A skein-like multiplication algorithm for
unipotent Hecke algebras
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Abstract
Let G be a nite group of Lie type (e.g. GL(Fg)) and U a maximal unipotent subgroup of
G. If isalinear character ofU, then the unipotent Hecke algebraisH =End cg (IndS( )).
Unipotent Hecke algebras have a natural basis coming from ddble cosets ofU in G. This
paper describes relations for reducing products of basis @inents, and gives a detailed de-
scription of the implications in the case G = GL, (Fq).

1 Introduction

Unipotent Hecke algebras interpolate between two classidaHecke algebras, the Gelfand-Graev
Hecke algebra [St, Yol] and the Yokonuma algebra [Yo02] (a geamalization of the Iwahori-Hecke
algebra). These two classical algebras have not generallyelen studied from the same perspective,
and an underlying philosophy of this paper is that techniques employed in the study of one
classical algebra not only apply to the other, but also to allunipotent Hecke algebras.

The Gelfand-Graev Hecke algebra is a commutative algebra tt has connections with
Chevalley group representation theory [DM], unipotent orbits [Kal], and Kloosterman sums
[CS]. Despite being commutative, computing products in thestandard double-coset basis is a
challenging problem. The de nition of a Hecke algebra imples [CR] that if T, and Tk are two
basis elements, then

X 1 X
T«Th= c4Ty; where ¢, = Ui (uy tu, tugug); ()

\ uj;ug;ugug2U

uikup=vugh luy
but this formula is unhelpful for many applications. Using a geometric approach in [Cu], Curtis
analyzed which elements appear in the sums of §, but computing products in the Gelfand-
Graev algebra still remains di cult.

This paper provides a uniform solution to the multiplicatio n problem for Yokonuma Hecke
algebras, Gelfand-Graev Hecke algebras, and all unipotentecke algebras. The idea is that
in a unipotent Hecke algebra thecy, in ( ) are determined by generalizations of the braid-
like relations of the lwahori-Hecke algebra, and that the mdtiplication in any unipotent Hecke
algebra can be done in a manner directly analogous to the wayt is done in the lwahori-Hecke
algebra.

Let G be a nite Chevalley group with a maximal unipotent subgroup U. Suppose :U!

C is a linear character ofU. Then the unipotent Hecke algebraH (G;U; ) is

H =Endce(ind§( ) =eCGe; where e = — (u Hu:
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Fix a subgroup N G of double coset representatives

G
G= uvy; and let N =fv2N j eve 60g:

V2N

Then the setfe ve j v2 N gis a basis forH [CR, Prop. 11.30].

Examples.
1. The Yokonuma Hecke algebra. If = 1 is the trivial character, then Ny = N. Let
W = bhsy;sp;::1; 50 be the Weyl group of Gand T = hhi(t) j 1 i 7t 2 Fji bea

maximal torus sothat N = To W. Forw2 W andh 2 T, let Ty = eghwesz. By [Y02],
the Yokonuma algebraHy has a basisf T, | v 2 N g with relations

g Ts,w; X if “(siw) = “(w)+1,
TsTw=. ¢ Mo pswtadt Thow if(sw)="(w) 1, 1 i T,w2W,
t2F,
ThTW: Thw; h2T,W2W,
ThTk = Thk; hik2T;

where if w = s;,;s;,:::s;, 2 W for r minimal, then “(w) = r. These relations give an
\e cient" way to compute arbitrary products ( egueg)(epver) in Hy.

2. The Gelfand-Graev Hecke algebra. If  isin general position, then the Gelfand-Graev
module IndS( ) is multiplicity free as a G-module ([Yo1],[St, Theorem 49]). The corre-
sponding Hecke algebraH is therefore commutative. However, decomposing the prod-
uct (e ue )(e ve ) into basis elements is more challenging than in the Yokonura case
[Ch, Cu, Ra].

Section 3 describes some of the subalgebra structure of uropent Hecke algebras. The main
results of the paper are in Section 4:

Theorem 4.1 and Corollary 3 give relations similar to those 6the Yokonuma algebra
(example 1, above) for evaluating the product € ue )(e ve ), with u;v 2 N , in
any unipotent Hecke algebraH .

Section 5 applies the main results to the special case wheG = GLj(Fg), the general linear
group over a nite eld Fq with g elements. Readers unfamiliar with the discourse of Chevadly
groups may skip ahead to Section 5 (which is independent of $8ons 3 and 4).

There are several natural ways to generalize unipotent Heak algebras. In a series of papers
[Kal, Ka2, Ka3] Kawanaka has analyzed a family of modules olatined by relaxing the maximality
condition on U. There has also recently been a growing interest in a largeraimily of characters
known as super characters [An, ACDS]. Seeing which aspectd the techniques associated
with unipotent Hecke algebras extend to the Hecke algebras fothese characters would be an
interesting continuation of this work.

Acknowledgments. Along with [Th], this paper is part of my Ph.D. thesis. In developing
these results, | have enjoyed the supportive environment othe University of Wisconsin-Madison
mathematics department, the time supplied by several grans (VIGRE DMS-9819788, NSF
DMS-0097977, and NSA MDA904-01-1-0032), and above all thegpient help and insights of my
advisor Arun Ram. | also appreciate the thoughtful commentsand insights of an anonymous
referee.



2 Preliminaries

2.1 Finite Chevalley groups

Let g= Z(g) gs be a reductive Lie algebra, whereZ(g) is the center of g and gs = [g;q] is
semisimple. Ifhg is a Cartan subalgebra ofgs, then h= Z(g) hs is a Cartan subalgebra ofg.
Let

h =Homc¢(h;C) and hy = Hom c(hs; C):

As an hg-module, gs decomposes

M
s = hs (gs) ; where @) =hX 2gs ) [HiX]= (H)X;H 2 hsi;
2R

and R = 2 hg j 6 0;(gs) 6 0g is the set of roots ofgs. Choose a set of simple roots
f 1; 2;:::; ~g. This choice splits the set of rootsR into positive roots R* and negative roots
R with R = R*.

For each pair of roots ; , there exists a Lie algebra isomorphism :sl,b 'h g ;g 1.
Choose these isomorphisms such that if

X = (8%)2(95) ; H = (1)01 2 hs; X = (98)2(95) ;
thenfX ;H, j 2R;1 i ‘gisa Chevalley basis ofgs [Hu, Theorem 25.2].

(Condition (a) guarantees that Z(g) acts diagonally. If Z(g) = 0, then the existence of such a
basis is guaranteed by a theorem of Kostant [Hu, Theorem 27]1L
Let
hy = Z-sparfHq;Ho; i HRQ: (2.1)

Vg = Fg-sparfvy;vo;:ii; v 0 (2.2)
The nite reductive Chevalley group
Gy = (a);hu(b) ] 2R;H 2hz;a2 Fgb2 Fqi;

is the subgroup of GL (V) generated by the elements

X X n

X (a)= a”—l; and (2.3)
0o n:

hy (b) = diag(b *H); b 2M); o b r M)y whereHvi = (H)vi: (2.4)



Remark. If g=gs,then Gy =l (t) ] 2 R;t2Fyi.
Example . Supposeg = gl, and let

0

1
V = C- ;
span 0 1

be the natural g-module C? given by matrix multiplication. Then h has a basis

- ao . -~ 10 ., 0O
h= 0op | a;b2 C = C-span 00 ' 01
By direct computation,
- 1t _ t2 0 , _
x =4 4 and h a0 M= 3§ o for a;b2 Z;

and Gy = GL(Fg) (the general linear group).

