9. Transfinite induction and recursion
April 16, 2015

In this chapter we continue the discussion of ordinal numbers, generalizing the induction
and recursion principles to them. So far we have only used ordinals in order to define
cardinals and size of sets. In this chapter we do not use the axiom of choice. Now we
consider ordinals in general, as a generalization of the order aspect of the natural numbers.
Let us list the main things that we know about ordinals so far. Recall that an ordinal is
defined to be a transitive set a well-ordered by the set €,; this set is {(b,¢) : b, ¢ € a and
bech.

7.1: Every natural number is an ordinal.

7.2: w is an ordinal.

7.3: The ordering < between ordinals, which is the same as €, is transitive.

7.4: Every member of an ordinal is an ordinal.

7.5: a C B iff a € 3, for ordinals «, 3.

7.6: trichotomy: any two ordinals are comparable under <.

7.7: Any nonempty set of ordinals has a least element.

8.3: If a and [ are order-isomorphic ordinals, then oo = 3.

8.6: Every well-ordered set is order-isomorphic to a unique ordinal.

8.28: If T is a set of ordinals, then | JT" is an ordinal, and it is the least upper bound of T'.

We now develop some further simple properties of ordinals.

Proposition 9.1. If x is an ordinal, then so is x U {x}.

Proof. If z € y € 2 U {x}, then either z € y € z and so z €  C z U {z} because x is
transitive, or z € y = x, so obviously z € x U {z}. This proves that x U {z} is transitive.
If A is a nonempty subset of x U {x}, there are two possibilities. If A = {x}, then z is the
least element of A, since it is the only element of A. If A # {z}, then ANz # (), and the
least element of A Nz is also the least element of A. Hence x U {z} is an ordinal. U

In a later chapter we will introduce addition, multiplication, and exponentiation of ordinals.
Then, as for the natural numbers, aU{a} will turn out to equal o+, 1. We use a subscript
for 4, since this is not the same as a + 1 for a cardinal «. To aid the intuition we define
a+,1=aU{a} now; and when we introduce addition of ordinals in general, this will be
seen to be consistent with that definition.

Corollary 9.2. For any ordinals o, § we have: o < B iff a +,1 < 3.

Proof. =: Assume that o < 8. If f < a+, 1, then # € a U{a}, hence g < a < 3,
contradiction. So o+, 1 < 3 by 7.6.
<: Assume that o+, 1 < 8. Hence a U {a} C 3, so a € 3, hence a < f3. O

There are so many ordinals that the set of all of them is one of the illegal sets mentioned
before. This is an important fact philosophically, and is actually technically useful too.

Theorem 9.3. There does not exist a set which has all ordinals as members.
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Proof. Assume that A is such a set, and let B = {z € A : z is an ordinal}. Thus B
is the set of all ordinals. Since every member of an ordinal is an ordinal, B is a transitive
set. By 7.7 (see above), B is well-ordered by €, so B itself is an ordinal. Hence B € B,
contradiction. 0

We now expand a little on Theorem 7.7.

Theorem 9.4. If T is a nonempty set of ordinals, then (\I' is an ordinal, and is in fact
the least element of T'.

Proof. We know from 7.7 that I" has a least element «, so it suffices to show that
a=T. If g €T, then a < 3, which means by 7.5 that « C 3. Thus o C (3 for every
gel,soaCNI.

We claim that (I is an ordinal. To show that it is transitive, suppose that = € y €
(L. If B €T, then y € B, so also x € 3 since 3 is transitive. So x € (\T'. This shows that
(I is transitive. Now I" has some member ~, so (I C v, hence (T is well-ordered by €
because 7 is. So (I is an ordinal.

Thus our assertion above that o C (I implies by 7.5 that a < ()I'. But also a € T,
so (NI € a and hence (' < a by 7.5. So I = a. O

We now introduce a standard classification of ordinals; ordinals are of three mutually
exclusive types:

e The ordinal 0.
e Successor ordinals: ordinals of the form « +, 1 for some ordinal .
e Limit ordinals: nonzero ordinals which are not successor ordinals.

Examples of successor ordinals are 1,2, 3, ... and also w 4, 1. So far we have encountered
only one limit ordinal, namely w.

