
Worksheet 10: Group actions and orbits

A left action of a group G on a set A is a function

Gˆ A ÝÑ A
pg, aq ÞÑ gpaq

such that

(A1) 1paq “ a for all a P A,

(A2) gphpaqq “ pghqpaq for all g, h P G, a P A.

In this case, we say G acts on A.

1. Define a left action of Sn on the power set Ppt1, 2, . . . , nuq.

2. Let A be a set. If ϕ : GÑ SA is a homomorphism, define an action of G on A.

3. Prove that if G acts on A, then

G ÝÑ SA

g ÞÑ
wg : A Ñ A

a ÞÑ gpaq

is a homomorphism (don’t forget to check that wg is a bijection).

If G acts on A, then the orbit Gpaq containing a P A is the set

Gpaq “ tgpaq | g P Gu.

Note that the orbits of an action partition A.

4. What are the orbits in Ppt1, 2, . . . , nuq of the action defined in 1.

5. Note that Dn Ď Sn also acts on Ppt1, 2, . . . , nuq. What is the orbit Dnpt1, 2uq? What
are the other orbits of subsets of size 2?



Individual write-up (due 11.15.19). Give a description of the actions of Sn and Dn on
Ppt1, 2, . . . , nuq (be sure to explicitly say which copy of Dn you are using in Sn). Describe
the orbits of the Sn-action in general, and the Dn-orbits of sets of size 2.