2.2 Important subgroups of a Chevalley group

Let G = Gy be a Chevalley group de ned with ag-module V as above. The groupG contains
a subgroupU given by
U= (t) ] 2R*;t2Fq;

which decomposes as

Y
U= U ; where U = (t) j t2 Fqi;

2R*

with uniqueness of expression for any xed ordering of the psitive roots [St, Lemma 18]. For
each 2 R*, the map

u ! F
x () 70 t
is a group isomorphism.
For ; 2 R, dene the maps
s : h | h s : h=2Z(g hg ! h )
71 (H) and H+H 7IH+H (H) @D

The Weyl group of GisW =t | 2 Ri and has a presentation
W = Is1;80;:::;8 | si2=1;(sisj)mij =1;1 i6j i mij 2Zs0;, Si= S ;:

If w=sj,;si, sj, with r minimal, then the length of w is "(w) = r.
Let hz be as in (2.1). If g > 3, then the subgroup

T="hyu(t) j H2hzt2F,
has its normalizer in G given by
N="hwv (t);h ] 2Rh2T;t2Fj; wherew (t)=x (t)x ( t Hx (1):

If 2R, thenhy ()= w (hw (1) L. Write h (t) = hy (t) and hi(t) = h (1)
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There is a natural surjection from N onto the Weyl group W with kernel T given by

N ! w
w((t) 7' s; for 2 Rit2Fg (2.6)
h 7! 1; forh2 T:

Supposev 2 N. Then for each minimal expression
(V) = si;Si,:iisi,; with “( (v)=r1;
there is a uniquevt 2 T such that
v=wi, (Dwi, (1)  w;, (D)vy: (2.7)
To simplify some notation in later sections, write

V=ViVo ViV, wherev;, = w;, (1): (2.8)

2.3 Unipotent Hecke algebras

Let G be a nite Chevalley group. Fix a nontrivial homomorphism Fa I C.If

R™ | Fq . _ .
7] satises =O0forall notsimple, (2.9)
then the map
U ! C
x @) 7 (1) (2.10)

is a linear character ofU. With the exception of a few degenerate special cases & (which can
be avoided ifq > 3), all linear characters of U are of this form [Yol1.5, Theorem 1].
The unipotent Hecke algebraH (G;U; ) is

H =Endce(ndS( )); (2.11)

or viewed as a subset oCG,
H =e CGe; where e = ix (u Hu: (2.12)
JUj u2U
Remark: SinceT is in the normalizer of U in G, T acts on the linear characters ofU by
h (= (huh '); whereu2U,h2T,and :U! C:

If two linear characters and are in the sameT -orbit then H(G; U; ) = H(G;U; ) (although
the converse does not necessarily hold).

The group G has a double-coset decomposition
G
G= uvy; [St; Theorem 4] (2.13)

V2N
and if
N =fv2N j eve 60g
_ " o " (2.14)
=fv2N j uivuv -2 U implies (u)= (vuv “)g

then the setfe ve j v2 N gis a basis forH [CR, Prop. 11.30].

Examples (see also the Introduction).



1. The Yokonuma Hecke algebra. If = 0 for all positive roots , then = 1 is the
trivial character and Ny = N. Let Ty = egvep for v 2 N, with T; = Ty, (q) and Ty (t) =
Thy - FVv=viva  vivr 2 N according to a minimal expressions;,sj, sj, 2 W (as in
(2.8)), then
TV = TilTiz Ti,TvT:

Thus, the Yokonuma algebraHy has generatorsfTi, T, j 1 i °, h2 Tg (see [Yo2])
with relations,

X
T?=q'Tu (( D+at  Tu (t HTy 100
t2F,
TTT ’ <. \Mijj :1’
IOy = ihg (sis1)
m;j terms mj terms
TiTh = TsnTi; h2T,
ThTk = Th; h:k 2 T:

These relations give an \e cient" way to compute arbitrary p roducts T, T, in Hg. There
is a surjective map from the Yokonuma algebra onto the lwahor-Hecke algebra that sends
Ty 7' 1 for all h 2 T. \Setting T, = 1" in the Yokonuma algebra relations recovers
relations for the Iwahori-Hecke algebra,

T?=q'+q'q T

| ey T ey
mIJ terms mIJ terms

Furthermore, there is a surjective map from the Iwahori Hecle algebra onto the group
algebra of the Weyl group given byT; 7! s; and q 7! 1. Thus, by \setting T; = s; and
g = 1" we retrieve the Coxeter relations of W,

IR TRy

mjj terms mjj terms

2. The Gelfand-Graev Hecke algebra. By de nition, if 6 0 for all simple roots , then
is in general position. The Gelfand-Graev Hecke algebr&d is commutative ([Yol],[St,
Theorem 49])).

3 Parabolic subalgebras of H

Let :U! Gbeasin(2.10). Fix asubset] f 1; 2;:::; -gsuch that
J f ; simple root | . 600 (3.1)
For example, if  is in general position, thend = f 1; 2;:::; -g, butif is trivial, then J
could be any subset.
Let

Wy=Hh2W | 2Ji; P;y=hJ;T;W;i and Ry = Z-sparf ;2 Jg\ R:
Then P; has subgroups

L; = hT;W;;U j 2R;i and U; = hJ j 2 R* Rji (32)



(a Levi subgroup and the unipotent radical of Py, respectively). Note that
UjL;=Py; Uj\L;=1; and,infact, P;=Ujo Lj:

Uy ]

u2L;\ U u2U,

so thate = e; eg is the decomposition ofe with respectto P = L;Uj;.
The group homomorphisms

P; ! G

w7 w7 ort2bsuz U,

induce functors

Inf{? :fLy-moduley ! f P;-modulegy
M 7! &M

Indg, :fP;-modulesy ! f G-modulegy

and M © 7 CG cp, MO

whose composition is the functor IndfJ . In the special case whenCL j)eis an L ;-module with
corresponding idempotente,

Indf®, : fLy-moduley ! f G-moduleg
CLje 7! CGed:

Themap :U! C restricts to a linear character Reg), L, ):rLy\V Ul C. To make
the notation less heavy-handed, write  :Lj\ U! C, for Reg), L, o)

Lemma 3.1. Let be as in (2.10). Then
INdS( )= IndfZ (Indi  ( )):
Proof. Recall IndS( ) = CGe . On the other hand,
Indgl ()= CLye; implies IndfZ (Indgi, ( ))= CGe, €};

wheree; is asin (3.3). Bute; €} = e, so

Ind§( )= CGe = Ce; €} = Indf (Indi  ( ): O
Theorem 3.1. The map
Ende, (Indgd () ¢ H
ej ve; 7" eve; forv2L;\ N,

is an injective algebra homomorphism.
Proof. Sincel ; normalizesU; and egeJ = e,
eve = &le; véde; = le; vey ;

so the map is given by multiplying e; ve; on the left by eg. Thus, is well-de ned and
injective. Becauseeg commutes with e; ve; forv2 L, is also a homomorphism. O

Write
Ly = (Endci,(Indg, () H (3.4)

The L ; are \parabolic" subalgebras ofH , in that they have a similar role in the representation
theory of H as parabolic subgroupsP; have in the representation theory ofG.
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3.1 Weight space decompositions for H -modules

An important special case of Theorem 3.1 is when
J=J =f ; simpleroot j . 60g0;
so that J is minimal satisfying (3.1). Write L =L; ,W = W, , etc.