Proposition 9.5. Fvery infinite cardinal is a limit ordinal.

Proof. Let s be an infinite cardinal. Thus w < k, so w C k. Suppose that « is an
ordinal and Kk = o 4+, 1; we want to get a contradiction. We will do this by defining a
bijection f from x to a. We define, for any 3 < &,

fB)=48 ifw<fB<a,

{ B+,1 if B<uw,
0 if g = «a.
Clearly f maps k into a. Now f | w is a bijection from w to w\{0}, f | (a\w) is the
identity map on a\w, and f maps « itself to 0. Clearly then f is the indicated bijection,
contradiction. 0

Proposition 9.6. The following conditions are equivalent:
(i) o is a limit ordinal;

(ii) o # 0, and for every 3 < « there is a vy such that f <y < «.
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(iii) o = Ja # 0.

Proof. (i)=(ii): suppose that « is a limit ordinal. So a # 0, by definition. Suppose
that 8 < a. By 9.2 we have f+,1 < a, since « is not a successor ordinal. Thus v = 34,1
works as indicated.

(il)=(iii): if 8 € | o, choose 7y € a such that 5 € 7. Then 8 € «a since « is an ordinal.
This shows that | Ja C a.

Conversely, if § € «, choose v with 8 < 7 < a. Thus g € |Ja. This proves that
a=Ja, and a # 0 is given.

(iii)=-(i): suppose that « = 4, 1. Then f € fU{B} = B+, 1 = a =Ja, so choose
v € a such that 8 € v. Thus 8 <~ < 8 by 9.2, so # < 3, contradiction. Thus « is not a
sucessor ordinal. By (iii) it is also not 0, so it is a limit ordinal. O

Proposition 9.7. If a =3+, 1, then | Ja = .

Proof. If v € 3, then v € § € o, so v € |Ja. Suppose that v € [Ja. Choose § € «
such that v € 9. Then v < 6§ < (3,0 v < 3, i.e., v € (. O

Now we turn to the discussion of transfinite induction. This is a generalization of induction
on the natural numbers, w, to induction on other ordinals. The principle of complete
transfinite induction generalizes 6.8, the principle of complete induction on w.

Theorem 9.8. (Complete transfinite induction) Suppose that o is an ordinal, I' C «, and
(x) For all B < a, if y € T for all v < 3, then § € T.
Then I' = a.

Proof. Suppose not. Then o\I" is nonempty, and we let 3 be the least element of it.
Thus v € T for all v < 3, so by the assumption (x), also 8 € T', contradiction. O

There is also an ordinary principle of transfinite induction, in which the argument goes
step-by-step, except for limit ordinals, where we have to do complete induction again.

Theorem 9.9. (Ordinary transfinite induction) Suppose that « is an ordinal, T' C «, and
the following three conditions hold:

(i) If 0 < o, then 0 € T,

(ii) If B+o1 < a and B €T, then B+,1€T.

(i5i) If B < « is a limit ordinal, and if v € T for all v < 3, then B € T.

Under these assumptions, I' = a.

Proof. Again, suppose not, and let 5 be the least element of o\I'. Then  # 0 by
(i). Suppose that 3 is a successor ordinal v +, 1. Then v € I', and (ii) is contradicted.
Finally, if § is a limit ordinal, then (iii) is contradicted. O

There are also transfinite induction principles which involve properties of ordinals rather
than sets of ordinals. The intuition is like that for sets, except that properties might be
too big to be considered as sets. The situation is similar to that for the comprehension
axioms, where we had properties which could be used to define subsets of a given set. Now,
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though, we are not trying to introduce any new axioms, but just to indicate another valid
form of reasoning. When, later, we give concrete applications of these “property” forms of
transfinite induction, the notions should become clearer.

Theorem 9.10. (Complete transfinite induction principle, for properties) Let A(«) be a
property of ordinals. Assume also:

(%) For every ordinal 3, if A(vy) holds for all v < (3, then A((3) holds.
Then A(a) holds for every ordinal c.

