z| is the size of the orbit € ©, and d(z) is the degree of the polynomial
z € ®. Let

(2.6) P:X = {X-partitions v | ||v|| =n}, and PY = U Y.
n=1

For v € P¥, let

L(v)
(2.7) n(v) = Z |zin(v(x)), where n(v)= Z(z — Dy;.
zeX i=1

The conjugate V' of v is the X-partition v’ = (v(z1),v(z2),...), where v/
is the usual conjugate partition for v € P.
The semisimple part vs of v = (v(z1),v(22),...) € PY is

(2.8) v, = (AN el e pt

and the unipotent part v, of v € P:¥ is given by

(2.9) vy (1) hasparts {|zjv(z); | € X,i=1,...,¢(v(z))}
where

L[ ifx=e,
“lt-1 ifX =0,

1 is the trivial character in K*, and v, (z) = 0 for = # 1.

Example. If u € P? is given by

p=(FE" 07 B ). where d(f) = 1, d(g) = i) = 2
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then |[p||=1-442-242-5=18, n(pu) =1-242-0+2-1 =4,

) [T *Y

0 » (h
Bs = E ’Hga and  p, = __||

2.3. Levi subgroups and maximal tori. Let X be either ® or © as in
Section 2.2.
For v € PY, let

(2.10) Ly= @D Lu(z), where X, ={zeX | v(z)+#0},
TEX,

and for x € &},

U(lv(z)|,Kyp) if || is odd,
(2.11) Lu(z) = { L) Kyy) it Jo] is even.

Then L, is a Levi subgroup of U,, = U(n,Kj) (though not uniquely deter-
mined by v). The Weyl group

(2.12) Wy, = @ Slu(a)]s

ZBEXV

of L, has conjugacy classes indexed by
(2.13) P ={yeP* | v, =vs},

and the size of the conjugacy class c is

W, ()
(2.14) eyl = z.;y ,  where zy= H Zy@) and 2y = 1:[ i"™myl,
TEX i=1

for vy = (1™2m2...) € P.
For every v = (v1,va,...,14) € P, there exists a maximal torus (unique
up to isomorphism) 7, of U,, such that

T, =M, xM,, x---xM,,.

For every v € P, there exists a maximal torus (unique up to isomorphism)
T, C L, such that

(215)  Ty= P Ty(z), where Ty(z) = Mgy, X - X Migjya), -
TrEXy

Note that as a maximal torus of Uy, the torus Ty = T, ().
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3. CONJUGACY CLASSES AND JORDAN DECOMPOSITION
Let U,, = U(n,Ky) as in (2.2).
Proposition 3.1. The conjugacy classes c,, of Uy are indexed by p € P

Proof. For any g € U, the monic minimal polynomial f € Ks|t] of g satisfies
flt)= f (t), and in fact every invariant factor of g satisfies this. Every poly-
nomial of this kind may be factored into F-irreducibles. Wall [21] proved
that an element g € GL(n,Ksg) is an element of U, if and only if for ev-
ery irreducible f, the polynomials f and f have the same multiplicities as
elementary divisors of g.

Each g € U, acts on the vector space K4 and thus gives it a Kst]-
module structure, where ¢t - v = gv for each v € K7. It is a result of Wall
[21] that two elements of U, are conjugate in U, if they are conjugate in
G, = GL(n,Ks). So, two elements of U, are conjugate if and only if they
induce the same Kj[t]-module structure on K3. For a conjugacy class ¢ of
U, we call this Ks[t]-module V.. Since the minimal polynomial f of g € U,
satisfies f(t) = f(t) and annihilates V,, we have that the conjugacy classes
of U,, are parametrized by Ks[t]-modules whose annihilators are generated
by such polynomials.

It follows that V. is the direct sum of cyclic modules of the form Ky [¢]/(h)™,
where h is irreducible, and (h)™ appears in the direct sum whenever (h)™
occurs. That is, when A" and h™ are distinct, we may pair them to-
gether. In this way, to each f € ® we have assigned a partition u(f) =

(u(f)1,(f)2,-..) such that

Ve = (P Kalt)/(f)H).
Iy

Since f € ®, then either f is irreducible, or f = gg where g is irreducible.
So V. determines a ®-partition p of size n.

Conversely, every ®-partition p of size n determines a conjugacy class of
Un. O

For r € Z>q, let

T

(3.1) () = [J(1 - 2).

i=1
Proposition 3.2 (Wall). Let g € ¢,,. The order a,, of the centralizer g in
U, 1s
fe® J

for p=(1"2m23m3...) ¢ P.
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Proof. Tt follows from the results of Wall [21, Section 2.6], along with the
description of F-irreducible polynomials given in Section 2 above, that

a, = H g2 iy imim+ 3, (i=1)m3) H <qdmj(mj—1)/2 ﬁ(qdi _ (_1)di)).
i=1

feo J
where d = d(f) and p(f) = (1™2™2...). From

ﬁ(qdi N (_1)i) _ qdmj(mj+1)/2 1_]:(1 - (1/(—q)d)i),
i=1 i=1

we obtain

H qd(2 i tmamy 437, im2 H ¢m3 d) )

fed
Note that for any partition g = (1™2™2...) € P, it follows from

/ / /
E mj = [jqq and mi = i — Myt

j<i+1
that
2szlm] +sz || + 2n(p).
1<j
Thus
ap = H (qd Dit2n(p Hl/JmJ
fed
_ H d\u Q)d Hl+2n(p mej
fed
_1)|Iu|| H a”(f)( —q) ))7
fed
as desired. O

For pn € P®, let L,, be as in (2.10). Note that |L,| = ay,_.

Lemma 3.1. Suppose g € c,, with Jordan decomposition g = su. Then

(a) s € cp, and u € ¢y, , where pg and p,, are as in (2.8) and (2.9),
(b) the centralizer Cy, (s) of s in Uy is isomorphic to L,,.

