MONOMIALS AND TEMPERLEY–LIEB ALGEBRAS

C.K. Fan and R.M. Green

Institute for Advanced Study Princeton, NJ 08540 USA E-mail: ckfan@math.harvard.edu

Mathematical Institute Oxford University 24–29 St. Giles’ Oxford OX1 3LB England E-mail: greenr@maths.ox.ac.uk

Abstract. We classify the “fully tight” simply-laced Coxeter groups, that is, the ones whose iji-avoiding Kazhdan–Lusztig basis elements are monomials in the generators Bs_i . We then investigate the basis of the Temperley–Lieb algebra arising from the Kazhdan–Lusztig basis of the associated Hecke algebra, and prove that the basis coincides with the usual (monomial) basis.

1. Introduction

Let W be a Weyl group which we shall view as a Coxeter group with simple

generators S. Every w ∈ W may be written as a product s_{i1} · · · s_{il} where s_{ik} ∈ S.

If l is minimal, we say this product is a reduced expression for w and we define the

length of w to be ℓ(w) = l.

Let H be the Hecke algebra associated with the Weyl group W . We understand

this to be the A := Z[v, v^{−1}] algebra (where v is a square root of the indeterminate

q associated with H) with basis {T_w : w ∈ W } and multiplication satisfying (1)

T^2_s = (q−1)T_s +q for s ∈ S, and (2) T_wT_w0 = T_{ww}0 whenever ℓ(ww^′) = ℓ(w)+ℓ(w^′).

There is a unique automorphism ¯ : H → H which sends v to v^{−1} and T_w to T^{−1}_w�_1 .

The first author was supported in part by a National Science Foundation postdoctoral fellowship. The second author was supported in part by an E.P.S.R.C. postdoctoral research assistantship.

Typeset by AMS-TEX 1

According to Kazhdan and Lusztig [9], there is a unique basis B_w of H such that

B_w = B̄_w = v^{−ℓ(w)} ∑ y≤w P_{y,w}(q)T_y ,

where ≤ denotes the (strong) Bruhat order, and P_{y,w}(q) ∈ Z[q] is a polynomial of degree ≤^1_2 (ℓ(w) − ℓ(y) − 1) for y < w and P_{w,w}(q) = 1. This basis is the basis denoted C^′_w in [9].

Notice that for simple generators s, B_s = v^{−1}(T_s + 1). Let I be the two-sided ideal in H generated by elements of the form ∑ w∈P2 T_w

where P_2 is a rank 2 proper parabolic of W not isomorphic to A_1 × A_1. When the Hecke algebra is of type A, the quotient H/I is the Temperley–Lieb algebra which has been studied in, for instance, [15] and [8]. When the Dynkin diagram is simply laced, the quotient has been studied in [3] and [4], and the general cases have been tackled in [5] and [14].

The involution ¯ induces an involution on the quotient H/I, and H/I is equipped with a nice basis E_w. This basis is parametrized by the so-called “fully commutative” elements (as defined in [14, §0]). In the simply laced cases, this is the subset W_c of elements in W whose reduced expressions avoid substrings of the form iji where i and j are non-commuting simple generators. Such elements will be called iji-avoiding.

Because there are many properties of the E_w basis which mirror properties of the Kazhdan-Lusztig basis B_w, one might ask to what extent the two bases agree.

In particular, since the E_w are monomials in the E_s for s ∈ S, we ask, which B_w are monomials in the B_s for s ∈ S? This is the subject of section 2. Here we give a criterion for B_w to be a monomial in the B_s and determine explicitly which of the simply laced W have B_w consisting of the “maximal” number of monomials (see section 2 for a precise statement).

Also, we ask, does the basis B_w project to the basis E_w? This is the subject of section 3. In general, the ideal I is not compatible with the basis B_w. However in type A, it is, and here, E_w is indeed the projection of B_w.

Finally, we remark that if one is willing to use the positivity results concerning the structure constants of the basis B_w, some of our proofs can be simplified, for example, those in §3.7. However, since the positivity property is a deep result arising from the theory of perverse sheaves which would only help slightly in any case, we will prefer to use more elementary techniques instead.

2. Tight Monomials in Hecke Algebras 2.1 General results.

Motivated by Lusztig’s paper [12], we say that B_w is a tight monomial and w is tight if B_w is a monomial in the B_s, s ∈ S. Denote by T ⊂ W the set of w ∈ W for which B_w is a tight monomial.

First, we give a criterion for determining whether B_w is a tight monomial. Proposition 2.1.1. Let w = s_{i1} · · · s_{il} be a reduced expression for w. Define Q_y (q) by B_{si1} · · · B_{sil} = ∑ y≤w v^{−ℓ(w)}Q_y (q)T_y . Then B_w is tight if and only if Q_y ∈ Z[q] and deg Q_y < (ℓ(w) − ℓ(y))/2 for y ≠ w and Q_w = 1.

Proof. Since ¯ is an automorphism and B_s = B̄_s for s ∈ S, we see that B_{si1} · · · B_{sil} is fixed by ¯. By the uniqueness properties of B_w, we can have B_w = B_{si1} · · · B_{sil} if and only if the Q_y(q) are polynomials of a nature consistent with the nature of the P_{y,w}(q). �

We remark that this is equivalent to smallness of the standard desingularization map of the Schubert variety corresponding to w. (This follows easily from the relevant definitions.)

Lemma 2.1.2. Let w ∈ W . Let w = s_{i1} · · · s_{in} be a reduced expression for w. Assume that there exists 1 ≤ k ≤ n such that s_{i1} · · · s_{ik}�_1 s_{ik+1} · · · s_{in} (product of simple generators in the reduced expression in order, but omitting the kth term) is not reduced. Then w is not tight.