Proof. Suppose not. Choose (3 so that A(3) is false. Then the set

T Yy € B4,1: A(7) fails}

is nonempty, since  is in it. (Remember once again that 8+, 1 = U {F}.) Since I is a
nonempty subset of the ordinal § +, 1, it has a least element, v. Now for every § < v we
have § € 34, 1 because 3+, 1 is an ordinal. By the choice of 7, then, it must be the case
that § ¢ I, and so A(¢) holds. This being true for every § < -y, the hypothesis (*) implies
that A(«y) holds too, contradicting the fact that v € T O]

Theorem 9.11. (Ordinary transfinite induction, for properties) Let A(«) be a property
of ordinals satisfying the following conditions:

(i) A(0) holds;

(ii) for all o, if A(a) then A(a+,1);

(iii) for every limit ordinal o, if A(B) for all B < «, then A(«).
Then A(«) for every ordinal c.

Proof. Suppose not, and let a be any ordinal such that A(«) fails. Let [ be the least
element of {y € a+, 1 : A(y) fails}. By (i), 8 # 0. By (ii), £ is not a successor ordinal.
So (3 is a limit ordinal, contradicting (iii).

Now we turn to transfinite recursion.

Theorem 9.12. (Transfinite recursion principle) Suppose that v is an ordinal, A is a set,
and g is a function mapping U5<Q(BA) into A. Then there is a unique function f : o« — A
such that, for every B < «,

fB)=9(f15).

Proof. The proof is very similar to that of 6.10, the recursion theorem for w. Let
B = Uﬁga(ﬁA)- Define

F ={h: thereisa f < asuch that h: 3 — A
and for all 7 < 8, h(7) = g(h [ 1)}

Each such h is in B, so this definition is legal. As in the case of the natural numbers, we
are considering here all of the approximations to the function we are trying to find.
We claim
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(H)Ifh ke F h:B—A k:v— A, and § <, then h =k | (.

To prove (1), we need to show that h(d) = k(J) for every § < 5. We do this by transfinite
induction. Suppose that § < § and h(e) = k(e) for all e < §. Then h [ 6 =k [ 4, and so
h(6) =g(h [ 6) = g(k | 6) = k(6). This finishes the inductive proof. So (1) holds.

(2) For every 8 < « there is an h € .% such that dmn(h) = (.

Again we prove this by transfinite induction. Suppose that g < «, and for every v < 3
there is an h € .% such that dmn(h) = . This function is unique by (1), so call it k(7).
Thus we have defined a function k with domain [, at least intuitively. Let us see how we
get it more rigorously. So, we redefine k:

k={(y,h) € 8 x F :dmn(h) = ~}.
By (1), k is a function, and by the inductive assumption it has domain 3, as desired.

Now we define
h=|]J k().

v<B

By (1), h is still a function. Let § be its domain.

First suppose that  is a successor ordinal 7 +, 1. Then clearly h = k(7). Let
s =hU{(y,9(h))}. Then s is a function with domain § and range included in A, If € < 7,
then

s(e) = (k(7)(e) = g((k(v)) I'e) = g(s T €).

And s(v) = g(h) = g(s | 7). It follows that s € .% and dmn(s) = .

Second, suppose that § = 0. In this case it is trivial that A is in .%. Third, suppose
that (8 is a limit ordinal. Then 8 = §, and clearly h € .#.

This completes the inductive proof of (2). The case f = « in (2) gives the existence
of the function required in the theorem.

Now we prove uniqueness. Suppose that both f and k satisfy the conditions of the
theorem. We prove that f(3) = k() for all 5 < « by transfinite induction. Suppose that
this is true for all 3 < v, where v < a. Then f [ v=Fk | 7, and so

finishing the inductive proof. ]

There is also a version of transfinite recursion involving class functions. Remember from
our treatment of the ordinal representation theorem that this is an intuitive concept of
a function that may be too big to actually be a set. Before giving this general recursion
principle we need a lemma indicating when a class function can be represented by a set.

Lemma 9.13. Suppose that F' is a class function, defined for all ordinals, and o is an
particular ordinal. Then there is a unique function f with domain « such that f(§) = F(§)
for every £ < a.
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Proof. By the axiom of replacement, the set

AL {z: F(§) = x for some £ < a}

exists. Let

f={En) eaxA:F()=n}
Clearly f is as desired, and it is unique. ]

The function f asserted to exist in this lemma will be denoted by F' | «.

