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Roy, Michael D. (Ph.D., Mathematics)
Coxeter Group Actions on Complementary Pairs of Very Well-Poised ¢ F3(1) Hypergeometric Series

Thesis directed by Prof. Eric Stade

We investigate a function J(Z) = J(a;b;c,d,e, f,g,h), which is a linear combination of two very
well-poised ¢Fg(1) hypergeometric series. We first show that J is invariant under the action of a certain
matrix group G isomorphic to the Coxeter group W (Eg) of order 51840, acting on the affine hyperplane
V = {(a,b,c,d,e, f,g,h)T € C®:2+3a=b+c+d+e+ f+g+h}. We further develop an “algebra” of
three-term relations for J(Z) and show that for any three elements 1, ua, us of a certain matrix group M
isomorphic to the Coxeter group W(E7) of order 2903040 and containing the above group G, there is a
relation among J(u1Z), J(pe®), and J(usZ) in which the coefficients are rational combinations of gamma
and sine functions in &, provided that no two of the u; are in the same right coset of Gy in M.

This set of (IZV 11 ‘?{ G |) = (536) = 27720 resulting three-term relations is then divided into five families
based on the orbits of a certain group action and corresponding to the Euclidean type of the triple (u1, ua, 43).
This Euclidean type is defined in terms of the Euclidean distances between vectors in a set corresponding to
the elements of G j\ M.

Each three-term relation of a given Euclidean type may be transformed into any other of the same
type by a change of variable. We provide an explicit example of each of the five types of three-term relations,
and show that the number of monomials of the coefficient of a given J function in a given three-term relation

is related to the Euclidean distance between the other two J functions in that relation.
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Chapter 1

Introduction

1.1 Hypergeometric Series
Let a € C. We define the Pochhammer symbol (a); by
(a)o =1

and

(a)y=ala+1)(a+2)...(a+k—1) for ke Z".

From the functional equation I'(1 + s) = sI'(s) for the gamma function, we see that for a # 0,—1,-2,...,

we have

The hypergeometric series

o ab  ala+1)b(b+1) 5 ala+1)(a+2)b(b+1)(b+2) 4
2Fi(a biei2) =1+ e 2le(c+1) o 3le(e+1)(c+2) i

_ 5 @eO)r g (1.1.1)

=0 k! C)k

was introduced by Gauss in 1821 [12], who studied many of its properties and demonstrated its relations to
a great variety of elementary and special functions.
For positive integers p and ¢ and eq,...,ep, f1,... fy € C, we define the (generalized) hypergeometric

series of type pFy to be

o0

: =N ek (ep)k
pFoler, . veps fioo o, fqs 2) ’;Jk!(fl)k---(fq)kz’



We will also use

€1,.-.-,€p
pf [f e
1y---5Jq

as an alternate notation for ,Fy(e1,...,ep; f1,-.., fq;2)

So that this series is well-defined, we assume that no f; is equal to zero or a negative integer. If some
e; is zero or a negative integer, then (e;)x will equal 0 for k sufficiently large, and so we say that the series
terminates.

Generalized hypergeometric functions were introduced in the late 1800’s and, from this time through
the early 1900’s, properties of and relations among generalized hypergeometric series were widely studied
(for example, see [1], [2], [3], [30], [33], and [34]). Generalized hypergeometric series—and especially those of
unit argument, meaning z = 1—became an object of renewed interest towards the end of the 20th century,
due in part to their appearance in atomic and molecular physics (for example, see [7, Sections 2.7 and 2.9]
and [15, Chapters 8, 9, and 11]) and in part to their presence in the theory of archimedean zeta integrals for
automorphic L functions (for example, see [6], [25], [26], [27] [28], and [29]). It is now conventional to drop
the adjective “generalized” and we will henceforth follow this convention.

Both “two-term” and “three-term” relations among hypergeometric series were early objects of interest
of, for example, Thomae [30] and Whipple [33] [34]. In more recent research in the theory of hypergeometric
series and of related entities such as “basic hypergeometric series,” group-theoretic notions have been in-
troduced to explain certain known relations among hypergeometric series of unit argument or among basic
hypergeometric and other analogous series (for example, see [4], [5], [17], [18], and [20]). We will develop
such a framework to describe our two- and three-term relations below.

A hypergeometric series of type ,F,_1 converges absolutely if |z| < 1, or if |z2| =1 and

afe(ij—Zej) >0

(see [1, Chapter 2]). If 1 +e1 = f1 + ez = -+ = fp—1 + ep, then the series is said to be well-poised. If, in
addition, ez = 1 + S+, then the series is said to be very well-poised. When z = 1, the series is said to be of

type pFp—1(1). In this thesis, we will consider very well-poised ¢Fg(1) hypergeometric series.



Let V be the affine hyperplane
V ={(a,b,c,d,e, f,g,h)T €C®:24+3a=b+c+d+e+ f+g+h}
Given (a,b,c,d, e, f,g,h)T € V, consider the transformation
(a,b,c,d,e, f,g,h)T — (2b—a,b,b+c—a,b+d—ab+e—ab+f—ab+g—ab+h—a)

of V| which amounts to an addition of b — a to each vector coordinate, followed by a transposition of the
first two coordinates.
We will call the two well-poised ¢F5(1) hypergeometric series

a,l+a/2,b,c,....h
| / d

1
a/2,1+a-b1+a—c,....,1+a—h’

and

2b—a,1-a/2+0b,bb—a+cb—a+d,....b—a+h

F 1
98[—W2+a1+b—m1+b—q1+b—¢”w1+b—h’}

obtained from this transformation complementary with respect to the parameter b.
1.2 Barnes Integrals

Consider a function of the form

£ = [T (e + 0 [T 05 - 1),

where m,n € Z", €;,¢; = 1, and a;,b;,t € C.

The gamma function I'(¢) is never equal to 0 and has simple poles when ¢t = —n for n = 0,1,2,....
Thus, the function I'“ (a;+t) has simple poles only if ¢; = 1, in which case the simple poles are at t = —a; —n,
for n =0,1,2,.... In the complex plane, these poles lie on a horizontal half-line that starts at —a; and is

directed to the left (i.e., in the opposite direction to the positive real axis). Similarly, the function I' (b; —t)
has simple poles if €; = 1, in which case the simple poles are at t = b; +n, forn =0,1,2,.... In the complex
plane, these poles lie on a horizontal half-line which starts at b; and is directed to the right.

For such a function f(t), a Barnes integral is an integral of the form

/t F(t)at,



where the path of integration is along the imaginary axis, indented as necessary to ensure that any poles
m

of HF“ (a; +t) are to the left of the contour and any poles of H?=1 I’ (b; — t) are to the right of the
i=1

contour. Such a path of integration always exists, provided that for 1 < ¢ < m and 1 < j < n we have

a; +b; #0,—-1,-2,... whenever ¢; =¢; = 1.

In this thesis, whenever we write an integral of the form [, f(¢)dt, we will always intend it as a Barnes

integral with a path of integration as described above.

1.3 Notation and Conventions

Since many of our results involve the products of numerous gamma functions, the following notations
(adapted from those introduced by [24]) will prove indispensable, both for compactness and clarity of notation
and for better illustrating the symmetries that appear in the relations.

We will use the shorthand
Tlay,ag,...,am] :HI‘(ai) (1.3.1)

and will occasionally extend this to quotients by writing

a1, ..., Qm Tlat,...,am] [t T(a;)
r _ — L _ 1.3.2
[bl,...,bn] Tlbt, bl 11—y T(by) (1:32)

To illustrate the symmetries of our relations, we will also write

m

[lz + (a1,a2,. .., am)] = [[T(z £ a;) (1.3.3)

=1

and

Tz +((a1,02,...,am)] = [[]] T(=+ai+a)) (1.3.4)

1,_76{_1 ..... m}

i<j

where the + will either always denote + or always denote — in each of its appearances in either (1.3.3) or
(1.3.4). Note that the double product in (1.3.4) runs over the set of all (7)) two-element subsets of {1,...,m}.
For example,

Tla+ (b,c,d—e)] =T(a+b)I(a+c)I(a+d—e)
and

Cla — ((b,c,d,e))]=T(a—b—c)T(a—b—d)(a—b—e)l'(a—c—d)T(a—c—e)T'(a—d—e).



We will also combine the notation (1.3.1) with the notations (1.3.3) and (1.3.4), so that, for example

F[a,b,c— (e,f,g),d+ ((eafag))] =

D)) (c—e)l'(c— )T (c—g)T(d+e+ /)T (d+ e+ g)T'(d+ f + g).

Since the gamma function can be related to the sine function by

™

T(s)T(1—s) =

sinms’
we will also extend the notations (1.3.1)—(1.3.4) to the sine function by replacing each instance of I" by sin,

so that, for example,

sinwla, b+ (¢,d,e)] =sinmasinw(b+ ¢)sinw(b+ d) sinw(b + e).

Finally, note that the sine function has the elementary functional equations

sin(—z) = —sin(x)
sin(x + 7) = —sin(x) (1.3.5)

sin(x £ 27) = sin(x)

of which we will make frequent and sometimes implicit use.

1.4 Objectives

In this thesis, we will consider the function

I(a;b;c,d,e, f,g,h)
F[b,c,d,e,f,g,h,b—a+(C,d,e,f,g,h)]

J(a;b;c,d,e, f,g,h) =

where

I(a;b;c,d,e, f,g,h) =

dt

1 /I‘[a+t,1+éa—l—tﬂt—i—(b,c,d,e,f,g,h),b—a—t,—t]
2m Jy

TZa+t1+a+t—(cde,f g,h)

and a,b,c,d,e, f,g,h € Csuch that 2+3a=b+c+d+e+ f+g+h.



In Chapter 2, we will show that the J function may be expressed as a linear combination of two very
well-poised gFg(1) hypergeometric series, which are complementary with respect to the parameter b. We
also present some invariance relations (or, two-term relations) for the J function.

In Chapter 3, we describe these two-term relations for the J function within the context of group
theory. In Chapter 4, we derive three-term relations for the J function and also describe these within the
context of group theory.

We find 51840 two-term relations satisfied by the J function, which are given by an invariance group
G j that is a subgroup of GL(8,C) and that is isomorphic to the Coxeter group W (Es) of order 51840. The
two-term relations are characterized by a double-coset decomposition of G; with respect to the subgroup
3¢ consisting of all of the permutation matrices of G ;.

We then construct a larger subgroup My of GL(8, C), which is isomorphic to the Coxeter group W (E7)
of order 2903040 and which contains G ; as a subgroup. We show that for every ui, pso, u3 € My, such that
11, po, and psz lie in different right cosets of Gy in M, there exists a three-term relation involving J(u1 %),
J(u2®), and J(us®) where ¥ = (a,b,c,d,e, f,g,h)T and the coefficients of the J functions are rational

combinations of sine and gamma functions whose arguments are Z-affine combinations of a, b, ¢, d, e, f, g,

2903040

80 - 56 right cosets of Gy in M, this gives us (536) = 27720 distinct three-term

and h. Since there are
relations satisfied by the J function.

To classify these 27720 relations, we introduce an isometry on a set of 56 vectors corresponding to
the cosets of G;\M; and use it to develop a notion of “Euclidean type” such that each type corresponds to
an orbit of M on a set (GJ\M_])(3) introduced in Section 4.5. We show that there are five Euclidean types
(or, equivalently, five orbits) and provide one prototypical relation for each type. Additionally, we show that
every other three-term relation can be obtained from one of these five relations through a change of variables
of the form ¥ — & for some p € My, applied to all terms and coefficients of the original three-term relation.
We further show how to find this element p € M; and use the notion of Euclidean type to describe the
“complexity” of the coefficients of the three-term relations.

The I function defined above (and upon which the J function is based) was also studied by Bailey [1,

Chapter 6]. Additionally, Lievens and Van der Jeugt [18] studied a basic hypergeometric analogue of the J



function, which they call ®(a;b;¢,d, e, f, g, h). Bailey derives a two-term relation for the I function (that we
have restated as Proposition 2.2.1), but does not present this as an invariance relation because he does not
normalize the I function as we have normalized the J function. Furthermore, he does not place his results
within the context of group theory. Lievens and Van der Jeugt find 51840 two-term relations and 27720
three-term relations, place them within the context of group theory, and note that all of the three-term
relations can be obtained from five prototypical relations based on the orbits of a certain group action. For
the most part, their analysis of the group structure is based on calculation using computational group theory
software [10]. We improve upon their analysis by using group theory to prove a number of structure and
representation theorems for the groups Gy and M. In particular, we introduce a metric and corresponding
notion of Euclidean type to determine the orbits of Gy in M ; and to describe the complexity of the coefficients
of the three-term relations, while Lievens and Van der Jeugt rely upon a GAP computation to determine
the number of orbits and make no attempt to describe the complexity of the coefficients beyond noting that
each orbit has a different complexity.

Our strategy of classifying three-term relations based on the actions of parabolic subgroups of Coxeter
groups has previously been employed in [9] and [19] in the context of 4F3(1) hypergeometric series. As very
well-poised ¢ Fg(1) hypergeometric series can be transformed into 4F3(1) hypergeometric series via a limiting

process, it is possible that our results here extend those of [9] and [19].



Chapter 2

The J Function

In this chapter, we define the J function, our basic object of study. We show that it can be expressed

as a linear combination of hypergeometric series and derive some of its invariance relations.

2.1 Definition and Representation as a Linear Combination of Hypergeo-

metric Series

Let a,b,c,d, e, f,g,h € C be such that

243a=b+c+d+e+f+g+h. (2.1.1)

We define the function

I(a;b;c,d,e,ﬁg,h)
[b,c,d,e,f,g,h,b—a+(c,d,e,f,g,h)]

J(a;bic,dye, f,9,h) = ¢ (2.1.2)

where

dt.

