AN ALGEBRAIC INDEX THEOREM FOR ORBIFOLDS

M.J. PFLAUM, H.B. POSTHUMA AND X. TANG

ABSTRACT. Using the concept of a twisted trace density on a cyclic groupoid,
a trace is constructed on a formal deformation quantization of a symplectic
orbifold. An algebraic index theorem for orbifolds follows as a consequence of
a local Riemann—Roch theorem for such densities. In the case of a reduced
orbifold, this proves a conjecture by Fedosov, Schulze, and Tarkhanov. Finally,
it is shown how the Kawasaki index theorem for elliptic operators on orbifolds
follows from this algebraic index theorem.
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INTRODUCTION

Index theory originated with the seminal paper [ATSI] of Atiyah and Singer
almost 40 year ago. They proved that the index of an elliptic operator on a closed
Riemannian manifold M depends only on the class of the principal symbol in the
K-theory of T* M. Ever since, many new proofs and generalizations of this theorem
have appeared. To mention, the index theorem has been extended to the equivariant
case, to families of operators, and to foliations.

The generalization this paper is concerned with is the index theorem for formal
deformation quantizations originally proved by Fedosov [FE96] and (independantly)
by Nest—Tsygan [NETs95]. This theorem, which in the literature is known as the
algebraic index theorem, is in principle an abstract result computing the pairing
of K-theory classes with the cyclic cocycle given by the unique trace on a formal
deformation quantization of a symplectic manifold. However, as shown in [NET's96],
the nomenclature “index theorem” may be justified by the fact that in the case
of the cotangent bundle with its canonical symplectic form and the deformation
quantization given by the asymptotic pseudo-differential calculus, one recovers the
original Atiyah—Singer index theorem.

Here, we prove an algebraic index theorem for formal deformation quantiza-
tions of symplectic orbifolds and derive from it its analytic version, the well-known
Kawasaki index formula for orbifolds. Let us explain and state the theorem in some
more detail.

In our setup, see Section 1 for more details, a symplectic orbifold X is modeled
by a proper étale groupoid G : G; = Gy with an invariant, nondegenerate two-
form on Gy. Consequently, we consider formal deformation quantizations of the
convolution algebra of G. As in [TA], these are constructed by a crossed product
construction of a G-invariant formal deformation A" of Gy by G, denoted A" x G.
This is the starting point for the algebraic index theorem.

By computing the cyclic cohomology of the algebra A" x G we have given a com-
plete classification of all traces in our previous paper [NEPFPOTA]: the dimension
of the space of traces equals the number of connected components of the so-called
inertia orbifold X associated to X. Therefore, in contrast to the case of symplectic
manifolds, there is no unique (normalized) trace on the deformation of the convo-
lution algebra of G. In this paper, we construct a particular trace Tr using the
notion of a twisted trace density, the appropriate generalization of a trace density
to orbifolds. Standard constructions in K-theory, see Section 1, yield a map

Tr, : Kgrb(X) - C((h’))a

associated to the trace Tr, called the index map. Here, KV, (X) is the Grothendieck
group generated by isomorphism classes of so called orbifold vector bundles. The
index theorem proved in this paper expresses the value of this map on a virtual
orbifold vector bundle [E] — [F] in terms of the characteristic classes of F, F, the

orbifold X and the chosen deformation.

Theorem Let G be a proper étale Lie groupoid representing a symplectic orbifold
X. Let E and F be G-vector bundles which are isomorphic outside a compact subset
of X. Then the following formula holds for the index of [E] — [F):

Chy (£ - B (RT v
(] = [F]) = /X %det (1 69(1 exp ( )5;7)) A<%) o ( ) 27371).
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In this formula, the right hand side is a purely topological expression that we
now briefly explain: Let By be the space of objects of the groupoid modeling the
inertia orbifold X, and ¢ : By — Gy the canonical map explained in Section 1. This
groupoid has a canonical cyclic structure 8 acting on the fibers the vector bundles
FE and F as well as the normal bundle to the map ¢. This enables one to define the
twisted Chern character Chy, see Section 5. The coefficient function % is defined in
terms of the order of the local isotropy groups (see Sections 1.3 and 4.3). The factor
121( ..) is the standard characteristic class of the symplectic manifold By associated
to the bundle of symplectic frames, and the factor det(...) is the inverse of the
twisted Chern character associated to the symplectic frame bundle on the normal
bundle to ¢ : By — Gq. Finally, Q is the characteristic class of the deformation
quantization of Gj.

Let us make several remarks about this Theorem. First, indeed notice that the
right hand side is a formal Laurent series in C((%)). Only when the characteristic
class of the deformation quantization is trivial, it is independent of A. This happens
for example in the case of a cotangent bundle T* X to a reduced orbifold X, with the
canonical deformation quantizatioin constructed from asymptotic pseudodifferential
calculus, in which case we show in Section 6 that the left hand side equals the index
of an elliptic operator on X. This is exactly the Kawasaki index theorem [KA],
originally derived from the Atiyah—Segal-Singer G-index theorem. An alternative
proof using operator algebraic methods has been given by Farsi [FA].

Notice that, since we work exclusively with the convolution algebra of the group-
oid and its deformation, the abstract theorem above also holds for nonreduced
orbifolds. In the reduced case it proves a conjecture of Fedosov—Schulze-Tarkhanov
[FESCHTA]. Although they work with the different algebra of invariants of .A"(G)
instead of the crossed product, one can show that in the reduced case the two are
Morita equivalent, allowing for a precise translation.

The methods used to prove our main result are related to the proof of the al-
gebraic index theorem on a symplectic manifold in [FEFESH]. One of the main
tools in that paper is the construction of a trace density for a deformation quan-
tization on the underlying symplectic manifold. We generalize the construction
of such a trace density to symplectic orbifolds. Hereby, our approach is inspired
by the localization behavior of cyclic cocycles on the deformed algebra, which has
been discovered in our previous paper [NEPFP0OTA], and includes an essential new
feature, a local “twisting” on the inertia groupoid.

Let us finally mention that by the local nature of the proof of our index theorem
an even stronger results holds true, namely a local algebraic index formula for
orbifolds. The precise statement of this is given in Theorem 6.2.

Our paper is set up as follows. After introducing some preliminary material
in Section 1, we introduce in Setion 2 the concept of a twisted trace density. In
Section 3, we construct certain local twisted Hochschild cocyles, which in Section
4 will be “glued” to a twisted trace density. Thus, we obtain a trace on the de-
formation quantization of the groupoid algebra, and consequently the index map
on K%, (X). In Section 5, we use Chern-Weil theory on Lie algebras to determine
the cohomology class of the trace density defined in Section 4, and obtain a lo-
cal algebraic Riemann-Roch formula for symplectic orbifolds. Finally, in Section 6
we prove the above theorem and use it to give an algebraic proof of the classical
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Kawasaki index theorem for orbifolds. In the Appendix, we provide some mate-
rial needed for the proof of our index theorem. More precisely, in Appendix A
we determine several Lie algebra cohomologies and in Appendix B we explain the
asymptotic pseudodifferential calculus and its relation to deformation quantization.
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Forschungsgemeinschaft. H.P. and X.T. would like to thank the Fachbereich Mathe-
matik of Goethe-Universitat at Frankfurt/Main for the hospitality during their vis-
its. X.T. would like to thank Dmitry Fuchs, Ilya Shapiro, and Alan Weinstein
for helpful suggestions. H.P. is supported by EC contract MRTN-CT-2003-505078
(LieGrits).

1. PRELIMINARIES

In this section we briefly recall some of the essential points of [NEPFPOTA].
For any orbifold X, we choose a proper étale Lie groupoid G; = Gy for which
Go/G1 = X. Such a groupoid always exists and is unique up to Morita equivalence,
although being étale is not Morita invariant. The groupoid is used to describe
the differential geometry of the orbifold. For example, an orbifold vector bundle
is equivalent to a G-vector bundle, that is, a vector bundle F — Gy with an
isomorphism s*FE = t*E. The notion of a G-sheaf is similarly defined.

The Burghelea space of G, also called “space of loops”, is defined by

By ={g€G1]s(g9) =t(9)}

where s,t: G; — G are the source and target map of the groupoid G. Denote by
¢ the canonical embedding By < G1. The groupoid G acts on By by conjugating
the loops and this defines the associated inertia groupoid AG := By x G. This
groupoid turns out also to be proper and étale, and therefore models an orbifold,
X, called the inertia orbifold.

An important property of the inertia groupoid which will be essential in this
paper is the existence of a cyclic structure [CR]: there is a canonical section 6 :
AGy — AG; of both the source and target maps of AG, given by g — 60,. Here
0y = g, viewed as a morphism from g to g.

The convolution algebra of G is defined as the vector space C°(G1) with the
following product:

(fixf2)9) = D filg)falgs), f1,f2 €CZ(Gh), g € Gh. (1.1)

gi192=g

The convolution algebra is denoted by A x GG, where A here and everywhere in this
article means the G-sheaf of smooth functions on Gj.

When the orbifold X is symplectic, one can choose G in such a way that Gy
carries a symplectic form w which is invariant, i.e., s*w = t*w. For such a groupoid,
we choose a G-invariant deformation quantization of G, giving rise to a G-sheaf of
algebras A" on G. The crossed product algebra A" x G defines a formal deformation
quantization of the convolution algebra A x G with its canonical noncommutative
Poisson structure induced by w. Recall that A" x G is defined as the vector space
I'.(Gy, s* A") with product

[al *c aQ]g = Z ([al]g192)[02]gza ai,as € Fc(les*Ah)a g e Ga (12)

91 92=g
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where [a], denotes the germ of a at g. Closely related is the algebra iy (A") of
G-invariant sections, first considered in [PF98]. In fact, when X is reduced, the two
are Morita invariant, cf [NEPFPOTA, Prop. 6.5.], the equivalence bimodule being
given by A”*(Gy).

Let us finally mention that for every G-sheaf S on Gy, we will denote the sheaf
s71S = t71S also by S. Since G is assumed to be proper étale, this will be
convenient and not lead to any misunderstandings.

1.1. Traces on A"xG. The starting point of the present article is the classification
of traces on the deformed convolution algebra A" x G' in [NEPFPOTA], which we
now briefly recall. A trace on the algebra A" x G is an h-adically continuous linear
functional Tr : A" x G — K, where K denotes the field of Laurent series C((h)),
such that

Tr(a *. b) = Tr(b*. a).

Of course, a trace on an algebra is nothing but a cyclic cocycle of degree 0.
Moreover, the space of traces on A" x G is in bijective correspondence with the
space of traces on the extended deformed convolution algebra A(") x G, where
A = AP @c K. One of the main results of [NEPFPOTA] now asserts that

HCOP(AM) 5 G) = ) P2 (X',K) : (1.3)

1>0

and therefore HC? equals H°(X,C) ® K. From this it follows that the number of
linear independent traces on A" x G equals the number of connected components of
the inertia orbifold X. In [NEPFPOTA], a construction of all these traces was given
using a Cech-like description of cyclic cohomology, however the resulting formulas
are not easily applicable to index theory. Therefore, we start in Section 2 by giving
an alternative, more local, construction of traces on deformed groupoid algebras
using the notion of a twisted trace density.