Proof. (a) Suppose f = t? —ag_1t*1 — ... ayt — ag € ® is irreducible (so d
is odd). Define

0 1 0 0

0 0 1 . :
(3:2) S =1 oo | e GLEKy).

0 O 0 1

ap a3 az -+ Qd-—1
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For v = (vy,v9,...,1) € P, let

J(f) Idg 0
0o J
) = (£ @@ T (), where Jy(p) = [ 0 V)
: . . Idd
0 e 0 J(f)
is an md X md matrix and Idy is the d x d identity matrix. Note that
Idg J(f)~! 0
Idy ’
I (f) = Jam)(Huan (f),  where ugy (f) = )
J(f)~
0 Idg

is the Jordan decomposition of J;,(f) in GL(d, Kz).
Similarly, if f = hh € ® (or d(f) is even), then define

J(f) = J(h) & J(h)
in(F) = I (1) © T ()
Jo(f) = Ju(h) & Jy(h),
SO i )
I (f) = (Jamy(h) & Jmy(h)) (tgm) (h) & ) (h))
is the Jordan decomposition of J,,(f). If g € ¢y, then g is conjugate to
Ju = EB Ju(f)(f)
fed

in GL(||p]|,K2). Claim (a) follows from the uniqueness of the Jordan de-
composition.
(b) In GL(n, K3),

C J GL(m sz( )) if d(f) is Odd,
aL(nKa) (Jam) (f)) = GL(m, Kgp)) © GL(m, Ky(py) if d(f) is even.

If d(f) is odd and s = xJym)(f)z ™" for some x € GL(n,K3), then
(zGL(m, Kag(p))z™ )" = GL(m, Koy p))**" 2 GL(m, Koy p))" = U(m, Kog(y))-

Suppose d(f) is even so that f = hh, and let y € GL(n,Ky) such that
CGL(n, K)¥ = yGL(n, K)¥y~1 (see the comment after (2.2)). The element
J(f) is conjugate to

J(h) @ (F'(J(h))) € GL(n,Ka)"",
whose centralizer in GL(n,Kz)F" is

{9®F'(9) | 9€GL(m,Kyp)} = GL(m,Kyipy). O
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4. THE ENNOLA CONJECTURE

4.1. The characteristic map. Let X = {Xj, Xs,...} be an infinite set
of variables and let A(X) be the graded C-algebra of symmetric functions
in the variables {X1, Xs,...}. For v = (v1,vs,...,1vp) € P, the power-sum
symmetric function p,(X) is

Po(X) = pu, (X)puy (X) - pu, (X),  where pp(X) = X7 + X5" +---.
The irreducible characters w? of S, are indexed by A € P,. Let w*(v) be

the value of w* on a permutation with cycle type v. For A € P, the Schur
function s)(X) is given by

(4.1) sx(X) = Z W)z, 1p,(X), where z, = Hzmlm,'
VEP)y| i>1

is the order of the centralizer in S,, of the conjugacy class corresponding to
v=(1m™M2m2...) € P. Let t € C. For pu € P, the Hall-Littlewood symmetric
function P,(X;t) is given by

(4.2) sx(X) = Z Ku(t)Pu(X5 1),
HEP|A|

where K, (t) is the Kostka-Foulkes polynomial (as in [18, IIL.6]). For v, u €
P, the classical Green function QY (t) is given by

(4.3) po(X) = QU "W P, (X;t).
HEP|y|
As a graded ring,
A(X) = C-span{p,(X) | v € P}
= C-span{s)(X) | A€ P}
= C-span{P,(X;t) | p€ P}

For every f € ®, fix a set of independent variables X (/) = {Xff),Xéf), S
and for any symmetric function h, we let h(f) = (X)) denote the sym-
metric function in the variables X (). Let

A =C-span{P, | peP®}, where P, = (—q)""" [ Pui(f:(—0)"P).
fee
Then
A= @An, where A, = C-span{P, | ||p|| =n},
n>0
makes A a graded C-algebra. Define a Hermitian inner product on A by

(Pu, Py) = a3, 0y

For each ¢ € © let Y(¥) = {Yl(sp),Y;“p), ...} be an infinite variable set,
and for a symmetric function h, let h(p) = h(Y(¥)). Relate symmetric
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functions in the X variables to symmetric functions in the Y variables via
the transform

(4.4) Pulp) = (—1)lel= Z E(T)Pn) gl d(f) (fr)s

2EMnjy|

where ¢ € O, £ € , and f, € ® satisfies f,(z) = 0.
Then

(4.5) A = C-span{sx | A€ P®}, where sx= H Sx(0) (#)-
pEeO

Let C,, denote the set of complex-valued class functions of the group U,
and for ||p|| = n, let m, : U, — C be given by

1 if u € cp,

mu(u) = { 0 otherwise, where u € U,

Then the 7, form a C-basis for C,,. By Proposition 3.2, the usual inner
product on class functions of finite groups, (-,-) : C), x C,, — C, satisfies

<7T“, 7T)\> = a;léuk.
For a; € Cy,,, Ennola [5] defined a product ay * ag € Cyy, 4n,, which takes
the following value on the conjugacy class cy:
a1 * ag(en) = Z gf;l”zal(cm)ag(cw),
I peil[=mi
where gﬁ‘l u, 18 the product of Hall polynomials (see [18, Chapter II))
b N A(S) _a)4)
Ipps = H ‘glh(f)ﬂz(f)(( 9) )-
fed
Extend the inner product to
- @
n>0

by requiring the components C,, and C,, to be orthogonal for n # m. This
gives C' a graded C-algebra structure. The characteristic map is

ch: C — A
Ty +— Py, for p € P®.