1 (T t,1+ta+t,t+ (b,c,de, f,g.h),b—a—t —t
I(a;b;c7d7e’f’g)h) / [a+ +2a+ +( ‘ efg ) : ]
t

T om F[éa—l—t,l—i—a—&-t—(c,d,e,f,g,h)}
We can represent I(a; b; ¢, d, e, f, g, h) (and therefore J(a;b;c,d, e, f,g,h)) as a linear combination of two ¢ Fy

hypergeometric series, which are complementary with respect to b, as follows.



Proposition 2.1.1. We have

I(a;b;c,d,e, f,g,h)
_ mlla+1,b,¢,d,e, f, g, h)
2sinm(b—a)l[14+a— (b,c,d,e, f,g,h)]
a,1+a/2,b,c,....h

o [a/2,1+ab,1+ac,...,1+ah;l]

al[2b—a+1,b,b—a+ (¢, d,e, f,g,h)]

2sin7(a —b)L'[L+b— (a,c,d,e, f,g,h)]

2b—a,1-a/24+bbb—a+cb—a+d,....b—a+h ]

—a/2+b1+b—a,l+b—c1+b—d,...,1+b—h"

-oFy { (2.1.3)

In the proof of Proposition 2.1.1, we will make use of the extension of Stirling’s Formula to the complex

numbers (see [31, Section 4.42] or [35, Section 13.6]).
Proposition 2.1.2 (Stirling’s Formula). Given any 6 € (0,7), if
—m+0 <arg(z) <m—0,

then

D(a+ z) = V2r20*7Y2e72(1 + O(1/|2])) uniformly as |z| — cc. (2.1.4)
We also use the following lemma, which is proved in [19].

Lemma 2.1.3. For every € > 0, there is a constant K = K (€) such that if dist(z,Z) > e, then
|sinmz| > Kemlm)l, (2.1.5)

Proof of Proposition 2.1.1. The gamma function I'(t) has simple poles when t = —n, n =0,1,2,..., with

(-1

Resi—_, T'(t) = -

Therefore, the function T'(—¢) has simple poles when ¢ = n and the function T'(b — @ — t) has simple poles
whent=n-+b—a, forn=20,1,2,....
For N > 1, let Cy be the semicircle of radius py to the right of the imaginary axis and centered at

the origin, with pxn chosen such that py — o0 as N — oo and

= mi i Z U (Z — .
€ J\rfIéIZrL{dISt(CN’ U(Z+b—a)}>0



The equation

T
L(s)l(1—s) = sin s

implies that

PO =ty s7irn7r(1 ) TQ +::)Sin7rt
and

v

rb—a—t)= Fr(l—b+a+t)sinwm(b—a—t)

Therefore,

F[a+t,1+a/2+t,t+(b,c,d,e,f,g,h),b—a—t,ft]
Lla/2+t,1+a+t—(cde, f,g,h)]

_ —m*Tla+t,14+a/2+tt+ (bcde f,g,h)

C Tla/2+t,1+a+t—(c,dye fg,h),1+t,1—b+a+t]sina[t,b—a—t]

f@t) =

By Stirling’s formula (Proposition 2.1.2),

F[a+t’1+a/2+t7t+(b7c’d’67f7g7h)}
Pla/24+t,1+a+t—(c,dye, fog,h),1+t,1—b+a+t

ta+1+a/2+b+c+d+e+f+g+h—(a/2+1+a—c+1+a—d+1+a—e+1+a—f+1+a—g+1+a—h+1+1—b+a)

by the hyperplane relation (2.1.1).

By Lemma 2.1.3, there exists a constant K = K (€) such that

1
<
|sinwtsinm(b—a—t)| — K?

ifteCy,N=1,2,....

These estimates show that there is a constant K > 0 such that

K

Thus,

-mpn — 0 as N — oo,

which implies that

/ f(#)dt = 0 as N — oo.
Cn

=t3

10

(2.1.6)
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Thus, the integral given by I(a;b;¢,d, e, f, g, h) is equal to the sum of the residues of f(¢) at the poles

of I'(—t) and I'(b — @ — t). Adding up the residues, and making use of the formulas

B s _ (_1)n7r
N = = a— T —(b—a—n) ~ smrl—aT(+o—b+n)
and
B T _ (_1)n7r
I(-b+a—n)= sinm(a—b—n)l'(1—(a—b—n)) sinm(a—bI(1—a+b+n)’
we obtain

I(a;b;c,d,e, f,gh)

—Z ”Fa—|—n 1—|—a/2—|—nn—|—(bcd€f,g, )a _a_n]
nll[a/2+n,1+a+n—(c,de,f g,h)]

oo

Z H"T2b4+a—n,b+n,14+a/2+b—a+nb—a+n+(c,dye, f,g,h),—b+a—n]
nll[—a/24+b+n,1+b+n—a,l+b+n—(cde,f,g,h)]

_Z a+n,1+a/24+n,n+ (bcde,f, g,h)
n'Fa/?Jrn 1+a+n—(bcde,f,g h)sinm(b—a)

oo

Z ml[2b+a—n,b+n,14+a/2+b—a+nb—a+n—+(c,de, f,g,h)
:On!F[fa/QerJrn,l+b+nfa,1+b+n—(b,c,d,e,f,g,h)}sinﬂ(afb)

_ nla, 1+ a/2,b,c,d,e, f,g,h]
"~ sinw(b— a)T'[a/2,1+a— (b,c,d,e, f,g,h)]
i (a)n(1+a/2)n(b)pn ... (RA)n
nl(a/2)p(1+a—-0),(l+a—c)p...(1+a—h),
al[2b—a,1 —a/2+b,b,b—a+ (c,d,e, f,g,h)]
sinm(a —b)I'[—a/24+b,1+b—a,1+b—(c,d,e, f,g,h)]
i (20 —a)n(1 = a/2 4 b)u(b)n(c+b—a)n(d+b—a)n...(h+b—a),
nl(—a/2+b),(1+b—a)y(1+b—c)p(l1+b—d)p...(1+b—h),
_ ﬂ'F[a,l+a/2,b,6,d,€,f,g,h]
o sinw(b—a)F[a/?,lJra* (b,C,d,€7f7g,h)]
a,14+a/2,b,c,...,h .
a/2,1+a—b,14+a—c,...,1+a—h’
mI[2b—a,1—a/2+b,b,b—a+ (c,d,e, f,g,h)]
sinm(a — b)T[~a/2+b,1+b—a,1+b— (c,d,e, f,g,h)]
2b—a,1—-a/2+bbb—-a+cb—a+d,....b—a+h
—a/24+b,1+b—a,l+b—c1+b—d,...,1+b—h"

n=0

'9Fs[

We obtain (2.1.3) upon noting that

I'la,1+a/2] al'(a) T(a+1)

L(a/2) 2 2
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and similarly

I'2b—a,1-a/2+0 T(2b—a+1)

['(—a/2+b) N 2

Note that each of the hypergeometric series converges absolutely since the sum of the terms in the

denominator minus the sum of the terms in the numerator is 2 > 0 in each case. O

Remark 2.1.4. Since J(a;b;c,d,e, f,g,h) is a multiple of I(a;b;c,d,e, f,g,h), this shows that we can write
J(a;b;e,d,e, f,g,h) as the sum of two g Fg hypergeometric series, the first well-poised in 1+ a and the second
well-poised in 1 + 2b — a. The parameters of the second series are obtained from those of the first series by
adding b — a to each and then transposing the first two terms, so the two series are complementary with
respect to the parameter b.

If we write

V(a;b7C,d,€7f,g,h) =

7Tl +a,b,c,d,e, f,qg,h] a,14+a/2,bc,...,h 1
AL +a— (be,de fg.0)] 7% la/21+a—-bl+a—c,....1+a—h""|’
then
I(a;b;c,d,e’f’g7h): V(a7b7c7d’e7f7g’h) ‘/.Y( b a7b7b a+(c7d7e)f7g’h))
sinm(b — a)
and
7. _ V(a;b,c,d,e,f,g,h)—V(Qb—a;b,b—a—i—(c,d,e,f,g,h))
Hasbed & S0 = G = b e, fog b b—a (@ dee, g, h)]
2.2 Invariance Relations

From the definition of the J function, it is clear that J is invariant under permutations of the variables

¢, d, e, f, g, and h. We derive another invariance relation from Bailey’s transformation.

Proposition 2.2.1 (Bailey’s transformation). Let a,b,c,d, e, f,g,h € C be such that the hyperplane relation

(2.1.1) holds. Let k=1+2a—c—d—e. Then

I(a;b;c,d,e, f,g,h) =

c,d,e,f+b—a,g+b—a,h+b—a
k+c—ak+d—a,k+e—a,l+a—g—h,1+a—f—hl4+a—f—g

(kb k+c—ak+d—ak+e—a,f,gh). (2.2.1)
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Proof. See [1, Chapter 6]. O

If we write

~ I(a;bQC,daeafagvh)
I(a;b;c,d h)=
(a7 ;C, 767f7ga ) F[c,d,e,f+b—a,g+b—a,h+b—a]’

then (2.2.1) can be rewritten in the form
IA(a;b;c,d,e,f,g,h):A(l+2a7cfdfe;b;lJrafdfe,l+a7c76,1+afcfd,f,g,h).
Since T'[b, f,g,h,c+b—a,d+b—a,e+b— a}_l is invariant under the transformation
(a,b,c,dye, f,g,h)— (1+2a—c—d—ebl+a—d—el4+a—c—el+a—c—d,f,gh),

this also implies that

J(a;b;e,d,e, fog,h) =J1+2a—c—d—eb;l+a—d—el+a—c—el4+a—c—d, f g,h).



Chapter 3

Two-Term Relations

In this chapter, we describe the two-term relations for J found in Section 2.2 using group theory. We
characterize the transformations involved in these relations according to a notion of “type” developed below

and use this notion to determine the isomorphism type of the group of these transformations.

3.1 The Invariance Group G

We have shown that J(a;b;c,d, e, f, g, h) is invariant under permutations of ¢, d, e, f, g, and h and

under the transformation

(a,b,c,dye, f,g,h)— (1+2a—c—d—ebl+a—d—el+a—c—el+a—c—d, f,gh).

Consider the affine hyperplane

V ={(a,b,c,d,e, f,g,h)T €C*:24+3a=b+c+d+e+ f+g+h} (3.1.1)

If = (a,b,c,d,e, f,g,h)T € V, we will write

J(Z) = J(a;bic,d,e, f,g,h).

Let GL(8,C) be the group of invertible 8 x 8 matrices with complex entries and Ss be the permutation

group acting on eight elements on the left. If o € Sg, we write E, for the element of GL(8,C) obtained by



permuting the eight rows of the identity matrix Is € GL(8,C) by o. So, for example,

001 00 O0O0O0
100 0 0 0 0O
01000000

00 01 0 0 0O
Eq23) =

0000 O0O0OT1F@O

0 00O O0OO0OTO 01
Matrices of the form FE, are called permutation matrices.

The invariance of J under permutations of ¢, d, e, f, g, and h implies that

J(Es%) = J(Z) for any o € ((34), (45), (56), (67), (78)).

If we define

/2 1/2 -1/2 —-1/2 -1/2 1/2 1/2 1/2
0o 1 0 0 0 0 0 0
—1/2 1/2 1/2 —-1/2 —1/2 1/2 1/2 1)2
—1/2 1/2 —1/2 1/2 —-1/2 1/2 1/2 1)2

A= € GL(8,0C),
-1/2 1/2 -1/2 —1/2 1/2 1/2 1/2 1/2

0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

the invariance of J under the transformation

(a,b,c,d,e, fog,h)— (1+2a—c—d—eblt+a—-d—el+a—c—el+a—c—d,f,g,h)

implies (via the hyperplane relation 2+3a =b+c+d+e+ f + g+ h) that

J(AT) = J(Z).

15

(3.1.2)
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Thus, if we define
G = (E3ay, Eusy, Ese), Eer), Ers), A) < GL(8,C), (3.1.3)

then Gy is an invariance group for the function J(a;b;c,d,e, f,g,h) in the sense that for all M € G; we

have J(MZ) = J(Z).

3.2 Types of Invariance Relations and the Isomorphism Type of G

Note that not all of the invariance relations arising from G; are essentially “different,” in the sense
that some relations can be obtained from other relations by some permutation of the last six variables (which
corresponds to permuting the rows of the associated matrix in G ;) or by some permutation of the variables
¢, d, e, f, g, and h (which corresponds to permuting the columns of the associated matrix in G 5). It is useful

to construct a minimal set of relations from which all others may be obtained in this fashion.

Definition 3.2.1. Let G be a subgroup of GL(8,C). Let My, Ms € G. We will say that M; and M, are of
the same type in G if My = E, My E,, for some permutation matrices E,, E; € G. If M; and Ms are not of

the same type in G, we will say that M; and M, are of different type in G.

Note that for M € GL(8,C) and E, € GL(8,C) a permutation matrix, the product E,M permutes
the rows of M according to o and M E, permutes the columns of M according to o. Thus, according to
the above definition, matrices My, My € G are of the same type in G if and only if we can obtain Ms by

permuting the rows and columns of M; using permutation matrices from G.
Definition 3.2.2. For M € G, we define the type of M in G to be the set

On = {M': M’ and M are of the same type in G}.

Clearly, the notion of same type is an equivalence relation on G, so the collection of all distinct types
Oy for M € G forms a partition of G corresponding to a double coset decomposition of G with respect to
the subgroup ¥ consisting of all the permutation matrices of G. Thus, the type of M in G is the double
coset M.

By listing one matrix from each of the distinct types of matrices in G ;, we can find a representative

of each of the “different” invariant transformations of J in the above sense.
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Proposition 3.2.3. Let

S6 = {E,: o € ((34), (45), (56), (67), (78))} < G.

Then ¢ is isomorphic to Sg and consists of all the permutation matrices in G y. Furthermore, there are five
distinct types of matrices in G; and Tables 3.1-3.5 provide a representative matrix of each type, along with
the number of matrices belonging to that type and the invariance relation that arises from the representative

matrix.

