
Math 6320 Homework #9 Solution

11, 1. Let {An} be a countable collection of measurable sets. Then

µ

(
∞⋃

k=1

Ak

)
= lim

n→∞
µ

(
n⋃

k=1

Ak

)
.

Let Bn = ∪n
k=1Ak. Then each Bn is measurable, and Bn ⊂ Bn+1 for

each n ∈ N, and obviously ∪∞n=1Bn = ∪∞k=1Ak.

Let Cn = Bn\Bn−1 for n > 1, with C1 = B1. Then if m 6= n, then
Cn ∩ Cm = ∅, since (assuming n > m)

Cn ∩ Cm = Bn ∩ B̃n−1 ∩Bm ∩ B̃m−1,

and Bm ⊂ Bn−1 implies B̃n−1 ∩Bm = ∅.
Furthermore for any n we have ∪n

k=1Ck = ∪n
k=1Bk, since inductively

Cn+1∪
n⋃

k=1

Ck =
(
B̃n∩Bn+1

)
∪

n⋃
k=1

Bk =
(
B̃n∪

n⋃
k=1

Bk

)
∩
(
Bn+1∪

n⋃
k=1

Bk

)
= X ∩

( n+1⋃
k=1

Bk

)
=

n+1⋃
k=1

Bk.

Hence in particular ∪∞k=1Ck = ∪∞k=1Bk.

So all Cn are measurable, and all disjoint, and we can use countable
additivity. Thus we have

µ

(
∞⋃

k=1

Ak

)
= µ

(
∞⋃

k=1

Bk

)
= µ

(
∞⋃

k=1

Ck

)
=

∞∑
k=1

µCk

= lim
n→∞

n∑
k=1

µCk = lim
n→∞

µB1 +
n∑

k=2

µBk − µBk−1

= lim
n→∞

µBn = lim
n→∞

µ

(
n⋃

k=1

Ak

)
.
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11, 6b. Show that each measure µ is the sum µ1 + µ2 of a semifinite measure
µ1 and a measure µ2 that assumes only the values 0 and ∞.

By definition, a measure µ1 is semifinite if and only if every measurable
set of infinite measure contains sets of arbitrarily large finite measure.
Another way of thinking of this is that µ1 is semifinite iff for any mea-
surable set A, we have µ1A equal to the supremum of measures of
subsets with finite measure.

So for any E ∈ B, define µ1∅ = 0 and

µ1E = sup
A⊂E,µA<∞

µA.

Clearly µ1E ≤ µE for every E, and if µE < ∞ then µ1E = µE.

By construction, µ1 is semifinite, and we just have to check that µ1

satisfies the measure axioms. By construction µ1∅ = 0. So we just
need to check countable additivity.

Let Ei be a countable collection of disjoint measurable sets and let
E = ∪∞i=1Ei. We want to prove that

µ1(E) =
∞∑
i=1

µ(Ei).

For any set A ⊂ E with µA < ∞, we have

µ(A) =
∞∑
i=1

µ(A ∩ Ei) ≤
∞∑
i=1

µ1(Ei).

Since this is true for every A ⊂ E with finite measure, we have

µ1(E) ≤
∞∑
i=1

µ1(Ei).

On the other hand, if µ1(E) < ∞ then µ1(Ei) < ∞ for every i, and for
any ε > 0 we can choose Ai ⊂ Ei such that µ1(Ei) − ε

2i < µ(Ai) < ∞
(by definition of µ1). Thus all the Ai are also disjoint, and

µ1(E) ≥
∞∑
i=1

µ(Ai) ≥
∞∑
i=1

µ1(Ei)−
∞∑
i=1

ε

2i
=

∞∑
i=1

µ1(Ei)− ε.
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This is true for any ε > 0, so that

µ1(E) ≥
∞∑
i=1

µ(Ei).

Thus µ1 is countably additive.

Now if we want for µ2 to also be a measure such that µ = µ1 + µ2,
then we must have µ2∅ = 0. If µE < ∞ then µ1E = µE, so that we
must have µ2E = 0. If E is σ-finite, then µE = ∞ and µ1E = ∞ from
above. Thus if E is σ-finite, we also must have µ2E = 0. If µ1E < µE,
then µE = ∞, so that we must have µ2E = ∞. In that case E cannot
be σ-finite. The only cases that aren’t determined are when E is not
σ-finite but µ1E = ∞. We may as well define µ2E = ∞ in this case.

Take any collection of disjoint measurable sets Ei and let E = ∪∞i=1Ei.
If every Ei is σ-finite then also E is σ-finite; we just write Ei = ∪∞j=1Eij

where µEij < ∞. Then letting Fn = ∪n
i,j=1Eij, we see E is σ-finite.

Similarly if E is σ-finite, then each Ei is σ-finite. So we get countable
additivity in this case. If E is not σ-finite, then at least one Ei is
not σ-finite, so both sides are infinite and we again have countable
additivity.

11, 7. Prove Proposition 4: If (X,B, µ) is a measure space, then we can find
a complete measure space (X,B0, µ0) such that

i B ⊂ B0.

ii E ∈ B ⇒ µE = µ0E.

iii E ∈ B0 ⇔ E = A ∪B where B ∈ B and A ⊂ C, C ∈ B, µC = 0.