Proposition 4.1. Let multiplication in the character ring C of U,, be given
by . Then the characteristic map ch : C' — A is an isometric isomorphism
of graded C-algebras.
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Proof. 1t is clear that ch is a linear graded isometric isomorphism of vector
spaces. It is a ring homomorphism because

ch(mumy) = Y gpuch(ma)
AeP?®

= Z Ip P

AeP?®
~ P,P, (by [18, I1L.3.6])
= ch(m,,)ch(m,). O
4.2. The Ennola conjecture I. Following the work of Green [8] on the

general linear group, Ennola was able to obtain the following result. We
follow the proof in Macdonald [18, IV.4] on the general linear group case.

Proposition 4.2 (Ennola). The set {sx | A € P®} is an orthonormal basis
for A.

Proof. For u € A, if
u = Z Uy Py then let U = Z Uy Py,
pep® pep®

where Z € C is the complex conjugate of z € C. It follows from [18, 1.4.3]
that

_ 1 —
(4.6) log | Y sa®@aa]| =) - > Djigel (9) @ D) (#6)-

AcPO n>1  £eMy

where ¢ € © is the orbit such that £ € ¢¢. Apply the transform (4.4) and
orthogonality of characters to obtain

(A7) D Dusigel(96) @ Pagige) (9) = Ml > Pryasa)(Fo) @ Prjagsa) (fo)-
fEM:L ZBEMn

From (4.6) and (4.7), we have

log Z SA®5x | = Zw Z Prjd(fs) (fz) @ Prjacr) (fz)

AcPO n>1 zeM,
(4.8) =3 S @ D — ()M )pa(h) @ pal ).
n>1  fed

On the other hand, note that by [18, II1.4.4] the P,(¢) satisfy a Cauchy
kernel formula

t2n W g, Y P (2 ) Py (y; ) = | | - '
E L1 =y
veP "

1 —txy;
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With substitutions t — (—¢)~%/) and z; — ¢*)z; we obtain

[T U e

1 — ¢ Nayy;
_ Z \Vld(f —2"(V)d(f)ay((_q)d(f))py(a;; (_q)—d(f))py(y; (_q)—d(f))'

veP

Z‘?j

Make the further substitution z; — Xi(f) ®1ly —1® X](-f) and take the
product on both sides over all f € ® to get

_)d(f) ()®X()

I - Y W

fed ig peP?®

Take logarithms of both sides to obtain

log< Z auPu@’Pu)

pep®

-y <10g D XD & X) _1og(1 - DX & Xj(_f))>

=

= S LSS g aydtimy (x9  x DY

n>1  fed ij

=> - LS (@) — (“1) D), () © pa(f).
n>1 fed
We may conclude from (4.8) and (4.9) that
(4.10) > sa@8a= > auPu® Py
AePO pep®

Suppose
Sx = Z uxp Py = Z Uapap P
pep® pnep®

Compare coefficients of a, Py, ® P, on both sides of (4.10) to obtain

Z Unp Uy = 51“1.
Aep?®

It follows that (sx, Su) = dxw, as desired. O

Now let x* € R be class functions so that x*(1) > 0 and ch(x*) = £sa.
Ennola conjectured that {x* | XA € P9} is the set of irreducible characters
of U,,. He pointed out that if one could show that the product x takes virtual
characters to virtual characters, then the conjecture would follow. There is
no known direct proof of this fact, however. Significant progress on Ennola’s
conjecture was only made after the work of Deligne and Lusztig [3].
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4.3. Deligne-Lusztig Induction. Let T, = M, x--- xM,, be a maximal
torus of U,. If t € T,,, then t is conjugate to

Jamiy(f1) @ -+ ® Jamey(fe), where f; € @, mid(f;) = v;.
Define ~, € P® by

(4-11) ‘)’t(f) has parts {mZ | fi= f}.
Note that (v;).(t — 1) = v, but in general ¢ ¢ c,.

Example. If t € T4 4221) and ¢ is conjugate to

JE(t -Da JH(t2 +1) o JH(t e J(t+1) @ Jt-1),

then

b (tm))
- ().

For p € P?, let Ly, v € PY¥ and T, be as in Section 2.3. Let 6 be

a character of T,,. The Deligne-Lusztig character R,(0) = Rg:(@) is the
virtual character of U, given by

(Ro(0)(9) = > 0(1)Q" (u),

teTy
yiePE

where g € ¢, has Jordan decomposition g = su (thus, by Lemma 3.1
Cy,(s) = L,), and Qé‘: t (u) is a Green function for the unitary group (see,
for example, [2]).

Deligne and Lusztig proved

C,, = {class functions of U, }
= C-span{R,(0) | v € P,,0 € Hom(T,,C*)},

so we may define Deligne-Lusztig induction by

Um+n .
RUmgaUn : Cm ® C?J - 7(7]1+n

RIm(0a) @ Ry"(95)  +—  Ryldr, (0o ® 0p),

for o € Py, B € Py, 0o € Hom(T,,C), and g € Hom(T},C).

Let A and C be as in Section 4.1, except we now give C a graded C-

algebra structure using Deligne-Lusztig induction. That is, we define a
multiplication o on C' by

(4.12)

xon= Rg:igbn(x ®mn), forx e Cp and n € C,.

We recall the characteristic map defined in Section 4.2,

ch: C — A
Ty +— Py for p € P2,
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As noted in Proposition 4.1, it is immediate that ch is an isometric isomor-
phism of vector spaces, but it is not yet clear if ch is also a ring homomor-
phism when C has multiplication given by Deligne-Lusztig induction.

4.4. The Ennola conjecture II. To prove the Ennola conjecture we re-
quire two further ingredients:

(1) Theorem 4.2 and Corollary 4.1 establish that this new characteristic
map is also a ring isomorphism by using a key result by Kawanaka
on Green functions to evaluate ch(R,(#)).

(2) Corollary 4.3 uses an explicit decomposition by Lusztig and Srini-
vasan of irreducible characters of U,, into Deligne-Lusztig characters
to complete the reproof of the Ennola conjecture.