Proof. Let s_{j1} , . . . , s_{jl} be any sequence of generators. Write T_{sj1} T_{sj2} · · · T_{sjl} = ∑ R_y(q)T_y .

We claim that whenever R_y ≠ 0, both the coefficient of q^{deg Ry} in R_y is positive and deg R_y ≥ (l − ℓ(y))/2. We proceed by induction on l, the case where l = 0 or l = 1 being clear.

By definition, we have T_sT_w = T_{sw} if ℓ(sw) > ℓ(w) and T_sT_w = (q − 1)T_w + qT_{sw} if ℓ(sw) < ℓ(w). For notational simplicity, we let s = s_{j1} . Let T_{sj2} · · · T_{sjl} = ∑ R^′_z(q)T_z. We have,

R_y(q) = δ_{ℓ(sy)+1,ℓ(y)}(q − 1)R^′_y + ∑ w, sw=y, ℓ(w)<ℓ(y) R^′_w + ∑ w, sw=y, ℓ(w)>ℓ(y) qR^′_w.

By induction, we know that the coefficient of q^{deg R}

0_y in R^′_y is positive. Therefore, since the sum of polynomials in q which tend to infinity as q tends to infinity also tends to infinity with q, we see that the coefficient of q^{deg Ry} in R_y is positive as well. Also, since multiplication of an element in W by a simple generator changes its length by ±1, we compute that deg R_y ≥ (l − ℓ(y))/2.

Now consider the product expansion v^{ℓ(w)}B_{si1} · · · B_{sin} = ∑ y≤w Q_y(q)T_y .

This product is also a positive sum of monomials in the T_s where the monomials are indexed by subsequences of s_{i1} · · · s_{in} . Consider the monomial T_{si1} · · · T_{sik}�_1 T_{sik+1} · · · T_{sin} . After performing some braid relations (if necessary), we see that T_{si1} · · · T_{sik}�_1 T_{sik+1} · · · T_{sin} = (q − 1)T_{sj1} · · · T_{sjn}�_2 + qT_{sk1} · · · T_{skn}�_3 . Recall that we are assuming s_{i1} · · · s_{ik}�_1 s_{ik+1} · · · s_{in} is not reduced. By the claim, there exists y for which the coefficient of T_y in the expansion T_{sj1} · · · T_{sjn}�_2 is greater than or equal to (ℓ(w) − 2 − ℓ(y))/2. But this implies that there exists y such that deg Q_y (q) ≥ 1 + (ℓ(w) − 2 − ℓ(y))/2 = (ℓ(w) − ℓ(y))/2. (Recall that if f(q) and g(q) are polynomials which tend to infinity with q, then deg f +g = max(deg f, deg g).)

By Proposition 2.1.1, this implies that w is not tight. �

Proposition 2.1.3. We have T ⊂ W_c, where W_c is the set of iji-avoiding elements.

Proof. Suppose w ∉ W_c. Then there exists a reduced expression s_{i1} · · · iji · · · s_{il} of w which involves a substring of the form iji where i and j are simple generators which do not commute. Consequently, the subsequence of length l − 1 which omits j is not reduced. By lemma 2.1.2, w is not tight. �

By the weak Bruhat order, we mean the order generated by the preorder on W defined by w < ws if ℓ(ws) = ℓ(w) + 1 and w < sw if ℓ(sw) = ℓ(w) + 1. Proposition 2.1.4. The set T is an order ideal in the weak Bruhat order on W . Proof. Consider the case where w ∈ W and s ∈ S are such that ℓ(sw) = ℓ(w) + 1. Suppose that w ∉ T . Let w = s_{i1} · · · s_{il} be a reduced expression for w. Let B_{si1} · · · B_{sil} = ∑ y≤w v^{−ℓ(w)}Q_y (q)T_y .

Note that Q_y(q) lies in Z[q]; this can be seen by renormalising B_{si1} by multiplying by v and using the fact that the structure constants lie in Z[q]. We therefore know from Proposition 2.1.1 that there exists y such that deg Q_y ≥ (ℓ(w) − ℓ(y))/2. By properties of the Hecke algebra multiplication, this implies that the coefficient of T_{sy} (respectively, T_y) has degree which violates if ℓ(sy) > ℓ(y) (respectively, ℓ(sy) < ℓ(y)) the conclusion of proposition 2.1.1. Consequently sw is not tight. � 2.2 Fully tight.

Since we know that T is an order ideal (with respect to weak Bruhat order) of W_c, and we know that W_c is also such an order ideal, it is natural to wonder whether T = W_c. We say W is fully tight if this is the case.

Proposition 2.2.1. Among all simply laced Coxeter groups, A_1, A_2, A_3, A_4, A_5, A_6, D_4, and D_5 are the only fully tight ones.

Proof. We used a computer to check that all the groups listed are fully tight.

To see that these are the only ones, we proceed as follows.

First note that if W is not fully tight, then no Coxeter group whose Coxeter graph contains a subgraph corresponding to the Coxeter graph of W is fully tight.

Let w = s_{i1} · · · s_{in} be a reduced expression. By the expansion of w, we shall mean T_{si1} · · · T_{sin} . (Note that this is independent of reduced expression.)

In type A_7, we label the generators 1 through 7 in the standard way. Consider w = 4567 3456 2345 1234. This is the longest element in W_c (see [3]). Consider the product X = T_4T_5 T_7 T_3T_4T_5 T_3T_4T_5 T_1 T_3T_4 formed by a subsequence of the given reduced expression for w. Note that 345 345 is the longest element of an A_3 parabolic subgroup of A_7 so that 3, 4, and 5 shorten it when multiplied on either side. One sees that the coefficient of T_{7 345 345 1} in the expansion of X is therefore of degree at least 4 ≥ (16 − 8)/2. (In fact the degree is equal to 4.) Therefore w is not tight.