Table 3.1: The First Type of Matrix in G

1 00 0 0 0 0 O
01 0 0 0 0 0 O
001 0 0 0 0 O
0001 0O0TUO0TO
A=Is=15 000100 0 (3.21)
0000 O0O1O0TO0
00 0 0 0 0 10
00 0 0 0 0 01
Number of elements = 1 - 720
Invariance relation:
J(a;bse,d e, f,g,h) = J(a;b;c,de, f,g,h)
Table 3.2: The Second Type of Matrix in G;
1/2 1/2 —1/2 —1/2 —1/2 1/2 1/2 1/2
0 1 0 0 0 0 0 0
~1/2 1/2 1/2 -1/2 —1/2 1/2 1/2 1/2
-2 12 12 12 <172 172 172 1)2
Ad=A=1 105 1 12 12 12 12 12 12 (3.2.2)
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

Number of elements = 20 - 720
Invariance relation:

J(a;bie de, f,g,h) =
J1l4+2a—c—d-—ebjl+a—d—el+a—c—el+a—c—d, f,gh)
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Table 3.3: The Third Type of Matrix in G5

Az = (E(e) (51 A)* Eas)67) =

0 1 -1 0 0 0 0 1
0 1 0 0 0 0 0 0
-1 1 0 0 0 0 0 1
~1/2 1/2 -1/2 —1/2 1/2 1/2 1/2 1/2 (3.2.3)
-1/2 1/2 -1/2 1/2 -—-1/2 1/2 /2 1/2 o
-1/2 1/2 -1/2 1/2 /2 —-1/2 1/2 1/2
-1/2 1/2 -1/2 1/2 1/2 /2 -1/2 1/2
0 0 0 0 0 0 0 1
Number of elements = 30 - 720
Invariance relation:
J(a;byc,dye, f,g,h) =
Jb—c+hbb—a+hl+a—c—d,l+a—c—el+a—c—f,
l+a—c—g,h)
Table 3.4: The Fourth Type of Matrix in G5
Ay = (E(36)(47)(58)A)2 =
—1/2 3/2 —1/2 —1/2 —1/2 1/2 1/2 1/2
0 1 0 0 0 0 0 0
-1/2 1/2 1/2 -1/2 -—-1/2 1/2 1/2 1/2
-1/2 1/2 -1/2 1/2 -—-1/2 1/2 1/2 1/2 (3.2.4)
-1/2 1/2 -1/2 -1/2 1/2 1/2 1/2 1/2 o
-1 1 0 0 0 1 0 0
-1 1 0 0 0 0 1 0
-1 1 0 0 0 0 0 1

Number of elements = 20 - 720
Invariance relation:

J(a;byc,dye, f,g,h) =

Jl+a+b—c—d—ebl+a—d—el+a—c—el+a—c—d,
b—a+ f,b—a+g,b—a+h)
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Table 3.5: The Fifth Type of Matrix in G5

-1 2 0 0 0 0 0 O
0O 1 0 0 0 0 0 O
-1 1 1 0 0 0 0 O
-1 1 01 0 0 0 O
As = (E(SS)A3)2E(38) =21 10010 0 0 (3.2.5)
-1 1 0 0 0 1 0 O
-1 1 0 0 0 0 1 O
-1 1 0 0 0 0 0 1

Number of elements = 1 - 720
Invariance relation:

J(asbic,d,e, f,g,h) =
J(2b—a;b;b—a+c,b—a+d,b—a+eb—a+ fib—a+g,b—a+h)

In the process of proving this proposition, we will also determine the isomorphism type of G ;.
Definition 3.2.4. The Dynkin diagram G(Eg) of type Eg is a graph with vertex set
V(Ee) = {2,3,4,5,6,3'}.

Two vertices in the subset {2,3,4,5,6} are adjacent if and only if |¢ — j| = 1, and the vertex 3’ is adjacent
only to 4.

If ¢ and j are any two vertices in V' (Eg), we define the integer
1 ifi=j,

m(i,j) =42 ifiis not adjacent to j, (3.2.6)

3 if i is adjacent to j.

The Cozeter group W (Es) of type Eg is the group given by the presentation
(82,83, 54, 85, 86, 831 (8;8;)™ (") =1).

Proposition 3.2.5. The group G is isomorphic to W(Eg). Furthermore, the generators sa, S3, S4, S5, S,

and sz of W(Eg) may be identified respectively with the matrices Esyy, Eusy, Ese), Eery, Ers), and A.

Proof of Propositions 3.2.3 and 3.2.5. We directly compute the matrices

Az = (Ee) (51 A)* Eas)o7): As = (Eeyans8)4)% As = (E3s)A3)*Ess) € G
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and see that they are as given in Proposition 3.2.3. We also see that the given invariance relations arise from
multiplying the representative matrix by the vector (a,b,c,d,e, f,g,h)T € C8, where 2 +3a = b+ c+d+
e+ f+g+h

Notice that the subgroup ¥¢ = {E,: 0 € ((34), (45), (56), (67), (78))} of G is isomorphic to S and
so contains 6! = 720 elements. Additionally, the action of Y3 on G; by matrix multiplication leaves the
upper-left entry of the matrices of G; unaltered. Since the upper-left entries of the matrices Ay, As, Az, Ay,
and As are all distinct, we see that they belong to different types in G ;. We will first obtain lower bounds
on the number of matrices of each of the types Aq, As, Az, Ay, and As.

Observe that the matrix A; = Ig is the identity element of G, so that ¥gA;X¢ = X and so there
are at least |Xg| = 720 matrices of the type of A; in G.

Next, consider the matrix
/2 1/2 -1/2 -1/2 -—-1/2 1/2 1/2 1/2

0 1 0 0 0 0 0 0

-1/2 1/2 1/2 -1/2 -1/2 1/2 1/2 1/2

| —-1/2 1/2 -1/2 1/2 —1/2 1/2 1/2 1/2

e Gy.
—1/2 1/2 —1/2 —1/2 1/2 1/2 1/2 1/2

0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

We see that all of the rows of Ay are distinct as sequences. Therefore, multiplying As on the left by E,, for
E, € g, will give us 720 matrices in GGy that belong to the type of As. Note that the products E, As, for
E, € Y5, amount to obtaining all possible permutations of the last six rows of Ay. By considering products
of the form AFE,, for E, € ¥, we can permute the last six columns of As in every possible way. If we first
permute the columns of Ay that are different as multisets and then permute the rows of the resulting matrix
in all 720 different ways, we will obtain 720 new elements of G; that belong to the type of As. Now, the

third, fourth, and fifth columns of A5 are equal as multisets, and the sixth, seventh, and eighth columns of

6!

35T = 20 different ways.

Ay are equal as a different multiset. Thus, we may permute the last six columns in
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So, if we permute the columns of As in 20 different ways and then permute the rows of each of the resulting

matrices in 720 different ways, we see that the number of matrices belonging to the type of As in G is at

least 20 - 720.

Next, consider

o 1 -1 0 0 0 0o 1
o 1 0 0 0 0 0 0
-1 1 0 0 0 0 0o 1
~1/2 1/2 —1/2 —-1/2 1/2 1/2 1/2 1/2
Ay = €Gy.
~1/2 1/2 —1/2 1/2 -1/2 1/2 1/2 1/2
~1/2 1/2 -1/2 1/2 12 -1/2 1/2 1)2
~1/2 1/2 -1/2 1/2  1/2  1/2 -1/2 1/2
0 0 0 0 0 0 0o 1

We see that all of the rows of Az are distinct as sequences and that the third and eighth columns of Ag are

distinct as multisets while the fourth, fifth, sixth, and seventh columns of A3 are equal as multisets. Thus,

we may permute the columns of A3 in

6!
41

= 30 different ways and then permute the rows of each of the

resulting matrices in 720 ways, giving at least 30 - 720 matrices belonging to the type of A3 in G .

Next, consider

—-1/2 3/2 —1/2 —1/2 —1/2 1/2 1/2 1/2
0 1 0 0 0O 0 0 0
~1/2 1/2 1/2 -1/2 —1/2 1/2 1/2 1/2
~1/2 1/2 -1/2 1/2 -—1/2 1/2 1/2 1/2
A, = €Gy.
~1/2 1/2 -1/2 —1/2 1/2 1/2 1/2 1/2
-1 1 0 0 o 1 0 0
-1 1 0 0 o 0 1 0
-1 1 0 0 o 0 0 1

Again, the rows of A4 are distinct as sequences. We see that the third, fourth, and fifth columns are equal as

multisets and the sixth, seventh, and eighth columns are equal as multisets, so we may permute the columns
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of Ay in 3% = 20 different ways and then permute the rows of each of the resulting matrices in 720 ways,

giving at least 20 - 720 matrices belonging to the type of A4 in G .

Finally, consider

Asg e Gy.

-11 0 0 0 0 1 O

-11 0 0 0 0 0 1
As above, the rows of A5 are distinct as sequences. We see that the third through eighth columns are all
equal as multisets, so that we permute the columns of As in only one way (i.e., the identity permutation)
and then the rows of the matrix in 720 different ways, giving at least 1 - 720 matrices belonging to the type
of A5 in G.

Consider the elements of G; given by az = E34y,a3 = E(45), a4 = Es6), a5 = E(g7),a6 = E(78), and
az = A. Clearly, G; = (a;: i € {2,3,4,5,6,3'}). We verify by direct calculation that these matrices satisfy
(aja;)™9) =1 where m(i, j) is the integer given in Definition 3.2.4.

Therefore, if we define ¢(s;) = a; for each i € {2,3,4,5,6,3'}, then ¢ extends uniquely to a surjective
homomorphism from W (Es) onto G5 [8, Section 1.6]. It is well-known (for example, see [16, Section 2.11])
that W (FEs) is a group of order 51840, so to show that ¢ is in fact an isomorphism, it will be sufficient to
show that |G ;| > 51840 = 72 - 720.

But, we have seen above that G ; contains at least (1+ 20430+ 204 1) - 720 = 51840 matrices of the
types of Ay, As, Az, Ag and Aj in G, so it must be that |G ;| = 51840, G; = W (Eg), and that each of the

lower bounds for the number of matrices of the types of Ay, A, A3, A4 and As in G; given above are in fact

the actual number of matrices of each type in G ;. It then follows that 3¢ consists of all of the permutation
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matrices in (G; and thus that we have the complete double coset decomposition XgM¥g, M € G, of G:
5
Gy = U YA s O
i=1

Remark 3.2.6. As was seen above, the upper-left entry of a matrix is an invariant property of its type in Gy

and can be used to identify the types of matrices in G ;.



Chapter 4

Three-Term Relations

Our ultimate goal in this chapter is to find three-term relations of the form

Y1(Z)J (1%) + Y2 (T) J (p2Z) + 73(Z)J (137) = 0

for matrices p1, u2, and ps from distinct cosets of the right coset space Gj\M; of a certain group M,
containing G; that will be defined in Section 4.2, where the functions v (%), v2(Z), and ~v3(Z) are certain
linear combinations of quotients of sine and gamma functions. We achieve this, finding 27720 “essentially
different” three-term relations for the J function, in Theorem 4.6.6. To this end, we first find one such three-
term relation and define the group M ; as the one generated by the transformations involved in this relation
along with the generators of the group G;. Then, by studying the action of My on triples {1, pz, pus} of
distinct cosets of G ;\M; (and, in particular, the orbits of this action), we develop a method for transforming
one relation whose transformations {p1, p2, 3} come from distinct cosets of G;\M; into a new relation
involving any other element of the same orbit. Finally, we find one example of a relation coming from each

orbit.

4.1 A Three-Term Relation

We will first find one three-term relation for the J-function.

Lemma 4.1.1. Fora,b,c,t € C, we have

sinm(a —¢)sinw(b—a—t)+sinw(b—a)sinm(c —a—t) +sinw(c—b)sinw(—t) = 0. (4.1.1)
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Proof. Let C* be the vector-space of complex-valued smooth functions and define
W={ft)eC®: f"+7*f =0}

Note that W is a vector space of dimension 2 and that, for any fixed a € C and for any b € C such that b—a

is not an integer, the set

B ={sinm(b—a—t),sinm(—t)}

is a basis for W [32, Section 19].

We verify directly that sinw(c —a —t) € W, so that
sinm(c—a—t) =kysinn(b—a—t)+ kasinm(—t) (4.1.2)

for some uniquely determined constants ki, ks € C. Solving the associated system of linear equations, we

find that

_ sinm(a —c) _
k1= sin(b— a) and ky = sinm(b—a)’

sinm(c—b)

(Note that these quantities are well-defined for b —a ¢ Z.) Algebraic manipulation of (4.1.2) gives (4.1.1) in
the case that b — a & Z.
Finally, note that for fixed a € C, the set of b € C such that b—a € Z is a set of Lebesgue measure 0,

so that, by the continuity of the sine function, (4.1.1) in fact holds for all b € C. O

Theorem 4.1.2. Fora,b,c,d,e, f,g,h € C satisfying (2.1.1), we have the three-term relation

sinw(b—a)l'[b,c,d,e, f,9,h,b—a+ (¢,d,e, f,g,h)] J(a;b;¢c,d, e, f,g,h)
+sinw(a — )T [b,¢e,d,e, f,9,h,c—a+ (b,d,e, f,g,h)] J(a;c;b,d,e, f,g,h)
+sinw(c =T [b,e,b—a+ (dye, f,g,h),c—a+ (a,d,e, f,g,h)]

-J(2b—a;b+c—a;bb+d—a,b+e—ab+ f—a,b+g—a,b+h—a)=0.