To compute ch(R,(0)), we need to write the Green functions QQL{/‘ (u) as
polynomials in g. These Green functions turn out to be those of the general
linear group, except with ¢ replaced by —g, which is the essence of Ennola’s
original idea. This fact was proven by Hotta and Springer [11] for the case
that p = char(F,) is large compared to n, and was finally proven in full
generality by Kawanaka [14].

Theorem 4.1 (Hotta-Springer, Kawanaka). The Green functions for the
unitary group are given by Q%{‘ (u) = QY(—q), where

= [T @5p (o™,
fedu
and Q5 (q) is the classical Green function as in (4.3).

For v = (v1,v9,...,iy) € Pand 0§ = 61 ® 62 ® --- ® 6; a character of T),,
define

Pre = [ Prsoie)(®),  Where p4(0) = (vi/lgl | 0; € p).
peO

Theorem 4.2. Let v = (v1,v9,...,14) € P, 0 =0, 030 --- @0 be a
character of T, and v = p,e € P®. Then

ch(Ry(8)) = (~1)I¥I-¢0)y,

Proof. By Theorem 4.1, and since ch(m,) = Pu it Sufﬁces to show that the
coefficient of P,, in the expansion of (—1)*I1=4®)
n

Z Oy(t)Q,yt (_Q)-

Since

Pv = Doy Jjer | (P1) *** Puy 10| (92), where 0; € ¢,
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the transform (4.4) implies

l
( HVH —tv H Z 9 pul/d fz Ze <Hpul/dl(fz)>7
=1

i=1y¢, €k, teT,
where f; € ® satisfies f;(t;) = 0 and d; = d(f;). By definition (4.11),
(113) M, = 3 00 (T i ()
teT, fed

Change the basis from power-sums to Hall-Littlewood polynomials (4.3),
and we obtain

(1)),

~Yo0(T] X D0 )0 O r (-0 )

teT, feo u(f)€7’m<f>\
= 01t) Y Q4 (~a)Pu
teT, pep®
v¢EPY
- 3 (3 wwegin)n
as desired. -

Corollary 4.1. Let multiplication in the character ring C' of U, be given
by o. Then the characteristic map ch : C' — A is an isometric isomorphism
of graded C-algebras.

Proof. Let a € Py, B € Py, 6o € Hom(T,,,C*), 83 € Hom(13,C*), o =
Pog,, and B = pgy,. By (4.12) and Theorem 4.2,
h( RU™tn (RUm(8,) ® RY™(65)) ) = ch(RY™ (6, ® 6
¢ UmaaUn( " (0a) @ 8 (6)) ¢ ( Ta@Tﬁ( a® ﬁ))
— (_1)m+n—€(a)—£([3)papﬁ
= ch(R."™ (6a))ch(R5" (05))-

Since the Deligne-Lusztig characters span C, this product extends linearly
to C. O

An immediate consequence is that the graded multiplication that Ennola
originally defined on C' is exactly Deligne-Lusztig induction, or

Corollary 4.2. Let x € Cp, and n € Cy,. Then

Xon=xxn.
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We therefore having the advantage of taking either definition when conve-
nience demands.
For A € P®, let Ly, Wy, and Ty, v € P2, be as in Section 2.3.
Note that the combinatorics of « almost specifies character 6, of T in
the sense that
05(Ty (@) = 0,(T(v)), for some 6, € .

In fact, we may define
(4.14) Ry = R%%%) — Ch_l((—l)“7“_£(7)p7),

where 0., is any choice of the 6,’s.
For every X € P© there exists a character w™ of Wy defined by

Ay) = T[] P (r(0)),
pEeO

where w?(7) is the value of w? on the conjugacy class ¢ corresponding to
©
v € Ps
In [17], Lusztig and Srinivasan decomposed the irreducible characters of
U, as linear combinations of Deligne-Lusztig characters, as follows.

Theorem 4.3 (Lusztig-Srinivasan). Let A € P9. Then there exists 7'(X) €
Z>o such that the class function

A
R(X) = (—1)7 M 10/20+ S pco MAIAN2] § W p

.
Ry

YEP2
is an irreducible character of U, (z~ is as in (2.14)).

Remark. The sign
(_1)Ln/2J+Z¢e@ IA(@)+lel[IAp)I/2] — (—1)Fa-rank of Un + Fg-rank of Ly

and Theorem 5.1 will show that

T (A) = n(\) + X = D lellIA@)I/2] = n(X) + D lel[IA(e)]/2].

peO peO

Corollary 4.3 (Ennola Conjecture). For A € P®, there exists T(X) € Z>

such that
{Ch_1<(—1)T(>‘)S>\> | Ae Pf?}

is the set of irreducible characters of U,.

Proof. By Theorem 4.3 and Theorem 4.2,

h(R(N)) = (—1)7 2T o NP1 INP2 § W) (-t

Py
Ry

YEP2

T N2 Y e [ITIA) /2] DY) e A —)
_(—1) pE® Z —(_1) pEO

D~
Ry

YEP2
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Note that the sign character w™s of Wy acts by
s (y) = (_1)2%9 \‘7(80)\—4(7)7

and that w™ ® w™ = WX, so since ~ € P,

A o As
h(R(N)) = (—1)7 V2404 E o el N2 § WrewM),

yeP2 =
A/
= (1) N2 S e lellIAO/2) ¢ W,
verr Y
and by applying (4.1) to a product over O,
— (_1)T’(>\)+Ln/2J+N+Z@e@ PIlAI/ 2T, 0

Remark. There are at least two natural ways to index the irreducible
characters of U, by ©-partitions: Theorem 4.3 gives a natural indexing by
O-partitions, but Corollary 4.3 indicates that the conjugate choice is equally
natural. Since we like to think of Schur functions as irreducible characters,
we have chosen the latter indexing. However, several references, including
Ennola [5], Ohmori [20], and Henderson [10], make use of the former.