In D_6, we label the generators 1, ¯1, and 2 through 5 in the standard way (so 1 and ¯1 commute with each other, but not with 2). A similar argument to the case for A_7 shows that w = 1 2¯1 321 432¯1 54321 is not tight. (This w is one of the two longest elements in W_c.) The coefficient of T_{1 21} ¯_{1 34321} has degree 3 ≥ (15 − 9)/2.

In E_6, we label the generators 0 through 5 so that 1 through 5 generate an A_5 parabolic subgroup. A similar argument to the case for A_7 and D_6 shows that w = 5430213243054321 is not tight. (This w is again, one of the two longest elements in W_c.) The coefficient of T_{0345430213} has degree 3 ≥ (16 − 10)/2.

In D̂_4, we label the generators m, 1, 2, 3, and 4, where 1, 2, 3, and 4 all commute with each other, but none of which commute with m. Let w = 1m23m41m23m1. Note that w ∈ W_c. However, 1m23m1m23m1 = 1m123m321m1 = m1m2m3m2m1m = m12m232m21m = m12m3m21m. Therefore, by lemma 2.1.2, w is not tight.

Finally, in Â_{n−1}, for n > 2, we label the generators 1 through n in the standard way. Let v = 1234 · · · (n − 1). Let w = vnv. Then w ∈ W_c (in fact, w has a unique reduced expression). However, we claim that vv is not reduced. To see this, note that v^{−1}v^{−1}(−α_1) = −α_{n−1} where α_1 and α_{n−1} are the roots which define the simple reflections 1 and n − 1. Therefore, by lemma 2.1.2, w is not tight.

To summarize, we have shown that if W is fully tight with simply laced Coxeter graph Γ, then

1. Γ contains no loops, 2. Γ contains no string of length 7, 3. Γ contains no node with more than 3 branches, 4. Γ does not contain a subgraph of type D_6 or E_6.

These eliminate all simply laced graphs not listed in the statement of proposition 2.2.1. �

3. The Main Results 3.1 The Kazhdan–Lusztig basis for the Temperley–Lieb algebra.

From now on we consider only the Temperley–Lieb algebra T L_r corresponding to a Dynkin diagram of type A_{r−1}. This is given by generators E_1, . . . , E_{r−1} and defining relations E^2_i = [2]E_i, E_iE_j = E_jE_i, if |i − j| > 1, E_iE_{i±1}E_i = E_i. Here, the symbol [2] denotes the Laurent polynomial v + v^{−1}.

Using the basis {B_w : w ∈ W } of the Hecke algebra H in §2, we can obtain a basis {F_w : w ∈ W_c ⊂ W } of the Temperley–Lieb algebra H/I. In general, I is not spanned by the basis elements B_w it contains. However, in type A we have the following result.

Proposition 3.1.1. The kernel of σ : H(A_{r−1}) → H(A_{r−1})/I is spanned by the elements {B_w : w ∉ W_c}, where W_c is as defined in section 1. In fact, W_c is a union of two-sided Kazhdan– Lusztig cells in type A.

Proof. The first assertion follows from the second. The second part follows from [3, Proposition 6] and the fact that the two-sided Kazhdan–Lusztig cells in type A agree with the Robinson–Schensted correspondence. (This latter fact can be deduced from results in [10, Theorem 3.8], and details of the Robinson–Schensted correspondence may be found in [13].) Here, W_c corresponds to pairs of tableaux with strictly fewer than 3 columns, and all such pairs of tableaux turn up in this way. �

Definition 3.1.2. The elements {F_w : w ∈ W_c} are given by F_w := σ(B_w).

It is clear that the elements {F_w : w ∈ W_c} form a basis for T L_r. 3.2 The r-diagram calculus.

We now recall the r-diagram calculus for the Temperley–Lieb algebra. Full details may be found in [16, §1].

An r-diagram consists of two rows of r nodes together with r edges linking pairs of nodes. Each node is the endpoint of exactly one edge, and the edges must not intersect. An example of an r-diagram for r = 5 is given in Figure 1.

Figure 1: An r-diagram (r = 5)

The r-diagrams can be thought of as basis elements for the Temperley–Lieb algebra. The multiplication is given in a natural way as follows. Suppose A and B are r-diagrams. Place the A above B, identifying the lower row of A with the upper row of B, and then remove all the nodes in this new combined row. This will produce x closed loops, where x is possibly zero. Remove these closed loops to form a new r-diagram, C. Then the product AB in the algebra is given by [2]^xC.

We call edges joining points in the same row horizontal, and edges joining points in different rows vertical. It is clear that the number of horizontal edges in the top row equals the number of horizontal edges in the bottom row.

The generator E_i of the algebra T L_r is identified with the diagram in which the i and i + 1 positions in both rows are joined by horizontal edges, and the other points are joined by vertical edges. Figure 2 shows the example of E_3 in the case r = 5.

Figure 2: The generator E_3 for r = 5

We now show that the basis of r-diagrams may naturally be parametrised by the elements of W_c as follows.

Definition 3.2.1. For each w ∈ W_c, we define E_w ∈ T L_r to be E_{i1} · · · E_{il} , where s_{i1} · · · s_{il} is a reduced expression for w.

Notice that since w ∈ W_c, this definition doesn’t depend on the reduced expression taken for w ∈ W_c, because in this case any reduced expression for w can be obtained from any other by repeated application of the relation s_is_j = s_j s_i (for |i − j| > 1), and in this case, E_iE_j = E_j E_i also holds.