1.2. The index map. Here we briefly explain the construction of the index map,
given a trace Tr : A" x G — K on the deformed convolution algebra. As is well
known, a trace 7 : A — k on an algebra A over a field k induces a map in K-theory
T« : Ko(A) — k by taking the trace of idempotents in M, (A). In our case, we
obtain a map

Tr, : Ko(AM) % G) — C((h)).
The inclusion A" x G — A(M) 3 G induces a map Ko(A" x G) — Ko(AM) % @).
Since A" x G is a deformation quantization of the convolution algebra of G, one
has, by rigidity of K-theory

Ko(A" x Q) = Ko(A x G) = K°(Q).

Here, K°(G) is the Grothendieck group of isomorphism classes of G-vector bundles
on G, also called the orbifold K-theory K2, (X). To be precise, the isomorphism
Ko(A x G) =2 K%Q), supposing that X is compact, associates to any G-vector
bundle E — Gy the projective C°(G)-module I'.(E), where f € C°(G) acts on
s € Ie(FE) by

(f-s)(x)= Z f(g) s(zx), for x € Gy.

t(g)=z
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Putting all these maps together, the trace Tr defines a map
Tr, : K9,(X) — C((h)). (1.4)

As we have seen in the previous paragraph, traces on A(M) x G are highly non-
unique on general orbifolds, and all induce maps as in (1.4). The trace we will
construct in this paper using the index density has the desirable property that it
has support on each of the components of X. Consequently, we will refer to the map
(1.4) induced by this trace as the index map and the main theorem proved in this
paper gives a cohomological formula for the value on a given orbifold vector bundle
E. Notice that because of the support properties of this “canonical trace”, this
theorem in principle solves the index problem for any other element in HC? (.A((h)) X

G).

1.3. Integration on orbifolds. Let I' be a finite group acting by diffeomorphims
on a smooth manifold M of dimension n. Consider the orbifold X = M/T', and
assume X to be connected. Recall that X carries a natural stratification by orbit
types (see [PFO1, Sec. 4.3]). Denote by X° the principal stratum of X and by
M?° C M its preimage under the canonical projection M — X. Now let p be an
n-form on X or in other words a I'-invariant n-form on M. The integral f i then

is defined by
m
W= —/ Iy 1.5
o=, )

where m € N is the order of the isotropy group I'; of some point € M°. Observe
that by the slice theorem m does not depend on the particular choice of z, since X

is connected. Let us mention that formula (1.5) is motivated by the fact that on
the one hand the covering M° — X° has exactly |mﬂ sheets and on the other hand
the singular set X \ X° has measure 0.

Assume now to be given an arbitrary orbifold X. To define an integral over X
choose a covering of X by orbifold charts and a subordinate smooth partition of
unity. Locally, the integral is defined by the above formula for orbit spaces. These
local integrals are glued together globally by the chosen partition of unity. The

details of this construction are straightforward.

2. TWISTED TRACE DENSITIES

Since A" is a G-sheaf of algebras, the pull-back sheaf 1 =1 A" is canonically a AG-
sheaf. This implies that every stalk L‘lAZ, g € By has a canonical automorphism
given by the action of the cyclic structure 6, € Aut(L_lAZ). Alternatively, 6
defines a canonical section of the sheaf Aut(:~*A") of automorphisms of +~!.A".
This facilitates the following definition.

Definition 2.1. A #-twisted trace density on a AG-sheaf of algebras =1 A" is a
sheaf morphism ¢ : .71 A" — Q¥ which satisfies

P(ab) —(0(b)a) € AL (2.1)

In this definition Q;fg means the sheaf of top degree de Rham forms on every
connected component of By. Therefore, the integral of a twisted trace density over
By is well defined. Notice that although Qf%. is a AG-sheaf, the action of 6 is
trivial, and therefore the twisting in the definition only involves =1 A". As we will
see later this involves the normal bundle to the embedding ¢ : By — Gfy.
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Proposition 2.2. When v is a 0-twisted trace density, the formula

Tr(a) = : Y(ajp,), a€ AM) 5 @,
0

defines a trace on the deformed convolution algebra A x G.

Proof. The map a +— ap, is the degree 0 part of a natural morphism

- h
Cul A 0 G) — T (Buyo AL,
of complexes called “reduction to loops”. Using the notation from [NEPFPOTA,
Sec. 2.6]), Agﬁ” denotes here the sheaf (A(M)®P on the cartesian product G5, B,
0

the Burghelea space given by
By ={(g0, .9p) € G"" | t(g0) = 5(gp), - . t(gp) = 5(gp-1)},

and o : B, — GE™' the map (go,--,9p) — (5(g0),---,5(gp)). Moreover, the
differential on C, is the standard Hochschild differential on A" x G, and the
differential on the right hand side is given in [CR, NEPFPOTA]. In the following,
we will only need the first one

do—dy : T (Bl,a—lAg?)) T, (BO, flAgf”) . (2.2)
At the level of germs it is given by
d(][a()aal](go,gl) = [aoglal]gogla
dilao, a1l(gy,9) = [a190a0]g,go-

The complex (Co(A),b) calculates the Hochschild homology H He(A) for any H-
unital algebra A. Since HHy(A) = A/[A, A], a trace on A is nothing but a linear
functional on H Hy(A).

It was proved in [NEPFPOTA, Prop. 5.7] that reduction to loops induces a quasi-
isomorphism of complexes, in particular commutes with the differentials. Therefore,
to construct a trace on A" x G, it suffices to construct a linear functional on the
vector space I'. (B, L_lAgOh))) which vanishes on the image of the map (2.2). ;From
the definition of the simplicial operators dy and d; above, we see that the germ at
g € By of such a section is given by

> (laolgiar] = [arlgrg™'aol) = D ([aolgrlarly, — 0([ar])g, [ac])) ,

gogi1=g gog1=g

where, to pass over to the right hand side, we have used that A(") is a G-sheaf
of algebras. By the defining property of the twisted trace density such elements
will be mapped into thg,’g_l. Integrating, it follows from Stokes’ theorem that the
functional given by integrating the trace density vanishes on the image of dy — d;.
Combined with the restriction to By, it follows that the formula in the proposition
defines a trace. O

Remark 2.3. A warning is in order here, as the formula in Proposition 2.2 for
the trace appears to suggest that the trace only depends on the restriction of a
formal power series a € C°(G)[[h]] to Bo. This is not true, since the reduction to
loops maps an element a to its germ at By, viewed as an element of I'.(By, t~*A"),
and otherwise the twisting condition would be trivial. In fact, we will see that the
normal bundle to By C G plays an essential role in the computations below.
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Concluding, to construct a trace, it suffices to construct a twisted trace density.
Inspired by the recent construction in [FEFESH] of a trace density from a cer-
tain Hochschild cocycle, we aim for a similar construction in a twisted Hochschild
complex.

3. A TWISTED HOCHSCHILD COCYCLE

3.1. Twisted Hochschild cohomology. Let A be an algebra equipped with an
automorphism vy € Aut(A). There is a standard way to twist the Hochschild
homology and cohomology of A by 7: recall that the Hochschild homology and
cohomology He(A, M) and H*(A, M) are defined with values in any bimodule M.
Then one defines

HHJ(A) := Ho(A, A,), HH3(A) = H*(A, AY), (3.1)
where A, is the A-bimodule given by A with bimodule structure

ai-a-ax = aay(az), a1,a2 € A, a € Ay,

and A7 denotes its dual. Clearly this definition is functorial with respect to auto-
morphism preserving algebra homomorphisms. In the case of cohomology, let us
write out the standard complex computing this twisted cohomology.
On the space of cochains CP(A) = Hom(A®?, A*) = Hom(A®®+Y K), introduce
the differential b., : CP — CPT! by
L .
(by ) ag® -+ @ api1) =Y (1) f(ao, @iy, - ,api1)
i=0 (3.2)
+ (1P f(v(apr)ao, ar, - s ap).
One checks that b% = 0, and the cohomology of the resulting cochain complex is
called the twisted Hochschild cohomology of A. When « = 1, this definition reduces
to the ordinary Hochschild cohomology HH*(A).

3.2. The local model. Let V = R?" equipped with the standard symplectic form

w="Y_dpi Adg;,

i=1

in coordinates (p1,...,Pn,q1,---,qn) € R?". The Weyl algebra Wa,, of (R?",w)

is given over the field K = C((h)) by the vector space Klp1, - pn,q1, -+ ,qn] of

polynomials in (p1,--* ,pn,q1, - ,qn) with the Moyal product defined by
axb=m(expha(a®Db)).

Here, m : Wy, ® Ws,, — Wy, is the commutative product on polynomials and

" da O Ob  da

ala®b) = Op; @ dqi  Opi @ 0¢;

i=1

denotes the action of the Poisson tensor on Wy, ® Wy,,. The Weyl algebra is
in fact a functor from symplectic vector spaces to unital algebras over K, which
implies that there is a canonical action of Sp,,,, the group of real linear symplectic
transformations, on Ws,, by automorphisms. This induces an action of sp,,, (K) :=
sp,, ®r K, where sp,,, is the Lie algebra of Sp,,,, by derivations. In fact, this action
is inner, sp,,, (K) being identified with the degree two homogeneous polynomials in
W, acting by the commutator. In particular, a linear symplectic transformation



AN ALGEBRAIC INDEX THEOREM FOR ORBIFOLDS 9

v € Sp,,, acts on the Weyl algebra by automorphisms and we can consider the
twisted Hochschild homology of Wy,,.

Proposition 3.1. (Cf. [ALFALASO)]) Let v be a linear symplectomorphism of R*",
and 2k the dimension of the fized point space of v. Then the twisted Hochschild
homology of Wa,, is given by

K forp=2k,
0 forp+#2k.

Proof. Although the proposition can be extracted from [NEPFPOTA], let us give
the (standard) argument. First note that there is a decomposition of the symplectic
vector space W = R?" as W = WY@ W=, where W = ker(1 —+) is the fixed point
space of v and W+ = im(1 — ~) its symplectic orthogonal. Since v € Sp,,,, this
is a symplectic decomposition, and by assumption dim(W7) = 2k. Choose a sym-
plectic basis (y1,- -+ ,y2r) of W7 and extend it to a symplectic basis (y1, -+ ,Yon)
of W. Observe now that the filtration by powers of & induces a spectral sequence
with E°-term the classical twisted Hochschild homology of the polynomial algebra
Ao = K[p1, -+ ,Pnyq1,"** ,qn]. To compute this homology, one chooses a Koszul
resolution of A:

HH) (Wa,) = { (3.3)

0ce— A Ae 2 D pe g Al D gl @ AP 0,
where the differential 0 is defined in the usual way by
d(a1 ® as® dyi, N A dyip) =

p
(=17 (yi;a1 ® a2 — a1 @ yi;a2) @ dys, A... Ady; A... Adyi,.
=1

J
This is a projective resolution of A in the category of A-bimodules. Since by
definition, cf. (3.1), HHJ(A) = Tor)" (A,, A), we apply the functor A, ®4c — to
this resolution and compute the cohomology. This yields the complex

0— A, & A ews & LA N W LA @ AW — 0
with differential

p
dNa@dys, N...Ndy;,) = Z(—l)j (yi;a —y(yi;)a) @ dyiy Ao ANdy;, Ao A dy,.

j=1

Since y1, - - - yor, form a basis of V7 their contribution in the differential will vanish.
The decomposition W = W7 @ W+ yields a decomposition of exterior products

AW = @ AP (W) & AY(WH)*,
p+aq=l
and from the previous remark we see that the differential on the AP(W7)*-part is
zero. In the g-direction one finds a direct sum of degree shifted Koszul complexes
of the ring A associated to the regular sequence (yx+1 —Y(Yk+1)s -+ s Y2 — Y (Y2n))-
Recall that a Koszul complex of a regular sequence x = (z1,- - ,2,) in an algebra
A has homology concentrated in degree 0 equal to A/I, where I = (x)A. In our
case this ideal is exactly the vanishing ideal of W7, and one finds
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where Ay, = K[y, - -+, yox] and Q5 /i 18 the algebra of Kéhler differentials. Notice
that this argument proves a twisted analogue of the Hochschild—Kostant—Rosenberg
theorem.

