Math 6230 Homework #5 Solutions

1. Read all of Section 9 (Vectors) of “Vector Calculus for Differential Geometry.”

2. In the parabolic coordinate system (o, 7) defined by

(z,y) = (o7,5(7" = 07)),
9

express the basis vectors 3~ and % in terms of a% and a%. (Refer to Section 5 for more

on parabolic coordinates.)
Solution:

Recall that these equations were solved in Section 5 for ¢ and 7: in the coordinate
chart defined by 7 > 0,0 € R, we have

T=\y+Vr2+y? and o= 3: )
y+ vty

We have

0 Ox 0 Oy 0 0 0

or 0roc Toroy ‘oz oy

x 0
= — tVy+Vrr+y?

Y+ 2%+ y? O

3. Consider the function f: C — R defined by f(z) = Im(z?®). For each z € C, let
v.(t) = etz

(a) Compute (f o~,)"(0) directly.
Solution:
Let’s express z = pe'¥. Then v,(t) = e"p*e?¥. Then we have

(f 07.)(t) = Im(p®e*T0%) = pfsin (3t + 6¢)).
Thus
(f 0.)(0) = 3p° cos 6.

(b) Compute fox™!, xo~,, and (fo~,)(0) from them, using rectangular coordinates
(z,9).
Solution:



First,
foxNa,y) =Im((z +iy)*) = Im(a® + 3iz’y — 3uy® — iy®) = 32y — °.

Second,
x 0 7,(t) = (p*cos (t + 24), p* sin (¢ + 2v)).
Thus
O(foxt O(foxt
(om0 = 2D o)+ 22D )

= —62y p*sin 20 + (32 — 3y?) p® cos 2¢
= —6p° cos 21 sin? 2¢) + 3p°(cos? 2¢) — sin® 2¢)) cos 21
= 3p%(cos® 2¢) — 3 cos 21) sin? 20))
= 3p% cos 61).
(c) Compute fou™!, uo~,, and (fo~.)'(0) from them, using polar coordinates (r, 0).
Solution:
We have fou=t(r,0) = Im(r3e3?) = r®sin 30, and
uo . (t) = (p° t + 2¢).
Thus
O(fou™t) ,

(7 oney(0) = AL gy 4 ALt )

=3r%sin30 -0+ 3rdcos36 - 1
= 3p% cos 6.

0'(0)

4. Express the vector X, given in rectangular coordinates by

0
Xy =B>—y)—| +v |
@ = Y 3zlew TV 3ylew
in polar coordinates.
Solution:
Just use the transformation formulas:
3 = cosG2 — sin 6 3
or or r 00
3 = sian cos ﬁ
oy or r 00
Then we have
X = <37‘2 cos? 6 — Tsin6’> <COS@% — 8129 %)
0 cosf 0
3.3 .09 o
+ (r sin 6’) (sm@ar + . 39>
= <37‘2 cos® 0 — rsinf cosf + r2sin? 0> 2
or

0
_ 20 . . 2 2 .3
+< 3r cos” fsin @ + sin“ 6 + r* sin 90089) 20



5. Express the vector X, given in elliptic coordinates (u, ) by

0
X(up) = sinh pcosv — + cosh psiny —

8u (pyv) aV

in rectangular coordinates.
Solution:

Using the formulas x = cosh pcos v and y = sinh p sin v, the transformation is

0
X =sinh pcosv — + cosh pusiny —

a/i al/
Jor 0 0Oy 0 Jdr 0 Oy 0
_Smhucosy(az g + az 3y )—l—cosh,usmy(ay g + 83 8y>

, . 0 .0
= sinh p cos V(smh [t cos v — + cosh psinv —)
ox dy

: . 0 . 0
—i—coshusmu( — cosh pusiny — —|—s1nh,ucosy—>
ox dy

0 0
= ( sinh? i cos? v — cosh? y1 sin? V) — + 2sinh g cosh pcosvsiny —
ox oy
= (sinh® u(1 — sin® v) — cosh? p(1 — cos® v)) 9 + 2zy 9
ox oy

(-2 o 2
= (x Y 1) o + 2xy 9y

6. The usual spherical coordinates are related to rectangular coordinates by (x,y,z) =

(psin @ cos ¢, psin @ sin ¢, pcosf). Express the basis vectors 68 , 889, and 8 in terms of
the basis vectors a%, a%’ and %. Then solve to get the rectangular bas1s vectors in
terms of the spherical basis vectors.

Solution:

We have

0 OJr 0 0Jdy d 0z 0

dp~ p o Dpy " Op 0
—sin@cosgb%—i—sin&siné%—i—cos@a
o om0 wo 90
00 00 Oz 8«9(9@; 00 0z
. 0 .0
—pcosecosgb%—i-pcos@smgba—y—psm@a
o _0co o 0:0
dp  0p 0x 09 Oy O Oz

= —psin@simb% —|—psin9(:os¢6%.



Wehavepsmﬁ —i—cos@ <cos¢8 —|—smq§a )and%:psin9<—sin¢a%+cos¢a%),
so that 5 o 9
osf sin
0 — 0— | — —
p (p Sin + o8 89) psin® 0¢
and 0 5 o 0
_ sin Ccos
0 — 60— —.
(psm + cos 89) eind 96
Finally we get
— cosf 9 sinf 0
0z op p 00