Proposition 3.2.2. The set {E_w : w ∈ W_c} coincides with the basis of r-diagrams. Proof. It was shown in [3, §2] that the elements {τ_w : w ∈ W_c} form a free A-basis for T L_r, where τ_w = v^{ℓ(w)}E_w. So clearly the set {E_w : w ∈ W_c} forms a free A-basis.

By considering the representation of the algebra generators E_s as r-diagrams, we see that each E_w is equal to a power of [2] multiple of some r-diagram. Since [2] is not a unit and both the set of r-diagrams and the set {E_w : w ∈ W_c} are free A-bases for T L_r, we deduce that all the powers of [2] occurring are trivial, and that the two bases coincide. �

From now on, we will refer to the basis E_w (i.e. the basis of r-diagrams) as the monomial basis. The main aim of §3 is to prove that the basis F_w coincides with the monomial basis.

3.3 Two-sided cells.

An important feature of the Temperley–Lieb algebras which is emphasised by properties of either the E_w or the F_w basis is that they are cellular algebras (in the sense of [6]).

The two-sided cells with respect to the basis {F_w : w ∈ W_c} are defined via the Robinson–Schensted correspondence. Under this correspondence, the elements of W_c correspond to pairs of standard tableaux of the same shape with at most two columns. The shapes of these tableaux are clearly determined by the length of the second column, which is an integer between 0 and ⌊^r_2 ⌋ inclusive. The term “cell” on its own should be understood to mean a two-sided cell.

The two-sided cells for Hecke algebras of symmetric groups, such as F -cells we have been studying, are well known to be the disjoint union of left cells and also the disjoint union of right cells, as one finds from the Robinson–Schensted correspondence. (For the definitions, see [7, §7.15].) All the left and right cells are the same size as each other, and any given left cell and right cell in the same two-sided cell intersect in a unique element. We use the usual notation w_1 ∼_L w_2, w_1 ∼_R w_2, and w_1 ∼_{LR} w_2 to mean that two elements of the group (or their associated basis elements in the algebra) w_1 and w_2 are in the same left cell, right cell, and two-sided cell, respectively.

We will use the fact (due to Lusztig, and mentioned for example in [1, §1.3]) that if x ≤_L y then there exists h ∈ H such that B_x appears in the expansion of the product hB_y with respect to the B-basis. Here, ≤_L is a certain natural order on the elements of a Coxeter group, and the property we have just cited may be regarded as the definition of the order.

Definition 3.3.1. For each integer k between 0 and ⌊^r_2 ⌋, we define the k-th F -cell to be the set of F_w where w lies in the two-sided Kazhdan–Lusztig cell corresponding to pairs of tableaux with at most two columns and exactly k boxes in the second column. One sees easily from the Robinson–Schensted correspondence that the elements w ∈ W arising from this procedure lie in W_c, and that each element of W_c turns up in this way for a suitable k.

We will say that the i-th F -cell is greater than the j-th F -cell if and only if i > j.

The two-sided cells with respect to the basis {E_w : w ∈ W_c} may be understood in terms of the parenthesis diagrams of [16, §2].

Definition 3.3.2. An (r, p)-parenthesis diagram consists of a row of r points (imagined to be on the x-axis of the plane) and a set of p edges, each of which lies in the lower half of the plane, joins exactly two of the points, and does not intersect any of the other edges. If points a, b, c satisfy a < b < c and a is connected to c, then b is required to be connected to some other point.

The motivation behind this definition is that any r-diagram, A, now corresponds naturally to a pair of (r, p)-parenthesis diagrams, where p is half the number of horizontal edges in A. This can be seen by removing all the vertical edges from A: the upper half of the diagram is an (r, p)-parenthesis diagram (call it a_1), and the lower half is an inverted (r, p)-parenthesis diagram (call this a_2). Note that the diagram A can be recovered from the ordered pair (a_1, a_2) corresponding to it because of the requirement that the edges of A do not intersect (meaning that there is a unique way of connecting the endpoints of vertical edges).

Following Westbury’s use [16, §5] of the Dirac “dyadic” notation, we denote the diagram with a_1 on top and a_2 on the bottom by |a_1⟩⟨a_2|.

Definition 3.3.3. For each integer k between 0 and ⌊^r_2 ⌋ we define the k-th E-cell to be the set of basis elements |a⟩⟨b| where a and b are (r, k)-parenthesis diagrams. We order the E-cells in the obvious way based on the values of k.

We write a ∼ b to mean that a and b are (r, k)-parenthesis diagrams for the same values of r and k.

We say that |x⟩⟨y| and |a⟩⟨b| are in the same left E-cell if and only if y = b, and we say they are in the same right E-cell if and only if x = a.

Definition 3.3.4. We denote by L_k the number of standard tableaux having at most two columns with r − k entries in the first column and k entries in the second column.

Lemma 3.3.5. The size of the k-th E-cell and the size of the k-th F -cell are both given by L^2_k.

Proof. Westbury explains in [16, §2] how to associate to each (r, p)-parenthesis diagram a pair of standard tableaux with r boxes, at most two rows, and p entries in each of the second rows. Clearly the same holds for the transposes of these tableaux (i.e. those with at most two columns). This means that the size of the k-th E-cell is L^2_k. One sees from the Robinson–Schensted correspondence that this is also the size of the k-th F -cell. �

3.4 Ideals and modules over a field.

In this section, we change the base ring of the Temperley–Lieb algebra from A

to Q(v), and study Q(v) ⊗ T Lr, where Q(v) is the field of fractions of A. We then

study certain two-sided ideals and modules in T L_r over the field.