Corollary 1. The algebraL is a nonzero commutative subalgebra dfl .

Proof. As a character ofU\ L , is in general position, so Inti \u( ) is a Gelfand-Graev
module andL is a Gelfand-Graev Hecke algebra (see example 2 in Sectior3}. O

SinceL is commutative, all the irreducible L -modules are one-dimensional. Let” be
an indexing set for the irreducible modules ofL . SupposeV is an H -module. SinceL =

Endc. (Indb\l_ (), L issemisimple, and as arL. -module,

M
V = V where V =fv2V j xv= (X)v;x2L g

N

2L

If 2, thenV isthe -weight spaceof V, and is a weight of V if V 6 0.
Examples.

1. In the Yokonuma algebra =1, Jg3=; andLy = e3CTeg = CT.

2. In the Gelfand-Graev Hecke algebra case] =f 1; 2;:::; ‘gandL =H .

Remark. Since dim(V ) can be greater than one,L is not in general a maximal commutative
subalgebra ofH .

4  Multiplication of basis elements
This section examines the decomposition of products in term of the natural basis

X
(e ue )(e ve )= & (e v ):
v02N

In particular, Theorem 4.1, below, gives a set of braid-likerelations (similar to those of the
Yokonuma algebra) for manipulating the products, and Corolary 3 gives a recursive formula for
computing these products.

4.1 Chevalley group relations

The relations governing the interaction between the subgraps N, U, and T will be critical in
describing the Hecke algebra multiplication in the following section. They can all be found in
[St, x3].
The subgroup
U= (t) j 2R";t2Fq



has generatorsfx (t) j 2 R",t2 Fyg, with relations

Y o
x (@x (Bx (a) *x (b *= x (zj (; )ab); (U1)
=i +j 2R*
ii2Zs¢
x (@)x (b= x (a+ b); (U2)
where zj (; ) 2 Z depends oni;j; ; and a xed order on the positive roots R*, but not

on a;b2 Fq [St, Lemma 15]. Thez; (; ) have been explicitly computed for various types in
[De, St].

The subgroupN has generators wi(1), hy (t) ji=1;2:::;7, H 2 hz, t 2 Fyg, with relations
wi(1)? = hi( 1); (N1)

YVi (1)w; (1?\??(1)Wj D) ) = Y\/j (Dw; (1?\??(1)Wi () }; where (sisj)™ =1in W, (N2)
wi(Dhy (t) = hg; ) (Dwi (1); (N3)

hu (2)hn (b) = hy (ab); (N4)

hy (@)hyo(b) = hyo(b)hy (a); for H;H °2 h; (N5)

hy (a)hyo(@) = hy+ po(a); for H;H °2 h; (N6)

iy (t)he, (t) s th () =15 it/ MY 009 =1forals j r,  (N7)

where j :h! C dependsonV as in (2.4).
The double-coset decomposition ofc (2.13) implies G = hJ;Ni. Thus, G is generated by

fx (a;wi(d);hu(b) j 2R*;a2 Fqi=1;2:::;5H 2 hz;b2 Fqg with relations (U1)-(N7)
and

wi(L)x (Hwi(l) 1= Xs;( )(C 1) for 6 ;,whereq = 1, (UN1)

hx (hh 1= x ( (h)b); forh2T,; (UN2)

wi (D)xi(Owi(1) = xi( t Hhi( t Hw@)x( t b); wherex;(t) = x ,(t) and t 6 0; (UN3)
where for 2 Randhy(t) 2 T,
(hu (1) = t (1 (4.1)
Note that relation (UN3) is not conjugation by w;(1),
Fix a :U! C asin (2.10). Fork 2 Fq, let

X
e (k) = 1 ( kt)x (t) with the convention e = e (1): (4.2)

Note that for any given ordering of the positive roots, the decomposition

Y o Y
U= U implies e = e: (4.3)
2R* 2R*

In particular, given any 2 R*, we may choose the ordering of the positive roots to have
appear either rst or last. Therefore, sincee is an idempotent,

ee —e —ee: (4.4)



If w=si,si, si, 2W with r minimal, then let
Ry=f 2R" jw()2R g=1 iisi(i .)i0sisic o Si,( i,)g (4.5)
where the second equality is from [Bo, VI.1, Corollary 2 of Poposition 17].

Lemma 4.1. Letv 2 N, w= (v) (with :N ! W asin (2.6)), and for 2 R*, let
vx (v 1= xu (¢, t), with ¢, = 1 asin (UN1). Then

ve (k\v t=ea, (o K); if 2 Ry, (E1)
vev 1=g, if 2Ry;v2N , (E2)
he (k)h 1= e (k (h) 1); forh2 T, (E3)
ex ()= ( te =x (e for 2R": (E4)
Proof. (E1) Using relation (UN1),
1X 1X
we (Kw 1= = (  kthwx (Hhw 1= = ( kt)xw (cy 1)
1 X
== (o k% t)=8ay ( ,'o k)

(E2) Suppose 2 Ry,. Sincev2 N ,

( D= (x@®)= (v v H=(xw (kt) (by (UN1))
= ( w kt); forsomek 2 Zgg:

In particular, since is nontrivial, =Kk w . Thus,
1 X 1 X
vev == ( txw (kt)= = (  k Y% (%= ey :
thFq 12 Fq
(E3) Sincehx (t)h 1= x ( (),
1 X X
he (k)h *= = ( kt)x ( (h)t)= ( kt (h) Hx ()=-e (k (h) )
thFq t2Fq

(E4) The elemente is the minimal central idempotent of CU that corresponds to the character
x (1) 7! ( t). Therefore, by (4.4),e x ()= eex ()= ( t)e. O

4.2 Local Hecke algebra relations

Let u= uiu2 urut 2 N according to a minimal expressions;,s;, :::s;j, 2 W (see (2.8)). For

1 k rdeneconstantscc = 1 androots 2 R* by the equation
X (at) = (U U) X ((Ukss  Ur): (4.6)
Note that R () = f 1; 2;::1; rg(see (4.5). Denefy 2 Fqly1;y2;::0;yr] by
C1 2 Cr
fu= L 2 : ; 4.7
“T Ten™ un”? (' @0

and fork =1:;2;::::r, and write
uk(t) = wi, (1)xi, (t): (4.8)
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Theorem 4.1. Let u= ujiu, UuUfuT;Vv=VviVo Vvt 2 N according to minimal expressions
Si;Si, Si; 2W andsj;sj, sj;2 W, respectively, as in (2.8). Then

(@)

X
(eue)eve)= = ( foM)e t)usts) Ur(t) viva Ve he ;
t2F,

whereh = vyv lutv2 T.

(b) The following local relations su ce to compute the product (e ue )(e ve ).