5. CHARACTERS DEGREES

Let A € P9, and suppose (0 € X is in position (i,5) in A(¢) for some
¢ € ©. The hook length h(OJ) of O is

h(O) = |g[h(0), where h(0) = A(p)i — Alp); —i—j+1,
is the usual hook length for partitions.

Example. For |0| =1, |p| = 3 and

() ol
(). e (5 )

Example 2 in [18, I.1] implies that
(5.1) > h(@) = |IAl[+ n(A) + n(X).
Oex
For A € P9, let
n = ch™!(sy).
Theorem 5.1. Let X € P© and let 1 be the identity in Ujxj- Then

IT -

L<i<||A]]

[T@® - (1)@’

Oex

(1) = (~1)T Vg
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where 7(A) = ||AI|(JIA]| + 3)/2 + n(X) = [||A]l/2] + n(X)  (mod 2). So for
each A, we have x* = (—1)7TMpA,

Proof. We follow the computations in [18, IV.6]. Let 773 be the value of n*
on the conjugacy class c,. Then

A
A= Z U
HEPy
implies 77“ (sx,apPy). Since the sy are orthonormal,
(5.2) apPy, = Z 773§>\ where Sx = Z
. HEP)

is obtained by taking the complex conjugates of the coefficients of the P,,.
If ¢, is the conjugacy class corresponding to the identity element 1 of
Upm, then p,(t —1) = (1™) and py(f) =0 for f # t — 1. From the definition
of ay, and the fact that Pym)(z;t) = en(v) (see [18, II1.8]), we have
aulpul — (_1)m(_q)m+m(m—1)wm(_q—l)(_q)—m(m—l)/2p(1m) (X(t_l); (_q)—l)
= (=)™ (=g 2 ((—g) ) Pamy (XY (=) )
= Ym(—q)em(t —1).
Therefore, by (5.2),
(53) wm(_Q)em(t - 1) = Z 77>‘(1)§>\.
[[IAl[=m
Let 6 : A — C be the C-algebra homomorphism defined by

_1\ym—1 m _ (_1\m i —
5(pm(f))={(() v

Apply § ® 1 to both sides of Equation (4.8) to obtain

_1\ym—1
tog (3 dlsn)sx) = 3 %pm(t ~1) =log [J(1 +x{"").

AeP® m=1 i
By exponentiating and expanding the product to e;,’s, we have
Zemt—l Z5S>\S>\,
m>0

which gives

t—l ZéSA

[[A[[=m
Compare coefficients with (5.3) to deduce
(5.4) 1) = m(—q)d(sx), where d(sy) H d(saep

p€EO
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By the definitions of ¢ and p,, (), ¢ € O,
3(pm () = (=)™ (=) — 1) 7F = (—p)lem Y 7 (—g) e,
i>1
SO
Spm(V?, Y3, ) = (1) (—g) ¥, (=), ),
That is, applying § to a homogeneous symmetric function f (Y(‘p)) of

degree m replaces each YZ-W) by (—q)~"%! and multiplies by (—1)l¢/™. In
particular, for A € P, ¢ € O,

(5.5) 3(sx () = (=1)Aelsy ((=q) 711, ()72, ).
Example 2 in [18, 1.3] implies

(5.6) 5(sa(p)) = (_1)|s0||/\\(_q)—\so\(lx\Hn(/\)) H (1 _ (_q)—\ap\h(lj))—l.
OeX

Combine (5.4) and (5.6) to get
8(sx) = (=1)IIMI(—g)~IXI=n() H (1- (_q)—h(D))—l

OeX
= (=D)IN(—g)~IMI=nN+Zger H(O) H ((_q)h(D) _ 1)—1
Oex
= (=)W= T (=@ 1), (by (5.1))
Oex
— (_1)“>‘||+”(>‘,)+ZD6>\ h(D) gn(X) H (qh(D) _ (_1)h(D))—1_
OeX
Since
A+ 7(\) + > h(d) = 2|A] +20(X) + n(A) = n(A)  (mod 2),
OeX
we have
8(sx) = (=1)"Vg") T (¢"@ = (=)@ 7"
OeX
Since
Um(—q) = [J(1 = (=¢)") = (=)™ D2 T (" - (-1)),
i=1 1=1
we have
1) = ()N T (¢ = =0) [T @ = (-»PO)=t O
1<i<|| A Oex

By the Littlewood-Richardson rule, for any u,v € P, we have

_ A
8,8y = g ANES
A
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where cf;u is the number of tableaux T of shape A — p and weight v such
that the word w(T") is a lattice permutation [18, 1.9]. So we have

B A A A(w)
(5.7) SpSv = Z)\: CuvSx  Where ¢, = 119 CM(Z)V(SD)'
pe

Corollary 5.1. Let p,v € P®. Then x* o x¥ is a character if and only if
every A € P® such that ci‘w > 0 satisfies

n(p) +n(v) =n(A) + [[ul| [[v]]  (mod 2)
Proof. Since
ch(x* o x¥) = (=1)T#FTI N " s
P

the class function y* o x¥ is a character if and only if every A such that
cf;,j > 0 satisfies

T(p) +7(v) =7(A) (mod 2).
For each A such that ci‘w > 0, we have, for every ¢ € O, that there is
a tableau of shape A(p) — u(p) and weight v(p). In particular, we have

()l + v ()] = |A(p)] for every ¢ € ©, so that ||u|[ + [[v|| = [[A]|. The
result follows from the definition of 7. O

It follows that the operation o does not always take a pair of characters
to a character. For example, let 1 be the orbit of the trivial character, and
define p = v = (D(‘Pl)). Then one A such that cf;,, >0 1is

@)

Then we have n(u) + n(v) = 0 while n(A) + ||| [|v]| = 1, and so x* o x¥
is not a character by Corollary 5.1.