We therefore find EJ = QI:;Z/K, and the differential d° : E)  — Ep _, is the
algebraic version of Brylinski’s Poisson differential [BR] on the symplectic variety
W7. Using the symplectic duality transform this complex is isomorphic to the

algebraic de Rham complex of W7 shifted by degree. Therefore one finds
1 _ : _
E,,=K iff p+q=2k.
The spectral sequence collapses at this point and the result follows. O

It is not difficult to check that the cocycle

Cop = Z sgn(o)l ® Yo(1) @ - . @ Yo(2k)
oESoy
is a generator of HH), (Ws,). Notice that the cocycle only involves the basis
elements on W7.

3.3. The external product. Let A and B be algebras equipped with automor-
phisms v4 and ~yg. Since, as we have seen, the twisted Hochschild cohomology is
nothing but the ordinary Hochschild cohomology with values in a twisted bimodule,
the external product in Hochschild cohomology (see e.g. [WE, Sec. 9.4.]) yields a
map

#:HH? (A)® HH! (B) — HHY'! (A® B). (3.4)
Let us describe its construction. Denote by Be(A) and Be(B) the bar resolution of
A resp. B in the category of bimodules. Their tensor product Be(A)® Be(B) carries
the structure of a bisimplicial vector space, which, by the Eilenberg—Zilber theorem
is chain homotopy equivalent to its diagonal. But the diagonal Diag(Be(A)®Be(B))
is naturally isomorphic to the Bar complex of A® B. Explicitly, the Eilenberg—Zilber
theorem is induced by the so called Alexander—Whitney map, see [WE, Sec.8.5.],
which in our case gives rise to maps fpq : Bp+q(A® B) — B,(A) ® B,(B). Taking
the Hom in the category of bimodules over A ® B to A, ® B, combined with the
natural map

Hom 4. (Bp(A)a A’YA) ®@ Hompe (Bp(B)7 B’m) — Homyegpe (Bp(A ® B), Ay, ® B’)’B)

yields a map CP(A) @ C4(B) — CPt9(A ® B) commuting with the twisted dif-
ferentials, which induces (3.4). The explicit expression on the level of Hochschild
cocycles can be read off from the Alexander—Whitney mapping. We will only need
the following special case:

Assume 4 = 1, and for notational simplicity put + := vg. As one easily observes
from the definition of the differential (3.2), a cocycle of degree 0 in the Hochschild
cochain complex is nothing but a y-twisted trace. Recall that a y-twisted trace
on a K-algebra B with a fixed automorphism v € Aut(B) is a linear functional
try : B — K such that

tr,y(blbz) = tr»y(’)/(bg)bl). (35)

Taking the external product with such a cocycle yields the following:

Lemma 3.2. Let 7, be a Hochschild cocycle on an algebra A of degree k. Then,
for a ~y-twisted trace tr, on a K-algebra B with an automorphism vy, the formula

T (a0 @ bo) @ ... @ (ar, @ bg)) := (a0 @ ... @ ag) try(bo - - - b)),
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defines a y-twisted Hochschild cocycle of degree k on A ® B.

Proof. Of course, one can prove this by checking that 7,/ = 7,# tr, a fact which
can be read off from the precise form of the Alexander—Whitney map, and using
that the map # passes to cohomology, as in (3.4). However it can also be done by
a direct computation:

(by7)) ((a0 ® bg) @ -+ @ (ap1 @ brg1)) =
k
= Z (_]—)’L Tk(ao R ;541 Q- ® ak+1) trv(bo s bk+1)
=0

+ (=D)* ! (agy1a0 @ - @ ag) tro (y(brr1)bo - - - bi)
= (ka))(ao ® ttt ® a’k)Jrl) tr,y(bo L bk)+1) = 07

since 7, is a Hochschild cocycle. Here, b denotes the ordinary (untwisted) Hochschild
coboundary operator on the complex C*(A) and we have used the twisted trace
property (3.5) of tr.,. O

3.4. The cocycle. In this subsection we will construct a cocycle of degree 2k in the
twisted Hochschild complex of Wy,,, where the twisting is induced by v € Sp,,,. We
use the notation from the proof of Prop. 3.1 and recall, in particular, the symplectic
decomposition C* = CF @ C"~F) where C* = ker(1 — ) and C"~%) = Im(1 — ).
By this, the Weyl algebra has form Wy, = Wy, ® Wy(,_4), and we can use the
external product to construct the Hochschild cocycle. For notational simplicity,
put Wi = Wy, and W5, := Wa(n—k)- The computation of the twisted Hochschild
cohomology of W, W™ and W+ follows from Prop. 3.1. The twisted Hochschild
cohomology of Wy, is one dimensional and concentrated in degree 2k. Since the
twisting induced by ~ is trivial on W3 | its (ordinary, i.e., untwisted) Hochschild
cohomology is also one dimensional and in degree 2k. Finally, W5, has cohomology
concentrated in degree 0 and equal to K. Therefore, the only way to construct a
nontrivial twisted Hochschild cocycle on Wy, is by taking the external product of
an untwisted Hochschild cocycle of degree 2k on W3, with a twisted trace on Wi, .

In [FEFESH], a Hochschild cocycle of degree 2k on Wy, was constructed. Let us
recall its definition. For 0 <4 # j < 2k, denote by «;; the Poisson tensor on C%k

on the i’th and j’th slot of the tensor product W;g)k(%ﬂ):
k
1 8ai 80]‘
O[U(ao®..~®a,2k)—2§(a0®~~-® 6pl ®®67ql®®a2k
8(11' 8aj
—a®--® R Q=R - Qasg |-
oq om
The operator my, € End(Wégk(%H)) is defined as
6&1 8a2k
k(Ao @ -+ - @ agk) = sgn(o) ap @ Q- .
( ) Z (@) Yo (1) Yo (2k)

€S

Let pog : W?,fk“ — K be the operator pog(ag® - - Qasg) = ao(0) - - - agx(0), where
a;(0) is the constant term of a;. With these operators at hand, define

Top(a) = uzk/ H l2ui=2u 1) ok (a)duy A ... A dugg, (3.6)
AF h<ici<ok
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where a :== ag®a1®...Qas; € Wg@,fkﬂ, and A" is the standard simplex in RZ*+1,
As proved in [FEFESH, Sec. 2|, this defines a nontrivial Hochschild cocycle of degree
2k. It is an explicit cocycle representative of the only non-vanishing cohomology
class.

In the “transverse direction”, i.e., on Wy, , we need a twisted trace. Fortunately,
such traces have been constructed in [FE00]. For this, we choose a ~y-invariant
complex structure on V+, identifying V+ = C"~* so that v € U(n — k). The
inverse Caley transform

l—7
c(y) = ——
=1
is an anti-hermitian matrix, i.e., ¢(y)* = —c(7y). With this, define

B B LD
try(a) := pa(n—k) (det 1=y exp (ﬁC(”y 1)Jaziazj> a>,

where ¢(y~1)¥ is the inverse matrix of c¢(y~1) and we sum over the repeated indices
i,7 = 1,...,n. It is proved in [FEOO, Thm. 1.1], see also [FESCHTA, Lem. 7.3],
that this functional is a y-twisted trace density, i.e., satisfies equation (3.5). Clearly,
tr, (1) = det™ (1 — 4~ 1), so we immediately see from Proposition 3.1 that tr, is
independent of the choice of a complex structure. This is also explicitly proved in
[FE0O], but we view it as a “cohomological rigidity”.

With the Hochschild cocycle 1o, on Wy, and the twisted trace density 7., on
Wo(n—r) we can now define the twisted Hochschild cocycle T;k on Wy, = Wy, ®
Wa(n—k) of degree 2k using the formula given in Lemma 3.2.

As we have seen in section 3.2, the Lie algebra sp,,, acts on Wa,, by derivations.
Since v € Sp,,,, it will act on sp,,, by the adjoint action. In the following, we will
be interested in the 7-fixed Lie subalgebra under this action:

b= 5pgn = 5Py, © ﬁpg(n,k)-

The isomorphism follows from the decomposition C* = C* @ C**, which is a
decomposition of representations of the cyclic group generated by «, C* being the
isotypical summand of the trivial one. In general, ) is a semisimple Lie subalgebra
of sp,,,. The following is the twisted analog of Theorem 2.2 in [FEFESH] and lists
the properties of the cocycle obtained by means of Lemma 3.2:

Proposition 3.3. The cochain 75, is a cocycle of degree 2k in the twisted, normal-
ized Hochschild complex which has the following properties:

i) The cochain T3y is h-invariant which means that
2%k
ngk(ao@é...®[a,ai]®...®a2k) =0 forallaech.
i=0

ii) The relation 73, (car) = det™" (1 —y~1) holds true.
i1i) For every a € h one has
2k
Z(—l)iT;’c(ao ® e ® ;1 ® a ® a; ® e ® agk_l) = 0
i=1
Proof. Tt follows from Lemma 3.2 that 7, is a twisted Hochschild cocycle of degree
2k. Since 7o is normalized on Wy,,, see [FEFESH, Thm. 2.2], the twisted cocycle
T4y is normalized as well. For the first property, we write an element in a € b acting
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on Wy, asa=2®1+1®y with € spy, and y € spg(n_k). Consequently, we
verify the equality in ¢) for = and y seperately. For x € sp,;, this is nothing but
[FEFESH, Thm. 2.2 )]. For y € spg(TFk)7 one has

2%
thy(ao ey aq) - agk) =0,
i=0

because y commutes with . Property ii) follows at once from the fact that
Tok(cor) = 1, cf. [FEFESH, Thm. 2.2 i7)]. Finally, ¢4i) again splits into two parts for
a=x®1+4+1®y as above. The first part vanishes because of [FEFESH, Thm. 2.2
191)]. The second is zero since Ty is normalized. O

4. CONSTRUCTION OF A TWISTED TRACE DENSITY

4.1. Twisted Lie algebra cohomology. Let h C g be an inclusion of Lie alge-
bras. Recall that for a g module M, the Lie algebra cochain complex is given by
C*(g; M) := Hom(A*g, M), with differential d;. : C*(g; M) — C**1(g; M) defined
as
k+1 4
(aLief)(l‘l VANPIAN l‘kJrl) = Z(—l)z-‘rliﬁi . f(.Il AN AT NN :I:kJrl)

i=1
Y (U ([ a ) A ANEA NG AL A D).

i<j
This forms a complex, i.e., 3%, = 0, and its cohomology is the Lie algebra cohomol-
ogy H*®(g; M). Likewise, the relative Lie algebra cochain complex C*(g,b; M) =
Hom(A¥(g/h), M)" is the subcomplex of C*(g; M) consisting of h-invariant cochains
vanishing when any of the arguments is in h. Its cohomology H*®(g,h; M) is the
relative Lie algebra cohomology with coeflicients in M.