X X
( OO w@Oxi® w@=( HON D+ ()t Hximhi@wi@)xi(t); (H1)
t2Fq t2F,
wi(D)x (1) = X5 (G Hwi(1); (H2)
x (Hhh=hx ( (h) *t); (H3)
ex ()= ( te =x (te; (H4)
( OH)OC ogm=0 «F+g)1); (H5)
h (Hw;i(1) = w-\sl)hsi( y (1) (H6)
wi(1)xi(a) x (b) = Xs, (G zmn( i; )a"b') wi(D)xi(a) ; for & ,(H7)
wi(1)xi(a) xij(b) = Wi’(l)xi(a"' b) ; (H8)
h (a)h (b= h (ab); (H9)
h (a)h (b)= h (bhh (a) (H10)
wi(1)? = hi( 1) (H11)
iWw Qwi@w () =y Qwi @Oy Wwi1) (H12)
YV mij\?ierms } Yv mij\?:erms }
wheref; g 2 Fqly, ;:::;rl]tZFr, ; 2RY,1 i 7, zpa( i; )=1,and mj is the
order of sisj in W.
Proof. (a) Order the positive roots so that by (4.3)
Y
eueve =eu e e,e, e, 6ve (de nition of )
2R ()
Y
=e €w ue,e, e, ve (Lemma 4.1,E2)
2R ()
=eue,e, e, e (Lemma 4.1, E4)
= e uu uure,e, e, ve
= euux ue ( 1(}JT))e ,( z(tT)) e r(ﬁ)uTve (Lemma 4.1,E3)
= e ue il(%)uze i2(|+c(2u-|—)) ue (ﬁ)uTve ((4.6), Lemma 4.1,E1)
= e ue il(W)we ( " 2(UT)) ure ir(W)Vl VeVTV turve
- e_r (—22huy(t) (= =ur(t)ve  vshe (de nition of e , u (1))
9 t1;5tr 2Fg
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X
170 fome wt)  ut)v vshe ; (by (H5))

r
q t2F

whereh = vrv lurv 2 T, as desired.

(b) First, note that these relations are in fact correct (though not necessarily su cient): (H1)
comes from (UN3); (H2) comes from (UN1); (H3) comes from (UN2); H4) is (E4); (H5) comes
from the multiplicativity of  ; (H6) comes from (N3); (H7) comes from (Ul) and (UN1); (H8)
comes from (U2); H9) and (H10) are (N4) and (N5); and (H11) and (H12) are (N1) and (N2).
It therefore remains to show su ciency.

By (a) we may write

1 X
(eue )eve)= — ( f)t)eu(ty) ur(tr)va vshe
t2F
for somef 2 Fglys;:::;yr] and h 2 T. Say ty is resolved if the only parts of the summands

depending onty are ( f) and h. The product is reduced when all the ty are resolved. 1 will
show how to resolvet, and the result will follow by induction.
Use relation (H2) to de ne the constant d and the root 2 R by

(viva  Vs) X L (O(vave  vs) = x (dt) (where “( (V) = 9): (4.9)
Note that = (v) I( j,)andd= 1. There are two possible situations:

Case 1. 2 R%,

Case 2. 2R .
In Case 1,
1 X
(e ue )(e ve )= — ( f)(t)e us(ty) urlxir(tr)vl vshe (by (a))
t2F, '
1 X
T ( f)(eu(ty) ur altr 2)urva vsx (dtr)he (by (H2))
t2F '
1 X
=T ( f)teuwts) ur atr Duve  vshx (d (h) *t)e (by (H3))
t2F,
1 X
=T ( f)teuits) ur altr Juve  vsh (d (h) 'to)e (by (H4))
t2F,
1 X
== ( B®eusts)) ur 1(tr Jurve  Vsh( d (h) *yr)(te
g t2F,
1 X
=— ( ogeu(ty) ur oty Juva  vshe; (by (H5))
9 2r

whereg = f + d (h) ly,. We have resolvedt, in Case 1. Furthermore, since 2 R*,
viv) vl = urviva s still corresponds to a minimal expression inW .
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In Case 2, 2 R , so we can no longer move;, (t;) past the v;. Instead,

(e ue )(e ve)

( )(ui(ty)  ur 1t Durxi, (t)uru, 've vshe

e
r
q t2F),
e
o

= ur(ts) U 1(te 1) ()% t)urx, (t)ury, tvr o vshe
t02Fg ! tr2Fq
e
=7 ui(t) U oalte 9C H(ASO)N;, ( Duptvi vshe (by (H1))
t2F, * X '
e
+—  ug(ty)  uroa(te 1) (D)t i Ehi (t)urxi, (t)u, v vshe
toz’;é 1 tr2F,
e
s ur(ts)  ur 1(te DC F)(%0)u, v vsh ( Dhe (by (H6,H2))
t2F, ! X
e
o) uoalte ) (O X )R ()X ( tve vshe
topr 1 tr 2F, ’
e
= T (  )(t%0us(ty)  ur 1(tr Du,tvi wsh ( Dhe
t2F; ! X
e
oty ueate ) (9% X (thi (v vshe 5 (by (H3H4HS))
tOZFE ! tr 2F, '

whereg=f + d(  (h)) 'y, ! (same as in the analogous steps in Case 1).

X
=2 7 (D0t ur altr Du v vsh ( Dhe
r 1
et02F>2 «
+ S u(ty) oot 1) (9 X, (v vsh (t, Hhe ;  (by (H6))
9 topF 1 t 2F,
=2 7 (Dot ur altr Du e vsh ( Dhe (by (H7,H8))
a t2F, !
e X Y
t = C (o)t t; D) x (@ (5t)) ui(ty) ur 1(tr Yvi vsh%
9 t02 Ff, 1 2R+
erFq

andh®= h (t, Hhh 2 T.

1
= T ( )(t%0)e ui(ty) ur a1t Du vy vsh ( Dhe (by (H4))
t2F; *
1 X . 0. 1 Y Q 0
t ( @)(t5 t e ( a(thtr)) us(ty) ur a(tr 1)vi vshe
t02Ff ! 2R*
tr2Fg

13



1 X
= q ( )(t%0)e ui(ty) ur 1(tr Dutvi vsh ( he
t2F; !
1 X 0 4 1
+ T ( o)t tHeu(t) u atr )vi vsh% ; (by (H5))
t0p EF 1
trzqu

whereg, = ' (g) + P orr  a(Yuiiniyr 1 Yy 1. Inthe rst sum, use (H11) and (H12) to
reducev{ V¢ ;= u,lv; vsinto an expression that corresponds to a minimal expressioiin
W. Use H9) and (H10) to simplify the expressionsh®h ( 1)h 2 T. Now t, is resolved for
Case 2, as desired. O

Corollary 2 (Resolving t). Let u = uiup ux 2 N according to a minimal expression
Si,Si, Siy 2 W (with ur =1). Supposev 2 N and f 2 Fgly1;y2;:::;yx]. Dene 2 R and
d 2 C by the equationv 1xik(t)v = x (dt). Then