[First show that the family B0 defined by (iii) is a σ-algebra. If E ∈ B0,
show that µA is the same for all sets A ∈ B such that E = A ∪B with
B a subset of a set of measure zero. Use this fact to define µ0 and show
µ0 is a measure.]

Following the hint, we define B0 by (iii). If E ∈ B0, we want Ẽ ∈ B0;
writing E = A ∪ B with B ∈ B and A ⊂ C with µC = 0, we have
Ẽ = Ã ∩ B̃. Now A ⊂ C implies C̃ ⊂ Ã, and thus B̃ ∩ Ã ⊃ B̃ ∩ C̃. So
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we can write

B̃ ∩ Ã = (B̃ ∩ C̃) ∪
(
(B̃ ∩ Ã)\(B̃ ∩ C̃)

)
= (B̃ ∩ C̃) ∪

(
(B̃ ∩ Ã) ∩ (B ∪ C)

)
= (B̃ ∩ C̃) ∪

(
(B ∩ B̃ ∩ Ã) ∪ (C ∩ B̃ ∩ Ã)

)
= (B̃ ∩ C̃) ∪ (C ∩ B̃ ∩ Ã)

Now B̃ ∩ C̃ ∈ B, and C ∩ B̃ ∩ Ã ⊂ C. So Ẽ ∈ B0.

Next we have to check countable unions: if Ei = Bi∪Ai where Ai ⊂ Ci

with µCi = 0, then C = ∪∞i=1Ci also has measure zero, and A = ∪∞i=1Ai

is a subset of C. Furthermore B = ∪∞i=1Bi ∈ B. So ∪∞i=1Ei = B ∪ A ∈
B0. Thus B0 is a σ-algebra containing B.

We want to define µ0(B∪A) = µB whenever A ⊂ C with C, B ∈ B and
µC = 0. We just need to check that this is consistent: if B∪A = D∪E
where B, D ∈ B, and A ⊂ C and E ⊂ F with µC = µF = 0, then is
µB = µD? To see that this is so, note that B ⊂ B∪A = D∪E ⊂ D∪F ,
so that µB ≤ µD + µF = µD; similarly the other way around.

Finally we need to check that µ0 defined this way is a measure. Let Ei =
Bi∪Ai with Ei all disjoint and Bi, Ai as before. Then all Bi are disjoint,
and we know that µ0Ei = µBi. Also E = ∪∞i=1 = (∪∞i=1Bi) ∪ (∪∞i=1Ai)
and

µ0E = µ(∪∞i=1Bi) =
∞∑
i=1

µBi =
∞∑
i=1

µ0Ei.

11, 13a. A sequence 〈fn〉 of measurable real-valued functions is said to converge
in measure to a function f if given ε > 0, there is an integer N and a
measurable set E with µE < ε such that

|fn(x)− f(x)| < ε

for all n ≥ N and all x /∈ E. Show that, if fn converges to f in
measure, then there is a subsequence fnk

that converges to f almost
everywhere.

For each k, choose nk and Ek such that nk > nk−1, µEk < 1
2k , and

|fnk
(x)−f(x)| < 1

2k for all x /∈ Ek. Set Fn = ∪∞k=nEk and F = ∩∞n=1Fn.
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Then µFn ≤ 1
2n−1 so that µF = 0. If x /∈ F then x /∈ Fm for some

m, and hence x /∈ Ek for all k ≥ m. Thus |fnk
(x) − f(x)| < 1

2k for all
k ≥ m; in particular limk→∞ fnk

(x) = f(x).

So fnk
converges to f almost everywhere.

11, 13b. Suppose that 〈fn〉 is a sequence of measurable functions each of which
vanishes outside a fixed measurable set A with µA < ∞. Suppose that
fn(x) → f(x) for almost all x. Then 〈fn〉 converges to f in measure.

We may as well assume that fn → f for all x ∈ A, by taking a smaller
set A with the same measure. For m ∈ N and n ∈ N, let

Amn = {x ∈ A | |fn(x)− f(x)| < 1
m
}.

For any x and any fixed m, we know there is an N such that n ≥ N
implies x ∈ Amn. In other words, if BmN = ∩∞n=NAmn, then for any
m we have x ∈ ∪∞N=1BmN . Of course we also have BmN ⊂ Bm,N+1 for
every m and N . Thus for every x ∈ A we have

x ∈ ∩∞m=1 ∪∞N=1 ∩∞n=NAmn.

Yet another way of stating this is that for any m we have

A = ∪∞N=1BmN ,

and thus µA = limN→∞ µBmN . Thus for any ε > 0 we can choose
m > 1

ε
, and there is also an N such that µ(BmN) > µ(A) − ε, or in

other words µ(A\BmN) < ε. This set E = A\BmN is our desired set;
its measure is smaller than ε, and on its complement either fn(x) =
f(x) = 0 or |fn(x)− f(x)| < 1

m
< ε for every n ≥ N .
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