Math 4310 Homework #4 Solutions

1. A sequence of real numbers 1, x9, 3, -+ has limit x if, for every ¢ > 0, there is an
integer N such that for every k > N, we have |z — 2| < e.

Prove using only the definition of limit that if limy_,., = x and limg_,, yx = vy, then
klim(:ckerk) =x+y

and
klim TrYp = TY.

(You do not need to use Cauchy sequences explicitly.)

Solution: The techniques here are precisely the same as for proving that the sums
and products of Cauchy sequences are Cauchy.

First let us show that limg_..(xy + yx) = z + y. Let ¢ > 0 be any number. Since
limy_.o 2 = o, there is an Ny € N such that whenever k > N, we have |z, — 2| < 5.
Similarly we can find Ny € N such that whenever k > N,, we have [y, —y| < 5. Thus
if we set N = max{Ny, Ny}, then for any k > N, we have

€

e
o+ 9) = (@4 9)] = (o = 2+ (e = )] < o — 2l + s — o] < 5 + 5

Now we show that limy_ . (zryx) = zy. Let € > 0. Since limy_., xx = z, we can choose
N, so that whenever k£ > Ny, we have

3
|z, — 2| < ———
2(lyl+1)

Similarly we can choose Ny so that whenever k& > N5, we have

19
— < —.

Finally we can choose N3 so that & > N3 implies |zx| < |z| + 1. Then setting N =
max{ Ny, No, N3}, we see that whenever k > N, we have
|zrye — 2yl = [Thyn — Ty + T0Y — TY|
< |2kl lye — yl + |yl |zx — 2
< (lel + 1) Iy =yl + (lyl + 1) | — =

<5+5
2 2
=e.

2. You've proved in the last homework that every decimal expansion
(0, O.Cll, O.alag, 0.&1&2@3, ce )

is a Cauchy sequence.



(a) Prove that every real number z in [0, 1), the interval containing 0 but not 1, has a
decimal expansion. (To find the first decimal place, show that every real number
must lie in one of the intervals [0,0.1), [0.1,0.2), [0.2,0.3), etc. Continue in this
way to find subsequent terms. Prove that the resulting sequence converges to z.)

Solution: Take any real x with x > 0 and x < 1. Then by the order property,
we know exactly one is true: either x < 0.1, or x = 0.1, or x > 0.1. If z < 0.1, set
the first decimal place to be a; = 0. If > 0.1, then we check whether = < 0.2
or x > 0.2. If 0.1 < o < 0.2, then set the first decimal place as a; = 1; if
x > 0.2, then we check 0.3. Continuing in this way, we will eventually stop at the
0.9 comparison, so that we will determine a; to be one of {0,1,2,--- 9}. Also

observe that we always have % < z < “ which implies that |z — 4| < &

10
Now we divide up the mterval (53 “1131) into ten pieces in the same way. First

compare z with {5 1003 if it’s smaller, set ay = 0. If it’s larger or equal, then

compare with {3 —|— 1—00 Continuing in this Way, we obtain ay € {0,1,2,---,9}.

Furthermore We know that [z — (% + &)| < .

Continuing in this way, we obtain the decimal expansions

Q1—10

_ % G2
©=10 7" 102
L A
=107 100 T 103

etc. Each gy is a rational number satisfying |x — qi| < 10k Hence we can prove
that limy_ gx = x, since for any € > 0, choosing N > log,, (1/¢) implies that
whenever k > N, we have |z — g| < mLN <e.