For an algebra A over K, we denote by gl (A) the Lie algebra of N x N matrices
with entries in A. On equals footing, an A-bimodule M yields a gly(A)-module
My (M) of N x N matrices with entries in M and module structure given by the
matrix commutator combined with the left and right A-module structure. For
M = Ax, we therefore obtain the Lie algebra complex C*(gly (A); My (A%)). This
is the twisted Lie algebra cohomology complex, and we denote the differential by
Ol Consider now the map ¢y : C*(A, AZ) — C*(gly(A); My (A%)) given by

ON(T)(My ® a1,..., My, @ ag) (Mo ® ag) =
Z SgH(O’)T (CLO Q1) D ... ® aa(k)) tr (M()Mg(l) .. -Mg(k)) ,
o€Sk

where 7 € C’k(A,Af/), Mo, My, ... My € gly(K), ag,...,ar € A, and tr is the
canonical trace on gly(K). It is immediately clear by inspection of the differentials
that this defines a morphism

o (C*(A),by) — (C* (gl (A); M (A7), )

of cochain complexes. Using this morphism we define the following 2k-cocycle in
the Lie algebra complex:

N~y
Oy = on(Tg))- (4.1)
For N =1 we simply write ©3, for this cocycle.
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4.2. The construction. We now come to the actual construction, which is in
fact just a twisted version of the construction in [FEFESH]|. As is well-known,
any deformation quantization of a symplectic manifold is isomorphic to a Fedosov
deformation. On the symplectic manifold G this implies that there is a resolution

0— Ah(Go) — QO(GO7W2”) L QI(GO, Wgn) i’ .

of the space of global sections of the sheaf A", where QP(Gy, W) is the space of
p-forms with values in the Weyl algebra bundle Ws,,, and D is a so-called Fedosov
connection. Recall that W, is the bundle of algebras defined by

Way, = FSQ{)L XSps,, WQn, (42)
n

where F32p denotes the bundle of symplectic frames on the tangent bundle T'Gy.
Combining the wedge product of forms with the algebra structure in the fibers of W
turns Q°*(Go, W) into a graded algebra, with product denoted by e. By definition, a
Fedosov connection is a connection on the Weyl algebra bundle which is a derivation
with respect to this product, i.e.,

D(ae ()= (Da)e(+ (—1)deg(a)a e (DJ).

The above resolution identifies A"(Gg) as the space of flat sections in Q°(Go, W)
compatible with its algebra structure. The Fedosov connection can be decomposed
as

where V is a symplectic connection on TGy, i.e., Vw = 0, [—, —] is the commutator
with respect to the product e, and A € Q'(Gy, Wy,). Since D? = 0, the quantity

VA+ %[A, A =0 (4.4)

must be central, i.e., is a C[[h]]-valued two form. Since G is a proper étale Lie
groupoid, the Weyl algebra bundle W,,, is automatically a G-bundle, i.e., carries
an action of G. We choose D to be an invariant Fedosov connection with respect to
this action. Then this construction actually yields a resolution of A" in the category
of G-sheaves. The associated symplectic connection V and Ws,,-valued 1-form A
are therefore G-invariant. Let us recall now that the pull-back by s (or equivalently
by t) extends Wh,, (resp. D, V, A) in a natural way to a bundle (resp. to connections
resp. a 1-form) defined over G;. For convenience, we will denote in the following
the thus obtained objects by the same symbol as their restrictions to Gy.

Consider now a sector O of G, that is, a minimal G-invariant component of By.
Using the natural embedding ¢ : O — G1, we can pull back the bundle of Weyl
algebras on G1 to t*Wh,. As a pull-back, this bundle inherits a natural Fedosov
connection t*D = *V + 1* A defined by

(t*D)(v*a) = " (Dav), (4.5)
with Weyl curvature
1
(*V)(rA) + i[L*A, FA] = Q. (4.6)

By definition (4.5), restriction to O maps flat sections of * (G, Why,) to flat sections
over O. Combined with the natural inclusion A”"(Gg) — Q°(Go, Way,,) above as flat
sections with respect to the connection D, we obtain a natural morphism of sheaves
o TA" — ='W, which we write on sections as a — ¢*a. Indeed notice that the
map * : 1 TTAMO) — Q°(O, 1" Wha,) thus defined, depends on the germ at O of a
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section of A" on Gy, since its definition uses an embedding as a flat section of D
on Gy before restricting to O. Applying this construction on every sector O C By,
one obtains a map ¢* : 1 =LA By) — Q°(By, t*Whay,).

After these preparations, define

(=1)*
(2k)!

Yp(a) = O, (AN ACA) (). (4.7)
Lemma 4.1. ¢p is a well-defined morphism of sheaves p : 1~ A" — Q%’g[[h]]
which depends only on the Fedosov connection D.

Proof. We have already showed that the germ of ¢)p(a) at 2 € By depends only on
the germ of a at z in Gy, i.e., the morphism is defined on 11 A". Next, we have to
show that it is independent of the choice of A, for a given Fedosov connection D.
In general, the splitting (4.3) is unique up to a sp,,,-valued 1-form on Gy. Since the
Fedosov connection D is G-invariant, the restriction to By of the difference between
two choices of A is given by an h-valued 1-form on By. Therefore, it follows from
Proposition 3.3 #i¢) that ¥p only depends on the choice of D. O

Proposition 4.2. vp defines a O-twisted trace density on 1~ A",

Proof. The proof is the same as in [FEFESH]|, except for the twisting: Consider
ot AP @ T TAR — thg_l[[h}] defined by
(="
(2k)!
In the definition of t*a, we extended a to a flat section in Q°(Gg, Way,). By (4.5),
t*a therefore is flat with respect to ¢* D which means that (*V(:*a) +[* A, t*a] = 0.
Now we compute
de(a,b) =(2k —1)03, (" V)" AN ... AL"A N a) (D)
+ 05, (AN ANTANTVa)(b)
+ O, (AN ANTANTQ) (VD)
2k —1
= - T@;’k([ﬁA, CAINCALUNCAN Q) (D)
— O (AN ANTAN[CA, Ca])(07h)
— O (AN ANTANTQ) (A, D))
=02, (AN ATA)O(Fa) (b)) — (LFb)(cFa))
=1vp(6(a)b— ba),
where we have used equation (4.6). In the last step we have used the fact that ©,

is a twisted Lie algebra cocycle, together with the fact that the connection ¢t*A is
G-invariant: 0(1*A) = * A. O

pla®b) = Og, (L"AN . ANTANTa)(LD).

Applying Proposition 2.2 we obtain a trace on the deformed convolution algebra
explicitly given by

Tr(a):/B (27;?1)]“%)((1)/3 ﬁ@gk(mw..mm)(ﬁa). (4.8)
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Remark 4.3. In this formula and the remainder of this paper, k£ will be regarded
as an integer-valued function on By (resp. on X ) which for every loop g € By gives
half of the dimension of the fixed point space of the action of the isotropy group
G, on T, Gy, where © = s(g). Clearly, k is constant on each sector O C By by
construction.

4.3. Twisting by vector bundles. To evaluate the image of the general index
map (1.4), it is convenient to twist the construction of the density v¥p by an orbifold
vector bundle E. By definition, an orbifold vector bundle is a G-vector bundle on
Go. The Fedosov construction can be twisted by a vector bundle, see [FE96], by
tensoring the Weyl algebra bundle Ws,, with End(E). Choosing a connection Vg
on F, there is a flat Fedosov connection Dy on Wa,, ® End(FE) which may be written
as Dp =V ®1+1® Vg + [Ag, —|, modifying (4.3). The space of flat sections is
a formal deformation A%(Gg) of the algebra I'(Go, End(E)) of smooth sections of
the bundle End(F). In this section, we will construct traces on the crossed product
A% % G. Notice that since A% x G is Morita equivalent to A" x G, its Hochschild
and cyclic homology are isomorphic and they have the same number of independent
traces.

Since G acts on the orbifold vector bundle, the restriction of E (or more precisely
s*E) to By carries a canonical fiberwise action of the cyclic structure 6. Let V be the
typical fiber of F/, which is a representation space of the finite group I" generated by
6 = 7. In the local model, we therefore switch from Ws,, to the Weyl algebra with
twisted coefficients WY := Wy, ® End(V). As in Section 4.1, the WY -bimodule
W;’,{‘ﬁ, with the right action, in both components, twisted by =, yields a natural
gl(W3,)-module. Again, there is a natural morphism ¢y : C*(WY,, Wy* ) —
C*(gl(W5,); Wi * ) given by

2n,y

ov(T)(Mi®ar, ..., My ®ap)(My ® ag) =
Z SgH(O')T (ao Dar1) V... QO aa(k)) try (VMOMo(l) .. ~Ma(k-)) R

€Sk

where 7 € C’“(WXWWX;W), Moy, My, ... M, € End(V), ag,...,ar € WY . and try
is the canonical trace on End(V'). The appearance of the y-twisted trace try,, can
be explained by factorizing this maps as the Morita equivalence

trVa’Y 1 C° (WQTHW;TL,')/) —C* (W;/n? WV* )7

2n,y

combined with the natural morphism C®(WY WY* ) — C®(gl(WY );WY* ) of

2n,y 2n,y
Section 4.1. For any I'-representation V' we therefore define

O3 = dv(13,) € C¥(gU(WY,); Wy ). (4.9)

2n,y

Continuing as in Section 4.2, the trace density ¢p, : ¢t 7T AL — QiP[[A]] is defined
by

Ypg(a) = @;/,’:(L*AE A ANCAg)(LRa).
The analogues of Lemma 4.1 and Proposition 4.2 are proved in exactly the same
manner. Therefore the integral over By of this density gives a trace Trg on A% x G.

Its virtues lie in the following proposition. Recall from (1.4) that the trace defined
in equation (4.8) induces a map Tr, : K2, (X) — K.
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Proposition 4.4. Let E and F be orbifold vector bundles on X which are isomor-

phic outside a compact subset. Then [E] — [F] € K2, (X), and one has
1

T (8) = (F) = [ i (09 (1) = 00 (1)

Hereby, m : X — N is the locally constant function which coincides for every
sector O C By with mo, the order of the isotropy group of the principal stratum of
0O/GcCX.

Remark 4.5. Note that both ¢¥p,(1) and ¥ p, (1) are G-invariant, and therefore
define differential forms on X. Moreover, since E and F' are isomorphic outside a
compact subset of X, ¢¥p, (1) —¢¥p, (1) is compactly supported on X.

Proof. First recall from Section 1.2 that for every orbifold vector bundle F, the sec-
tion space I'c(E) is a projective C2°(G)-module. Hence, I'.(E) defines a projection
e in the matrix algebra My (CX(G)) of C(G), for some large N. Observe that e
is a projection with respect to the convolution product on C°(G), and generally
is not a projection valued matrix function. According to [FE96, Thm. 6.3.1], the
projection e now has an extension to a “quantized” projection é in WN(A((’”) X Q).
By definition, Tr,([E]) equals Tr(é).