Case 1. If “( (ugxv)) > ( (v)), then

X
( f)eu(ty)) u(tive = ( (f+ dy))(t)e ui(ta) uk 1(tk 1)uxve :
t2F t2F
Case 2. If "( (uxv)) < ( (v)), then
X
( f)te uy(ty) uk(tk)ve = ( P)e u(t)) uk 1tk 1)ugve

t2FK tZﬁ(‘é:

X =0

+ ( Ck)+  dy (Ve us(ty)  ue 2t Dhi ( t)ve ;

X
( B)veut)  u alte Dxi ( D= ( kE)Me ui(t)  uk alte 1):

Proof. This Corollary puts v in the place ofuyv in the proof of Theorem 4.1, (b), and summarizes
the steps taken in Case 1 and Case 2. The only slight adjustmés are in Case 2: note that
ugv = hi ( Du, 1v in the rst summand, and there is a renormalization of t, in the second
summand. O

4.3 Global Hecke algebra relations

Fix a decompositionu = ujuz urutr 2 N according a minimal expressions;,s;, S, 2 W
(see (2.8)). Suppose®2 N and let v = utV°

ForO k r,let =( 1; 2;:::; r k) besuchthat ; 2f+0; 0;1g, where +0, 0, and 1
are symbols. If hasr k elements, then thecolengthof is -( ) = k. For example, ifr = 10
and =( 0;1;,+0;+0;1;1), then "-( )=4. For i 2f+0; 0;1g, let

(; )=(0i; 1520 5 ¢ W

14



By convention, if ~-( )= r, then = ;.
Suppose -( ) = k. De ne

1 X
(uv)= — ( f)t)eui(ts) uk(tv (He ; (4.10)
q t2F,
where
8 ] 9
< if | xk=+0,then t; 2 Fy, =
Fq=.t2F, jfork<i r if j x= 0, thent;=0; (4.11)
’ if | «=1, then ti2 Fq
VD)= hi, (Ctien) Puggt b () kur Ty (4.12)

with+0= 0=022Z,1=12Zin (4.12); andf is de ned recursively by

. C1 C Cr .
fr=1f,= e 2 r : (as in (4.7)); 4.13
_ < f + d Vk; if i =+0;
fGE) = f ifi= O (4.14)

() + dy b ifi=1,
where (v ) x . ()v. = x (d t) and the map ' ¢ is as in Corollary 2, Case 2.
Remarks .
1. By (4.10) and Theorem 4.1 (a), ’(u;v) = (e ue )(e v% ) (recall, v = utV9.

2. If °~( )=0sothat is a string of length r, then

X
@ (uv)= ir ( f )(t)e v (t)e has no remaining factors of the formuy(ty),
t2F,

(b) (u;v) =0 unlessv (t) 2 N for somet 2 Fq.
The following corollary gives relations for expanding (u;Vv) (beginning with ' (u;Vv)) as a
sum of terms of the form  ° with ~(9="-() 1. When each term has colength 0 (length
r), then the product (e ue )(e v% ) is decomposed in terms of the basis elements ¢f .

In summary, while we computef recursively by removing elements from , we compute the
product (e ue )(e v% ) by progressively adding elements to .

Corollary 3 (The Global Alternative). Let u;v®2 N such thatu = uju,  u,utr decom-
poses according to a minimal expression iW. Let v = urv® Then

(@ (eue)evl)= ‘(uv),
(b) If *=( )= k, then

(05 ) (u: v); it (ukv ) > ( (v)),

(usv) = COduvy+  EI(upv); 0f S (v ) < ( (V).

15



Proof. (a) follows from Remark 1.
(b) Suppose™-( ) = k. Note that

1 X
(uv) = T ( f)(t)eui(ty) uk(tkv e

1 X X
= = ( f)(t%t%e ui(ty)  uk(te)v e

R (Fg *) t%2Fg

Corollary 2 to the inside sum with f := f | v:= v . Note that the Corollary relations imply

8 .
< ft92 F'élg; if in Case 1,

ft92 F'ég becomes  ft°2 F'gl j tk =0g; ifin Case 2, rst sum,
102 F{; ] tk 2 Fyg; ifin Case 2, second sum,
< f®0:): ifin Case 1,
f becomes  f( %) ifin Case 2, rstsum,
f @) ifin Case 2, second sum.
< v(0:): if in Case 1,
v becomes  v( %): ifin Case 2, rstsum,
" v ) ifin Case 2, second sum.

Thus,
(+0; )(u;v); if Case 1,
COu;v)+ @ )(u;v); if Case 2,

as desired. O

(upv) =

5 The case G = GL(F)

Let G = GLn(Fq) be the general linear group over the nite eld Fq with g elements. This
section uses braid-like diagrams to analyze multiplicatimm in unipotent Hecke algebras. The
structure of this section is as follows.

5.1 describes the braid-like diagrams of this paper, and how theChevalley relations translate
into diagram relations.

5.2 reviews unipotent Hecke algebras foiGL ,(Fg) in this context, and shows how to identify
the diagrams of unipotent Hecke algebra basis elements.

5.3 uses a 3 step process to multiply basis elements using the uial cues of the diagrams.

5.4 summarizes a complete algorithm for multiplying basis elerents, and illustrates the process
with a nontrivial example.

De ne subgroups

_ diagonal _ monomial
T= . ; N = . ;
matrices matrices
ermutation 1 1)
W = P X ; and U = e ;
matrices 0 1

16



where a monomial matrix is a matrix with exactly one nonzero etry in each row and column.

Let xj (t) 2 U be the matrix with t in position (i;j), ones on the diagonal and zeroes
elsewhere; writex;(t) = Xii+1 (t). Let h+,(t) 2 T denote the diagonal matrix with t in the ith
slot and ones elsewhere, and les; 2 W N be the identity matrix with the ith and (i + 1)st
columns interchanged. That is,

xi)=1di 1 (§%) Idn i 13 h(t)=1dj 1 (t) Idn i;

5.2
si=Idi 1 (9%) Idn i 1 (5:2)
whereldy is the k Kk identity matrix. Then
W = 181,82, :::Sn 1i; T=hw(t) j 1 i n;t2Fqi; N =WT; (5.3)
U=hg(t) j1 i<j nt2Fq; G = hJ;W;Ti: '
The Chevalley group relations for G are (see also Section 4.1)
Xij (8)Xrs (B) = Xrs (D)xXjj (@)Xis ( jr @)Xy ( is@b); (i;)) 8(rs); (U1)
Xij (@)xijj (b) = xjj (a+ b); (U2)
s?=1; (N2)
SiSi+1Si = Si+1SiSi+1  and sisj = §jS;; jiogi> g (N2)
sih (a) = h  (3)si; (N3)
h«, (bh-, (a) = h-, (ab); (N4)
h-; (bh-; (&) = h-; (a)h-; (b); (N5)
SrXij (1) = Xs, (iys () (1)Srs (UN1)
Xjj (@h- (t) = he (D)x; (t "t 7 a); (UN2)
sixi(t)si = xi(t Hsixi( the, W)h-, ( t 1) t60; (UN3)

where j; is the Kronecker delta.

5.1 A pictorial version of  GL(Fq)

For the results that follow, it will be useful to view elements of CG as braid-like diagrams instead
of matrices. The basic idea is to depict am n permutation matrix w as two rows ofn vertices
each, with an edge (called a strand) from theith top vertex to the jth bottom vertex if w(i) = j.