(b) Show that each real number has only one decimal expansion, except for those
whose decimal expansions terminate in a string of zeroes (which have two different
decimal expansion).

ar oo

Solution: Suppose we have two equivalent decimal expansions Y -
we want to determine whether a; = by for all k. So consider for each n € N the

numbers .
Qp — bk
Z 10% Z 10% ; 108

Suppose that the expansions {a;} and {b,} agree up to the j* place and not at
the (j + 1) place. For n > j + 1, we have (by the reversed triangle inequality)

10F = Z2ak=1 10F



that

n

Qap — bk
[7al = Z 10k

k=1
= k
L=, 10
@1 = bja| i ar, — by
1071 10%
k*j+2
‘aHl J+1’ ’ak - bk
Z 107+1 Z
k=j+2
a1 — bt ~ 9
= 100+ Z 10%
k=j+2
g —bia| (11
109t 104+ 107
_ e —bia -1 1
1071 107

Therefore we know that if |a;41 — bj41| > 1, then r, > 10]+1 for all n, and hence
we don’t have lim,, .o, 7, = 0, which means the two sequences are not equivalent
(a contradiction to our original assumption). If however |a;4+1 — bjy1| = 1, then
we may have |r,| = 1o_n if all the inequalities are actually equalities. Our next
step is to determine when this happens, and to do this we want to remove the
absolute values.

So we must have a;; = b;j11 = 1. Suppose without loss of generality that a;1; =
bj+1 —|— ]_ Then

n n

o ajp — bk . 1 ajp — bk
D D TR Dl T
k=1 k=j+2

We thus have

n

1 9 - ak—bk+9
e 2 Gt 2 T o

k=j+ k=j+2
1 “ ar — bk +9
BTN Z 106
k=342

We know that a;, — b, +9 > 0 for all k. If a,, — b,, + 9 > 0 for any m > j + 2,
then we will have

Ay, — by, + 9
n > T — 1nm
B T
for every n > m, and hence again we cannot have lim,,_,,, 7, = 0. So we must
have a,, — b, + 9 = 0 for every m > j + 2.

3



Since a,, and b, are both in the sets {0,1,---,9}, the only way this happens is
if a,,, = 0 and b,, = 9 for all m > j+ 2. Thus there are only two different decimal
expansions that can be equivalent:

O.a1a2a3 s ajaj+199999 cee = O.a1a2a3 ce aj(ajJrl + 1)00000 s

Show that the set of real numbers with more than one decimal expansion is
countable.

Solution: We could count the numbers with terminating decimal expansions
explicitly: there are nine numbers which terminate at the first decimal place,
ninety numbers which terminate at the second decimal place, and in general
9 x 10*~! numbers terminating at the £ decimal place. So clearly we can count
based on k.

Alternatively we could just notice that every terminating decimal is a particular
rational number, so that the set of all reals with terminating decimals is a subset
of the rationals (in particular, those which can be written with a power of 10 in
the denominator). Since the rationals are countable, so is this subset.

3. Textbook exercise, 3.1.3: 1

Compute the sup, inf, limsup, liminf, and all the limit points of the following sequences
T1,To,... where

()

(c)

T, =1/n+ (-1)"

Solution: All the even terms are positive while all the odd terms are negative;
hence the supremum of all terms is the supremum of the even terms, while the
infimum of all terms is the infimum of the odd terms. So sup{x,} = sup{1/(2n)+
1} = 2 while inf{z,} = inf{1/(2n — 1) — 1} = —1.

The subsequence of even terms is xo, = 1/(2k) + 1 which converges to 1, while
the subsequence of odd terms is x93 = 1/(2k — 1) — 1 which converges to —1.
Hence 1 and —1 are limit points. There are no other limit points, since for any

e >0, if N > 1/¢, then every term of the sequence beyond N is within € of either
1 and —1.

So limsup z,, = sup{1l, —1} = 1 while liminf z,, = inf{1, -1} = —1.

T, =14 (=1)"/n.

Solution: The even terms are all larger than 1 while the odd terms are all smaller
than 1. Hence sup{x,} = sup{14+1/(2n)} = 2 and inf{z,,} = inf{1-1/(2n—1)} =
0.

The sequence converges to 1 since |z, — 1| = [(—=1)"/n| = 1/n, and for any £ > 0,
choosing N > 1/e implies that for n > N we have |z, — 1| < 1/N <e.