In the following, we will express Tr(é) in terms of an integral over the inertia
orbifold. We will do the computation locally, and use a partition of unity later
to glue the formulas. When restricted to a small open set U of the orbifold X,
the groupoid representing U is Morita equivalent to a transformation groupoid
M xT = M, where M is symplectomorphic to an open set of R?” with the standard
symplectic form, and I is a finite group acting by linear symplectomorphisms on
M. The restriction of e to M x I" can be computed explicitly.

Any I'-vector bundle E on M can be embedded into a trivial I'-vector bundle
of high enough rank. Denote by E’ the complement of E in this trivial I'-vector
bundle, and let e be the projection valued I'-invariant function corresponding to
the decomposition E @ E’. Let é'' be the quantization of e''. By [CHDo, Thm. 3],
one has ¥p, (1) = ¥py+p,, (€") for some Fedosov connection Dgs on E'.

Now let II denote the function ﬁ > yer 0y on M x T, where 4, denotes the
element (1,7) in C>°(M) x I'. Observe that IT is a projection with respect to
the convolution product on C°(M) x I'. The subspace My := (C°(M) x T') - 1I
generated by IT in C°(M) x T is a left C>°(M) x I'-module and a right C°(M)'-
module. Tensoring with My thus defines a map from the projective modules on
C(M)T to C°(M) x T. Hence, it induces a map on the corresponding projectors.
It is not hard to see that e’ is mapped to e, and e can be expressed by e’ as follows,

1
e=— Z eFSV.
|F‘ ’YEF
The quantizations of e and el also satisfy this relation, hence
1
é= T > e,
| yel

The “loop space” By of the transformation groupoid M x I is H’yGF M7, where
M?7 is the fixed point set of v. Hence, over U, the trace TrY([E]) is computed as
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follows,

() = [ (%th% -3 - [, Grmte®
_Z/Ma, 2mh |F|¢D( )

yel’

1 or
%/Mw iyt )

1 R
) Zo: /O/F m% ().

Hereby, (y) denotes the conjugacy class of v € T, C(y) is the centralizer of 7,
O C By runs through the sectors of M x T', and O/T C U is the quotient of O
in the inertia (sub)orbifold U C X. Let us briefly justify the last equality in this
formula. To this end recall first the definition of an orbifold integral from Section
1.3 and second that each sector O /T coincides with the quotient of some connected
component of M7 by the centralizer C(y). Let = be an element of the open stratum
of this connected component M with respect to the stratification by orbit types.
By definition, me is given by the order of the isotropy group C(7),. The orbit
of C(v) through x then has | C(y)|/me elements, and the integral fo/r L over an
invariant form p coincides with % I} M M- This proves the claimed equality
(cf. also [FESCHTA, Sec. 5]).
Using the fact that ¢p, (1) = ¥p,+p,, (€"), we thus obtain the following equal-
ity:
WED = [ G toe () (4.10)
* (2mih)km ™ 7F

Finally, note that the constructions of the projections e, and e', and of the
bimodule My are local with respect to X. Therefore, one can glue together the
local expressions (4.10) for the traces Trg by a partition of unity over X. This
completes the proof. O

5. A LocAL RIEMANN-ROCH THEOREM FOR ORBIFOLDS

Our goal in this section is to use Chern-Weil theory in Lie algebra cohomology
to express the form 1 p(1) constructed in Proposition 4.2 by characteristic classes.

Recall that in Section 4, we have defined ¢p(a) as Gé\;"'y(L*A A ACRA)(Lra),
where

@;Vkﬁ € C*(gly(Wan), gly (K) & spyy (K) @ s5p3, o, (K); mN(Wzny))

is a cocycle. Consider now the morphism evy : My (W3, ) — K, which is the
evaluation at the identity. Because of the nontrivial y-action, this is not a morphism
of gl (Wa,)-modules, but of gl (W3 )-modules. Consequently, we put

g :=gly(W3,),
b :=aly (K) @ spoy, (K) @ sp3, . (K),

and consider the Lie algebra cohomology cochain complex C?*(g, h; K). It is in this
cochain complex that we explicitly identify the cocycle evy @gﬂ. Notice that this

(5.1)
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suffices to compute p(1), since the restricted connection t*A is by assumption
invariant under the action of the cyclic structure 6.

5.1. Chern-Weil theory. In the following, we use Chern-Weil theory of Lie alge-
bras to determine the cohomology groups H?(g, b; K) for p < 2k.

First, recall the construction of Lie algebra Chern-Weil homomorphism. As
above, let g be a Lie algebra and h a Lie subalgebra with an h-invariant projec-
tion pr : g — b. Define the curvature C € Hom(A%g,h) of pr by C(u A v) :=
[pr(u), pr(v)] — pr(fu,v]). Let (S*h*)" be the algebra of h-invariant polynomials
on h graded by polynomial degree. Define the homomorphism y : (S°hH*)? —
C?*(g,h;K) by

1
X(P)(Ul ASE '/\UZq) = E Z (_1)UP(C(UJ(1)7 va(2))7 T 7C(va(2q—1)7 'Uo'(2q)))‘

o€Sa4q,
o (2i—1)<o(24)

The right hand side of this equation defines a cocycle, and the induced map in co-
homology x : (S*h*)Y — H?*(g, b;K) is independent of the choice of the projection
pr. This is the Chern-Weil homomorphism.

In our case, that means with g and b given by Equation (5.1), the projection
pr: g — b is defined by

1
pr(M ®a) := N tr(M)as + Mag,

where a; is the component of a homogeneous of degree j in y. The essential point
about the Chern—Weil homomorphism in this case is contained in the following
result.

Proposition 5.1. For N > n, the Chern-Weil homomorphism
X (8757)" — H?(g, b; K)
is an isomorphism for q < 2k.

Proof. The proof of this result goes along the same lines as the proof of Proposition
4.2 in [FEFESH], bearing in mind that § is semisimple. The only difference is that
we need the following result on the cohomology H*®(g; S%g*) for ¢ > 0 proved in
Corollary A.5:

0, forj< 2k,

HP(gly (W3 ); SIMpn (W] ) =
(gln (W3,,) ~(W3,)) {KZ, for j = 2k.

O

5.2. The algebra W, _, ,. By the isomorphism proved in Proposition 5.1, it
follows that the cohomology class

lev1(93.7)] € H* (g, h;K)

corresponds, under the Chern—Weil isomorphism, to a unique element P} in (SQkh)*b.
To find this polynomial, we restrict the Chern-Weil homomorphism to a Lie subal-
gebra W/, x Cg.

Pick coordinates (pi,...,pk,q1,---qx) of R?* and (zp41,...2,_1) of C" 7% as in
Section 3. Recall that v € Sp,,, acts trivially on the p;,q;, 1 < i < k. Moreover,
we assume that the z;, £ +1 < j < n are chosen to diagonalize y. Let K be
the polynomial algebra K := K[q1, - ,qr, 2k+1," - , 2n]. Introduce the Lie algebra
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Wi m—k,n = Der(K) x gl (K), the semidirect product of polynomial vector fields
by gl (K). This is the Lie subalgebra of gl (W, ) of elements of the form

S fpi®@1+> g5 @1+ Y hy @My, with fi g, hy € K.
i j k
This Lie algebra has a natural y-action, and W,Z n—k,N 18 defined to be the -
invariant part of Wy ,_, n. The Lie algebra h; = le,nfk,N N b is isomorphic
to

gl ogl;, ®---®gl;, ®aly,
where gl; corresponds to the eigenspace of the y-action on C" with a given eigen-

value. Given this Lie subalgebra by C W, \, we now consider the Chern-Weil
homomorphism

X5 (ST0T)" = HPH (W, s b1 K). (5:2)
Proposition 5.2. For q < k, the Chern-Weil homomorphism (5.2) is injective.

Proof. By definition, H*(W}/, ;. v, b1;K) is the cohomology of the Cartan-Eilenberg
cochain complex

(Hom (/\. (le,n—k,N/fh), K) " , 8Lie>.

Write down a basis of Wy, ,,_x. n as follows:
qaizﬂipi ®1, qaj Zﬁj Z; ® 1, qastzﬁst ® By, (53)

where ¢%izPip;, q% 2% Z;, and q@tz%t are polynomials. In the above formulas,

1 k
g, a5, Qst, Bi, B, Bt are multi-indices. If o; = (a}, - ,af), then ¢ := q‘fi .. ~q:i .

1 n—k
If 8; = ( Jl-, e ,ﬁ;“k), then 2% = zlﬁj zfik . Finally, Fy, 1 < s,t < N denotes
the elementary matrix with 1 at the (s,t)-position and 0 everywhere else. Since
v acts diagonally on this basis, the y-invariant elements in (5.3) form a basis of
le,nfk,N'
Next, consider the h;-action on Hom (A* (W} _, ), K). Note that the following
elements act diagonally on W) _, \ and commute with each other:
k n—k
o1 :=Zqipi®1, 1<¢<k and o9y :=sz2j®l, 1<j<n-—k.
i=1 j=1
Let us write down the formulas for the action of these elements.
(1) o1 action.
k
(a) [o1,q%" 2P py @ 1] = ((z; aﬁ,) — 1)qaiz5ipi ® 1, where a!, is the I-th
component of a;.
k
(b) [o1,q% 2Pz, @1 = (> ozé»)q"‘j 2Piz; @ 1, where ol is the I-th compo-

J
=1
nent of a;.

k
() [o1,q% 2% @ Ey) = (X al)g™t 2P+ @ Ey, where al, is the I-th
=1

component of a;.
(2) o9 action.
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n—k
(a) [o9,q%" 25" py @ 1] = ( > ﬁﬁ,)qo‘i’ 2Ppy @ 1, where (), is the I-th

component of 3.
n—Fk
02,q°3' 27"z Q1| = ., —1)qg™" 2" Zz;p ® 1, where 03, 1s the [-
b %' 2P 2y @1 !, —1)q* 2%z, ® 1, where (3, is the I-th
=1
component of 3. Note that z; is not y-invariant, and therefore does
n—k
not belong to Wl;y,nfk,N‘ If qaa"z’@f’éj/ ® 1 is ~y-invariant, l; Bé/ has
to be greater than or equal to 1.
n—k
C) |092,Q7 "t 2Pt @ Ligt| = qstzPst Q@ Bgp, where 1S the (-
ast bt @ E L)qt 2P @ By, wh ! is the I-th
=1

component of ag.

In the following, we denote by |;| the sum of the components of «;, and similarly
for |3;]. Since 01,09 are in by, we know that only those elements of

Hom (/\. (W,;in_k,N/bl)aK)

which have eigenvalue 0 will contribute to the h;-relative cohomology. Note that o5
acts only with nonnegative eigenvalues. Therefore, we can reduce our considerations
to the op-invariant Lie subalgebra of W, _, . This Lie subalgebra will be denoted

by VT/,Z i, and has the following basis:

q*pi ®1, %' 225 ® 1, %' ® Eg, (5.4)
where z; and z;; have the same eigenvalue for the y-action, and where 1 < ¢ < £,
1<j,j/<n—k and 1 <s,t<N. By passing to the quotient W,/ _, \/b1, no

elements of the form ¢;p; ® 1, ;25 ® 1 or 1 ® F remain. To compute the relative
cohomology H*(W, . v,b1), we consider the absolute cochain complex

( Hom (/\.(Wlln—k,N/le% K) n , 8Lie) .