Proof. Let & = (a,b,c,d,e, f,g,h)T and

I‘[a+t,1+%a+t,t+(b,c,d,e,f,g,h),bfaft,ft,cfaft]
F[%a+t71+a+t7(daevf7g7h)] .

f(fvt) =
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By Lemma 4.1.1,

1
), [f(Z,t)(sinm(a —c)sinm(b—a—t)
+sinm(b—a)sinm(c — a —t) + sinw(c — b) sinm(—t))]dt = 0. (4.1.3)
Note that
I'b—a—t)sinm(b— —t)—;
a-wsmmb—a S T(l4+a—-b+t)
. T
F(C_a_t>slnﬂ(0_a_t)—m, and
T
I'(—t)sinm(—t) = ——
(~D)sin(—1) = 7
SO
= [#@nsinna - sinn(b - a— )k
— in —c¢)sinm(b—a—
27mtx7s7racs7r a
_WSinw(a—c)/F[a—i—t,l—l-%a—i—t,t—&—(b,c,d,e,f,g,h),—t,c—a—t]dt
B 211 . F[%a—kt,l—l—a—&-t—(b,d,e,f,g,h)]
:7rsin7r(a—C)I(a;c;b,d,e,f,g,h),
! /f(:?t)sin (b—a)sinm(c—a—t)dt
— (b — ale —a —
2m 0
_wsinw(b—a)/I‘[a+t71+%a-l—t,t—&-(b,C,d7e7f,g,h),—t,b—a—ﬂ
N 211 p I‘[%a—l—t,l—i—a—i—t—(c7d,e7f7g7h)]
=rsinm(b—a)l(a;b;c,d, e, f,g,h), and
1 . . .
—/f(a:,t)smﬂ'(c—b) sin(—t)dt
2m J,

_71'sin71'(c—b)/1“[a+7f,1+%ath,tJr(b,c,d,e,f,g,h),bat,cat]chf
N 211 ¢

Tl3a+t,1+a+t—(de,fgh),1+1]
7rsin7r(c—b)/I‘[b—i—s,l+b—a/2—|—s,b—a—|—s+(b,c,d,e,f,g,h),—&c—b—s]
= ds
2me s b—a/2+s,14+b+s—(d,e, f,g,h,a)]

=msinm(c—b)I(2b —a;b+c—a;b,b+d—a,b+e—a,b+ f—a,b+g—a,b+h—a),

where we have let t ~ b — a + s in the third integral and reordered the terms in the final step. Splitting

(4.1.3) into the three integrals above and recalling the definition of J(a;b;c,d, e, f,g,h) in (2.1.2) gives the

desired result. O
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4.2 The Group M,

Define

B= € GL(8,C) (4.2.1)

-11 0 0 0 0 1 0

-110 0 0 0 0 1

to be the matrix associated with the transformation
(a,b,c,d,e, f,g,h) — (2b—a,b+c—a,bjb+d—a,b+e—a,b+ f—a,b+g—a,b+h—a).
Then, the three-term relation in Theorem 4.1.2 can be expressed in the form
W(E)I(E) +72(@)J (B o) + 13(2) (BT) = 0.
Define
Mj = (E(23), B, E(34), E(45), E(56), E(67), E(78), A) < GL(8,C),

where A is the matrix defined by (3.1.2). Note that G; < My, so that all of the matrices involved in the
two-term and three-term relations that we have found are elements of M.

We calculate that B = As - (BE(23)) and E(s3) = B? - (BE(23)) where A5 is the matrix defined by
(3.2.5). Thus,

M = (BE(23), E(34), E(as, Es6), E67y, E(78), A).



Proposition 4.2.1. The matriz

C = (E34)(56)(78) BE (23)(15)(61)A)° =

—5/2
—3/2
—3/2
—3/2
—3/2
—3/2

~3/2

—3/2

is in the center of M.

1/2

~1/2

1/2
1/2
1/2
1/2
1/2

1/2

1/2

1/2

~1/2

1/2
1/2
1/2
1/2

1/2

1/2
1/2

1/2

~1/2

1/2
1/2
1/2

1/2

1/2
1/2
1/2
1/2
~1/2
1/2
1/2

1/2

1/2
1/2
1/2
1/2
1/2
~1/2
1/2

1/2

1/2
1/2
1/2
1/2
1/2
1/2
~1/2

1/2

1/2
1/2
1/2
1/2
1/2
1/2
1/2

~1/2

28

€ GL(8,C)

Proof. We directly compute the matrix (E(34)(56)(78)BE(23)(45)(67)A)9 and see that it is as given in the

statement of the proposition. For i € {2,3,4,5,6,7}, permuting the i*® and (i + 1)** rows of C' and the 7*!

and (i+1)%" columns of C' yields the same matrix. Furthermore, we calculate that AC' = C'A and BC = CB.

Thus, C' commutes with all of the generators of M; and thus with all elements of M ;. O

Via the hyperplane relation 2 +3a = b+c+d+ e+ f + g+ h, we see that multiplication by C

corresponds to the transformation

(a,b,c,d,e, fyg,h)— (1 —a,1—-b1—¢c,1—d,1—e1—f1—g,1—h).

Remark 4.2.2. For reference, we compute C'A; for i = 1,...,5 in Table 4.1 below.

Definition 4.2.3. The Dynkin diagram G(E7) of type E7 is a graph with vertex set

V(E;) ={1,2,3,4,5,6,3'}.

Two vertices in the subset {1,2, 3,4, 5,6} are adjacent if and only if |i — j| = 1, and the vertex 3’ is adjacent

only to 4.



CAy

CAy

CA;

CAy

CAs

Table 4.1: The Matrices CA; fori=1,...

—5/2
—3/2
—3/2
—3/2
—3/2
~3/2
—3/2
—3/2
—2
—3/2
~1
~1
-1
~3/2
~3/2
—3/2
—3/2
—3/2
—1/2
~1
~1
-1
~1
—3/2
-1
~3/2
~1
~1
~1
~1/2
~1/2
—1/2
~1/2
—3/2
—1/2
~1/2
~1/2
~1/2
~1/2
—1/2

1/2
~1/2
1/2
1/2
1/2
1/2
1/2
1/2
0
~1/2
0
0
0
1/2
1/2
1/2
~1/2
~1/2
~1/2

1/2
1/2
~1/2
1/2
1/2
1/2
1/2
1/2
1
1/2
0
1
1
1/2
1/2
1/2
3/2
1/2
1/2
1
1
1
1
1/2
1
1/2
0
1
1
1/2
1/2
1/2
1/2
1/2
~1/2
1/2
1/2
1/2
1/2
1/2

1/2
1/2
1/2
—1/2
1/2
1/2
1/2
1/2
11
1/2 1/2

1
0
1

1/2

1/2

1/2

1/2

1/2

1/2
1
0
0
0

1/2
1

1/2
1
0
1

1/2

1
1
0

1/2

1/2

1/2

1/2

1/2

1/2
0
1
0
0

1/2
1

1/2
1
1
0

1/2

1/2 1/2
1/2 1/2
1/2
1/2
1/2
~1/2
1/2
1/2
1/2
1/2

29

)5
12 1/2  1/2  1/2
/2 12 1/2  1/2
/2 12 1/2  1/2
/2 12 1/2  1/2
-1/2 1/2 12 1/2
/2 —-1/2 1/2  1/2
/2 12 -1/2 1/2
12 12 1/2 -1/2
0 0 0
12 1/2  1/2
0 0 0
0 0 0
0 0 0
-1/2 1/2  1/2
/2 —-1/2 1/2
12 1/2 -1/2
1/2 1/2 —1/2
12 1/2 1/2
12 1/2 —1/2
0 0 0
0 0 0
1 0 0
0 1 0
12 1/2 —1/2
0 0 0
12 1/2  1/2
0 0 0
0 0 0
0 0 0
—-1/2 1/2  1/2
12 —-1/2  1/2
12 1/2 -1/2
/2 12 1/2  1/2
/2 12 1/2  1/2
/2 1/2  1/2  1/2
12 1/2  1/2  1/2
—-1/2 1/2 12 1/2
/2 —1/2 1/2  1/2
/2 12 -1/2 1/2
12 1/2  1/2 —1/2
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If ¢ and j are any two vertices in V(E7), we define the integer
1 ifi=j,
m(i,j) = 42 if i is not adjacent to j, (42.2)

3 if i is adjacent to j.

The Cozeter group W (E7) of type E; is the group given by the presentation
<517 $2, 83, S4, S5, 56, S3/ * (Sisj)m(l’j) = 1>

Note that the definition of m(s, j) for E7 given in (4.2.2) is compatible with and extends the definition

of m(i,j) for Eg given in (3.2.6).

Proposition 4.2.4. The group My is isomorphic to W (E7). Furthermore, the generators si, Sa, S3, Sa,
s5, 86, and sz of W(Er) may be identified respectively with the matrices BE 23y, E(34y, Es), E(s6), Er),

E(7g), and A.
We will prove this proposition and the following proposition simultaneously.
Proposition 4.2.5. Let
Y7 ={E,: 0 €((23),(34),(45), (56), (67), (78))} < M.

Then Y7 is isomorphic to S; and consists of all the permutation matrices in Mj. Furthermore, there are

ten distinct types of matrices in My with representative matrices given by
{4;:i=1,...,5} and {CA;:i=1,...,5}. (4.2.3)

There are 1 - 5040 matrices of each of the types A1 and C Ay, 35 - 5040 matrices of each of the types As and
CAs, 105 - 5040 matrices of each of the types Az and C Az, 140 - 5040 matrices of each of the types Ay and

CAy, and 7- 5040 matrices of each of the types As and C'As.

Proof of Propositions 4.2.4 and 4.2.5. Notice that the subgroup

Y7 ={Ey: 0 € ((23),(34), (45), (56), (67), (78)) }
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of Mj is isomorphic to S7 and so contains 7! = 5040 elements and that 7 leaves the upper-left entry

of matrices of M; unaltered. We saw in Proposition 3.2.3 that the upper-left entries of the matrices A;,

1

1=1,...5,are 1, 5,0, —%, and —1 respectively and we calculated in Table 4.1 that the upper-left entries of

the matrices CA;,i=1,...,5, are —%, -2, —%, —1, and —% respectively. From this consideration, it is clear
that all of the matrices A; and C'A;, i =1,...,5 are of distinct type in M; with the exception of the pairs
Ay and CAs (which both have upper-left entry —3) and A; and C'A4 (which both have upper-left entry
—1). However, since the second row of each matrix A; is the row vector &5 while no row of any CA; is a
row vector of the form é'jT for j =1,...8, it follows that all matrices M of type A; in M satisfy é’jTM =el
for some 2 < j, k < 8, while no M matrices of type C'A; in M satisfy é'jTM =gl for any 2 < j,k <8, so
that A4 and C As are of different type in M; and As and C' A4 are of different type in M ;. Thus, the ten

matrices given in (4.2.3) are all of different type in M.

Using the same technique as in the proof of Proposition 3.2.3, we obtain a lower bound of 1 - 5040

7!

matrices of types A; and CA; in My, 37—:1, - 5040 matrices of types Az and CAs, 5y

- 5040 matrices of types
Az and CAs, 3%, - 5040 matrices of types A4 and C A4, and g - 5040 matrices of types As and C As. Thus,
there are at least 2 - (1 + 35+ 105 4 140 4 7) - 5040 = 2903040 matrices of these types in M.

Now, consider the elements of M; given by a1 = BE(3),a2 = E(34),a3 = Eus),a4 = E(s6),a5 =
E7),a6 = E(7s), and a3 = A. Then M; = (a;: i € {1,2,3,4,5,6,3'}). We verify by direct calculation that
these matrices satisfy (a;a;)™("/) = 1 where m(i, j) is the integer given in Definition 4.2.3.

Therefore, if we define p(s;) = a; for each i € {1,2,3,4,5,6,3'}, then ¢ extends uniquely to a surjective
homomorphism from W (E7) onto M as in the proof of Proposition 3.2.3. It is well known (for example,
see [16, Section 2.11]) that W (E7) is a group of order 2903040, so it follows that ¢ is in fact an isomorphism,
as we saw above that |M ;| > 2903040. Thus, it must be that |M ;| = 2903040, M; = W (E;) and that each
of the lower bounds for the number of matrices of the types of Ay, As, A3, Ay, A5, CAy, CAy, CAsz, CAy,

and C'As in M; given above are in fact the actual number of matrices of each type in M. It then follows

that Y7 consists of all of the permutation matrices in M; and thus that we have the complete double coset
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decomposition Xy M7, M € My, of Mj:

5 5
M = (U Z7Ai27> u <U 270,41-27) . O
=1 =1

It is known that the group W(E7) has a center consisting of two elements [16, Sections 3.20 and 6.4],

so the center of M is given by the set {Is, C}.

4.3 The Coset Space G\ M,

The group G; given in Section 3.1 is a subgroup of M of index 22?2%0 = 56. Gy is not a normal

subgroup of My, as, for example, E34) € Gy and E23y € M, but E(23)E(34)E(;§) = Fu3)EayEps) =
B4y € Gy (as E24) € X6 and g contains all permutation matrices of G 5, according to Proposition 3.2.3).
Nonetheless, we may consider the (right) coset space G ;\M, which consists of 56 cosets.

Consider the following set of 56 matrices:
C; = {C*EE@3BE@g) € My: ke {0,1},2<i<j <8},
where we adopt the convention that Eg) = Is.

Lemma 4.3.1. For 2 <i<j <8, we have

ef =el +el —el' ifi=2,
&5 B2iB(a3yBE(2j) = &7 4 er —ef ifi#2,04 7,
el +el —efl ifi#2,i=j.
Proof. This may be checked by direct calculation. O

Theorem 4.3.2. The 56 matrices in Cy lie in different cosets of G j\My. Thus,

A4j = LJ (;JM.

nely

Proof. Note that all of the generators of G'; as presented in (3.1.3) have the same second row, €5, and so all
matrices M € G'; satisfy &/ M = &5 Thus, in particular, for any matrices M € G; and N € M, we have

EXMN = &§'N and so any two matrices of M; with different second rows must lie in different cosets of G ;
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in M;. By Lemma 4.3.1, we see that the second rows of the 28 matrices E(z;)E(23)BE(2;), 2 <1 < j < 8 are
distinct and we explicitly calculate that the second rows of the 28 matrices CE(9:) E(23)BE(2;) are distinct
both from these rows and from each other. Thus, the 56 matrices of C; lie in different cosets of G ;\My,

which completes the proof, as we have seen |‘]g"’ “ = 56. O

We have seen that each of the 28 matrices E (o) E(23)BE(25), 2 < i < j < 8, has a second row of the
form é’kT + é'ZT — é'lT for some 1 < k < ¢ < 8. Conversely, as there are (g) = 28 different rows of this form
and each of the matrices F(y;) F(23)BE(2j), 2 < i@ < j < 8, has a distinct second row, it follows that for each
1 <k < ¢ <8 there exist 2 < i < j < 8 such that & E(2;)E(23)BE(2j) = &l + ¢ —é{.

