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MATH 2300 (Calculus 2)
Spring 2007

2nd midterm PRACTICE exam — SOLUTIONS

1. [** pts] Solve
dy

dx
+

1

x
y = cosx by the method of integrating factors.

SOLUTION From the general form of the equation
dy

dx
+p(x)y = q(x) we obtain p(x) =

1

x
and q(x) = cosx.

Therefore

µ(x) = exp

(
∫

p(x) dx

)

= exp

(
∫

1

x
dx

)

= exp (lnx) = x

and

dy

dx
+

1

x
y = cosx =⇒

d

dx
(x y(x)) = x cosx

=⇒
∫

[

d

dx
(x y(x))

]

dx =

∫

x cosx dx

=⇒ x y(x) = C + cosx + x sin x

=⇒ y(x) =
C

x
+

cosx

x
sin x

2. [** pts] Solve
dy

dx
=

3x2

2y + sin y
by the method of separation of variables.

Not e: Leave the solution in implicit form. Do not attempt to solve the equation for y!

SOLUTION

dy

dx
=

3x2

2y + sin y
=⇒ (2y + sin y) dy = 3x2 dx

=⇒
∫

(2y + sin y) dy =

∫

3x2 dx

=⇒ y2 − cos y = x3 + C

3. [** pts] A tank contains 10 Kg of salt dissolved in 1000 L of water. Fresh water enters into the tank at a rate
of 2 L/min. The solution is kept thoroughly mixed and drains from the tank at the same rate. How much slat
remains in the tank after two hours?

SOLUTION Let S be the amount of salt in the tank measured in Kilograms, then

dS

dt
= [rate salt]in − [rate salt]out , S(0) = 10 Kg

with

[rate salt]in = [rate brine]in × [salt concentration in brine]
[rate salt]out = [rate fluid]in × [salt concentration fluid]

Therefore
[rate salt]in = 2 L

min × 0Kg
L = 0 Kg

min

[rate salt]out = 2 L
min × S Kg

1000 L = S
500

Kg
min



M AT H 2300 (Cal cul us 2), Spri ng 2007 Ñ 2nd T est Pra ct ice Exam Ñ SOLUT IONS 2

The differential equation that models the problem is then

dS

dt
= −

S

500
, S(0) = 10 with [S] = Kg and [t] = min.

This differential equation can be solved, in this simple case, by separation of variables. (This is actually a
linear Þrst order equation that will have to be solved, in general, by the integrating factor method.)

dS

dt
+

(

1

500

)

S = 0 =⇒
dS

S
= −

1

500
dt

=⇒
∫

dS

S
= −

∫

1

500
dt

=⇒ lnS = −
t

500
+ C

=⇒ S(t) = Ke! t / 500 .

The initial condition will fix the value of the integration constant K

S(0) = K = 10 ,

so, finally

S(t) = 10e! t / 500 Kg, t in min.

and

S(2 hr) = S(120 min) = 10e! 120/ 500 Kg = 10e! 0.24 Kg .

4. [** pts] Find the range of values of the parameter a so that the differential equation y"" + 2ay" + y = 0 has
decaying oscillatory solutions of the form y(x) = e! ! t (c1 cos(ωt) + c2 sin(ωt)

)

, and also find the way in which
the decaying constant α and the frequency ω of the oscillations relate to the parameter a.

SOLUTION The characteristic equation of this second order linear homogeneous differential equation is

m2 + 2am + 4 = 0 =⇒ m =
−2a ±

√
4a2 − 4

2
= −a ±

√

a2 − 1

In order for oscillations to be present, the term under the square root must be negative. In order for the
oscillations to be decaying, then a itself must be positive. Therefore,

a2 − 1 < 0 and a > 0 =⇒ a2 < 1 and a > 0 =⇒ 0 < a < 1

Also,

α = −a and ω =
√

1 − a2

5. [** pts] Find the limit, if they exist, of the following sequences

(a)

{

lnn

ln 2n

}#

n = 2

(b)
{

(n + 4)1/ (n + 4)
}#

n = 1

SOLUTION

(a) Consider the function f(x) =
lnx

ln 2x
, then

lim
n $ #

lnn

ln 2n
= lim

x $ #

lnx

ln 2x
= lim

x $ #

lnx

ln 2 + lnx
= 1.
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(b) Consider the function f(x) = x1/ x , then

lim
n $ #

(n + 4)1/ (n + 4) = lim
x $ #

x1/ x = 1.

Use what you leaned in Calculus 1 about indeterminate forms to compute that limit as follows,

y = x1/ x =⇒ ln y =
lnx

x

lim
x $ #

ln y = lim
x $ #

lnx

x
= 0.

Therefore
lim

x $ #

(

ln y
)

= 0 =⇒ ln
(

lim
x $ #

y
)

= 0 =⇒ lim
x $ #

y = e0 = 1.

6. [** pts] Consider the sequence

a1 = 1, a2 = 1 +
1

2
, a3 = 1 +

1

2 +
1

2

, a4 = 1 +
1

2 +
1

2 +
1

2

, a5 = 1 +
1

2 +
1

2 +
1

2 +
1

2

, · · ·

Find a recursion formula for an + 1 and the limit of the sequence.

SOLUTION The recursion relation for the sequence is

a1 = 1, an + 1 = 1 +
1

1 + an

If lim
n $ #

an = L, then

L = 1 +
1

1 + L
⇒ L − 1 =

1

L + 1
⇒ (L − 1)(L + 1) = 1 ⇒ L2 = 2 ⇒ L =

√
2

7. [** pts] Find out whether the following series are eventually strictly increasing or strictly decreasing.