The Lie algebra W,Z n_k N 18 closely related to the Lie algebra W), considered in
Theorem 2.2.4 of [Fu]. In particular, by the same arguments from invariant the-
ory which show Lemma 1 in the proof of [Fu, Thm. 2.2.4] one concludes that
(Hom (/\'(W,Z,n,k,N/hl), K) h ,OLic) is generated by even degree polynomials. Let
us explain this in the following in some detail.

First, denote the dual basis of (5.4) for W,ln_k7N as follows:

W, = (g¥pi®1)* € Hom(W,z’n:ka, K),

Wa,,, = (qo‘jj' z2jzjr & 1)* S HOIP(WIZ,nfk,NJK)

Wo,, = (¢ @ Es)* € Hom(W,, _, v, K).
Moreover, if I is a finite set of indices «;, denote by w; the antisymmetric product

Wy = Wo1 /\-~-/\woéél7

where o, < --- < aﬁl are the elements of I ordered by lexicographic (or some other
fixed) order on I. Likewise define w; and wg for each finite set of indices a;j;/
resp. ag;. Then, every element 1) € Hom(/\'(I/i/,;y,7l_,€7j\,/f)1),]K)"1 can be written as
a linear combination

Y=Y Yruswr Awy Aws,

1,J,8
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where 197 ;5 € K, I runs through all finite sets of indices o, J through the finite
sets of indices a;; with |a;;/| > 1 and S through all finite sets of indices a,; with
|ast| > 1. Note that the restriction on the elements of the sets J and S comes from
the fact that z;z;y ® 1 and 1 ® E; vanish in the quotient Wl;y,n—k N/hl.

Since 1 is hp-invariant and the o;-action is diagonal, the sum of the eigenvalues
of the oi-action of each single component of w; A wy A wg has to vanish, in case
¥r1,7,5 7 0. In other words, if 1 ;s # 0, we have the following identity:

S (el =1+ > (el + D (asl) =0. (5.5)

a; el oyir€J agt€S

Suppose now that in w;y A wy A wg there are my ;s elements of the form w; =
(p; ®1)*. Then Equation (5.5) entails

mrgs =Y (ol =1+ > () + Y (lasl). (5.6)

et s aries
Furthermore, by the same arguments which show Lemma 1 in the proof of [Fu,
Thm. 2.2.4], one concludes from the gl -invariance of ¢, that the w;’s have to be
paired with distinct terms of wa, or e, , or wa,, such that |ag| > 2, [a;;|, o] >
1. Thus, one has for ¢; ;g # 0 that m; ;g is less than the total number of terms of
Way, » Wa,,, and wq,, appearing in wy A wy A ws with lak|, lajjl, |ese] > 1. Thus

one has
mrgs< Yy 14+ > 1+ > L (5.7)

;>0 >0 agy>0
a; €l agL€S

@40 €7

Equations (5.6) and (5.7) together show that wq,, wa,,,, and wa,, cannot appear
in wy AwyAwg for nonvanishing ¥y 5 g, if |a;| > 3 or |a;/| > 2, or |ase| > 2. Hence,
by Equation (5.6) again, we have that m; ;g is equal to the number of terms wq,,

Wq,,, and wq,, showing up in wy Awy Awg with [a;] = 2, |aj;[ =1, and |ag| = 1.
Therefore,
mr.js = Z 1+ Z 1+ Z 1.
la;|=2 s |=1 |ase|=1

This shows that the degree of w; A w; A wg with ¢ ;5 # 0 is equal to 2my s s,
which is even. The above arguments also show that Hom (/\'(W,;’n_k ~N/b1)s K)hl
is generated by even degree polynomials. This implies that the differential on the

cochain complex Hom (/\'(W,Z}nfk’N/bl), K) . degenerates. Therefore, in order to
prove that x is injective for ¢ < k, it is enough to show that for every nonzero
polynomial P € (Sqf)l)*hl the image

2q ~ 1
X(P) € HX¥(W, v b1 K) = Hom (™ (W}, x /1), K)"

does not vanish on /\2q(W,Z, n—k.n/b1). But this follows from a straightforward
check. g
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5.3. Calculation of ev1(®§[}€"y). By Proposition 5.1 and Proposition 5.2, one ob-
tains the following commutative diagram.

(S*p*)" (S*pp)"

H2k(ga hv K) - H2k(WI;Y,n_k;7N7 bl; ]K)

The left vertical arrow in (5.8) is the isomorphism y proved from Proposition
5.1. The right vertical arrow has been constructed in Proposition 5.2 and has been
proved to be injective. The two horizontal arrows are restriction maps. Since h and
b1 have the same Cartan subalgebra a spanned by

gpi®1, 1<i<k 2z, k+1<j<n, 1®FE, 1<r<N,

and since invariant polynomials are uniquely determined by their values on a, the
upper triangle is injective. This implies that the lower horizontal map is also
injective. Therefore, to determine a polynomial P € (S*h*)" such that x(P]) =

ev1(O27), one only needs to work with the restriction of ev,(©27) to Wy kN

Let X = X1 © X2 @ Xa € spyi(K) @ b, (K) @ gly(K) = . Define
(A Ch, Ch), € (599*)Y to be the homogeneous terms of degree ¢ in the Taylor
expansion of

(Ah Ch,, Ch) (X) := An(X1) Ch, (X2) Ch(X3),
where Ap(X)) is det (%)%, and Ch,(X3) is tr(exp, (X2)) of the star ex-
ponential of X5, and Ch(X3) is tr(exp(X3)). Recall now that ev,(65;7) is given
by the formula

evy @é\lféﬂy(vla e 7/02](?) = @32;7(017 e 7U2k)(1)-
Theorem 5.3. For N > n, the following identity holds in H**(g,h;K):
[evi ©5,7] = (=1)*x((An Ch Chy)y,).

Proof. Let us construct an invariant polynomial P; € (S*h*)" as follows. Since P
is required to be invariant under the adjoint action, it is determined by its value on
the Cartan subalgebra a which is spanned by p;g; ®1, 1 <i <k, z;Z;®1, 1 <j <
n—k,and 1® E;, 1 <1 < N. Define P in (S¥h*)" to be the unique homogeneous
polynomial whose restriction to a is

Pl (My®a; ®by,--- , My ® a, ® by) = tr(M; - - - My)-

wl

e (wi—uj)o; (a1 ®...Qag)duy - duk) tr’y(bl * -+ oxby),
011 1 <i<j<n

with py is as in Section 3.4.

Remark 5.4. If we define P,(M; ® aq,--- , My ® ay) simply as P/ (M; ® a1 ®
1,--- , My ® a, ® 1), the polynomial Py is the same as the one in the proof of
Theorem 4.1 in [FEFESH]. Clearly, P is the product of P, and tr,.
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In the following, we prove that [evy @gg’y] = (=1)*x(P). By b-invariance, it is
enough to show the equality on the Cartan subalgebra a. Let us define w;;, vy, wis €
W), _enforij=1,-- kr=1--- N ands=k+1,---,n as follows:

Uij -= { q%(i;;: z ;?: Vir 1= i @ By Wis 1= i2s%s.
It is not difficult to check that
i, wijln = qipj,  [PisVirln = Er,  [Di, Wislp = 2sZs-
Since pr(u;;) = pr(vir) = pr(w;s) = 0, one has
C(pi,uij) = —piqi, Cpi,vir) = —E,, and C(p;, wis) = —2sZs.
Let x; be of the form wuj, with 5 > k or vj,, or w;s. Then it is straightforward to

check that

T
evi ON (pr Ay Apr Aag) = (— )P’Y(q1 ’q:)

Note that in the definition of P, we did not change the component of tr., so the
computation is the same as in the proof of [FEFESH, Thm. 4.1].

Now, we explicitly evaluate the polynomial P on the diagonal matrices in the
Cartan algebra. Let X =Y +Z, where Y := > v;qipi+> . 0. B, and Z := > 7525 %,
with v;, 0., 7s € K. Consider the generating function

S(X) = 3 S Py(X, -, X)
m=1
Then
1
m>0
:Zi M YY)ty (L k7
m! (m —1)! ! ! v
m2>0 0<i<m ! m—1
1
= P(Y. Y Zx(m=0)
Z [ — 1! (Y, ) troy ( )
m>00<I<m

According to [FEFESH, Thm 4.1], the first term
1
>0

in the above equation is equal to (A, Ch)(Y). For the second term, we can pull the
sum into tr, and find tr.(exp,(Z)). Hence,

S(X) = (An Ch)(Y) Ch,(Z).
Since P} is the degree k component of S, it is equal to (Ah Ch Chy). O

The same argument proves the twisted analogue for the cocycle 6);/ 7 defined in
(4.9):
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Theorem 5.5. For dim V" > n, the following identity holds:
levi ©3;7] = (—=1)*x((An Chy Ch,)y).

Remark 5.6. In Theorem 5.5, Chy is a twisted Chern character on gl (K)” defined
by Chy (X) := tr(yexp(X)) for X € gy, (K)7.

6. THE ALGEBRAIC INDEX FOR ORBIFOLDS

In this section, we use the local Riemann-Roch formula in Theorem 5.3 to prove
an algebraic index theorem on a symplectic orbifold and thus confirm a conjecture
by [FESCHTA]. As an application of this algebraic index theorem, we provide in
Section 6.2 an alternative proof of the Kawasaki index theorem for elliptic operators
on orbifolds [KA].

6.1. The conjecture by Fedosov—Schulze—Tarkhanov. Recall the set-up as
described in Section 1. Consider a G-invariant formal deformation quantization A"
of Gy with characteristic class Q € H?(X,K). Using the twisted trace density of
Section 3, the trace Tr : A" x G — K on the crossed product defined by Equation
(4.8) gives rise to an index map by (1.4). The following theorem computes this
map in terms of characteristic classes on the inertia orbifold X of X.

Theorem 6.1. Let E and F be orbifold vector bundles on X, which are isomorphic
outside a compact subset. Then we have

1 Ch(ES ) R ay
e (B = [F)) = /}Z‘ Edet(l — 61 eXP(%))A(M) o ( - ZMFL).

Proof. First, observe that by definition the left hand side computes the pairing
between the cyclic cocycle of degree 0 given by the trace, and K-theory. Therefore,
the left hand side only depends on the K-theory class of [E]—[F] € K2, (X) and will
not change when we add a trivial bundle to ¥ and F'. Indeed, the right hand side is
invariant under such changes as well, as for a trivial bundle we have Chy = Ch = 1.
Consequently, we can assume without loss of generality that rk(E) = rk(F) > n,
enabling the use of the local Riemann—Roch Theorem 5.3 of the previous section.