5.1. A character degree sum. Let d. denote the number of F-orbits in
© of size r. Since the F-action preserves M, and [M},| = ¢ — (—1)™, we
have

(5.8) gt — (-1)" = Zrdr, for m € Z~y.
rlm

Theorem 5.2. The sum of the degrees of the complex irreducible characters
of Up, is given by

XM =@+ DA P+ D @+ 1D (¢ +
IAl[=m

(- (=)™
o

Proof. Following a similar approach to [18, IV.6, Example 5], we consider
the coefficient of ™ in the series

S = Z (_1)n(>\)+\\>\|I5(S>\)tH>\H7
AeP®
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where n() is as in (2.7). Note that S = S,Se, where

So=1> (-1 (@) (—t) Ml and S = TT S~ d(sa ()t

lel A el A

odd even

Combine the following identity from Example 6 in [18, 1.5],

Z(—l)n(A)S)\ = H(l - ac,-)_l H(l + .Z'Z'.Z'j)_l

A i i<j
with (5.5) to obtain

> (1" ()G (s ()
AEP
= H (1 - (t(—q)—i)\w\)—l H (1 4 (t2(_q)—i—j)\<p‘)—1

i>1 1<i<j

Taking the logarithm,

logSo= > dm (ZZ "4 Y Z 0" H)m)r)

m odd i>1 r>1 1<i<jr>1
S CONCDWERESISIDS t2w<—q>—<z~+j>w)
m odd r>1 121 1<i<y

= % w X _( b o)

m odd r>1 i>1

= % i X s (U )

m odd r>1 i>1

where d,,, is as in (5.8). Similarly for |¢| even, by Example 4 in [18, 1.5],

ZS,\—H (1 —x) 1H 1—3:x]

1<J

SO

Z 8(sx(¢))tMlel = H (1- (tq—i)\so\)—l H (1- (t2q—i—j)|sol)—1

AP i>1 1<i<j
Taking logarithms,

t —i\mr t2 —i—j\mr
log S, = dm(zz%+ >yt

m even i>1 r>1 1<i<jr>1

= S Yt e (GO ).

m even r>1 i>1
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Set N = mr, and by (5.8),
log S = log S, + log Se

_HN 2N —2iN
-> (F+E =)
N , N
N>1 i>1
=log(1+1t)~ +Zlog — 227!
i>1

By exponentiating,

1 1 1
1+t21:11:1_t2q—2z ( )Hl_t2q—2z Zwl —2

i>0 1>0

where the last equality comes from Example 4 in [18, I.2].‘ Multiply the
coefficient of t™ by (—1)|Ym(—q)| = (=1)" [[:21(¢" — (—1)") to obtain

> XA(U:<Q+1>q2(q3+1)q4(q5+1>~-(quW)- 0
IA[[=m

Write fu, (q) = EHAH:m x*(1). The polynomial fg, (q) expressing the
sum of the degrees of the complex irreducible characters of G,,, = GL(m,Fy),
was computed in [6] for odd ¢ and in [16] and Example 6 of [18, IV.6] for
general gq. From these results we see that

fun(q) = (=1)™ D2 fe (—q),
another example of Ennola duality.

Gow [6] and Klyachko [16] proved that the sum of the degrees of the
complex irreducible characters of GG, is equal to the number of symmetric
matrices in G,,. Gow accomplished this by considering the split extension
of G, by the transpose-inverse automorphism,

(5.9) G = (G, k| K2 =1,kgk = tg_1 for every g € G,),

and showed that every complex irreducible representation of G, could be
realized over the real numbers. Instead, we show directly that the sum of the
degrees of the complex irreducible characters of U, is equal to the number of
symmetric matrices in U,,, and make conclusions about the reality properties
of the characters of U,", where

(5.10) Ur = (U, k| K2 =1,kus =tu" ! for every u € U,).
Corollary 5.2. The sum of the degrees of the complex irreducible characters
of U(n,F,2) is equal to the number of symmetric matrices in U(n,F2).
Proof. Define Sy, to be

Sy, = {symmetric matrices in U, }.

Then U, acts on the set Sy, by the action

w-s="'usu, s€ Sy, ucl,
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To find the number of elements in S, , we find the stabilizers of the orbits
under this action. Consider the same action of G,, = GL(n,F,) on its subset
of symmetric matrices. That is, let

Sq,, = {symmetric matrices in Gy, },
and let G, act on the set Sg, by the action

g-s="gsg, s€Sq,, g€ Gy

n?

Gow [7] proved, using the Lang-Steinberg theorem, that there is a one-
to-one correspondence between conjugacy classes of G} (5.9) and U,I (5.10)
of elements of the form gk and uk, for g € GG, and u € U,,. Moreover, Gow
proved that this correspondence preserves orders of the elements, and the
corresponding centralizers are isomorphic. The conjugacy classes of order 2
elements of this form correspond to the orbits of symmetric matrices in G,
and U, and their centralizers to the stabilizers under the action described
above. So to find the stabilizers of the orbits in the case for U,, it is enough
to do this for G,,.

First let ¢ be odd. Then the orbits of Sg, correspond exactly to equiva-
lence classes of quadratic forms, of which there are exactly 2 (see, for exam-
ple, [9, Chapter 9] for a complete discussion). The stabilizers of these orbits
are the orthogonal groups corresponding to the quadratic forms. When n is
odd, these two orthogonal groups are isomorphic, with order

(n—1)/2
01 = 10a] = 24" T (6% ).
i=1
When n is even, the orthogonal groups fixing the two classes of quadratic
forms are not isomorphic, and their orders are

(n—2)/2
(01] = 24722 —1) T (¢* —1), and
=1
n—2)/2
|0y] = Zq(n2—2n)/4(qn/2 +1) H (q2z —-1).
=1

From Gow’s result, the orders of the stabilizers of orbits is the same for U,,.
Using the fact that

Unl = ¢"" 2T ](¢" — (-1))),
i=1
we calculate that the number of elements in Sy, is
AN
[01] |02

ISu, |

= (¢ + D)@ + D' +1) - (¢" + (1—(27—1)’”)7

and for this case, the result now follows from Theorem 5.2.
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When ¢ is even, the orbits of Sg, are not necessarily in one-to-one cor-
respondence with inequivalent quadratic forms. When n is odd and ¢ is
even, however, there is exactly one orbit, and its stabilizer is the unique
orthogonal group, O (see [9, Chapter 14]), with order

, (n-1)/2
0] = ¢ T (¢ - 1)
i=1
So the size of Sy, is again found to be

|Un|
0

When ¢ and n are both even, there are two orbits, however these do not
correspond to classes of quadratic forms. One orbit consists of symmetric
matrices which have at least one nonzero entry on the diagonal, the order
of whose stabilizer, Stab(1), is computed in [19]. The order is

1Su,| = =(q+ 1)@+ D" (¢ + 1) ¢ Hg" +1).