Furthermore, we have seen that & M = &l for all M € G, so that the second row is an invariant

property of each coset.

Definition 4.3.3. We will use the notation (k,¢) to denote the coset whose matrices have second row
é’kT + é’éT — e and (k, £)* to denote the coset containing the matrix CE2i)E23)BE(25), where 2 <i < j <8
are chosen so that

&5 EiyEs)BE@j = ¢ +é —éf.

So, for example, I € (1,2) and CE(s3)E(23)BE(24) € (3,4)* (by Lemma 4.3.1).

Define the subgroup

s = (E(23)B, E(23), B34y, E(a5), Es56), E(67), E(78))

of M ;. Note that Xg < X7 < Xg. Unlike ¥g and X7, the group g does not consist entirely of permutation

matrices, but the following theorem makes the choice of notation clear.

Theorem 4.3.4. There is a unique isomorphism of groups
D Sg — 28
such that ®((12)) = E3yB and (o) = E, for o € {(23),(34), (45), (56), (67), (78)}.

Proof. We will need the following definition.
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Definition 4.3.5. The Dynkin diagram G(Az7) of type Az is a graph with vertex set
V(A7) ={1,2,3,4,5,6,7}.

Two vertices in the set {1,2,3,4,5,6,7} are adjacent if and only if |i — j| = 1.
If i and j are any two vertices in V (A7), we define the integer
1 ifi=j,
s(i,J) =42 if i is not adjacent to 7, (4.3.1)

3 if 4 is adjacent to j.

The Cozeter group W (Az) of type Az is the group given by the presentation
(b1, b, b3, by, bs, b, br: (b;b)* ) = 1).

It is well-known that Sg = W (A7) and that an isomorphism is given by identifying by, be, b3, ba, bs,
bg, by with (12), (23), (34), (45), (56), (67), and (78) respectively [16, Section 1.1].

Consider the elements ¢1 = E(23)B, c2 = E(23), ¢c3 = E(34), ca = Es), ¢5 = E(s6), c6 = E(g7) and
cr = E7g) of ¥g. Note ¥g = (¢;: 4 = 1,...,7). We verify by direct calculation that these matrices satisfy
(cic;)*7) =1 where s(i, ) is the integer given in Definition 4.3.5.

Therefore, if we define ®(b;) =¢; for i = 1,...,7, then ® extends uniquely to a homomorphism from
Sg onto Yg as in the proof of Proposition 3.2.3. But the only normal subgroups of Sg are Sg, the alternating
group Ag, and the trivial group. Since c¢i,...,c7 are in the image of @, the kernel of ® must be trivial (as
Ag has index 2 in Sg and the image contains more than 2 elements) and so ® is an isomorphism from Sg to

dlg. O
Remark 4.3.6. For reference, we compute that
D((132)) = ©((23)(12)) = Fas) Foy B = B

and

©((13)) = ((12)(23)(12)) = E(23B* = BE (3.
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4.4 The Action of M; on G;\M;

We will see that the action of M; on G;\Mj is easier to describe through the use of an isomorphic
group ¢(M ;) that we will now define. Asin [13, Section 4], we define the vectors ¥; ; = 4(6}—4—5})—2?21 €y, for
1 <i < j <8, so that, for instance, 7 » = (3,3,—1,—1,—1,—-1,—1,—-1)7. Let Q = {£7; ;: 1 <i < j <8}
We define a map ¢: G;\M; — Q by ¢((i,5)) = ¥;; and ¢((i,5)*) = —0; ; for 1 <i < j <8.

We also define ¢(s1) = E(13), ¢(52) = E34), ¢(53) = Eus), ¢(51) = Es6), ¢(55) = Eer), ¢(s56) =

E(7g), and
3/4 1/4 -1/4 -1/4 -1/4 1/4 1/4 1/4
1/4  3/4 1/4 1/4 1/4 -—-1/4 -1/4 -1/4
-1/4 1/4 3/4 -1/4 -1/4 1/4 1/4 1/4
-1/4 1/4 -1/4 3/4 -1/4 1/4 1/4 1/4

P(s3r) = )

-1/4 1/4 -1/4 -1/4 3/4 1/4 1/4 1/4
1/4 -1/4 1/4 1/4 1/4 3/4 -1/4 -1/4
1/4 -1/4 1/4 1/4 1/4 -—-1/4 3/4 -1/4
1/4 -1/4 1/4 1/4 1/4 -1/4 -1/4 3/4

where s;, ¢ = 1,...,6,3 are the generators of W(E7). We verify by direct calculation that these matrices

satisfy (gb(si)qﬁ(sj))m(i’j) = 1 where m(i, j) is the integer given in Definition 4.2.3. Thus, ¢ extends uniquely
to a homomorphism from W (E7) into GL(8,C). As M is isomorphic to W (E7), we may also think of ¢ as a
map My — GL(8,C) via the identifications in the statement of Proposition 4.2.4. That is, p(BE(23)) = E(13),
¢(E,) = E, for o € {(34), (45), (56), (67), (78)}, and ¢p(A) = ¢(s3/). Throughout the remainder of this thesis,
we will use ¢ to refer to the maps G;\M; — Q, W(E7) — GL(8,C), and M; — GL(8,C), with the map

intended in any given situation clear from the context.

Lemma 4.4.1. (i) The group ¢(Xs) consists of all the permutation matrices of ¢(My) and, in fact, of
all the permutation matrices of GL(8,C) and ¢(Xs) = Ss. Furthermore, there are four distinct types
in ¢(My) with representative matrices I, ¢p(A), ¢(C), and ¢(C)p(A) (where C' is the matriz given

in Proposition 4.2.1). There are 1-40320 matrices of each of the types of Is and ¢(C) in ¢(My) and



36

35 - 40320 matrices of each of the types of ¢(A) and ¢(C)Pp(A).

(i) The type of Is in ¢(My) consists of all matrices in GL(8,C) for which each row and each column
is the multiset {1,0,0,0,0,0,0,0}. The type of ¢(A) in ¢(My) consists of all matrices for which
each row and column is the multiset {%,—%,—i,—i,i,i,i,i,i}. The type of ¢(C) in ¢(My)
consists of all matrices for which each row and column is the multiset {—%, i, i, i i i, %, %} The
type of ¢(C)P(A) in ¢(My) consists of all matrices for which each row and column is the multiset
{%, %, %,—%,0,0,0,0}. The group ¢(My) consists of all matrices in GL(8,C) for which each row

and column is (the same) one of these multisets.
(i) The map ¢: My — GL(8,C) is injective. That is, p(My) = M.
(iv) The map ¢: G; — GL(8,C) is injective. That is, d(Gj) = G .
Proof. We compute that

—-3/4 1/4 14 1/4 1/4 1/4  1/4  1/4
1/4 —=3/4 1/4 1/4 1/4 1/4 1/4 1/4
1/4  1/4 —=3/4 1/4 1/4 1/4 1/4 1/4
1/4  1/4 1/4 —=3/4 1/4 1/4 1/4 1/4
1/4  1/4 1/4 1/4 =3/4 1/4 1/4 1/4
1/4  1/4 1/4  1/4 1/4 -3/4 1/4 1/4

1/4  1/4 1/4 1/4 1/4 1/4 -3/4 1/4

1/4 1/4 1/4 1/4 1/4 1/4 1/4 -3/4
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" -1/2 0 1/2 1/2 1/2 0 0 0
0 -1/2 0 0 0o 12 1/2 1/)2
/2 0 -1/2 1/2 1/2 0 0 0
SCho) /2 0 1/2 -1/2 1/2 0 0 0
/2 0o 1/2 1/2 -1/2 0 0 0
0o 12 0 0 0 —1/2 1/2 1/2
0o 12 0 0 0 1/2 —1/2 1)2
0o 12 0 0 0 1/2  1/2 —1/2

Note that each row and column of the matrix Ig is the multiset {1,0,0,0,0,0,0,0}, each row and

1

column of the matrix ¢(A) is the multiset {%, — 1 —i, —%7 %, %, %, i, i}, each row and column of the matrix

¢(C) is the multiset {—3, 4,1 2 2 1 1 2} and each row and column of the matrix ¢(C)¢(A) is the multiset
{3.3.4,-2,0,0,0,0}. Thus, Is, ¢(A), ¢(C), and ¢(C)¢(A) belong to different types in ¢(M ).

We verify that ¢(M) = Eg-1(p) for M € Xg, where ® is the isomorphism Sg — Yg defined in the
previous section, by checking this relation on the generators of ¥g and noting that ¢ and ¢ are homomor-
phisms. Thus, ¢(Xs) = {E,: o € Sg}, so that ¢(M;) contains all permutation matrices of GL(8,C). Thus,
|p(Zs)| = 8! = 40320. Using the method of Proposition 3.2.3, we obtain the lower bound of 1-40320 matrices
in each of the types Ig and ¢(C) in ¢(M ). Unfortunately, this method does not give an adequate bound
for the types of ¢(A) and ¢(C)d(A) in ¢(My) (since the columns in each matrix are equal as multisets).

For ¢(A), note that we may, by permuting the columns using matrices from ¢(Xg), obtain elements
of the type of ¢(A) in ¢(M,) for which the 3 and the three —31 entries occur in any positions in any given
row, giving 8§ - (;) distinct elements. For each of these, we may permute the second through eighth rows in
7! ways, showing that there are at least (;) - 8! = 35 - 40320 elements of the type of ¢(A4) in ¢(My).

For ¢(C)¢p(A), a parallel argument with the entry —% in the place of % and the entries % in the place
of —% likewise gives 35 - 40320 elements of the type of ¢(C)p(A) in ¢(My).

This shows that |¢p(My)| > (1 + 35+ 35+ 1) - 40320 = 2903040. But since (by definition) ¢ maps

surjectively onto ¢(My), it must be that |¢p(My)| < |M;| = 2903040, so that |¢(My)| = 2903040, each of
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the lower bounds for the number of elements of each type in M is in fact the number of elements of that
type, and we have found the complete double coset decomposition. This completes the proof of part (i), and
parts (ii) and (iii) follow immediately. Part (iv) follows from part (iii) by considering the restriction of the

map ¢ to G ;. O
Lemma 4.4.2. (i) Let M € My and pn € G;\Mj be a right coset. Then ¢(p- M) = d(M)~1 - ¢(p).
(ii) For all U € Q), ¢(C)T = —7.

Proof. (i) We verify this directly for the generators of M ;. Then, by Lemma 4.4.1(iii), this holds for all of

Mj.

(ii) This is a restatement of part (i) for the special case M = C.

The action of the generators of ¢(M;) on Q is described in the following propositions.
Definition 4.4.3. Let 0 € Ss. Given a right coset (,7) or (4,7)* in G;\My, we will define
0 (i,4) = (o(i),0(4)) and o - (i,§)" = (o (i), 0(4))"
We also extend this to an action of Sg on  via the identification ¢: G;\M; — Q.
Proposition 4.4.4. (i) Let € Gy\Mjy be a right coset and let o € Sg. Then
p-®(o)=0""p
where ®: Sg — Xg is the isomorphism from Theorem 4.3.4.
(i) Let ¥ € Q and let E, € ¢(Xg) for some o € Ss. Then
E, - t=0-7.
Proof. (i) We verify directly that
p-®(o) =07 pfor o € {(12),(23),(34), (45), (56), (67), (78)}.

Then, since these permutations generate Sg and ® is an isomorphism, this holds for all o € Sg.
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(ii) Apply the map ¢ to the equation in (i). The result follows by Lemma 4.4.2(i) and recalling that

¢(M) = E<I>*1(M) for M € 3g.

O

Proposition 4.4.5. The matriz ¢(A) acts on Q as a bifid transformation. More specifically, if we let

Cy =1{1,3,4,5} and Cy = {2,6,7,8}, then:

1) ifi,j € Cp form=1,2 and k,{ are chosen so that Cp, = {i, 4, k, L}, then ¢(A)-+v; ; = FuUk p where
(i) ¥ :

F denotes the opposite sign of +, and
(it) if one of i,j lies in Cy and the other lies in Ca, then ¢p(A) - +0; ; = £7; ;.

Proof. This can be verified by explicitly computing each of the 28 products ¢(A) - ¥;; and then using

Lemma 4.4.2(ii) to compute ¢(A4) - —7; ;. O
Lemma 4.4.6. The group ¢(Mjy) acts faithfully and transitively on the set Q.

Proof. We will first use the double coset decomposition found in Lemma 4.4.1 to verify that ¢(M;) acts
faithfully. Suppose that M € ¢(M;). We will show that M - ¢ = ¢ can hold for all ¥ € Q only if M = Is.
Note that M must have one of the forms E,, ¢(C)E,, E;¢(A)E., or ¢(C)E,¢(A)E, for some 0,7 € Ss,
by Lemma 4.4.1 and noting that ¢(C) is central. We use Propositions 4.4.4(ii) and 4.4.5 to perform the
following calculations.

If M = E, where o is not the identity permutation, then we may pick i,5 € {1,...,8} such that

o(i) #iand o(j) & {i,¢9(9)}. Let ¥ =4; ;. Then

MG = Ty (i),0(j) # V-

If M = ¢(C)Es, then ¢(C)E,U1 2 = —Us(1),0(2) 7 U1,2-

If M = E,¢(A)E;, let ¥ = t—1(1) --1(3) so that E v = ¥ 3. Then,

Ead)(A)ET'U: EUQS(A)'UIB = EU(_'U4,5) = _170'(4),0(5) 7& 177'*1(1),7*1(3)-
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If M =¢(C)E,(A)E,, let 7= 177.71(1)’.,.71(2) so that FE.¥ = H1,2. Then,
H(C)E;d(A)Erv = ¢(C)Eyp(A)V1 2 = ¢(C)Egt1 2 = ¢(C)s(1),0(2) = ~TVo(1),0(2)
# Ur-1(1),r-1(2)-

Thus, in all cases, if M # Ig, then there is some ¥ € Q such that M4 # ¥ and so the action of ¢(M )
on 2 is faithful.