For example,
0 1
corresponds to E

Or OO OO0
cNoNeolNolNol
OOPFr OOO0o
eoNeoNeoNol o)
OO oOr oo
R OOOOOoO

17



Matrix multiplication corresponds to concatenation Iof dia]grams, o)
UYL
55/\ Q%J j 4”{ I |

T, Ef%f.'l jij‘”“ 1Ha
TT‘ jj”%' L N
N TTT N
f}iiii%\ﬁ ‘
0, Qi
- |,
il

We generalize these diagrams taGL(Fq) by adding dierent varieties of \beads" to these
diagrams that slide along the strands. A diagonal matrix coresponds to the identity permutation
with a bead on each strand, such as

h|1 h|2 h|3 hL corresponds to diaghy; hy;:::;hp);

b |
and we depict the matrix x; (t) by the identity permutation with directed beads on the ith and
j th strands, such as

ith vergx i th.vertex

‘ ‘ | ‘ ‘ |
1
- a a 1t
| |

Note there is an implicit relation in this last correspondence given by

corresponds to  xj (t) for a2 Fy:

[ | | | | |
"ab ‘ ‘ 1 = ‘a ‘ ‘ b = 1 ‘ ‘ ab | for a;b2 Fq.
| I | I | I

The advantage of this approach is that it allows a visual shotcut to computing products (such
as the permutations above) and commutations inGL(Fg). For example, we can summarize
multiple applications of (N3) by simply pushing the beads ofh 2 T along the strands ofw 2 W

so that ] r\/ﬁ% J
. SIS EEIE I

$48384528381h, (@)h-, (B)h-5(c)h-, (d)h- (€)h- (f)
= h-;(a)h, (bh-,(c)h-,(d)h-,(e)h-, (f )SaS3S4S2S3S1:

The generators ofG are
ith ver@x

S as ; (5.4)
ith ve%(
h-, (t) as t: ; (5.5)
ith ver@( j th.vertex
|
Xij (ab) as ’f% T ‘ ‘ ; (5.6)




where each diagram has two rows oh vertices. In the following Chevalley relations, curved
strands indicate longer strands, so for example (UN1) indiates that' = and » slide along the
strands they are on (no matter how long). The Chevalley relatons translate to

= a+b (U2)

| | ‘a
4 b |
| a
1
|

T T

| (U1)

o — —
|
=

b
I
1 b
I

(the beadsa and's commute unless two arrows or two circles encounter one-anbéer on a strand).

RS

4T = 1

(relations in W exactly describe what one can do by pushing the strands arouwhthe diagrams),

N\
a

b Do
b
| = & (N9 ( = (N5)
b CC
> | AN
(T-type beads follow strands and multiply if they hit one-another),

( 8= ) b)(UNl) 8 §>= ’ar\\l 8 (UN2)

r S

(beads . and » slide along strands unless they simultaneously hit a crossg (see (UN3) below),
and the circle or arrow determine howT -type beads interact with* = and »),

ab (ab) 1

!a><b: >< ab60:  (UN3)

(if = and » get stuck between two crossings, \things explode").

5.2 The unipotent Hecke algebra H

Fix a nontrivial group homomorphism F’q’ I C , xamap

f1,2,;:::;n 1g ' f  0;1g and dene  « = i ifj=i+1;

i 7! i v 0; otherwise. (5.7)
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Then

U ! C
5.8
@® 7 (40 8
is a group homomorphism.
The unipotent Hecke algebraH of the triple (G;U; ) is
1 X
H =Endg Ind5( ) =e CGe; where e = Ui (u Hu: (5.9)

u2uU

IfN =fv2Nj eve 60g,thenfeve |j v2 N gis a basis forH .

We may characterize the elements ofN in the following fashion (for a more extensive
analysis of N see [Th]). Supposev 2 N. For each ; =0, place a dotted line between theith
and (i + 1)st vertices; for example, =(1;0;1;1;0;0) gives

hl hz h3 h4 h5 h6

Then e ve 6 0 if and only if the diagram for v satis es

hi hi  hi+
@ i \ , then :
TTKK
adjacent
adja%nt
hj h;
??
2 if ; then ;

hi hi+1 hi hi

h;
??
3) if \; then either or

Example. If =(1;0;1;1;1;1,0;1;1;0;1;1; 1,0) then

1
T § daddd
TTTT
2N :
ddd
ddddd dO'0'0'0'‘]'(f'e(]'ededee.‘%e = Y TRy
Note that the map
. = |
N =WT ! w (5.10)

wh 7! w; forw2W,h2T,

20



is a surjective group homomorphism. Letu 2 N with (u) = s;; s;, for r minimal. Then
there is a uniqueut 2 T such that

U= ujls:::urUT; whereuy = sj, : (5.11)

We write uy instead of s;, because when working with diagrams, it is cleawhere the crossing
is located and it is more important to determine the order in which order the crossings come,

T TRmd, R,

For t 2 Fq, write ug(t) = sj, xj, (t).
For any as in (5.7), the decomposition

Y
U= Ui where Uj = hx; (t) j t2 Fqi;
1i<j n
implies v 1 X
e = €j ( i ); where €j k)= = ( kt)Xij (): (5.12)
10 n t2Fq
Pictorially,
ixth ver_ngx
Uy = k7))> ; (5.13)
ixth verpgx ixth ver_);gx
%’ .". N\ !
Ui (ty) = (7, = ‘ ‘ ' ; (5.14)
ith vergx j th.vertex ith vergx j th.vertex
X | |
6 (K) = ‘ /d{@dd} ‘=ql (kt)‘ ‘ i ‘ ‘ t ‘ ‘; (5.15)
t2F, | |
e = =1 2 == 1%: (5.16)

Therefore, if n=5, sincee = e13(0)ex3( 2)e€12( 1)€4s( 4)€15(0)exs(0)ers(0)ess(0)exs(0)ess( 3),
le5 lo
I} fdod
lddgy /ddlg
/o Idlolqy /q lddg

_ ldo| Iqy oo o
= /o

=1 2 3 == | | I o /oa (5.17)
leg |lo
lo |/o
lo5 |/o
/ol /dda

A running example.  Throughout this section | will illustrate points using the e xample

U = UiUoUszUgUsUgU7UgUT 2 N5 according to  S3515253515452S3 2 Ss; (5.18)
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with ur =diag(a;b;c;d;g. In this case,

\M
905 d °>>

ui(tyua(tz)  ug(tg)ur =

and

The elementse; (K) also interact with U and N as follows (see also Section 4.1)

sr&j (K)Sr = &, (s, () (K); (E1)
eveg (j)=ev, V2N ;(v)(i) < (v)() (E2)
gj (K)h- (r) = h- (r)ey (kr "r 1), (E3)
e xj ()= (jt)e =xj(t)e; (E4)
or pictorially,

(\/o/% /? _ '%d% /0,2 D) <>/o/% /0,<>: (B/ ()) (E3)

k==
!a b= (kab)a: and ?j (kab)?? (E4)
—k=—=

and forv2 N with ( v)(i) < (v)(j),

| lolggy ol |
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5.3 Basis element multiplication using braids

When we multiply two basis elementse ue and e ve , the product e ue ve has ane \stuck"
between theu and the v, or

stuck

We then use the Chevalley relations to piece by piece \push"le centere to the outside of the

diagram. The rst step is to push the e as far into u as possible, as illustrated by the following
example.

