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MATH 2300 (Calculus 2)
Spring 2007

2nd midterm exam — SOLUTIONS

d
1. [10 pts] Solve d—y + 22y = x by the method of integrating factors.
x

dy

SOLUTION From the general form of the equation I + p(z)y = q(x) we obtain p(z) = 2z and ¢(x) = .
x
Therefore
2
w(x) = exp (/p(:c) d:z:> = exp </ 2x d;p> =7
and
dy d :62 - Iz
qp Ty=z = — (e y(:z:)) ="

— /[% (ewzy(x))} dx:/ewzx do

1
= " yl)=C+ §ex2

= |y(x)=Ce ™ +

d
2. [10 pts] Solve d—y =2(1+ yz) z by the method of separation of variables.
x

SOLUTION

dyi 2

dy
1+y?

dy
e /1+y2:/2:17d:17

— arctany = 2° + C

=2z dz

= |y=tan(z°+0O)

3. [15 pts] At time ¢t = 0 a tank contains 10 oz of salt dissolved in 20 gal of water. Then brine containing one oz
of salt per gallon of brine is allowed to enter the tank at a rate of two gallons per minute, and the mixed
solution is drained from the tank at the same rate. How much salt is in the tank at an arbitrary time t?

SOLUTION Let S be the amount of salt in the tank measured in ounces, then

ds __-E
yTi [rate salt], — [rate salt]_,, , S(0) =10 oz —
with
[rate salt],, = [rate brine],, X [salt concentration in brine]
[rate salt] ,, = [rate fluid],, X [salt concentration fluid]
Therefore
[rate salt], = ogal L qoz o0z
in min gal min
_ ogal Soz _ S oz
[rate salt],,, = 23 X 20 gal = 10 min
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The differential equation that models the problem is then
ds S . .
i 2— 10’ S(0) =10 with [S] =0z and [t] = min.

This differential equation is solved as follows

ds 1 _ d ( 10e) _ o.t/10
E+<1_0)5_2 = E(e S)_ze

g t/10 _ t/10
— /[dt(e S) at = | 26t/

— 108 = O+ 20et/1°
= S(t)=Ce "0 +20

The initial condition will fix the value of the integration constant C'
S(0)=C+20=10 == C=-10

so, finally

S(t) =20 —10e " oz, tin min.

4. [10 pts] Find the general solution of the differential equation 3" — 6y’ + 9y = 0.

SOLUTION The characteristic equation of this second order linear homogeneous differential equation is

L 6£V36 36 _

m2—6m+9=0 = 5

3 (double root!)

The two independent solutions of the homogeneous equation are then

y1(x) = e and yo(x) = x €3

therefore,

yas(r) = 163 + cox e = (1 + cox) €3°

5. [15 pts] Find the limit, if they exist, of the following sequences
1 o0
o {u (3}
n n=1
rak
b) ¢ -
( ) {471 }n—l
cos?n )™
@ {1
n=1

SOLUTION
(a)
. 1 .
lim In (—) =limnzr=—-00
n—oo n x—0
(b)
n T\ "™ T
Jim = dim (3) =0 (7<)
(c)
cos’n cos’n
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6. [10 pts] Consider the sequence
1 1 1 1
a=1  a=l+s a=l+—7 a=l+—7— a=lt———
2+ 2+ — 24+ ———
24 = 2+ ——
2+ -

2
2

Find a recursion formula for a,; and the limit of the sequence assuming that such a limit exists.

SOLUTION The recursion relation for the sequence is
1

al N Ap+1 +1+Um

If lim a, = L, then
= L-1)L+1)=1 = L’=2 =

1 1

L=14—— L-1=——
1T 7 L+l

7. [10 pts] Find out whether the following series are eventually strictly increasing or strictly decreasing

@ {3},

2 o0
(b) {ne ”}nzl
SOLUTION
(a) Since there are factorials involved in the series, the ratio a,.y1/ay is the most convenient approach.

10n+1
Gni1 (1! 10"t ol 10107 n! 10
a, 10" T 10m (n+ 1) 10 (n+1)-n! (n+1)

n!
A1 10"~ .
— <1, Vn>10 == — eventually decreasing

2%

|
n: n=1

anp >0, Vn, and

= f(n), and

(b) Consider f(z) = ze**. Then a,
V>0 =

d o0
[2e*"] = (1+22) €** > 0, {ne*"} " | eventually increasing

dx
8. [10 pts] Determine whether the series converges, and if so find its sum.

00 2 k+2
@ > (3)
k=1
(b) Z5Bk7lfk
k=1
SOLUTION

(a) Writing the given sum in terms of a geometric series we have
o0 o k2 2 3 ) 2\ 4 . 2\ ® . 9\ .
B 3 3 3

2.3 3
RORORORS

k=1 3
2 3
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(b) Writing the given sum in terms of a geometric series we have

(o'} [e's) (o'} oo k 00 k
25%.71%225%.7.7%:725%.74@:72(53)’6 (%) :72(5_73> _
k=1 k=1 k=1 k=1 k=1

53
because the ratio of the series is - > 1. (There is no need of wasting your time starting the sum from 0.)

9. [10 pts] Determine whether the series converges, and if so find its sum.

1 1
ok ok+1
1

(a)

M8

k

— 1
b _—
®) >
k=3
SOLUTION
1 1 : . . .
(a) The sum Z oF T ok ) 82 telescoping sum. Its partial sum s, is
k=1
1 1 1 1 1 1 1
o ﬁ‘— T\ )T\ o)t o T
! 11 11 11 1
R ER S R WS TR R N TRTY R 7o)
IR
T 9 9n+l

therefore

— (1 I 1
b Rl ) T W s =g
k=1

: R
(b) Expanding the series ,; T Ve have

(e
o~
iE
[N}

\
+
N =
+
wl| =
+
] =
+
Il
[~]e
El

=1
which is the harmonic series. Therefore Z - = 00.

k=3