Finally, we note that the action of ¢(M ) on 2 is transitive since ¢(M ;) contains all of the permutation

matrices of GL(8,C) and since the central element ¢(C) maps ¢ to —7 for all ¥ € 2. O
Definition 4.4.7. Let ¥ = (vy,...,vs)T, @ = (w1, ..., ws)T € Q. We define the Fuclidean distance between
¥ and @ to be the number d(7, W) = E?:l(vi —w;)2.

Remark 4.4.8. Note that the distance between any two elements of ) is one of 0, /32, v/64, and v/96.
Specifically, for distinct ¢, j, k, £ € {1,...8}, we have d(%; ;,7; ;) =0, d(¥;, j, Ui, k) = V32, d(¥;, j, Uk, 1) = V64,

d(v;, j, — ;. ;) = V96, d(T;, j, —Ti 1) = V64, and d(T;, j, — Tk, ¢) = V/32.

Lemma 4.4.9. (i) The set Q is a metric space with respect to Euclidean distance.
(it) For any U, € Q, we have ¥ - @ = 24 — 1d(¥, 7).
(i1i) The action of ¢(My) on Q is by isometries with respect to Fuclidean distance.

Proof. Part (i) is a routine exercise using the definitions. Part (ii) may be checked case by case using Remark
4.4.8.

To prove part (iii), we note that the group ¢(M) consists of orthogonal matrices, so the action of
¢(My) on  respects scalar product. By part (ii), this action also respects Euclidean distance. That is to

say, for M € ¢(My) and ¥,w € Q, we have
d(M©, Mw)* = 48 — 2(M7) - (M) = 48 — 20 - & = d(¥,w)?.

Since d(¥y,7T2) > 0 for all ¥y, 05 € Q, we have
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4.5 The Orbits of the Action of M; on (G;\M;)®)

Definition 4.5.1. Let (G;\M;)® be the subset of the power set of G;\M, consisting of all unordered
triples {a, b, c} of distinct elements of G ;\M (i.e., a # b # ¢ # a). Let Q) be the subset of the power set

of Q consisting of all unordered triples {a, b, c} of distinct elements of Q (i.e., a # b # ¢ # a).

Although the tuples of (G;\M;)® and Q) are unordered, we will always keep the same ordering
when writing the elements of a tuple, so that, in particular, {a1, as,as} = {b1, b2, b3} will always mean that

a; =b; for i =1,2,3. We extend the action of My on G;\M; to an action on (GJ\MJ)(3)7 as follows.
Proposition 4.5.2. The group My acts on (G;\M;)® diagonally via

{a,b,c¢} M ={a-M,b-M,c- M}.
Proof. This is a routine exercise using the definitions. O

Analogously to Proposition 4.5.2, we extend the action of ¢(My) to Q) diagonally via g - {a, b, c} =
{g-a,g-b,g-c} and we likewise extend the action of Sg on G ;\M; and Q from Definition 4.4.3 to (G ;\My)®
and Q) diagonally.

By Lemma 4.4.1, the Euclidean distance defined in Definition 4.4.7 also provides a notion of distance
for G;\M ;. Namely, if a,b € G ;\M, the distance between a and b is given by d(a,b) = d(¢(a), ¢(b)). For
example, d((1,2),(3,4)*) = d(v1 2, —34) = v/32. By Remark 4.4.8, the distance between any two cosets
is one of 0, v/32, /64, and v/96. Given a triple {a,b,c} in (G;\M;)® or Q1) we are also interested in
the unordered multiset of distances {d(a,b), d(a,c),d(b,c)}, which we will always write in increasing order.
To simplify notation, we will in this context write A for v/32, B for v/64, and C for v/96. So, for example,
the distance triple {\/33, V32, \/33} will be denoted AAA, and the distance triple {\/372, V64, \/%} will be
denoted ABC'. If a triple {a,b, c} has distance triple zyz (where z, y, and z all come from {4, B,C}), we
will say that the triple is of Euclidean type xyz. We will now classify the elements of (G ;\M;)®) according
to their Euclidean types.

Note that Proposition 4.4.4(i) tells us that any two elements of (G;\M;)®) that lie in the same

orbit of the action of Sg also have the same Euclidean type. So, for example, {(1,2),(3,4),(5,6)*} and



42

{(1,2),(3,5), (4,6)*} have the same Euclidean type since

(45) -{(1,2),(3,4),(5,6)"} = {(1,2),(3,5), (4,6)"}-

By replacing the numbers with variables i, j, k, ..., we obtain a “prototype” of an element of (GJ\M_])(3)
(or, more precisely, an orbit representative for the action of Sg on (G;\M;)®)). Such a prototype is
not unique, since for example the triple {(1,2),(1,3),(1,4)} can be described as being of either prototype
{(%,7), (i,k), (i,£)} or prototype {(¢,7),(4,k),(4,€)}. Nonetheless, we can obtain a list of prototypes such
that all elements of (G';\M ) can be described as having exactly one prototype from the list. We provide
such a list in Table 4.2, along with the number of elements of each Euclidean type. The triples {a,b, c}
are ordered such that d(a,b) < d(a,c) < d(b,c). For example, Table 4.2 shows that there are 840 triples
{(%,7), (i,k), (4,€)} and 840 triples {(¢, 5)*, (¢, k)*, (4, £)*} belonging to the Euclidean type AAB of size 7560
(corresponding to the distance multiset {v/32,v/32,v/64}) and that d((i, ), (i,k)) = d((i,7), (j,£)) = V32

and d((lv k)? (],E)) = ma and d((lvj)*7 (iv k)*) = d((Z,j)*, (]76)*) = \/372 and d((l,k)*, (.7’ e)*) = \/674

The number of elements of each prototype given in Table 4.2 are computed using standard combi-
natorial techniques. For example, in prototype {(i,7), (i, k), (¢,€)}, there are 8 choices for i and (g) choices
for j, k, and /¢, since the triple is unordered. We obtain the number of triples in each orbit by adding up
the number of triples of each type in that orbit. Since these add to 27720 = (536) = [(G,\M;)®| triples,
we have described all triples of (G ;\M;)®) and so have found prototypes for every element of (G ;\ M )®).
In particular, note that this implies that every element of (G;\M; ) has one of the five Euclidean types

AAA, AAB, ABB, BBB, or ABC.

Lemma 4.5.3. If two elements a,b € Q3) both have Fuclidean type AAA, then there exists a transformation

w € ¢(My) such that w-a =Db.

Proof. From Table 4.2 translated to Q) via the map ¢, we see that every element of Euclidean type AAA has
one of the following six prototypes: {’Ui’j, 171'7k, 171'75}, {171‘,]‘, 171'7k, 'Uj,k}a {17,‘7]‘, 17z',k7 —U&m}, {—ﬁiﬂ', —17,'71€7 —’UL@},
{=0ij, Uik, —Vj ket {—Vi j, Uik, Ue,m}. As the latter three are obtained by negating the first three, it is

sufficiently to consider only the first three prototypes in light of Lemma 4.4.2(ii). Also, in light of Proposi-



Table 4.2: Characterizations of the Euclidean types of (G ;\Mj)®)

Type AAA 4032

(G, 9), k), (5,0 {9 6k)%, (0,0 8- (5) =280
{G,5), (i, k), G, &)} {(,5)% (G, k), (G, k) (5) =56
{G,4), G k), (Cm)* Y {(,9)%, (i, k)*, (6,m)} 8- () (5) = 1680
Type AAB 7560

{G,3), G k), (5.0 {606k, G,0"  (5)6-5=840
{G.4). (6. k), (b 07} {G2) (LK) (kO 8-7-6-5=1680
(d) s (B0, (mom)} {3, (k0% (mymyy GEE) _ 1960
Type ABB 12096

{(7), (k). ()} {(0,5)", G R)", (Em)*} 8- (3)(3) = 1680
{9, (00, Gk L @) 60" Gk 8- (5) =168
{(i,j),(l,k),(i,f)*} {(i,j)*,(l,k)*,(l,f)} 8- 2) 5 =840
{G,3), (k, 0%, (k,ym)y  {(i,9)7, (k, 0), (k,m)*} 87~ (5) -4 = 3360
Type BBB 2520
(G0, (e, 0), (mom)} {5 9)" (e 0)°, (mym)7y BLE)G) a9
{G,9), (k, 0), i k)Y {6, 5)" (kO (6, k) (5)-6-5=2840
Type ABC 1512

{6, 9), (6, k), (k)Y {(5)", (6, k)", (i,k)}  8-7-6=336
{G,3), (k,0), (k, 07y {0, (k0% (k. 0} (5)(5) =420

43
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tion 4.4.4(ii), it is sufficient to check this for a specific representative of each prototype. These simplification
steps will also be used in the four propositions that follow. The computations that follow come from Propo-
sition 4.4.5.

Note that

A(C)P(A) - {V3,4,U35,U3,6} = {U1,4,V1,5, —U3,6}
transforms the first prototype into the third and
d(A) - {V1,2,U16, —U78} = {U1,2, V1,6, V2,6 }
transforms the third prototype into the second. O

Lemma 4.5.4. If two elements a,b € Q) both have Euclidean type AAB, then there exists a transformation

w € ¢(My) such that w-a =b.

Proof. After simplifying as in Lemma 4.5.3, it remains to show that we can transform elements between the
prototypes {¥; ;, Ui k, Uj,e}, {Vij, Viks —Uk,e}, and {—7; j, Uk ¢, U }-
Note that

O(A) - {2, V16, V2,7} = {U1,2,V1,6, —TVs,8}

transforms the first prototype into the second and

O(C)Pp(A) - {Vh,2,01,3,V26} = {—T1,2, Va5, U7,8}

transforms the first prototype into the third. O

Lemma 4.5.5. If two elements a,b € Q) both have Euclidean type ABB, then there exists a transformation

w € ¢(My) such that w-a =Db.

Proof. After simplifying as in Lemma 4.5.3, it remains to show that we can transform elements between the
prototypes {¥; j, Uik, Urm }s {55 Uik —Uj k by {055, Ui ks — U0} and {0 j, =0k e, U,m }-
Note that

O(A) - {12, V1,6, V78} = {12, V1,6, —TV2,6}
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transforms the first prototype into the second,
d(A) - {12, V1,6,VUa,5} = {12, V1,6, —T1,3}
transforms the first prototype into the third, and
A(A) - {V1,2,V1,3,Us6} = {U1,2, —Vs5, Va6 }
transforms the first prototype into the fourth. O

Lemma 4.5.6. If two elements a,b € Q®) both have Euclidean type BBB, then there exists a transformation

w € ¢(My) such that w-a =Db.

Proof. After simplifying as in Lemma 4.5.3, it remains to show that we can transform elements from the
prototype {¥; j, Ur,¢; Um,n} to the prototype {; j, Uk ¢, —Ui 1}
Note that

d(A) - {U1,2,U3,6,Ua5} = {U1,2, V3,6, —U1,3}

accomplishes this. O

Lemma 4.5.7. If two elements a,b € Q) both have Euclidean type ABC, then there exists a transformation

w € ¢(My) such that w-a =Db.

Proof. After simplifying as in Lemma 4.5.3, it remains to show that we can transform elements from the
prototype {7, ;, Uik, —Uik} to the prototype {7 ;, Uk ¢, —Uk ¢}
Note that

P(A) - {012, V1,3, V1 3} = {U1,2,0a5, —Va5}
accomplishes this. O

Theorem 4.5.8. (i) If {a1,a2,a3} and {b,bs,b3} are two elements of Q) for which d(a;,a;) =

d(bs,b;) for alli,j € {1,2,3}, then there exists w € ¢(My) such that w(a;) = b; for all i € {1,2,3}.

(ii) Two elements of Q3) are in the same ¢(M)-orbit if and only if they have the same Euclidean type.
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(iii) The group ¢(My) has precisely 5 orbits in its action on QB). These correspond to the Euclidean

types AAA, AAB, ABB, BBB, and ABC.

Proof. (i) This follows from Lemmas 4.5.3-4.5.7 since every element of Q3 has one of the five prototypes

AAA, AAB, ABB, BBB, ABC.

(ii) The “if” direction follows from (i). The “only if” direction follows from the fact, proven in Lemma

4.4.9(iii), that ¢(M ;) acts on §2 by isometries.

(iii) The result follows from (ii) since we have shown that these are the only five Euclidean types and

that there are elements of Q(3) with each of these five types. O

4.6 Types of Three-Term Relations

The notions of Euclidean distance on G ;\M; and the classification of unordered triples (1, pt2, it3)
of distinct elements of G ;\M; into Euclidean types, defined in the previous section, will be used below in
our study of the three-term relations of J(a;b;¢,d, e, f, g, h).

For € G;\M; and V the affine hyperplane of 3.1.1, we define the functions J,(Z): V" — C by
Ju (@) = J(u&). We call a relation among J,,,, J,,, and J,, an “zyz relation” if the triple (u1, o, u3) is of
Euclidean type zyz.

We are now ready to state and prove our main results concerning three-term relations for J(Z). In
deriving the three-term relations, we will make frequent use of the following trigonometric identities to

simplify the coefficients:

sin 7[2a, 2b, 2¢, 2d] =

sinwla + b+ c+d— (2a,2b,2¢,2d)] —sinw[b+ ¢+ d — a — (—2a, 2b, 2¢, 2d)] (4.6.1)
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and

sin 7[3a, 3b, 3¢, 3d, 3e,3f,3f — 3e] =
sinm[3e,a+b+c+d—e+2f — (3a,3b,3¢,3d,3f,3f — 3e)]
—sinw[3f,a+b+c+d— f+2e— (3a,3b,3c,3d,3e,3e — 3f)]
+sinw[3f —3e,a+b+c+d—e— f—(3a,3b,3¢,3d, —3e,—3f)]. (4.6.2)
These identities appear in [11, Exercises 2.16 and 5.22] and appeared originally in [21], [22], and [23] in

slightly different form. The forms above can be derived by taking the limit ¢ — 1 in [11] or by repeated

application of the addition formula for sine. We will also make frequent use of (2.1.1) and (1.3.5).