Definition 3.4.1. For each integer k indexing one of the cells (with respect to either basis), we define the (r, k)-parenthesis diagram ℓ(k) to be that in which the nodes labelled 2i + 1 and 2i + 2 are joined by an edge if and only if i < k. We denote the E-basis element |ℓ(k)⟩⟨ℓ(k)| by D(k). It is also equal to F_{wk} where w_k := s_1s_3 · · · s_{2k−1} (meaning w_k is the identity when k = 0); this follows from the definition of the F -basis because each s_i occurring in the expression for w_k occurs at most once.

Using the elements ℓ(i) from above, we now define a set {I_k} of two-sided ideals of T L_r (over Q(v)) as follows.

Definition 3.4.2. Let k be the label of one of the cells of T L_r. The ideal I_k of

Q(v) ⊗ T Lr is defined to be ⟨D(k^′) : k^′ ≥ k⟩. Next, we use the ideals introduced above to define a certain left module for T L_r over the field.

Definition 3.4.3. Let k be the label of one of the cells. We denote by M_k the T L_r-submodule of T L_r/I_{k+1} generated by v_k := D(k) + I_{k+1}. We understand I_{k+1} to mean 0 if k + 1 is not the label of one of the cells.

Lemma 3.4.4. The dimension of I_k is given by ∑ k0_{≥k} L^2_k, where Lk is the number of standard tableaux with at most two columns and k boxes in the second column.

The ideal I_k is spanned by the F_w lying in the k-th and higher F -cells, and also by the E_w lying in the k-th and higher E-cells.

Proof. One may easily check from the definitions for the E-cells and the F -cells that the elements D(k^′) (where k^′ ≥ k) are elements of both the E-basis and the F -basis. Moreover the element D(k^′) lies in the k^′-th E-cell and the k^′-th F -cell. It follows from [6, §1.2] that the F -basis is a cellular basis, and it was shown in [6, Theorem 6.7] that the E-basis is a cellular basis. This means that the ideal generated by the D(k^′) (for k^′ ≥ k) is contained in the span of the union of the cells as stated in the statement of the Lemma. Hence it is enough to prove that any E_w lying in the k-th or higher E-cells is in the ideal I_k, because then the dimension will be as asserted (by Lemma 3.3.5), and the statement for the F -basis will follow, also by Lemma 3.3.5.

To prove this assertion, let |a⟩⟨b| be a typical element of the k-th E-cell. The proof follows from the observation that [2]^{2k}|a⟩⟨b| = |a⟩⟨ℓ(k)| × |ℓ(k)⟩⟨ℓ(k)| × |ℓ(k)⟩⟨b|. Since we are working over Q(v), [2]^{2k} is invertible, and the proof follows. �

3.5 The a-function.

We now recall the a-function on the Weyl group W . This was studied extensively in the series of papers [11], but there using a basis for the Hecke algebra H(W ) which differs somewhat from ours. Our approach is more similar to that followed in [2], which uses the B_w basis of H.

Definition 3.5.1. Let g_{x,y,z} be one of the structure constants for the basis {B_w : w ∈ W } of H(W ), namely

B_xB_y = ∑ z g_{x,y,z}B_z. Define, for z ∈ W , a(z) = max_{x,y∈W} deg(g_{x,y,z}).

The following properties of the a-function were proved in [11] and turn out to have important consequences for the F -basis: Proposition 3.5.2.

(a) The a-function is constant on two-sided cells. (b) For all z ∈ W , a(z) ≤ ℓ(z).

(c) The bound max_{x,y∈W} deg(g_{x,y,z}) can only be achieved when x ∼_L y^{−1}, y ∼_L z, x ∼_R z and a(x) = a(y) = a(z).

(d) There is a unique involution d such that d ∼_R x. Then g(d, x, x) has largest possible degree, and no other involution d^′ ∼_{LR} x has this property. Furthermore, g(d, x, x) has leading coefficient 1.

(e) There is a unique involution d such that d ∼_L x. Then g(x, d, x) has largest possible degree, and no other involution d^′ ∼_{LR} x has this property. Furthermore, g(x, d, x) has leading coefficient 1.

(f) For each x there is a unique involution d such that g(x, x^{−1}, d) has maximum degree and leading coefficient 1.

Proof. Proofs of (a) and (c) appear in [11, I], and proofs of the other statements appear in [11, II]. �

Since the homomorphism σ respects the two-sided cells, we can define an afunction for the F -basis in a natural way. This leads to the following result: Lemma 3.5.3. Consider the two-sided cell of H corresponding to the k-th F -cell. The a-function takes value k on this cell.

Proof. The k-th F -cell contains the element w_k, where w_k is as in Definition 3.4.1. By Proposition 3.5.2 (b), a(w_k) ≤ ℓ(w_k) = k. Conversely, B^2_{wk} = [2]^kB_{wk} , and [2]^k has degree k. So a(w_k) ≥ k, forcing a(w_k) = k. The assertion follows from 3.5.2 (a). �

Definition 3.5.4. An element E_w is called involutory if and only if it is of the form |a⟩⟨a|. It is clear that there is a unique involutory element in each left Ecell and in each right E-cell. If E_w is involutory, we denote it by E_{d,d}, where the symbols d are in bijection with the left cells. We write E_{d,d}0 for the element of the E-basis in the same right cell as the involutory element corresponding to d and the same left cell as the involutory element corresponding to d^′. Any element E_x may thus be written in the form E_{d,d}0.

This a-function can also be applied to the E-basis of T L_r, where we have a result analogous to Proposition 3.5.2: Lemma 3.5.5.

(a) Let E_x, E_y, E_z be elements of the E-basis in the cells numbered k_x, k_y, k_z respectively. Write E_xE_y = ∑ z0 g_{x,y,z}0E_z0. Then deg(g_{x,y,z}) ≤ k_z, and the bound can be achieved only if k_x = k_y = k_z.