(a)

{

n!

nn

}#

n = 1

(b)
{

n

√
4n n

}#

n = 1

SOLUTION

(a) Since there are factorial functions involved in the series, the ratio an + 1/an is the most convenient diagnosis
tool.

an + 1

an
=

(n + 1)!

(n + 1)(n + 1)

n!

nn

=
nn

(n + 1)(n + 1)

(n + 1)!

n!
=

nn

(n + 1)n (n + 1)

(n + 1)n!

n!
=

(

n

n + 1

)n

< 1

an > 0, ∀n, and
an + 1

an
< 1, ∀n =⇒

{

n!

nn

}#

n = 1
eventually decreasing

(b) The given series can be rewritten as
{

4n1/ n
}#

n = 1
Consider now the function f(x) = 4x1/ x . Its rate of

change with respect to the variable x is given by

d

dx

[

4x1/ x
]

= 4x1/ x 1 − lnx

x2 < 0, ∀x > e =⇒
{

4n1/ n
}#

n = 1
eventually decreasing

As you learned in Calc 1, the derivative can be computed using logarithmic derivat ive as follows

y = x1/ x =⇒
y"

y
=

d

dx
ln y =

d

dx

lnx

x
=

1 − lnx

x2 =⇒ y" = x1/ x 1 − lnx

x2 ·

8. [** pts] You drop a ball from a meters above a flat surface. Each time the ball hits the surface after falling a
distance h, it rebounds a distance rh, where 0 < r < 1. Find the total distance the ball travels up and down.
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SOLUTION The total distance is

S = a + 2ar + 2ar2 + 2ar3 + · · · = a + 2ar
(

1 + r + r2 + · · ·
)

= a + 2ar
#
∑

k+ 0

rk = a +
2ar

1 − r
·

9. [** pts] Express the repeating decimal 0.505050 · · · as a ratio of two integers.

Not e: Try to use “Calc 2 techniques” rather than the trick you might have learned in middle-school. Anyway,
if you still remember it that’s fine . . . for the moment!

SOLUTION

0.505050 · · · =
50

100
+

50

(100)2 +
50

(100)3 +
50

(100)4 + · · ·

=
50

100

[

1 +

(

1

100

)1

+

(

1

100

)2

+

(

1

100

)3

+ · · ·

]

=
1

2
×

#
∑

k= 0

(

1

100

)k

=
1

2
×

1

1 −
1

100

=
1

2
×

100

99

=
50

99
·

10. [** pts] Determine whether the series converges, and if so find its sum.

(a)
#
∑

k= 1

(

5

2k −
1

3k

)

(b)
#
∑

k= 4

(π

e

)k

(c)
#
∑

k= 1

[

tan! 1(n) − tan! 1(n + 1)
]

(d)
#
∑

k= 2

ln

(

1 −
1

k2

)

SOLUTION

(a) Expanding the first few terms in the series to get the shifting of indices in the sums we obtain

#
∑

k= 1

(

5

2k −
1

3k

)

=
#
∑

k= 1

5

2k −
#
∑

k= 1

1

3k

=
5

2

#
∑

k= 0

(

1

2

)k

−
1

3

#
∑

k= 0

(

1

3

)k

=
5

2
×

1

1 −
1

2

−
1

3
×

1

1 −
1

3

=
5

2
×

2

1
−

1

3
×

3

2

=
9

2
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(b) Since the ratio of the geometric series, π/e, is larger than one we get, without need of doing much work,

#
∑

k= 4

(π

e

)k
= ∞

(c) This is a telescopic series, therefore

sn =
n

∑

k= 1

[

tan! 1(n) − tan! 1(n + 1)
]

=
[

tan! 1(1) − tan! 1(2)
]

+
[

tan! 1(2) − tan! 1(3)
]

+
[

tan! 1(3) − tan! 1(4)
]

+

· · · +
[

tan! 1(n − 1) − tan! 1(n)
]

+
[

tan! 1(n) − tan! 1(n + 1)
]

= tan! 1(1) − tan! 1(n + 1)

and
S = lim

n $ #
sn = lim

n $ #

[

tan! 1(1) − tan! 1(n + 1)
]

=
π

4
−

π

2
= −

π

4

(d) The series
#
∑

k= 2

ln

(

1 −
1

k2

)

is also a telescopic series, but in disguise!

ln

(

1 −
1

k2

)

= ln

(

k2 − 1

k2

)

= ln

(

(k − 1)(k + 1)

k2

)

= ln

(

k − 1

k
×

k + 1

k

)

= ln

(

k − 1

k

)

+ ln

(

k + 1

k

)

= ln

(

k − 1

k

)

− ln

(

k

k + 1

)

Therefore

sn =
n

∑

k= 2

ln

(

1 −
1

k2

)

=
#
∑

k= 2

[

ln

(

k − 1

k

)

− ln

(

k

k + 1

)]

=

[

ln

(

1

2

)

− ln

(

2

3

)]

+

[

ln

(

2

3

)

− ln

(

3

4

)]

+

[

ln

(

3

4

)

− ln

(

4

5

)]

+

· · · +
[

ln

(

n − 2

n − 1

)

− ln

(

n − 1

n

)]

+

[

ln

(

n − 1

n

)

− ln

(

n

n + 1

)]

= ln

(

1

2

)

− ln

(

n

n + 1

)

and finally,

S = lim
n $ #

sn = lim
n $ #

[

ln

(

1

2

)

− ln

(

n

n + 1

)]

= ln

(

1

2

)

= − ln 2 .


