Math 6230 Homework #6 Solutions

1. Read all of Sections 10 (Derivatives) and 11 (Tangent bundle) of “Vector Calculus for
Differential Geometry.”

2. Consider the map F': C — C given by f(z) = €*.

(a)

Compute (F), at any point z in rectangular coordinates.
Solution:

Since €* = e = % cosy + ie® siny, in rectangular coordinates we have x o F'o
x1(x,y) = (e® cosy, e®siny). Write (u,v) for the coordinates on the range; then
we have (u,v) = (e® cosy, e” siny), so that

E(5el.) = e g+ S o
0x (z,y) Ox " 7 Oulwy) Oz 7 Ovluy)
@ 9 e 0
Y5, (6% cos y,e® siny) tesmy 8_y (6% cosy,e® siny)
F, (2 ) :—egcsiny2 —i—e””cosyg :
0y l(zy) Oz | (% cosy,e® siny) OY | (ex cosy,e siny)
Compute (F}), at any z in polar coordinates.
Solution:
We have ¢’ = ereoséirsing — greosfpirsing g the map in polar coordinates is

e
woFopt(r,0) = (e rsing).
Hence F, is

0 0 0
F. | — = cos fe" 0 — +sinf — ,
<a7n (7"79)> or (ercos 9 rsin 0) 00 (e <089 rsin 9)
0 0 0
F* i - _ ind rcost o — )
(39 (7’,0)> remve or (ercos® rsin ) +reos 00 (e <089 rsin 9)

3. A vector field is a smooth map V': M — T'M such that V(p) € T,,M for every p. Show
that if M is an n-dimensional manifold with vector fields Vi, - - -V, which are linearly
independent at every point, then 7'M is isomorphic to the trivial bundle M x R";
that is, there is a homeomorphism ¢: M x R™ — T'M such that for each fixed p, the

restriction ¢

(pxin T,M is a vector space isomorphism.

Solution:
Let ¢: M x R™ — T'M be the map

90(p7vlv"' ,,Un) = vkvk(p>
k=1



Since the vector fields are smooth, ¢ is smooth. For each fixed p it is a linear trans-
formation of the vector spaces, since

So(p’ avlv o 7avn) + ¢(p’ bw17 e ’bwn) = Zavk%(p) + wakvk’(p)
k=1 k=1
= p(p,av' +bw', - av™ + bw™).

Furthermore it is an isomorphism, since it is one-to-one: o(p,vt, -+ v™) = 0 implies
> n_  v*Vi(p) = 0 which implies that all v* are zero, since the Vj(p) are linearly
independent.

The map is clearly surjective, since every vector in any 7T,M can be written in terms
of the vector fields V;, and it is one-to-one since ¢(p,vl, -+ ,v") = (g, wt, -+ w")
implies p = ¢ (since the only way a vector can be in T,M and T, M is if p = ¢) and
also v* = w* for all k.

Finally we can check that it is a homeomorphism by verifying that the inverse map
(which exists by the previous paragraph) is continuous. One way to do this is to
use a coordinate trivialization, since if a map is continuous in every coordinate chart,
then it is continuous on the entire manifold. If 1) is a coordinate map on U and ¥
the trivialization of TU, with the vector fields in coordinates looking like Vi(p) =

Z?:l ar(p) %

then
p

v (Z v’ka(m) = (Zkaaﬁp)% p)

k=1 k=1 j=1
= <l’1(p>, o 7xn(p)7 kaa’lle(p)v o ,Z?}kCLZ(p)> ’
k=1 k=1
so that
So(pa Ula T ’vn) = \D_l (xl(p)a e ’xn(p)’ kaallc(p)a e 721}}:&2(]?)) )
k=1 k=1
and using this formula we can compute the inverse ¢! in terms of ¥ and the inverse

matrix of (a}) (which always exists and is therefore continuous).

. Show that if F': R""! — R is a function and r € R is a regular value of F, then the
map G: R?"*2 — R? given by

Gz, 2™ ot o) = (F(f,... ,xn+1)’2%($1’... 7xn+1)vk>
k=1

has rank two everywhere. Conclude that G~!(r,0) is a submanifold.

Show that the embedding ¢: F~'(r) — R"™ induces an embedding t,: TF~'(r) —
R?*"*2 and that the image «,[TF~(r)] is G7'(r,0).