(b) Let E_x = E_{d,d}0 lie in the k-th E-cell. Then E_{d,d} is the unique involutory element in the k-th E-cell for which the product E_{d,d}E_{d,d}0 produces a Laurent polynomial of maximum allowable degree. Similarly, E_d0_{,d}0 is the unique involutory element in the k-th E-cell such that E_{d,d}0E_d0_{,d}0 produces a Laurent polynomial of maximum allowable degree.

Proof. The degree of a resulting polynomial g resulting from a multiplication is the number of loops formed by concatenation of the relevant diagrams. The r-diagram of an element E_w from cell number k has two sets of k horizontal edges, so can form at most k loops when multiplied by another element. The bound can only be achieved for products |a_1⟩⟨b_1||a_2⟩⟨b_2| where b_1 = a_2.

The proof follows easily from these observations. �

3.6 Agreement of the bases on left cells, up to sign.

In this section, we continue to work over Q(v), unless otherwise stated.

Lemma 3.6.1.

(a) There is a unique Q-linear anti-automorphism ∗ of T L_r sending v to v^{−1} and F_s to F_s.

(b) For all w ∈ W_c, F^∗_w = F_w�1 . The image of |a⟩⟨b| under ∗ is |b⟩⟨a|. Proof. There is an anti-automorphism j of H which sends T_y to T^{−1}_y , and hence sends B_w to B^{−1}_w . Composing this map with the map ¯ sending v to v^{−1} induces a map ∗ on H/I (as required in (a)), because I is stable under ¯ and j. Uniqueness follows from the fact that the F_s are algebra generators.

The first part of (b) follows similarly. For the second part, it is clear [see 16, §5] that sending |a⟩⟨b| to |b⟩⟨a| and v to v^{−1} is an anti-automorphism, and it is the same as ∗ because they agree on the base ring and on the generators F_s. This completes the proof of (b). �

Lemma 3.6.2. The F -basis and the E-basis induce the same basis on the module M_k up to sign. That is, the subset of M_k given by

{F_w + I_{k+1} : w ∼_L w_k}

coincides with the subset of M_k given by {±|a⟩⟨ℓ(k)| + I_{k+1} : a ∼ ℓ(k)}, for a suitable choice of signs. (Recall that ℓ(k) appeared in Definition 3.4.1.) Proof. Consider a typical F_w satisfying w ∼_L w_k. Then there exists f ∈ T L_r such that F_w appears with nonzero coefficient in the expansion of f · F_{wk} with respect to the F -basis. Clearly we can choose f to be an element of the E-basis, i.e. a monomial F_{is} F_{is}�_1 · · · F_{i1} , where we write F_{it} for F_{sit} for typographical convenience. Let us pick such an f where s is as small as possible and consider the product F_{is} · · · F_{i1} F_{wk} = fF_{wk} . It is enough to prove by induction on p that

F_{ip} F_{ip}�_1 · · · F_{i1} F_{wk} = ±F_y mod I_{k+1} = ±E_x mod I_{k+1},

for a certain y ∼_L w_k, and a certain element of the E-basis which we denote by E_x0.

The case p = 0 is obvious. We may now assume that the statement is true for p and prove that F_{ip+1} F_y = ±F_x0 mod I_{k+1} = ±E_x0 mod I_{k+1}, where F_y = ±F_{ip} · · · F_{i1} F_{wk} . Since F_w ∉ I_{k+1}, the same is true for F_y and F_{ip+1} F_y. Consideration of the multiplication properties of the E-basis shows that E_{ip+1} E_x can only equal [2]E_x modulo I_{k+1} or E_x0 modulo I_{k+1} for some suitable x^′. The former case is impossible as it would imply F_{ip+1} F_x0 = [2]F_x0 which is not the case, by minimality of s. So we have shown that F_{ip+1} F_x0 = ±E_x0 mod I_{k+1}.

Since F_{ip+1} F_x0 ≠ [2]F_x0 mod I_{k+1}, it follows from [7, §7.14] that

F_{ip+1} F_x0 = F_{z0} + ∑ z μ(z, x)F_z ,

where z_0 = s_{ip+1} x^′ > x and the scalars μ(z, x) are integers. Using the fact [11, I, Corollary 6.3 (c)] that x ≤_L y and x ∼_{LR} y imply x ∼_L y, we have

F_{ip+1} F_x0 = ∑ z∼_Lw_k μ(z, x)F_z mod I_{k+1}, (1)

where we define μ(z_0, x) = 1 if z_0 ∼_L w_k and 0 otherwise, for notational convenience.

We now consider the coefficient of F_{wk} = |ℓ(k)⟩⟨ℓ(k)| in

v^{−k}(F_{ip+1} F_x0)^∗v^{−k}(F_{ip+1} F_x0).

We know this is equal to 1 mod v^{−1}Z[v^{−1}] because it is clear that E^∗_x0E_x0 = [2]^kF_{wk} . If z, z^′ ∼_L w_k then it follows from Proposition 3.5.2, parts (c) and (f), that the coefficient of F_{wk} in v^{−k}(F_z)^∗v^{−k}F_z0 is 0 mod v^{−1}Z[v^{−1}] unless z = z^′ in which case the coefficient is 1 mod v^{−1}Z[v^{−1}]. Using these observations and the equation (1), we find that only one F_z can appear in the expansion of (1) with nonzero coefficient, and that it appears with coefficient ±1. �

3.7 Agreement of the bases on the two-sided cells, up to sign.

We continue to work over Q(v), and consider the_AT L_r-bimodule

T_k = (I_k ∩_AT L_r) + I_{k+1}.

Lemma 3.7.1. The subset of T_k given by

{F_w + I_{k+1} : w ∼_{LR} w_k}

coincides with the subset of T_k given by {±|a⟩⟨b| + I_{k+1} : a ∼ ℓ(k) ∼ b}, for a suitable choice of signs.