4.6.1 AAA Relations

If we divide both sides of the equation in Theorem 4.1.2 by I'[b, ¢, d, e, f,g9,h,b+c—a,d+c—a,e+c—
a,f+c—a,g+c—a,h+c—a,d+b—a,e+b—a, f+b—a,g+b—a,h+b—a], we may restate Theorem 4.1.2

in the following form:

Proposition 4.6.1. We have the AAA relation

sinm(b — a)
Flc—a+(d,e, f,g,h)]

sinm(a — ¢)
Lb—a+(d,e, f,g,h)]

sinm(c—b)
Lld.e, f.g,h]

J(LQ)(.’E) + J(Lg) (f) + J(273) (CL_") = 0 (463)

If we define
sinm(b— a)
d+c—a,e+c—a,f+c—a,g+c—ah+c—d]

o) = ]
where & = (a,b,c,d,e, f,g,h)T € V and recall that ®((123)) = E(23)BE(23) and ®((132)) = B, then this
relation may be written in the more symmetric form

a(Z)J(1,2)(Z) + a(P((123))2) J1,3) () + a(P((132))Z)J(2,3)(Z) = 0,

or in other words,

Za((I)((123)j)f)J((I)((lZ?))j)f) =0.
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Note that the transformation

0 1 -1 1 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0

—-1/2 1/2 -1/2 1/2 1/2 1/2 1/2 -1/2

8
I
8

T E(gg)A3E(4g)
—1/2 1/2 -1/2 1/2 —1/2 1/2 1/2 1/2

—-1/2 1/2 -1/2 1/2 1/2 -1/2 1/2 1/2

-1/2 1/2 -1/2 1/2 1/2 1/2 -1/2 1/2

-1 1 0 1 0 0 0 0
takes (1,2) to itself, (1,3) to (1,4), and (2,3) to (1,3), so that making this substitution in (4.6.3) yields the
AAA relation

sinm(c — d)J 2y (%)
llc+d—a,a—b—e+1l,a—b—f+1l,a—b—g+1l,a—b—h+1]

sin(b — ¢)J1,4)(Z)
b+c—a,a—d—e+l,a—d—f+1l,a—d—g+1,a—d—h+1]
SiIlﬂ'(d*b)J(ljg))(f)

T

=0 4.6.4
JrI’[b—&—cl—ot,a—c—e—l—1,a—c—f—|—1,a—c—g—&—1,a—c—h—|—1] ( )
upon application of the hyperplane relation (2.1.1).
4.6.2 AAB Relations
Proposition 4.6.2. We have the AAB relation
sinw[b—a,d —a,a—c— (e, f,g,h)] —sinn[b— c,d — c,e, f,g,h] .
Cle+d—d] J1.2)(@)
mtsinwla — ¢, d — a]
) J R
+F[b+d7 a7b7 a+ (67fvgah)71+a7 c— (67fagah)] (1’3)(1;)
rtsinmla — ¢, b — ]
4 J 7) = 0. 4.6.5
+F[C,e,f,g,h,1+a—d—(e,f,g,h)] (274)(‘%) ( )

Proof. Into (4.6.3), we substitute

T E(34)f: (a/a b> d7 Cae7f7g7h)T'
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We check that this transformation takes (1,2) to itself, (1,3) to (1,4), and (2,3) to (2,4). Thus, (4.6.3)
yields

sinm(b — a)J 2)(T)
A Ty e B TN E
sin(a — d)J1,4)(Z)
+I‘[b+cfa,6+b*a,f+b*aa9+b7a’h+bfa]
sin(d — b)J(2,4) () —0. (4.6.6)
Lle,e, f,9,h]

We multiply (4.6.6) by

mtsinm(b — c)

sinm(d —b)L[L+a—d— (e f,g,h)]

multiply (4.6.4) by

tsinm(a — d)

sinm(d —b)L[b—a+ (e, f,g,h)]

and subtract. Simplifying by applying (1.3.5), (2.1.1), and (2.1.6) to each of the resulting coefficients, we
obtain the relation

sinw[b—a,b—c,d—a+ (e, f,g,h)] —sinw[d —a,d —c,b—a+ (e, f,g,h)]

sinw(d — b)T'[c+ d — a To.2)(#)
Thrd—ab-a +7r(4:1jfl 27(2),163- e (e fg.m 0@
et ey (@ =0 (1.6
By (4.6.2),
sinwld—a+ (e, f,g,h),b—a,b—c,a— ]
=sinw[b—a,a—c— (e, f,g,h),d—b,d— al
—sinw[b—c,e, f,g9,h,d—b,d— (]
+sinwla —e,b—a+ (e, f,9,h),d—a,d— ],
and so, by multiplying (4.6.7) by sinm(a — ¢), we obtain the desired relation
sinwb—a,d—a,a—c— (e, f,g,h)] —sinw[b —c,d — c,e, f, g, h] T ()
Tlc+d — a] '
JrF[b +d—a,b— ;Tiszz,?jlg,_hi(f 1 Z]— c— (e, f,g,h)] 1.5 (7)
+F[c, e, f,ﬂ; ij?lﬂiaa_—céb—_(z], fyg,h)] To.4)(@) = 0. =



50
4.6.3 ABB Relations

Proposition 4.6.3. We have the ABB relation

sinw(2b — a)
F[1+a_b_ (dae7fagvh)]

- (sinw[b,c — (d,e, f,g,h)] +sinnla —b—2c,a —c—(d,e, f,g,h)]) J,2) ()

sinm(2¢ — a)
F[1+G_C_ (dyeafagvh’)]

’ (Sinﬂ-[cvb - (d767fvgv h)] + Sinﬂ-[a —2b— ¢ a— b— (d767f7ga h)]) ‘](1,3)(f)

ntsinw[b — ¢, 2b — a,2c — al
. | | 3+ (%) = 0. 4.6.
P[b,C,b+C—a71—|—a—((d’@f’g’h))]‘]@,s) (#)=0 (4.6.8)

Proof. Into (4.6.7), we substitute

—1/2 -1/2 —-1/2 3/2 —1/2 1/2 1/2 1/2
0 0 0o 1 0 0 0 0
~1/2 -1/2 —1/2 1/2 1/2 1/2 1/2 1/2

—~1/2 1/2 —1/2 1/2 —1/2 1/2 1/2 1/2

8L

T+ E(a45)AsE(234)T =
12 —1/2 12 172 —1/2 1/2 1/2 1/2

-1 0 0 1 0 1 0 0
-1 0 0 1 0 0 1 0
-1 0 0 1 0 0 0 1

We check that this transformation takes (1,2) to (1,4), (1,3) to (2,3)*, and (2,4) to (1,2). Thus,
(4.6.7) yields

1
I'l+a—c—d|sint(a—c—d—e)

-(sinwla—b—c—dja—b—c—e,d—a+eb—a+ (f,g,h)]

+sinmlc,b—d,b—e,a— ((f,g,h))])J1,4)(Z)

mhsinm(b — d)J2 3+ (%)
F[b,c,b+d—a,1+a—e— (f>gah)71+a_ ((f’g7h/))]
mhsinm(a —b—c—d)J,9)(T)

_F[1+a—b—c,1+a—b—(e,f,g,h),d—aJr(e,f,g,h)]

= 0. (4.6.9)
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We multiply (4.6.4) by

1
I'l4+a—c—d

“(sinwla—b—c—dya—b—c—e,d—a+eb—a+(f,g,h)]
+sinwfe,b—d,b—e,a— ((f,g,h))]),

multiply (4.6.9) by

sinwb—c,a—c—d—e¢]
F[b+c—a,1+a_d_(67fvgvh)],

and subtract. Simplifying as in Theorem 4.6.2, we obtain the relation

1
Wr[l+a_b_(€7fvgah)]

~(sinwb—c,a—b—c,a—b—c—da—c—d—e,a—d— (e, f,g,h)]
+sinwlc,b—d,b—e,c—d,a—c—d,a— ((f,g,h))]

+sinwlc—d,a—c—d,a—d—e,a—b—(c+d,c+e,f,g,h)])Jq2(T)

B sinm(d — b)
F[b+d*a,1+afcf(dveafagvh’)]

(sinwla—d—e;a—b—c—d,a—b—c—e,a—b—(f,g,h)]

+ sinwle,b—d,b—e,a— ((f,g,h))]) J(Lg)(f)
atsinalb—c,b—d,a—c—d— e

b,e,b+c—a,b+d—a,1+a—((d,e f,g,h))]

+- J2.3)- (%) = 0. (4.6.10)

By (4.6.1), we have

sinwle,b—d,b—e,f+g+h—a—b] =
sinTla—c—d—e,a—b—e,a—b—d,2b+ ¢ — a

—sinwla—d—e;a—b—c—e;a—b—c—d,2b—d



52

and so applying (4.6.1) to sinwfa — f —g,a — f — h,a — g — h,a — 2b], we have

sinw[a — 2b,e,b—d,b—e,a— ((f,g,h))]
=—sin7wle,b—d,b—e,f+g+h—a—ba—b— f,a—b—g,a—b—h]
—sin7w[e,b—d,b—e,b— f,b—g,b—h,c+d+e—d]
=sinwlc+d+e—a,2b+c—a,a—b— (d,e, f,g,h)]
—sinwla—2b,a—d—e,a—b—c—dya—b—c—e,a—b—(f,g,h)]

—sinwlc,c+d+e—a,b—(d,e, f,g,h)] (4.6.11)

So, if we multiply (4.6.10) by sinm(a — 2b), apply (4.6.11) in both the coefficient of Ji; 2)(¥) and J(1 3)(Z),

and then divide by sin7(c + d 4 e — a), the coefficient of J(1 9)(Z) becomes

1
ml[l+a—b— (e f,g,h)]

-(sinwb—c,a—b—c,a—b—c—d,2b—a,a—d— (e, f,g,h)]
+sinwlc—d,a—c—d,2b+c—a,a—b— (d,e, f,g,h)]

—sinwlc,c—d,a—c—d,b—(d,e, f,g,h)])

and the coefficient of .J(1 3)(Z) becomes

B sinw(d — b)
F[b+d—a,1+a_c_(daemfvg)h”

-(sinw[2b+c—a,a—b— (d,e, f,g,h)] —sin7[c,b— (d,e, f,9,h)]).

Now, by (4.6.2),

sinw[b— (e, f,g,h),d —b,e,b+c—d]
=—sinwb—(e+ 1, f,g,h),d—b,c,b+ c—d]
=sinw[d—b,b+c—a+ (e, f,g,h),2b —a,b+d — a]
—sinwle,d —a+ (e, f,g,h),2b— a,2b+ ¢ — a]

+sinwb+c—d,b—a+ (e f,9,h),b—a+d,2b+c—a], (4.6.12)
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so when we multiply (4.6.10) by sin7(b + ¢ — d) and apply (4.6.12), the coefficient of J(; 2)(Z) becomes

sinm(2b — a)
al[l4+a—b— (e, f,g,h)]

-(sinw[d—a—t—(e,f,g,h)] (sinwb—c,a—b—c,a—b—c—d,b+c—d]
— sinﬂ'[c,2b+c—a,c—d,a—c—d])+sin7r[b—d,c—d,a—b—d,a—c—d,b+c—a+(e,f,g,h)]).
We apply (4.6.1) once more:
sinTla—b—c—d,b—c,a—b—c,b+c—d =
sinwb,a —b—d,b—d,a—b— 2|

+sinwla —c—d, ¢, 20+ ¢ — a,c —d|

and so the coefficient of Ji; 2)(¥) becomes

sinmw[2b—a,b—d,a —b—d]
wF[l—i—a—b—(e,f,g,h)]

. (sinﬂ[b,a—b—Qc,d—a—l— (e,f,g,h)]+sinwlc—d,a—c—d,b+c—a+ (e,f,g,h)]).
To make the symmetry in the variables d, e, f, g, and h clear, we apply (4.6.2) once again:

sinw[d —a+ (e, f,9,h),b,b+ 2¢ — a,2c — d]

=sinn[b,c— (e, f,g,h),d —b—c,d — |
—sinwlb+2c—a,a—c— (e, f,9,h),d—b—c,c+d—d]
+sin7w[2¢ —a,a—b—c— (e, f,g,h),d—c,c+d—al,

sinm(2¢ —a)T'(b+d—a)

snnlb—dbto—d the relation becomes

so that, upon multiplication by

sinw(2b — a)
F[1+&—b— (d,@,f,g,h)]

! (Sinw[bvc - (dvevaga h)] + Sinﬂ-[a —-b— QC,CL —Cc— (da67f797h)}) J(1,2)(f)

sinm(2¢ — a)
P[1+G—C— (dveafagvh)]

- (sinwle,b— (d, e, f,g,h)] +sinmla —2b—c,a —b— (d,e, f,g,h)]) J,3)(T)
atsinm[b— ¢, 2b — a,2c — a)

"The,b+c—a,l+a—((de f,g,h))]

J(273)* (f) - 0

as required. O
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4.6.4 BBB Relations

Proposition 4.6.4. We have the BBB relation

sin7la, b — al

T[1— (be, f,g,h),d—a+ (e, f,g,h)]

(sinw[d,2c+d—a,b—a+ (e f,g,h)]

—sinwlc—b,a—b—c,c+d—a+ (e f,g,h)]) J12(@)

sinw[b —a,c+d— ]
F[1+a—c—(d,e,f,g,h),b—a—l—(e,f,g,h)]

+

~(sinmla —b—c,a—(d,e, f,g,h)] —sinw[b+c,d,e, f,g,h]) J3,4)(T)

sinmla,c+ d — b]
[C7d,b+67a,1+(1*((€7f7g,h))}

+ r
: (Sinﬂ-[a —ca— dab —a+ (6, fagvh)] - Sinﬂ—[b - va - daeafagvh}) J(1,3)*(f) = 0. (4613)