Example (see (5.18)) . Let u = ujup, ugutr 2 N according to $3515,S351545283 2 W and
ut =diag(a;b;c;d;9 2 T. By (5.17), we may write

/ /o
lololqy R/E@()’c
/ddo

foq /81//«1&’%3 /%l o/
7 lo g ldgy /O fo Ik

/ /o
ez /P‘%J lo Be

(g e@ \WW

r{{ "> Vbqqqq

?gcd °>>
: I{{ 4=
Note that the strands that e;3(0) and ex3( 2) connect never cross, so we can use (E2) to push

them through the diagram of u. The rest of the g; (k) get stuck on some crossing, so we use
(E3) to rst move ut through the remaining gj (k)

e ue =

foldl Lo é/ é/ L
P3G /0
la /m//‘d //do’ lo ldg, le~Sdp
/o Am I /Am //d o I /(7/’8/ /dld/g
/4@// (@ lo ldo
lo o /o Ie / lo lop
eue =% = |lo5 | o

% / S
| 5 @%W

—M%4:
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Next, use (E1) to push the g; (k) down into u until the strands they are on cross,

by de nitions (5.15), (5.13), and (5.14).

Step 0: Push e into the diagram u

= =7 =1 " '3 | | | | |
hy h h3 hn 1 hp hy h2 hs hn 1 hp

........................................................................................................................................

| X
upuz Uy == O M) u(t)ua(ty) ooty (5.20)
t2F f

= n 1= =1

= n 1=

2

fulyiiyziiny) = nhy iy iahthLye ivie i, gy (5.21)

where (ix;jk) = (a;b), if the kth crossing in u crosses the strands coming from theath and bth

top vertices.
Note that relation (5.20) can be quickly computed by visually ascertaining which strands
cross in the diagram.

Step 1. Concatenate (e ue ) with (ve)

Let u = ujup, urut 2 N according to a minimal expression inW as in (5.11). Letv2 N
and use (N3) and (N4) to write utv = w diag(a;;a2; ;an) wherew = (v) 2 W (see (5.7)).
Then use (5.20) to write

4 & @
| w
1 X
(e ue )(e ve )=(e ue )(ve )= — ( f)) -~ (5.22)
t2F f f
‘ ur(ty)uz(tz)  ue(ty)

(This form corresponds to - (u; utv) of Corollary 3).
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Example (continued) . If uis as in (5.18) andv = s,s535,51S, diag(f;g; h;i;j ) 2 N, then by
(5.19) and (N3), (e ue )(e ve ) =(e ue )(ve) is equal to

Step 2: Apply \braid" relations

Consider the crossing in (5.22) corresponding tai, (t;) (the top crossing of u). There are two
possibilities.

Case 1 the strands that cross at(r) do not cross again as they go up to the top of the diagram

((urw) >~ (w)),

Case 2 the strands that cross at (r) cross once on the way up to the top of the diagram
((urw) < (w)).

Relation 1 (Case 1): by (UN1), (UN2) and (E4), ( e ue )(ve ) is equal to

1= =
T 7]
a = l1== o== = n 13
i d & & a4
Urw
1 X = 1
=7 == ( fM) (R1)
9 2r 9 2r
et ug(ty)  ur a(tr 1)
ug(ty)  ur a(ty 1) =il== =1 1
= 11— 2 = n 1=
wheref ("™ = f,+ ja ay,. Note that f{*® = f, unlessj = i +1.

Relation 2 (Case 2): In case 2,

e

1 X :
(e ue )(ve )= — ( fu)(tSt)

r

r 1
t%2 Fy
tr2Fq

uy(ty)  ur 2(tr 1)

=1 2 n 1=
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Split the sum into two parts corresponding to t; =0 and t, 6 0 to get

T

"

1 X :
T ) o
t02Ff ! é—————————————:

---- - (by (UN3))

X
S 200 )

r

t02ff 1 _ -
tr 2Fq 1 lr1 :

uy(ty)  ur 2(tr 1)

= n 1=

2

=1

wheref§ @ = f,. Use (UN1), (UN2), (U2), (U1) and (E4) on the second sum to pus the pair
( 1; «) to the top of the diagram and the pair ('1; +, 1) to the bottom.

(8 Mast)

(e ue)lve)= g ug(ty)  ur a(tr 1)

t02Ff 1
tr =0 = 1= 2=— = n 1:
= = i RS El (R2)
all ailtr aj tr 1aF
w
1 X g
fr O )
02 FG Coua(ty)  ur a(ty 1)
tr2F =1 2 = 1

W= (Fy)+ ijaja ty, L and"' ((f)is de ned by

X
¢ )1 !1\/'\/”1 = (o) >/\ ()

where f

t2 Ff . '
trzpqq 5—__________—5 tr2Fq 5
Coug(ty) ur a(ty 1) ug(t))  ur aty a)
:E 1 2 n 15: E 1 2 n lE:
Remarks:
(a) We could have applied these steps for any , u, and v, so we can iterate the process with
each sum.
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(b) The most complex step in these computations is determimg ' . The following section
develops a combinatorial method for computing the right-hand side of ().

Step 2% A combinatorial way to compute K.

Relation ( ) pushes the beads: andt, ! through the diagram until they get to the bottom. Along
the way, the beads hit crossings and we either apply relationlU1), which leads to additional
beads, or (U2), which forces us to renormalize. In the folloing, red paint corresponds to the
strands traversed by beads of the form. and blue paint corresponds to strands traversed by
beads of the form». Sinks encode places where we chande (in ( )), while paths and their
weights describe how to changd . Lemma 5.1 below gives the resulting evaluation of the map

"rin().

Paint the strands below Uk (u®). Supposeu = uiu;  Uux 2 N decomposes according to
Si,Si, Si, 2 W (assumeur = 1). Each step is illustrated with example (5.18).

(1) Paint the left [respectively right] strand exiting (k) below red [blue] all the way to the
bottom of the diagram.

, and (k) is (8):

(2) For each crossing that the red [blue] strand passes throgh, paint the right [left] strand
(if possible) red [blue] until that strand either reaches the bottom or crosses the blue [red]
strand of (1).

(5.23)

(3) Set

u® = the diagram uq(t1)uz(t2)  uk(tk) painted according to (1) and (2). (5.24)

Sinks . The diagram u® has acrossed sink at()) if () is a crossing between a red strand and a
blue one, or

\@
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Note that since u is decomposed according to a minimal expression iW, there will be no

crossings of the form
? .

@/ (since @/ would imply

The diagram u® has abottom sink atj if a red strand enters jth bottom vertex and a blue
strand enters the ( + 1)st bottom vertex, or

for somej® j.)

jth vertex  (j + 1)st vertex

Example (continued) In the running example above u® has crossed sinks a®), 3, and @),
and a bottom sink at 4. Note that () is not a crossed sink since both strands are red.