Proof. It follows from [6, §1.2] that the F -basis is cellular, and it was shown in [6, Theorem 6.7] that the E-basis is cellular. The theory of cellular algebras (see [6, (2.4.1)]) now shows that T_k is a disjoint union of left submodules, each of which is spanned by the images of the basis elements which it contains, with respect to either basis. It is also a disjoint union of right submodules with similar properties. The left (respectively right) submodules are called left (respectively right) cells. Any given left cell and any right cell arising from T_k (which corresponds to a two-sided cell) intersect in a 1-dimensional space spanned by one of the basis elements.

Since the anti-automorphism ∗ agrees with the cellular anti-automorphism ∗ in [16, §5] or [6, Theorem 6.7] (provided we take the parameter to be [2] and not v), one of the right cells with respect to the F -basis can be easily seen to be

{F_w + I_{k+1} : w ∼_R w_k},

which is also (by applying ∗ to Lemma 3.6.2) one of the right cells with respect to the E-basis, up to sign, namely {±|ℓ(k)⟩⟨x| + I_{k+1}}. Now consider an arbitrary element |a⟩⟨b| in the two-sided cell labelled by k. This is of form 1 [2]^k |a⟩⟨ℓ(k)||ℓ(k)⟩⟨b| + I_{k+1}, and hence, by Lemma 3.6.2, of form ± 1 [2]^k

F_{w1} F_{w2} + I_{k+1},

where F_{w1} + I_{k+1} = ±|a⟩⟨ℓ(k)| + I_{k+1} and F_{w2} + I_{k+1} = ±|ℓ(k)⟩⟨b| + I_{k+1}. Since the F -basis is cellular, we must have 1 [2]^k

F_{w1} F_{w2} + I_{k+1} = cF_w + I_{k+1},

for some w ∼_{LR} w_k and a scalar c. Because the F -basis and the E-basis give the same A-form, c ∈ A.

Applying the anti-automorphism ∗ to the above equation shows that c is symmetric in v and v^{−1}. Regarding T_k as an algebra in the obvious way, and M_k (considered over A) as a left ideal of T_k, we find that (M_k M^∗_k )/[2]^k is equal to T_k; this is clear with respect to the E-basis. Therefore c must be a unit, and the other conditions force c = ±1. This completes the proof. �

Now we have a canonical correspondence between the elements of the F -cells and the elements of the E-cells. It will be convenient for the purposes of the next section to introduce a parallel notation for these two bases in terms of certain idempotents.

It follows from standard properties of the Robinson–Schensted correspondence that each F -cell c has a subset of elements D_c which correspond to involutions in the Weyl group. There is exactly one element of D_c in each left cell, and exactly one in each right cell. We can therefore denote F_w by F_{d,d}0, where d is the involution in the same right cell as w, and d^′ is the involution in the same left cell as w. For d ∈ D_c, F_d = F_{d,d}, and F^∗_d = F_d. The element E_w corresponding to F_d in the sense of Lemma 3.7.1 also clearly satisfies E^∗_w = E_w, and is therefore involutory. We may thus take the symbols d in Definition 3.5.4 to be the iji-avoiding involutions.

3.8 Agreement of the bases.

Lemma 3.7.1, together with the fact that the a-function takes value k on the k-th cell (for either basis) motivates the following definition:

Definition 3.8.1. We denote by L_k the Z[v^{−1}]-lattice with basis {v^{−k}F_w + I_{k+1} : w ∼_{LR} w_k}, or (equivalently by Lemma 3.7.1) with basis {v^{−k}|a⟩⟨b| + I_{k+1} : a ∼ ℓ(k) ∼ b}, which is the same basis up to sign.

We are now ready to prove the main result of this section.

Theorem 3.8.2. The F -basis and the E-basis are identical; that is, if s_{i1} · · · s_{im} is a reduced expression for w ∈ W_c, then F_w = F_{i1} · · · F_{im} , where we write F_i for F_{si} .

Proof. We proceed by induction on n = ℓ(w), the cases of n = 0 and n = 1 being trivial.

Otherwise we can write w = sw^′, where s is a simple reflection and ℓ(w^′) = ℓ(w) − 1. It is clear that w^′ ∈ W_c. From [7, §7.14] we see that

F_sF_w0 = F_{sw}0 + ∑ z μ(z, w^′)F_z, where the μ(z, w^′) are certain integers arising from the theory of Kazhdan–Lusztig polynomials. (Note that in [16, §7], something similar is considered, but the function μ occurring there is defined in an ad hoc way, not from the Kazhdan–Lusztig theory.) It is important for the proof that the structure constants occurring are integers; this will be used implicitly from now on.

We now argue that in fact F_sF_w0 = F_{sw}0 = F_w.

We wish to find the coefficient of F_{d,d}0 (a basis element in the k-th cell) in the product F_sF_w0. To do this, we consider the coefficient c of F_{e,e}0, another typical element in the k-th cell, in the product

Π = v^−a^{(k)}F_{d,d} ( v^−a^{(k)}F_w + ∑ z μ(z, w)v^−a^{(k)}F_z ) v^−a^{(k)}F_d0_{,d}0.

It follows from the definition of the a-function that c is an element of v^−a^{(k)}Z[v^{−1}]; in other words, after quotienting by I_{k+1}, this expression lies in the lattice L_k. Let c^′ be the coefficient of v^−a^{(k)} in the polynomial c, i.e. the coefficient of v^−a^{(k)}F_{d,d}0 after projection to the quotient lattice L_k/v^{−1}L_k.