Proof. Into (4.6.5), we substitute

81

T E(234)A5f =

-110 0 0 1 0 O

-110 0 0 0 1 O

-11 000 001
We check that this transformation takes (1,2) to (1,4), (1,3) to (1,2), and (2,4) to (3,4), so that

(4.6.5) yields

% (Sinﬂ[d_ (L,d— b,a—c— (eafagvh)] —SiIl’iT[C—a,C— bva_d_ (evagah)})J(lA)(f)
C

rtsinmlc — b, c — d]

_|_
l—‘[d—a+c7d—a+(e7f7g,h),l—(e,f,g,h)]

mtsinwlc —d,d — d]

+ J,
F[b,b—a+(e,f7g,h),1+a—07(e,f,g,h)] @

J1,2)(%)

(7) = 0. (4.6.14)



Likewise, we also substitute into (4.6.5)

T — E234)(5678)C A3 E(243)(5876)T =

“3/2 1/2 —1/2 3/2 —1/2 1/2 1/2 1/2
—1 1 0 1 0 0 0 0
~3/2 1/2 —1/2 12 1/2 1/2 1/2 1/2

—-1/2 1/2 -1/2 1/2 —-1/2 1/2 1/2 1/2

8l

—-3/2 1/2 1/2 1/2 -1/2 1/2 1/2 1/2

%)

We check that this transformation takes (1,2) to (1,4), (1,3) to (1,3)*, and (2,4) to (1,2), so that

(4.6.5) yields

1

m(Sinﬂ-[.ﬂgah;a_d_e,a—b—c—d7a_b_c_e]

+ sinw[a —d,a—e,a—b—c,a— ((f»ga h))]) J(1,4)(f)

ntsinmla —d,2a —b—c—d— €]

+ F[b7d,b—a+c,1+a_((eufag7h))]

mrtsinwla —b—c—d,2a —b—c—d— €]

F[lfcalf(67f7gah)7d7a+(€7fvgah)]

J1,3)- ()

J(LQ) (.’f) == 0

Then, if we multiply (4.6.14) by

1

m+a—_0_d>(Smﬂf’g,h,a—d—e,a—b—c_d,a_b_c_e]

+sinwla —d,a—e,;a—b—c,a—((f,9,1)]),

multiply (4.6.15) by

sinwld —a,d—b,a—c— (e, f,g,h)] —sinw[c — a,c —b,a—d — (e, f,g,h)]

I'(c)

)

(4.6.15)



and subtract, then we obtain the relation

1
F[lf(e,f,g,h),dfaJr(e,f,g,h)]

(sinwlc—b,c—dyja—c—dja—d—e,a—b—c—dya—b—c—e,f,g,h]

+sinwlc—b,c—d,a—d,a—e,a—b—c,a—c—d,a— ((f,g,h))]

+sinwle,d —a,d—ba—b—c—d,2a—b—c—d—e,a—c— (e, f,g,h)]

—sinwlc,c—a,c—ba—b—c—d,2a —b—c—d—e,a—d— (e f,g,h)]) Ja,2)(Z)

B msinwlc —d,d — ad]
F[b71+a_c_<d7evfag7h>7b_a+(eafmg?h)]

(sinmla—d—e,a—b—c—d,a—b—c—e,f,g,h]

+ sinwla —d,a —e,a—b—c,a—((f,g,h))]) J3,4(%)

wsinmla —d,2a —b—c—d — €]
T,e,d,b+c—a,1+a—((e, f,g,h))]

- (sinw[d —a,d —b,a—c— (e, f,g,h)]
—sinwlc—a,c—b,a—d— (e, f,g,h)]) J1,3)-(Z) =0.
Now, by (4.6.1),
sinwla—d,a—e,a—b—c,2a— f—g—h]=
sinw[d,e,b+e¢, f+g+h—d]
—sin7la,d+e—a,b+c+d—a,a—b—c—e€
and so applying (4.6.1) to sinw[a — f —g,a — f — h,a — g — h, a], we see that
sinwla —d,a—e,a—b—c,a—((f,g,h)),d]
=sinwla—b—c,a—f—g—h,a—(d,e, f,g,h)]
—sinwla —d,a —e;,a—b—c,2a— f—g—h, f,g,h]
=sinwla—b—c,b+c+d+e—2a,a— (dye, f,g,h)]
+sinw[b+c¢,2a—b—c—d—e,d,e, f,g,h]

—sinwla—d—e,a—b—c—d,a—b—c—e, f,g,h,al.
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(4.6.16)

(4.6.17)
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Also, by (4.6.2),

sinwla—c— (e, f,g9,h),a —d,b—d,b—d]
=—sinwla—c—(e+1,f,9,h),a—d,b—d,b—d]
=sinnla —d,b—a+ (e, f,g,h),d —¢c,a — (]
—sinw[b—d,e, f,g9,h,d —c,b— (]

+sin7w[b—a,d—a+ (e, f,g9,h),a —c,b—]. (4.6.18)

Multiplying (4.6.16) by 5 Sinsjrn[;a[i’é’:f]_d_&d_c], substituting (4.6.17) into the coefficients of J(; 2)(Z) and
J(3,4)(Z), and substituting (4.6.18) into the coefficients of .J(1 2)(¥) and J(; 3)- (Z), the relation becomes

1
L[l — (be, f.g,h),d—a+ (e, f,g.h)]

(sinw[b—a,c—b,a—b—c,a—c—d,a—(d,e, f,g,h)]
_Sinw[b—a,b+c7c—b7a—C—d,d,&f,g,h]
+sinnla,c,a —c,a—d,a—b—c—d,b—a+ (e f,g,h)]

—sinmla,c,b—c,b—d,a—b—c—d,e, f,g,h]) J,2)(Z)

sinw[b,a — d, b — al

+F[1+a767(dveafmg,h)vb*a‘i»(eafvgah)]

: (Sinﬂ_[a_b_ ¢ a— (daevagvh)] _Sinﬂ-[b—’_C,d,eafagvh])‘](3,4)(f)

sinwla, b,a — d]

Tledbre—alta((ef )

. (sinﬂ[a —c,a—d,b—a+ (e f,g,h)] —sinnw[b—c,b—d,e, f,g, h])J(1,3)*(i") =0. (4.6.19)
Now, by (4.6.1),

sinw[d,b—a,b+c,a—c—d] =

sinw[b—d,a,c,a—b—c—d]+sinnb,a —d,c+d,b+c—al,
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and substituting this into the coefficient of Ji1 2)(Z) in (4.6.19) simplifies the coefficient to

sin(a — d)
F[l - (b,e,f,g,h),dfaJr (eafagah)]

(sinw[b—a,c—ba—b—c,a—c—d,a— (e f,g,h)]
+sin7[b,b —c,c+d,b+c—a,e, f,g,h]
+ sinnfa,c,a —c,a—b—c—d,b—a+ (e, f,g,h)]). (4.6.20)

Now, by (4.6.2),

sinwla — (e, f,g,h),b—a,a—c—d,c+d— b

=sinwla—(e+1, f,g9,h),b—a,c+d—a,c+d—1]

=—sinwb—a,c+d—a+ (e f,g,h),a,b
+sinwlc+d—a,b—a+ (e, f,g9,h),a,c+d]
—sinwfe+d—b,e, f,g,h,b,c+d,

and if we multiply (4.6.19) by % and substitute this into the coefficient of J; 2y(%), then the

coefficient becomes

sinm(a)

[l — (be, f,g,h),d—a+ (e, f,g,h)]

(SiIl’/T[C*b,C+d,a*b*C,C+d*avbfa+(eafagah)]
—sinnw[b,b—a,c—ba—b—c,c+d—a+ (e f,g,h)]
+ sinn[e,a —c,c+d—ba—b—c—d,b—a+ (e, f,g,h)]).

Finally, by (4.6.1),

sinwc —b,c+d,a—b—c,c+d—d]

=sinn[d,b,2c+d—a,b—a] —sinwlc+d—b,c,a—b—c—d,a— ¢
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and substituting this into the coefficient of J(; 2)(¥) and dividing by sin7b gives the relation

sinm[a, b — a]
F[l — (b,e,f,g,h),d—a"i' (eafagvh‘)]

(sinm[d,2c+d—a,b—a+ (e, f,g,h)]

—sinwlc—b,a—b—c,c+d—a+ (e f,g,h)]) J12(Z)

sinw[b—a,c+d— b

+F[l—!—a—c—(d,e,f,g,h),b—a—!—(e,f,g,h)]

: (SiIlﬂ'[CL —-b— ¢ a— (d7ea fagvh)] - SiIlT('[b+ ¢, dvemfvga h]) J(3,4)(f)

sinwla,c+ d —b]

+F[Cad7b+c_a71+a_((eafagvh))]

-(sinwla —c,a —d,b—a+ (e, f,g,h)] —sinnw[b—c,b—d,e, f,g,h]) J3-(Z) =0,

as required. O

4.6.5 ABC Relations

Proposition 4.6.5. We have the ABC' relation

(sinmb,a —c,a—b—c,2b —a,c— (d,e, f,g,h),a—b—(d,e, f,g,h)]
—sinwle,a —b,a—b—¢,2c—a,b— (d,e, f,g,h),a—c—(d,e, f,g,h)]

- Sinﬂ[b,c,b—c,Qa—2b—2c,a—b— (d,&f,g,h),a—c— (dveafagvh)]) J(1,2)(f)
Psin7[b — ¢,2c — a,a — b —

+F[daeaf7gaha1+a/_c_(dae7f7g7h)]

- (sinwla —2b—c,a —b—(d,e, f,g,h)] +sinw(c,b — (d,e, f, g, h)]) Ji2,3)(Z)
7?sinw[2b — a,2¢c — a,a — ¢,b—c,a — b — (]

[b,c,b—l—c—a,b—a—F(d,e,f,g,h),l+a—((d,e,f,g,h

Proof. Multiplying (4.6.3) by

sinm(2¢ — a)

Ml4+a—c—(d,e, f,g,h)

- (sinwle,b— (d,e, f,g,h)] +sinwla —2b—c,a —b— (d,e, f,g,h)])

and (4.6.8) by
sinm(a — ¢)
F[b_a+ (daemfagvh)]
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and subtracting, we have after some trivial simplifications similar to the above that

(sinwla —b,2c —a,2b+c—a,a—b— (d,e, f,g9,h),a—c— (d,e, f,g,h)]
—Sinﬂ[a—b,2c—a7c,b—(d,af,g,h),a—c—(d,e,f,g,h)]
+sinwla —¢,2b—a,a —b—2c,a—b— (d,e, f,g,h),a—c— (d,e, f,g,h)]

+ Sinﬂ-[a_cazb_avbac_ (d7€7fvg7h)7a'_b_ (daeafvgvh)])‘](lﬂ)(f)
7P sinw[b — ¢, 2c — al

+F[d,e,f,g,h,lJra—c—(d,e,f,g,h)}

: (Sinﬂ-[a —2b— ¢ a— b— (daevag,h)} + Sin’]T[C,b - (d>e7fagah)]) J(Z,S)(f)

7?sin[2b — a,2c — a,a — ¢, b —
: : : Jia a3y« () = 0. 4.6.22
Fihebte—ab—at (e g b ita—(de gm0 " (022
Now, by (4.6.1),
sinmw[2¢c —a,a —b,2b+c—a,a —b— (]
=sinn[a — ¢,b+c—a,a —2b,b+ 2¢c — a] —sin7[e,b — ¢, 2a — 2b — 2¢, D], (4.6.23)

so if we multiply (4.6.22) by sin7(a —b—c) and apply (4.6.23) in the first term of the coefficient of J; 2y (%),

the relation (4.6.22) simplifies to

(Sinﬂ[b7a—c7a—b—c72b—a,c—(d,e7f7g,h),a—b—(d7e,f,g,h)]
fsinﬂ[c,afb,afbfc,2c—a,b7(d,e,f,g,h),afcf(d,e,f,g,h)]

- SiIlﬂ'[b,C,b—C,QCL—2b—2C,a—b— (d7eafagvh)7a_c_ (dae7f7g7h)])'](1,2)(f)
Psinw[b—c¢,2c —a,a —b— ]

F[daeafag7h71+afcf(dveafvgah)]

: (Sinﬂ—[a —2b— ¢ a— b— (dveafvga h)] +Sin7r[c,b— (dae7fvgvh)]) J(2,3)(f)
72sin7[2b — a,2¢c —a,a — ¢, b—c,a — b — ]

Jr1"[b,c,b—|—c—a,b—a—i—(d,e,f,g,h)ﬂ—i—a—((cl,e,f,g,h))]

Ji2,3)+ (%) = 0

as required. O

4.6.6 Conclusion

Combining the above subsections, we obtain our main result of this section.
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Theorem 4.6.6. (1) Let p1, pi2, and ps be elements of My such that no two of the p1;’s are in the same
right coset of Gy in M. Then there is a relation of the form

il JNI (f) + 72']#2 (5) + 73‘]#3 (‘f) =0, (4624)

where y1, v2, and 3 are entire, rational combinations of gamma and sine functions, whose arguments

are Z-affine combinations of a,b,c,d,e,f,qg, and h.

(ii) For any ¢ € {1,2,3}, pick j and k so that {j, k} = {1,2,3}\ {¢}. Then, in a relation of the form
(4.6.24), each coefficient v¢ may be written as a sum of n monomials in gamma and sine functions,

where v/32n is the Fuclidean distance between (i and piy.

(i53) If (p1, po, p3) and (v1,ve,vs) are triples of the same Euclidean type, then a three-term relation among
Jurs Jus, and Jyy can be transformed into one involving J,,, Ju,, and J,, by the application of a
single change of variable

T pZ (pe My)
to all elements (including the coefficients) of the first relation.

Proof. The assertions follow by combining Theorem 4.5.8 with Propositions 4.6.1-4.6.5. O
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