(n—2)/2
Stab(1)| = ¢"/* T] @* 1)
=1

We note that in [19], the author calls Stab(1) the orthogonal group, but
this is different from what is commonly defined as the orthogonal group for
characteristic 2 in the current literature.

The other orbit, consisting of symmetric matrices with zero diagonal,
corresponds to the unique class of alternating form, with stabilizer the sym-
plectic group, Sp = Sp(n,F,), with order

n/2
Spl =a"/* T](a* - 1).
=1

As in the previous cases, we calculate the size of Sy, which in this case is

" |Stab(1)|  |Sp|
=(q+ 1)@+ Dg* (" + 1) (¢" "+ 1)g" O

The connection between Corollary 5.2 and the characters of U, is most
easily understood using twisted Frobenius-Schur indicators, which we now
briefly discuss. More details may be found in [15] and [1].

Let G be a finite group, ¢ an order 2 automorphism of G, and (m, V)
a complex irreducible representation of G with character x. Suppose that
‘w 2 7t, where ‘m(g) = m(‘g), and where 7 is the contragredient of 7, or the
irreducible representation with character Y. This isomorphism gives rise to
a nondegenerate bilinear form B, satisfying

B,(w(g)v, ‘n(g)w) = B,(v,w) for all g € G and v,w € V.
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This bilinear form is unique up to scalar by Schur’s lemma, from which it
follows that for every v,w € V, we have

B,(v,w) = ¢,(m)B,(w,v),

where g,(m) = £1. If ‘r % 7, then define g,(7) = 0, and we also write g,(x) =
e,(m). Kawanaka and Matsuyama [15] obtained the following formula for this
indicator:

(5.11) e (x) = |—é| S g 'g).
geG

This formula generalizes that of the classical Frobenius-Schur indicator,
which is the case that ¢ is trivial, in which case we write ¢,(7) = ().
Frobenius and Schur proved that () = 1 when 7 is a real representa-
tion, e(m) = —1 when 7 is not a real representation but x is real-valued,
and e(m) = 0 when x is not real-valued. The orthogonality relations and
equation (5.11) imply the following generalization of the Frobenius-Schur
involution formula (for a proof, see [1, Proposition 1)):

(5.12) Y oalox) =[{geGlg =g}
xE€Irr(G)

For a character x of a finite group H which is a subgroup of G, we say
that x extends to G if there is a character Y’ of G such that x’ restricted to
H is x.

Corollary 5.3. Let U,S be the split extension of Uy, by the transpose-inverse
involution, as in (5.10). Let x be a complex irreducible character of U,.
Then we have the following:

(1) Ife(x) = 0, then x induces to an irreducible character 1) = Indgf(x)
of Ul such that e(¢) = 1.

(2) Ife(x) =1, then x extends to an irreducible character x' of Ul such
that e(x') = 1.

(3) If e(x) = —1, then x extends to an irreducible character X' of U,
such that e(x') = 0.

Proof. If 'g = tg_l, then Corollary 5.2 and (5.12) imply that ¢,(x) = 1 for
every irreducible x of U,,. First let x of U, be an irreducible character such
that e(x) = 0. It follows from Frobenius reciprocity that ¢ = Indgf (x) is
irreducible. Applying the formula for an induced character and (5.11), we
find that e(¢)) = ¢,(x) = 1.

Now let x be an irreducible character of U,, such that e(y) = £1. Then
Y = Indgf(x) is reducible, and is the sum of two extensions of x to U,
1 = x'+x". Again, using the formula for an induced character and Equation
(5.11), we calculate that

e(x) +e(x)

e(x) +e.(x)
e(x) + 1.



26 NATHANIEL THIEM AND C. RYAN VINROOT

If e(x) = 1, then we must have e(x’) = e(x”) = 1. If e(x) = —1, then x
cannot have an extension with a Frobenius-Schur indicator equal to 1, and
so the only choice is that e(x') =e(x") =0 O

5.2. A second character degree sum. A O-partition A is even if every
part of A(¢) is even for every ¢ € ©.

Theorem 5.3. The sum of the degrees of the complex irreducible characters
of Uz, corresponding to A such that X' is even is given by

> W) =g+ )PP+ 1) (P ).