Paths . A red [respectively blue] pathp from a sink s (either crossed or bottom) in u® is an
increasing sequence

j1<iz<  <ji=Kk
such that in u®

(@) (m is directly connected (no intervening crossings) toim+»> by a red [blue] strand,
(b) if sis a crossed sink, thenjy = s,
(09 if sis a bottom sink, then

in a red path, the sth bottom vertex connects to the crossing(y with a red strand.

in a blue path, the (s + 1)st bottom vertex connects to the crossing(» with a blue
strand.

Example (continued). The sinks with their corresponding paths for u® are

Let
©.o - red paths from ®. o~ Dblue paths from
P- (u¥;s) sin u® and P.(u¥;s) sin u® (5.25)
The weight of a path p is
8 Y
% yi;:  ifp2P=(uYs),
p switches
wit — strandg at ) 5.26
D=y () it p2 P(uP;s) (5:26)
. p switches
strands at ()
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Each sink s in u® (either crossed(j ) or bottom j) has an associated polynomial
Os 2 Folysiy2i:i1i Yk 1Y, ] given by

X
s = wt(p)y, ‘wi(p9: (5.27)

p2P= (u®;s)
p%2p. (u®:s)

Example (continued) . Consider the weights of the above paths,

Sink 4 4 4 ® @)

Path | 1< 3<5<7<8|1<4<7<8|6<8|2<5<7<8|2<3<4<6<38
Weight Ys y1y7 1 1 Y6

Sink ) € @ @

Path |3<5<7<8|3<4<6<8|4<7<8|4<6<8

Weight Ys Y6 y7 Y6

The corresponding polynomials are

W= ysYst+yiyYeh Gm= YeVe U= YsYsVe: Ga= Y7Vg Ve (5.28)

Lemma 5.1. Letu= ujup u, and', be as in (R2) and (); supposeu® is painted as above.
Then X

()= f + E
fy; 71y, 90 j © a crossed sinkg | a bottom

sink

Proof. In the painting,

e is a strand traveled by < and is a strand traveled by C :

Substitutions due to crossed sinks correspond to the normaations in relation (U2), and the
sum over bottom sinks comes from applications of relation (B). O

For example (see (5.28)),

ta(f) = vamve ag t oA=L T a(ysyg " + yiyryg ):
y37'y3 o)

y37'y3+ysyg ye
y27'y2 9)

y27'ya2+yg lYG

5.4 A multiplication algorithm

Theorem 5.1 (The algorithm). Let G = GLn(Fg) and u;v 2 N . An algorithm for multi-
plying e ue ande ve is

(1) Decomposeu = uius  uyur according to some minimal expression inW (as in (5.11)).

(v) 2 W).
(3) Complete the following

(@) If “(urw) >" (w), then apply relation (R1).
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(b) If “(u;w) < (w), then apply relation (R2), using (uiuz  u;)® and Lemma 5.1 to
compute’ .

(4) If r> 1, then reapply (3) to each sum withr := r 1 and with

(@ w:
(b) w:

u,w, after using (3a) or using (3b), in the rst sum,
w, after using (3b), in the second sum.

(5) Set all diagrams not in N to zero.

Sample computation.  Supposen =3 and j=1foralll i 3 (i.e.. the Gelfand-Graev

case). Then
ga a a aZZZaZZZb b b b Zc g
— . 2 . . C A

N = > ; ZZZ%Z%ZZ X ZZZZ j ajb;c2 Fq’>

b ¢ e e

%ﬁ; Ct%tb

u= and V= :

pia

1. Theorem 5.1 (1): Let u = ujuousut 2 N decompose according tcs;s:S2 2 W, with
ut =diag(a;b;q.

2. Theorem 5.1 (2): By (5.22)

Suppose

P ——
cd e be

JJ tt JJ X
Jgngt ‘]JJ 1
J = —
(e ttttt%‘]‘]\]e )(e JJJJe ) ( fu)(t)

3
q t2F3 Ill”%

1 1

with urv = sps1 diag(cd; ae; bé (sow = s5s;), and f, = gyl £ys (as in (5.21)).

3. Theorem 5.1 (3b):  Since (usw) < (w), paint uy(t1)uz(tz)us(ts) to get (uruou3)® (as in
(5.24)),
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Now apply (R2),

1 X
= — (
a t2F3
t3=0
wheref ¢ O = Py, ¢y; and by Lemma 5.1,
, be b b c
PO = 5+ 13 5ys™ = yit y¥s' Vet ¥s

4. Theorem 5.1 (4): Setr :=2 with w:= u,w = sy in the rst sum and w := w in the second
sum.

5. Theorem 5.1 (3a) (3b): In the rst sum, “(uzs;) < " (s1), SO paint ui(ty)ua(ts) to get
(u1u2)@. In the second sum,” (UzS;S1) >~ (S2S1), so apply (R1),

cd:1 —be cd?l:je::L_:Fetal
X X
=17ty 2T peoy
q t2Fg q t2Fg
t3=0 :@ 132 F
1_——.__':'-"'".
wheref 0D = Dy, 4 bypy b Gys by b gByoya = Byy  Eyz 4yt Now apply (R2)

to the rst sum,

It

cd 1 ﬁe e Cdtz aetz
+
1=

X
=5 (10

3
tt_Zth_O !ég: N\
2= 3=
=1
—1

cd?lﬁe— %tg 1

X
q—13 (@ o)y

t2F3

to2 Fqg;t3=0
2¢Mq:t3 = 1

X
w20 reonyy

q
o :\@
'32Fq ===

wheref( 0 0 = Dy, cysand f@& O =" (fC0)y+ 8y 1= Dby 1y 4 a8y 1

6. Theorem 5.1 (4): Setr =1 with w:= upss; =1 in the rst sum, w := s; in the second
sum, andw := $1S»S;7 in the third sum.

7. Theorem 5.1 (3a) (3a) (3b): In the rst sum “(s;1) > (1), so apply (R1); in the second
sum " (s281) > " (s1), so apply (R1); in the third sum, "(s$5515S1) <~ (5152S1), SO paint uy(t1) to
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c'dzl%lztie
— 1 X (+0; 0; 0) 1 X
== (000 Oy *3
tZFa q tZFa
to=1t3=0 =1 1= t22Fgit3=0

cdts 1e L bet,

v (1)

3
t2 Fq
t32 Fq

wheref #0000 0 = by, &y, 4 by) = Lysand £ (0L O = by, 428y 1y by Now
apply (R2) to the third sum

c'dE:L g lEt')le odiz aet, i:LEt‘)Ie
1 X o 1 X o ' '
= 5 (10 ooy O L
t2F3 t2F3
to=1t3=0 =1 1—= 122Fq;l3=0
1 X - 1 X
+ e ( T ) (
tng tng
ll=0;t32Fq tl;t32Fq
wheref ( 0+0:D) = €y, + y. 1 and
1:40:1) _ o 0:1 ae 1, 1_ b C 1 1, @e 1 1,
POTOD =y (10D + 1 yityat = oy Qyat sty C v tye

8. Theorem 5.1 (5): The rst sum contains no elements of N , so set it to zero. The second

sum contains elements ofN when be = aet,!, so sett, = 2. The third sum contains

elements ofN when cdt; = ae, so settz = % All the terms in the fourth sum are in N .

—=l==1=
cdt? aet, ' bety '
2y

f (1;+0;1))(t)
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