Let us first compute the local index density of Theorem 5.3 of the trivial vector
bundle. In this local computation we put § =  as the twisting automorphism.
Notice that since A is G-invariant, :*A defined in Section 4.2, Eq. (4.5) is also
G-invariant. Therefore,

(1) = evi (O (FAN - Ar*A)

can be identified with the help of Theorem 5.3 as follows. Since the symplectic
connection and ¢*A are y-invariant, it follows that the curvature (*R is also ~-
invariant. As in [FEFESH, Sect. 4.7], we thus get

F(FA(€), " An) = ¢ R(E,m) — Q& m)

for vector fields £ and 1 on By. In the formula above, R € Q*(Go,sp},) is the
curvature of V, and we have used Equation (4.6) to arrive at this result. To apply
Theorem 5.3, we split the curvature

VR= 1R 4+ "R
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according to the decomposition sp] = spy;, P sp;’(n_ yy- Substituting this into the
formula for ev(03,) of Theorem 5.3, we find

—1)k
((Qk;;' evy 0, (1P A%) = (—1)Fevi O, (AN -+ AT A)
1 * ) *

(Ah(L*RT) Ch(—c"Q2) Chv(L*EL))k

= (e (o) (e (F0)),

By the constructions in [FE00, Sec. 5] and the computations in [FE0O, Thm. 4.1],
SR

one has tr, (exp, (“£=)) = (det(1 — v~ ' exp(—R™*)))~!. Inserting this expression
into the above formula, we obtain (modulo exact forms)

A(RT) Ch(—452)
det(1 —y~texp(—R™t))’

Up(l) = evi(03,) = h*

For a general (i.e., nontrivial) vector bundle E, we put V equal to the typical fiber
of E and use Theorem 5.5 to find (modulo exact forms)

Ch, (RF) - *Q
1) = evy(03) = h* g A(RT)Ch( — . (61
Vo5 (1) = evi(05;7) det(1 — v~ lexp(—R1)) ( ) ( h ) (6.1)
Applying Proposition 4.4, the result now follows. O

The preceeding proof shows even a stronger result, namely the following local
version of the algebraic index theorem which we expect to have wider applications.

Theorem 6.2. Let E be an orbifold vector bundle E on X, and, as before, denote
by k the locally constant function on the inertia orbifold X which over each sector
O coincides with %dim O. Then the form

E “ ¥
%wDE(l) et Cghel(ip)(RL))A(RT) Ch ( a hQ)’

on X 1is exact.

Proof. Choose N >> n sufficiently large and consider the vector bundle E & Nx,
where Nx denotes the trivial orbifold vector bundle of rank N. Next choose Fedosov
connections Dg for F and D for the symplectic orbifold X. Recall that then
Dg® ND is a Fedosov connection for £ @ Nx. Now all the assumptions necessary
for the local index formula Eq. 6.1 are satisfied for both the vector bundles E ® Nx
and Nx. Hence the forms

1 N + Chy(RF) i T Q2
rpeenp () = G g exp(—RL))A(R Jon(- h )

and
N

N - *Q

—¢p(1) — A(RT)Ch( — —

hk ¥p(1) det(1 — 01 exp(—R™1)) (R ) ¢ ( h )
are both exact. Since ¥p, (1) + NUp(1) — ¥p.enp(l) is exact as well, the claim
then follows. O
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6.2. The Kawasaki index theorem. In this section, we derive Kawasaki’s in-
dex theorem [KA] from Theorem 6.1 for orbifolds. Hereby, we apply the methods
introduced by Nest—Tsygan in [NETS96], where the relation between formal and
analytic index formulas has been studied for compact riemannian manifolds.

Let X be a reduced compact riemannian orbifold, represented by a proper étale
Lie groupoid G; = Go. We look at its cotangent bundle T X, which is a symplectic
orbifold and is represented by the groupoid T*G; = T*Gy with the canonical
(invariant) symplectic structure w on T*Gy. The standard asymptotic calculus of
pseudodifferential operators on manifolds can be extended to X, as explained in
Appendix B.

According to (B.2), the operator product on pseudodifferential operators defines
an invariant star product x°P on T*Gy. Since it is invariant, this star product
descends to a star product x*3” on 7*X. By (B.3) and (B.4), the operator trace on
trace class operators defines a trace Tr°" on the deformation quantization of T*G
and also a trace Try? on T*X.

In the case of a reduced orbifold T X, one knows that the deformed groupoid
algebra on T*G constructed by Fedosov’s approach as in [TA] is Morita equivalent
to the deformed G-invariant algebra on T*G( with x™ as product [NEPFPOTA,
Prop.6.5]. Recall that the latter is a deformation quantization for 7*X. By this
Morita equivalence, Tr as defined by (4.8) reduces to a trace Tr on the deformation
quantization *5¢ of T*X.

By the classification of star products on a symplectic manifold by Nest and
Tsygan [NETS95], the deformation quantization on T*G( constructed in Appendix
B is equivalent to the G-invariant deformation quantization % of T*Gg obtained
by Fedosov quantization with Weyl curvature equal to —w. Since G is a proper
étale Lie groupoid, one can choose the equivalence ® between *°P and *™ to be
G-invariant. The pull-back of the trace Tr by ® thus defines a trace on *?(p. We
denote this pull-back trace by Tr'y as well.

Proposition 6.3. The pull-back trace Tr'§ is equal to the trace Tr?(p.

Proof. Consider a smooth function f on T*X with support in an open subset
O C T* X such that O is isomorphic to the orbit space of a transformation groupoid
O x T, where O is a I-invariant open subset of some finite dimensional symplectic
vector space on which I' acts by linear symplectomorphisms. When restricted to
O, the traces Trgy and Tr8p both correspond to operator traces, but are defined by
different polarizations of O. By construction, Tr())(p is defined by a real polarization,
while Tr’¢ is defined by a complex polarization. The Hilbert spaces corresponding
to these different polarizations are related by a I'-invariant unitary operator. Hence,
one concludes that Tr¢y = TrgP, and therefore Tr(f) = TrQP(f).

To check that Tr'§(f) = Tr(f) for any compactly supported smooth function
f on T*X one now uses an appropriate partition of unity to reduce the claim to
the local case which just has been proved. The proposition follows. (I

The symbol o(D) of an elliptic operator D on X defines an isomorphism between
two orbifold vector bundles E and F' on T*X outside a compact subset. Similar
to [FE96, Eq. (4.2.2)], the index of D can be computed by Tr%p([E] — [F]). By
Proposition 6.3, we can use Tr'y ([E] — [F]) to calculate this. By Theorem 6.1 we
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have

1 Che(R—E, — R—F) ./ RT *Q
TFe El—[F]) = - 271 2711 A - h _ .
v ([E] = [F]) /ﬁ( m det(1— 9L exp(— ) (27ri> ¢ ( 27m'h)

Now recall that in the construction of the star product x5¥, we have fixed —*Q to
t*w. Since the canonical symplectic form w is exact, one concludes that Ch(*%L*Q)
is equal to 1 in this case. Hence we obtain the following theorem as an application
of Theorem 6.1.

Theorem 6.4. [KA] Given an elliptic operator D on a reduced compact orbifold
X, one has
o(D)

index(D) = / L Cho (%27 ) A<RT),

7x mdet (1—0-Lexp (- &))" \2mi

where o(D) is the symbol of D.

APPENDIX A. TWISTED HOCHSCHILD AND LIE ALGEBRA COHOMOLOGY

In this section we consider the cohomology of the Lie algebra gl (Wa, x T') for
N > 0, where Wy, is the (formal) Weyl algebra over R?® and T is a finite group
which is assumed to act effectively by symplectomorphisms on R?”. More precisely,
we will compute for 0 < p < np, N > n, and ¢ € N* the Lie algebra cohomology
groups

Hp(g[N(Wgn X T); SIMy (Wa, x F)*), (A1)
where nr is a natural number depending on I' and S?M denotes for every vector
space M the g-th symmetric power. Clearly, if M is a bimodule over an algebra A,
then SYM carries the structure of a gly(A)-module as follows:

a
[a,ml\/...\/mq]:Zml\/...\/[a,mi]\/...\/mq,
i=1

where a € A, my,...,mqg € M and [a, m;] = am; —m, a.

A.1. Zs-graded Hochschild and Lie algebra cohomology. For the compu-
tation of the above Lie algebra cohomology we will make use of the super or in
other words Zs-graded versions of Hochschild and Lie algebra (co)homology. Let
us briefly describe the construction of these super homology theories. To this end
consider first a Zs-graded unital algebra A = Ay @ A;. For a homogeneous element
a € A we then denote by |a| its degree, that means the unique element i € Zs such
that a € A;. Now there exist uniquely defined face maps b; : Cp(A4) — Cp_1(4),

0 < j < p which satisfy the following relations for homogeneous ag, a1, ..., a, € A:
bj(a0®. L® ap) =
CJa®...®ai041 Q... ay, for 0 <j<p, (A2)
(=1)lawl(aolt+Htlar1Dg a0 @ a1 @ ... ® ap_1, for j=p.

Moreover, one has degeneracy maps s; : Cp(A) — Cpt1(A), 0 < j < p, and cyclic
operators t, : Cp,(A) — C,(A) defined as follows:

5i(a®...0a) =a®...0¢;®1Qaj41®...Q ap,

A3
tp(ao(g),__@ap) = (_1)‘%@\(|a0|+---+‘ap—1\)(ap®a0®._.®ap71). ( )
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It is straightforward to check that these data give rise to a cyclic object in the
category of super vector spaces, hence to the Hochschild and cyclic homology of
the super algebra A.

As a particular example consider the super algebra Cle], where € is of degree
1 and satisfies €2 = 0 (cf. [FETS89, Sec. 3.1]). One proves immediately, that for
each p, the chains w) == 1®e®...®¢c and w} := e ®e ® ... ® € are Hochschild
cycles which generate the Zs-graded Hochschild homology H H,(C[e]). Moreover,
one checks that B(w,) = B(wy) = 0 and B(w?) = w),,,, where w) denotes the cycle
1®...® 1. Consider Connes’ periodicity exact sequence

— HH,(C[]) - HC,(Cle]) - HC,p5(Cle]) 2 HH,—1(Cle]) —,

which also holds in the Zs-graded version. Then one checks by induction on p that
HC,p(C[e]) is generated by [w)] and [w?2] in case p is even, and by [w9], if p is odd.
Thus, one has in particular

HC,(Cle]) = HCR(C) @ C for every p € N. (A4)

Next consider a super Lie algebra g = go & g1. The super Lie algebra homology
or in other words Zs-graded Lie algebra homology H,e(g, C) is then defined as the
homology of the complex

—Alg LAy L Al L A =,
where Alg := EBp+q:l EPgg @ S%g; means the super exterior product, and
AN NG = D EGIANGNA NGN L NGA A

1<i<j<p

Clearly, every super algebra A gives rise to a super Lie algebra gl (A). Recall that
one has the following relation between the (super) Lie algebra homology and the
Zo-graded cyclic homology of A (cf. [Lo, Thm. 10.2.5]):

Ho(gly(A); C) = AJ(HC[1](4)), N >0, (A.5)

where A, denotes the functor which associates to a graded vector space its graded
symmetric algebra.

A.2. Computation of the Lie algebra cohomology. Let us come back to our
original goal, the computation of the Lie algebra homology groups in (A.1). To
this end recall first the following result which has been proved in various forms in
[ALFALASO, NEPFPOTA, DOET].