By Proposition 3.5.2, part (c) and Lemma 3.5.3, the only F_z appearing with nonzero coefficient in F_sF_w0 which can contribute to c^′ are those in the k-th F -cell. By Proposition 3.5.2, parts (d) and (e), the only F_z which can contribute is in fact F_{d,d}0 itself, and furthermore, c^′ is the coefficient with which F_{d,d}0 occurs in F_sF_w0.

In the context of the quotient lattice L_k/v^{−1}L_k, this means that the image of Π in the quotient lattice is well defined, and the coefficient of the basis element of L_k/v^{−1}L_k corresponding to F_{d,d}0 is the coefficient of F_{d,d}0 in F_sF_w0.

By Lemma 3.7.1, F_{d,d} = ±E_{d,d} mod I_{k+1} and F_d0_{,d}0 = ±E_d0_{,d}0 mod I_{k+1}, so it is also true that the coefficient of F_{d,d}0 in F_sF_w0 is the (integer) coefficient of v^−a^{(k)} in the (polynomial) coefficient of F_{d,d}0 in

±v^−a^{(k)}E_{d,d} ( v^−a^{(k)}F_w + ∑ z μ(z, w)v^−a^{(k)}F_z ) v^−a^{(k)}E_d0_{,d}0.

Because F_w is not a scalar multiple of F_sF_w0, the induction hypothesis shows that F_sF_w0 is a member of the E-basis (as opposed to being [2] times a member of the E-basis), which we denote by E_x.

We now define the product

Π^′ = v^−a^{(k)}E_{d,d} ( v^−a^{(k)}E_x ) v^−a^{(k)}E_d0_{,d}0

We consider the coefficient of E_{e,e}0 in this expression, where E_{e,e}0 is a typical element in the same E-cell as E_{d,d}0. Using similar techniques to the above, but using Lemma 3.5.5 instead of Proposition 3.5.2, we find that again it makes sense to take the image of Π^′ in the quotient lattice, and that the coefficient of E_{e,e}0 in Π^′ is the same as the coefficient of the basis element in the quotient lattice which corresponds to E_{e,e}0.

It was remarked in Definition 3.8.1 that the E-basis and F -basis for the quotient lattice are the same up to sign. Since we know only one E-basis element occurs in the product F_sF_w0, it follows that only one F -basis element can occur in the product F_sF_w0. But certainly F_w occurs, and with coefficient 1. Thus F_sF_w0 = F_w as required, and the theorem is proved. �

A natural question to ask is whether Theorem 3.8.2 generalises to the Hecke algebra quotients H/I for other types of Dynkin diagrams. Unfortunately, Proposition 3.1.1 is in general false: it even fails for type D_4, where the iji-avoiding elements are not a union of two-sided Kazhdan–Lusztig cells. This means that there is no obvious generalisation of Theorem 3.8.2 to the other simply-laced cases. It is possible that there may be an analogous result if we consider a slightly larger ideal I, which we hope to investigate in a forthcoming paper.

Acknowledgements The authors would like to thank I. Grojnowski, A. Lascoux, G. Lusztig and J. Stembridge for some helpful correspondence and discussions. The authors also thank K. Erdmann and the referee for numerous helpful comments on the manuscript.

References [1] J. Du, Kazhdan-Lusztig bases and isomorphism theorems for q-Schur algebras, Contemp. Math. 139 (1992), 121–140.

[2] J. Du, q-Schur Algebras, Asymptotic Forms, and Quantum SL_n, J. Alg 177 (1995), 385–408.

[3] C.K. Fan, Ph.D. Thesis, Massachusetts Institute of Technology, 1995 [4] C.K. Fan, A Hecke algebra quotient and some combinatorial applications, J.

Algebraic Combinatorics 5 no. 3 (1996), 175–189. [5] J.J. Graham, Ph.D. Thesis, University of Sydney, 1995 [6] J.J. Graham and G.I. Lehrer, Cellular Algebras, Invent. Math. 123 (1996), 1–34.

[7] J.E. Humphreys, Reflection Groups and Coxeter Groups, Cambridge University Press, 1990.

[8] V.F.R. Jones, Hecke algebra representations of braid groups and link polynomials, Ann. of Math. (2) 126 (1987), 335–388.

[9] D. Kazhdan and G. Lusztig, Representations of Coxeter groups and Hecke algebras, Invent. Math. 53 (1979), 165–184 [10] G. Lawton, Two-sided Cells in the Affine Weyl Group of Type ^A_{n−1}, J. Alg 120 (1989), 74–89 [11] G. Lusztig, Cells in affine Weyl groups, Algebraic groups and related topics, Adv.

Studies Pure Math 6, North-Holland and Kinokuniya, Tokyo and Amsterdam, 1985, 255–287; II, J. Alg. 109 (1987), 536–548; III, J. Fac. Sci. Tokyo U. (IA) 34 (1987), 223–243; IV, J. Fac. Sci. Tokyo U. (IA) 36 (1989), 297–328.

[12] G. Lusztig, Tight Monomials in Quantized Enveloping Algebras, in Quantum Deformations of Algebras and their Representations, Israel Math. Conf. Proc. 7 (1993), 117–132 [13] Shi Jian-yi, The Kazhdan–Lusztig cells in the affine Weyl group, Lecture Notes in Mathematics, 1179, Springer, New York, 1986.

[14] J.R. Stembridge, On the Fully Commutative Elements of Coxeter Groups, J.

Algebraic Combinatorics, to appear.

[15] H.N.V. Temperley and E.H. Lieb, Relations between percolation and colouring problems and other graph theoretical problems associated with regular planar lattices: some exact results for the percolation problem, Proc. Roy. Soc. London Ser. A 322 (1971), 251–280.

[16] B.W. Westbury, The representation theory of the Temperley–Lieb Algebras, Math. Z. 219 (1995), 539–565.