2



Solution:
The 2 x 2(n + 1) matrix DG is

6F e or 0 --- 0
1 n+l 1 s 1 Dot T
DG(x -+ 2" v ") = (2 _OPE k3 aa _PF _,k OF aF)-
k ﬁxlamk k dzndzF Oxt Oxn+1
Since r is a regular value of F'; we know that if F'(z!, -+, 2"") = r, then the vector
(% %) is nonzero, and so the two rows of DG are linearly independent.

This is true everywhere on G7!(r, s), in particular when s = 0.
So (r,0) is a regular value of G, which implies that G~!(r,0) is a smooth manifold of
dimension 2(n + 1) — 2 = 2n.

Now the embedding ¢ automatically gives a smooth map t,: TF~1(r) — R?*"*2 50 we
just have to confirm that it is an embedding (i.e., that it is a immersion and that it is
a homeomorphism onto its image).

First, suppose we have a coordinate chart ¢ = (u', -+ ,u") on an open set U in F~(r).
Then the trivialization on T'U is given by

n
(D_l 1 n 1 n ka
(U,"',U,U,"',U)— 8uk

k=1 (ulv“'7un)

If 9 is the usual Cartesian chart on R"*! and W is the corresponding trivialization of
TR™! then in these coordinates the map ¢, looks like

—1/,,1 n 1 ny __ 1/,.1 n n+1l/,.1 n
\IIOL*O@ (u7...’u7/[)7...71})_(m(u)...7u)7...’x (u’...’u)’
L0zt 0z
3;@"“»2:“ Ouk
k

(where I'm abbreviating 27 o 1 o ¢! (u) by 7 (u)). Its derivative matrix in these coor-
dinates is the (2n + 2) x 2n matrix

ozl ozl
fa . &s 0O -~ 0
) dzn 1 e e iians 0o ... 0
-1y — “oun ou™
D(Worod™)= DR TN R < POV N - 4
kv 6u18uk kY Burour Oul Oun
k 82:c"+1 k'821‘"+1 61‘7"+1 8:5’.“”
Zk dulouk 7 Zk OunOuk Oul T ou™

Now this is a block matrix, and the upper left (n + 1) X n matrix has rank n since ¢
itself is an immersion. Hence the lower right (n + 1) X n matrix also has rank n, and
thus the entire thing has rank 2n.

Since ¢, is an immersion, it is an open map (that is, the image of an open set is open)
by the inverse function theorem. Since ¢, is one-to-one, it is therefore an embedding.



Finally we verify that ¢,[TF~!(r)] = G~(r,0). This comes from the fact that in any

coordinate chart ¢ = (u', -+, u"), we have ¢, (2 =y gx] 507, and the trivializa-
tion of R™*! just comes from looking at the components of % . Furthermore we have
that

Fa'(ul, - ), -2 (ut, ) =7

for all u, and hence differentiating this equation with respect to v/ we get

SR ok B
oxk Ous
k=1

Hence any vector in ¢.[T,F~!(r)] must be perpendicular to the gradient of F' in R™*1.
Conversely since (4), is one-to-one as a linear transformation, its image must have the
same dimension as its domain, which means it fills up all of G~*(r,0).

. Consider the following vector fields in R*.

‘/()_UJ +x8m+y8y+zaz’

- _ 9 _
Vi= Zan—f—w z8y+yaz’
_ 9 el
Vo= y3w+zax+w T 52
- _,0 _ 90 9 9
Va=—z4- yax—i-xay—i-waz.

Show that they are orthonormal and that Vi, Vs, V3 span T,S? for every p € S*. Con-
clude that T'S? is isomorphic to S? x R3.

Solution: We obviously have
<‘/07‘/0> = <‘/17‘/1> = <‘/27‘/2> = <‘/37‘/3> =w2+$2+y2—|—22.

So at a point (w,r,y,2) € S3, they all have unit length. We can also easily compute

(Vo, Vi) = —wz + 2w —yz + yz = 0,
(Vo,Va) = —wy + 2z +wy —xz =0,
(Vo, V) = —wz — zy + 2y + wz = 0,
(Vi,Va) = 2y + wz —wz —xy =0,
(Vi,V3) =2z —wy — xz + wy = 0,
(Va, Vi) = yz —yz + wr — wx = 0.

So the vectors are orthonormal at every point. Since S® = F~(1) where F(w, z,y, 2) =
w? + 2% +y* + 22, we see from problem 3 that the tangent space T,S* consists of those
vectors orthogonal to the gradient vector Vj, and hence it is spanned everywhere by
Vi, Vo, and V3. Since these vectors are orthonormal, they are in particular linearly
independent.

Hence problem 2 implies that T'S? is a trivial bundle.