[|A[]=2m
A/ even

Proof. To calculate this sum, we find the coefficient of t> in the series

T= 3 (—1) O HNIs(s )N =TT,

X even
where
T=T] 3 (1" 6@ and 7o = T[T 3 d(sa())e el
lel A even lel A even
odd even

It follows from the computation in Example 6 of [18, 1.5] that
PORCEREE | (R
X even 1<j
and applying this yields
. ~1
S ()" Ma(sa (@A = T (1+ (B (-a) 7))
M even 1<i<y
From Example 5(b) in [18, I.5], we have the identity
> =0 =@z,
M even 1<j
from which it follows, for || even, that
3 S = T (1 _ (t2q—i—j)\sﬂ\>_1
A even 1<i<y
Taking logarithms gives

logT, = Z dm( Z Z (—(t2(_i)—i_j)m)r>

m odd 1<i<jr>1

Z d, Z ) <Ztmrq—2imr>’

m odd 7”>1 i>1
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where d,, is as in (5.8), and

oaTo= Y Y z@)

m even 1<i<jr>1
_ mr —2imr
= > e e ().
m even 7’>1 i>1

Adding the two terms, making the change N = mr, and applying (5.8), we

obtain
t2N
RS 3) plat
N>11i>1
and after exponentiating,
) 1 ) t2l
T= H —22_(1_t)Hl—ﬁq—?i:(l_t)Zwl(q—2)'
i>1 i>0 >0

Multiplying the coefficient of t*™ by |th2,,(—q)| = H?;nl(q’ — (=1, we
obtain

> ) =g+ VPP + D) P ). O

|IAl|=2m
A’ even
Write gu,,(4) = >2)|xj1=2m, N even x*(1), and let gg, (¢) denote the corre-
sponding sum for G,,. The polynomial g¢,, (q) was calculated in Example 7
of [18, IV.6], and snnllar to the previous example, we see that we have

9u,.(¢) = (=1)"9G,,.(—q).

In the case that ¢ is odd, Proposition 5.3 follows from the following
stronger result obtained by Henderson [10]. Let Spy, = Sp(2n,F,) be the
symplectic group over the finite field IF,.

Theorem 5.4 (Henderson). Let g be odd. The decomposition of Indglzg (1)
into irreducibles is given by
Uan
Indsiiz Z X
H;\,H =2n

The fact that Proposition 5.3 holds for all ¢ suggests that Theorem 5.4
should as well.

6. A DELIGNE-LUSZTIG MODEL

A model of a finite group G is a representation p, which is a direct sum of
representations induced from one-dimensional representations of subgroups
of G, such that every irreducible representation of G appears as a component
with multiplicity 1 in the decomposition of p.
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Klyachko [16] and Inglis and Saxl [12] obtained a model for GL(n,Fy),
where the induced representations can be written as a Harish-Chandra prod-
uct of Gelfand-Graev characters and the permutation character of the finite
symplectic group.

In this section we show that the same result is true for the finite unitary
group, except the Harish-Chandra product is replaced by Deligne-Lusztig
induction. The result is therefore not a model for U(n,F,) in the finite
group character induction sense, but rather from the Deligne-Lusztig point
of view.

6.1. The Gelfand-Graev character. Let U, = GL(n,K)"" as in (2.3),
and let

B. ={u€U), | uunipotent and uppertriangular} C Uy},.
Fix a nontrivial character 1 : K; — C* of the additive group of the field
Ky such that the restriction to the subgroup {z € Ky | 2?4 2 = 0} is also
nontrivial. The map 9,) : B« — C given by
Py () = (w2 + -+ Unsa) -1, (n/2) + Unj2),fnj21+1)s for u = (u;) € B,
is a linear character of B.. Then
Up
Llny = IndpZ (V)
is the Gelfand-Graev character of U),. Let I'(n) be the corresponding Gelfand-
Graev character of U, = GL(n,K)¥. For A € P®, define
ht(A) = max{{(A(¢)) | ¢ € O}
The following also appears in Section 5.2 of [20].

Theorem 6.1. The decomposition of I,y into irreducibles is given by

Loy = > X

AP
ht(A)=1
Proof. By [3, Theorem 10.7],
—1)ym—t(y)
Pl = (~1)l2) 3 "
YEPR, =

Therefore, Theorem 4.2 implies

m 1
ch(T ) = (D)2 —Px
~erg Y

!

¥4 ,
= (—1)lm/2 Z d (7)])., (w™s is the trivial character of W)

vepg Y
= (=DM Y7 sa (by (4.1)).
reP§,

ht(A)=1
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Since |[m/2] +n(X) = [m/2] for all A with ht(}\) =1, Theorem 5.1 implies
T(m) = ch™" (ch = > =

AePS

hc(A):l

6.2. The model. For a partition A, let o(\) denote the number of odd parts
of A, and for XA € P9, let o(\) = > e [Plo(A(p)).

Theorem 6.2. Let g be odd. For each r such that 0 < 2r < m,

Ty o0 Indg;;(l) = Z X}‘-
o(N)=m—2r
Furthermore,
S Taolal (= Y
0<2r<m [IAl|l=m

Proof. Suppose p,v € PO, such that ht(p) = 1 and v’ is even. From (5.7),
Corollary 4.3, and Pieri’s formula [18 I.5.16]

(6.1) X o x” #p+) Zx :

where the sum is taken over all A such that for every ¢ € ©, A(¢) —v(p) is
a horizontal |u(p)|-strip.

We now use Corollary 5.1 to show that x* o x¥ is a character. As A(p) —
v(¢p) is a horizontal |p(p)|-strip, the part A(p); is either v(y); or v(p); +1
for every i = 1,2,...,4(A(p)). By assumption, v/ is even, so v(p); is even
for every ¢ € O, and so

(V(@)QQ + 1> (o) + <V(;P)2> _ <V(;P)2> (mod 2).

Thus, n(A(p)) =, (A(‘;);) =n(v(y)) (mod 2). The assumption ht(p) =1
implies n(p(p)) = 0, and since ||v|| is even,

n(p) +nw) =n(A) +|[lpl[|lv]l  (mod 2).

By Corollary 5.1, x* o x¥ is a character.

Use the decompositions of Theorem 5.4 and Theorem 6.1 in the product
(6.1) to observe that the irreducible characters x> in the decomposition of
Fm_grolndg;;(l) are indexed by A € P9 such that for every o, A(p)—v(p)
is a horizontal |p(p)|-strip, where ||u|| = m — 2r, for some v(p) such that
v(p) is even. Then the number of odd parts of A(p)" is exactly |u(y)],
and so the A in the decomposition must satisfy > cg [¢lo(A(¢)") = [|u|| =
m — 2r. O
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