Since the sequence converges, the only limit point is {1}, so this is the limsup and
the liminf as well.

z, = (=1)"+1/n+ 2sinnn/2.



Solution: Every positive integer n can be expressed as exactly one of the follow-
ing: n =4k, n =4k — 1, n = 4k — 2, n = 4k — 3, for some positive integer k. So
we have

l‘4k:1+1/(4]{5), Tak—1 :—3—|—1/(4k‘—1),
I4k_2:1+1/(4k—2), .T4k_3:1+1/(4k’—3)
All the terms except for n = 4k —1 are positive, so for the supremum we only need
to consider those. All the n = 4k—1 terms are negative, so for the infimum we only
consider those. Thus sup{z, } =sup{1+1/(4k),1+1/(4k—2),1+1/(4k—3)} = 2,
while inf{z,} = inf{-3+1/(4k — 1)} = —3.
We clearly have

Iim x4, =1, lim 24,1 =—3, lim x4 _9=1, lim x4,_35=1.
k—o0 k—oo k—oo k—oo

Thus the limit points are 1 and —3, so that the limsup is 1 and the liminf is —3.

4. Textbook problem, 3.1.3: 2.

If a bounded sequence is the sum of a monotone increasing and a monotone decreasing
sequence (x, = Yy, + z, where {y,} is monotone increasing and {z,} is monotone
decreasing) does it follow that the sequence converges? What if {y,} and {z,} are
bounded?

Solution:

In general, the answer is ‘no.” Take for example y, = 3n + (—1)" and 2, = —3n.
Then ¥, is monotone increasing, since y, 11 — Y, = 3(n+ 1) + (=1)"™ = 3n — (-1)" =
3—2(—1)" > 1. Clearly z, is monotone decreasing. But z, = y,, + 2, = (—1)" does
not converge.

On the other hand, if {y,} is bounded, then it must converge to some number y
(since any bounded monotone sequence converges). Similarly z, must converge to
some number z. Hence x,, converges to y + z.

5. Textbook problem, 3.1.3: 4.
Prove sup(A U B) > sup A and sup(A N B) < sup A.
Solution:

In general, if U C V, then supU < supV since supV is an upper bound of V and
hence also U, while sup U is less than or equal to any upper bound of U. Therefore,
since A C AU B we have supA < sup(A U B). Also since AN B C A, we have
sup(AN B) <sup A.

6. Textbook problem, 3.1.3: 5.

Prove limsup{z, + y,} < limsup{z,} + limsup{y,} if both lim sups are finite, and
give an example where equality does not hold.

Solution:



For each n € N, let a,, = sup z,, and b, = sup ¥,,. Then by definition of limsup, we

m>n m>n
have limsup z,, = lim a,, and limsupy, = lim b,.
n—0oo n—oo n— oo n—oo

Furthermore for every n € N and every k > n, we have x; < a, (by definition of
supremum). Similarly vy < b,.

Thus for every n and every k > n, we have xp + yx < a, + b,. Since this is true for
every k > n, we know that a, + b, is an upper bound for the set of (zj + yx) with

k > n. So
sup(wg + yx) < an + by,
k>n

for every n € N.

Therefore we have

lim sup(z,, + y,) = lim sup(zy + yx)

n—00 =00 k>n

< lim (ay, + by)

n—oo

= lim a, + lim b,

n—oo n—oo
= lim sup x,, + lim sup y,,,
n—oo n—oo

as desired.

Now we want an example where the two are not equal. First observe that if x, and
yn are both convergent sequences, then so is x,, + y,, so that we must have equality.
Hence the only way to get a strict inequality is to have at least one nonconvergent
sequence. A simple example is z, = (—1)" and y, = —(—1)". Then limsupz, =1

n—oo

and limsupy, = 1, but

n—oo

lim sup(x,, + y,) = limsup(0) = 0.

n—oo n—oo