Proposition A.1. Let T be a finite group which acts (from the right) by automor-
phisms on an algebra A over a field k. Then the Hochschild (co)homology of the
convolution algebra A x I statisfies

HH(AxT)=Hy(A,AxT", (A.6)
HH*(AXT)=H*(A,AxT)" (A7)

Now let us consider again the (formal) Weyl algebra Wy, on R?" (over the
field K = C((h))) and let T act by symplectomorphisms on R?". Then note that

o, (g[N (Wap, xT); S99 (W, NF)) is dual to HP (gl (Wa, xT); S0 5 (Wa,, xT)*),
the Lie algebra cohomology we are interested in. Hence it suffices to determine the
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homology groups H, (gl (Way, 3 T'); S99 x (Wa, x T')). Define the super algebra A
as the Zy-graded tensor product

A=Wy, xT) ®c Clel.
By the above definition of super Lie algebra homology it is now clear that

H,(AK) = @ H,(Wa, x T;S9Wy, xT).
pta=k
Recall from Prop. 3.1 that for every v € I' the (twisted) Hochschild homology
HS(Wa,) = He(Wap, Way,) is concentrated in degree 2k, where 2k, is the
dimension of the fixed point space of v (which depends only on the conjugacy
class (7). Using the twisted Hochschild (co)homology of W, and Prop. A.1 one
can derive the following result exactly as in [ALFALASO], where the case of the
nonformal Weyl algebra has been considered.

Theorem A.2. (¢f. [ALFALASO, Thm. 6.1]) Let T be a finite group which acts
effectively by symplectomorphisms on R*™ and consider its induced action (from the
right) on the formal Weyl algebra over R®". Denote for every p € N by 1,(T) the
number of conjugacy classes of elements of I' having a p-dimensional fized point
space. Then the following formula holds for the Hochschild (co)homology of the
crossed product algebra Wo, x I':

dimg H,(Wa,, x T') = dimg H*" P (Wa,, x T, Wy, x T') = ,(T). (A.8)

Now choose for every element v of I' a Hochschild cycle c., the homology class of
which generates Hay, ., (W2, Wy, ), and denote by U the exterior (shuffle) product.
Then it is clear that

(CO*ka)(K)vILB) R (CO(WQTL)ab’YvB) (Ag)

Uay
is a morphism of mixed complexes. Moreover, by the properties of Wy, it is even a
quasi-isomorphism for twisted Hochschild homology, hence a quasi-isomorphism of
mixed complexes. Next consider the following composition of morphisms of mixed
complexes

EB (Ca—arp,, (K),b,B) =5 (Co(Wap, Wap x T),b,B) - (Co(Wa, x T),b, B)
(+)€Conj(I)
(€3 )¢y econjry = (€(y) U oy )yer,
(A.10)

where Conj(T") denotes the set of conjugacy classes of ', and where we have used
the natural identification

(Co(Wapn, Wap, x T),b, B) 2 € (Co(Wap), by, B).
yel

One now checks easily that the o, can be chosen in such a way that
Q541 = vy forally, 5 el (A.11)

Under this assumption on the o, the composition ¢ o o is a quasi-isomorphism of
mixed complexes. Let us show this in some more detail. By the choice of the «,
it is clear that the image of the morphism « is invariant under the action of I
Moreover, « is injective on homology by construction. Since the restriction of ¢ to
the invariant part is a quasi-isomorphism in Hochschild homology by Prop. A.1, a
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simple dimension counting argument then shows by Thm. A.2 that the composition
to is a quasi-isomorphism in Hochschild homology as well. Hence toa is also a quasi-
isomorphism of mixed complexes. Thus, if 2k is minimal among the dimensions of
fixed point spaces of the elements of I', one gets

0 for 0 < p < 2k,

A.12
K2+ for p = 2k. ( )

HCp(Wgn X F) = {

By construction and the Kunneth-isomorphism, the Hochschild complex Co(A)
is quasi-isomorphic to the tensor product complex (Co(A % T'), b) @ Co(Cle]). Hence,
by the above considerations

D (Coory, (Ke), b, B) — (Cu(A).b,B)

(7)€Conj(I")
is a quasi-isomorphism of mixed complexes as well, which implies that
0 for 0 <p < 2k,
HC,(A) = {KQIM(F) for p = 2k, (A.13)

Inspecting formula (A.5) both for Ws,, and A one now obtains the main result of
this section.

Theorem A.3. Let v be a linear symplectomorphism of R?" of finite order, T' be
the cyclic group generated by v, and put 2k := dim(R?"*)Y. Then for N > n,

0 0 <p <2k,
Hy(gly (Wa 50 T); S99y (Wa, 5 T)) = 40 7 0=P (A.14)
K" for p =2k,
where | := log(T') is the number of elements of I' having a fized point space of

dimension 2k.

Remark A.4. In the “untwisted case”, i.e. for I" the trivial group, these Lie algebra
homology groups have been determined in [FETS89].

By Eq. (A.5) one concludes easily that the Lie algebra (co)homology groups of
gl (Wa, xT') with values in S99ty (Wy, x T') are Morita invariant. But one knows
that Wa,, x T is Morita equivalent to the invariant algebra Wi (see [DOET]). Thus
the preceding theorem entails immediately

Corollary A.5. Under the assumptions from above, one has for the invariant
algebra W3,

0 for0<p<2k,

; (A.15)
K"  for p=2k.

Hy(gln (W3,,); S10n (W3,,)) = {

We can extend the above Corollary A.5 to the Weyl algebra with twisted co-
efficients W) = Wy, ® End(V), where V is a complex vector space 7 acts on
diagonally.

Note that WY is Morita equivalent to Wy, by the bimodule Wy, ® V, and
WY T is Morita equivalent to Wy, x I' by the bimodule (W,, @ V') x T'. We have
that

HH*(WY xT) = HH®*(Wy, xT),
HH,(WY xT) = HH,(Wy, xT).

Hence, by the same arguments as Corollary A.5, we have the following result for

the Lie algebra homology of gl (WY )7).
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Corollary A.6. For (WY )Y, one has when N > n,

0 for0<p<2k,

. (A.16)
K for p = 2k.

Hy(gly (W3,)7); ST (W3,,)7)) = {

APPENDIX B. ASYMPTOTIC PSEUDODIFFERENTIAL CALCULUS

In the following we sketch the construction of the asymptotic calculus of pseu-
dodifferential operators on a proper étale Lie groupoid. Hereby, we adapt the
presentation in [NETS96] to the groupoid case. For more details on the pseudo-
differential calculus for proper étale groupoids, we refer the reader to Hu’s thesis
[Hu]. See also [W1] for the complete symbol calculus on riemannian manifolds, and
[PF98] for its application to deformation quantization.

Let G = G be a proper étale Lie groupoid and fix a G-invariant riemannian
metric on Gy. Then check that the canonical action of G on the diagonal A C
Gy x Gy can be extended to a G-action on a neighborhood W C Gy x Gq of A,
since G is proper étale. Next construct a cut-off function x : Gy x Gy — [0, 1] with
the following properties:

(1) supp x C W, and the restriction x|y is invariant under the diagonal action
of G on W.

(2) One has x(z,y) = x(y, ) for all z,y € Gy.

(3) On a neighborhood of the diagonal, one has x = 1.

(4) For every x € Gy, the set Q, = {y € Gy | (z,y) € supp(x)} is compact and
geodesically convex with respect to the chosen metric.

For every open U C G denote by S™(U), m € Z, the space of symbols of order
m on U, that means the space of smooth functions a on T*U such that in each
local coordinate system of U and each compact set K in the domain of the local
coordinate system there is an estimate of the form

7IBI

|aaaﬁ (2,6)] < Cap(1+ €)=, zeK,£Ee€TiCGo, a,f €N,

for some Ck o3 > 0. Clearly, the S™(U) are the section spaces of a sheaf S™ on
Go. Moreover, each S is even a G-sheaf, i.e. carries a right G-action on the stalks.
Finally, one obtains two further symbol sheaves by putting

*i=J 8" §7i= ) S".
meZ MEZL

Similarly, one constructs the presheaves U of pseudodifferential operators of order
m € ZU{—00,00} on Gy. Next let us recall the definition of the symbol map o and
its quasi-inverse, the quantization map Op. The symbol map associates to every
operator A € ¥"(U) a symbol a € S™(U) by setting

a(z,€) = A(X(-,2)e B0 ) (@),

where EXp;1 is the inverse map of the exponential map on @),. The quantization
map is given by

Op : $™(U) — ¥™(U) € Hom (C%,(U),C(U)),

cpt

(Opta)(a)= [ [ oot ) dyde
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The maps o and Op are now quasi-inverse to each other in the sense that the induced
morphisms @ and Op between the quotient sheaves S /ST and ¥ /¥~ are

isomorphisms such that in_l =0.

By the space AS™(U), m € Z of asymptotic symbols over an open U C Gy one
understands the space of all ¢ € C*®°(T*U x [0,00)) such that for each % € [0, 00)
the function ¢(—, k) is in S™(U) and such that ¢ has an asymptotic expansion of

the form
qn~ Z hkam—ka
keN

where each @,,_j is a symbol in ™% (U). More precisely, this means that one has
for all N € N

N
. -N k . am—N
hh\mo (q(—,h)—h kzzoh am_k) =0 inS ).
Clearly, the AS™(U) are the sectional spaces of a G-sheaf AS™. By forming the
union resp. intersection of the sheaves AS™ like above one obtains two further G-
sheaves AS™ and AS™°°. Moreover, since G acts on these in a natural way, we
also obtain the sheaf AS%C>O = (ASiC’O)G of invariant asymptotic symbols and the
convolution algebra AS™ xG. For m € Z U {—00, 00} consider now the subsheaves
JS™ C AS™ and JSE C AS{E consisting of all (invariant) asymptotic symbols
which vanish to infinite order on A = 0. The quotient sheaves A™ := AS™ /JS™
and A7 = ASE /JSE can then be identified with the formal power series sheaves
S™[[A]] resp. S¢([A]].

The operator product on ¥ now induces a (asymptotically associative) product
on AS®(Gy) by defining for ¢,p € AS™(Gy)

thla( Op(trg(—, k) o Op(trp(—, h))) if h >0,

q(—,h) - p(—, h) if h=0. (B-1)

Hereby, ¢, : ST(Go) — S°°(Gp) is the map which maps a symbol a to the symbol
(x,8) — a(z, hE). By standard techniques of pseudodifferential calculus (cf. [PF98]),
one checks that the “star product” * has an asymptotic expansion of the following
form:

gxp~q-p+ Y cr(g,p)h", (B.2)
k=1

where the ¢, are bidifferential operators on T*G( such that
c1(a,b) — c1(b,a) = —i{a,b} for all symbols a,b € S™(Gy).

Hence, * is a star product on the quotient sheaf A* and also on AZ, since by
construction the star product of invariant symbols is again invariant. Thus one
obtains deformation quantizations for both the sheaf Az-¢, of smooth functions
on TGy and the sheaf Ar-x = A%GO of smooth functions on the orbifold X
represented by the groupoid G.

The invariant riemannian metric on Gy gives rise to Hilbert spaces L?(Gy) and
L?(X) = ngL*(Gy), where 7¢ is the orthogonal projection on the space of invariant

functions. Hence there is a natural operator trace Tr;2 on the space \I/;pfimx (Go)
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of pseudodifferential operators of order < —dim X with compact support. Thus
there is a map

T : A_°(Go) — C[h 1, h)], ¢+ Trrz (Opur(e(—,h))),

cpt

which by construction has to be a trace with respect to * and is ad(A>)-invariant.
Moreover, by the global symbol calculus for pseudodifferential operators [W1, PF98]
the following formula is satisfied as well:

1 .
Tr°(q) = W/T . q(—,h) whm X, (B.3)

Finally, we obtain a trace Trgp on the algebra ( (_;iopt(Go),*) of invariant asymp-
totic symbols as follows:

T (q) = Trzs (me(Op tnla(—, W))ma). (B4)
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