Theorem 9.14. (Class version of the transfinite recursion principle) Suppose that G is a
class function whose domain consists of all (set) functions. Then there is a unique class
function F defined for all ordinals such that for every ordinal o we have F(a) = G(F | «).

Proof. This proof is very similar to that of 9.12. We consider the following condition:
(*) f is a function with domain «, and for every £ < a we have f(§) = G(f | §).
First we show
(1) If f, « satisfy (*) and g, 0 satisfy (*) and o < 3, then f =g [ a.

To prove this, we prove by transfinite induction on ¢ that if £ < « then f(§) = g(§).
Suppose that this is true for all n < &, where £ < . Then f [ =g [¢&,s0 f(§) =G(f |
) =G(g [ ¢&) = g(&), finishing the inductive proof.

(2) For every ordinal « there is a function f such that (*) holds.

We prove this by transfinite induction. Assume that it is true for all 5 < «. By (1), for
each § < « there is a unique f satisfying (1); we denote it by fz (the replacement axiom
is being used). Let g = UB <o J8- Then g is a function by (1), and its domain is clearly

Uea.
(3) For any 8 < a we have fzg =g [ 3, and g(8) = G(g | B).

In fact, the first condition is clear. For the second,

9(B8) = fpr.1(B8) = G(fa1,1 1 B) =G(g ] B).

So, (3) holds.

If a =0, clearly (*) holds.

If v is a limit ordinal, then | Ja = a and (*) holds for g and a.

Finally, suppose that « = 3+, 1 for some 3. Thus |Ja = (. Let h = gU{(5,G(9))}.
So, h is a function with domain «. Suppose that v < a. If v < §, then h(y) = g(v) =
G(glv)=G(h[~). If y=20, then h(y) = G(g) = G(h | 7). Thus h and « satisfy (*).

This finishes the inductive proof of (2).

Now for any ordinal o we let F(«) = f(«), where f is chosen so that (*) holds for
a+, 1 and f. This definition is unambiguous by (1). Also by (1), we have F' [a = f | a.
Hence F(a) = f(a) = G(f | a) = G(F | a).
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This finishes the proof of existence.

For uniqueness, suppose that H also satisfies the conditions of the theorem. We prove
that F'(a) = H(«) for every ordinal a by induction. Suppose that this is true for all < a.
Then F' [ @« = H | o, and hence F(a) = G(F [ a) = G(H | @) = H(«). This finishes the
inductive proof. ]

As a first application of transfinite recursion we prove some theorems which show that, in
a sense, all sets are built up from the emptyset!

Theorem 9.15. There is a class function V', defined for all ordinals, with the following
properties:

(i) Vo = 0.

(ii) For any ordinal a, Vi1 = P (Vy).

(i) For any limit ordinal o, Voo = Ug_,, Vs-

Proof. We define a class function GG, with domain the class of all functions f, as

follows:
0 if f =0,
G(f) = P(f(a)) if dmn(f) =« +, 1 for some ordinal «,
B (LDJB@[ f(B) if dmn(f) is a limit ordinal «,

otherwise.

Now we apply the transfinite recursion principle to get a class function V such that for
any ordinal o, V,, = G(V | ). Then
Vo=G(V 10)=G(0) =0;
Vat,1 = G(V{(a+,1)) = 2(Va);

Vo=G(V a)= ] Vs forlimit a. O
B<a

Proposition 9.16. V, is transitive, for every ordinal c.

Proof. We prove this by ordinary transfinite induction for properties. Since Vy = 0),
and () is trivially transitive, our statement is true for « = 0. Assume that V,, is transitive
(induction hypothesis), and suppose that a € b € V4 1. Since Voy 1 = P (Vy), we have
b C V,, and hence a € V. By the inductive hypothesis, V,, is transitive, and hence a C V.
So a € V44 1. This finishes this inductive step.

There is another inductive step: assume that « is a limit ordinal, and Vj is transitive
for all § < «; we want to show that V, is transitive. Suppose that a € b € V,. Now
Vo = U5<a V3, so we can choose 3 < « so that b € V3. By the inductive hypothesis, Vs is
transitive, and a € b, so a € Vg C V,, as desired. ]

Proposition 9.17. If a and B are ordinals and o < 3, then V,, C V3.

Proof. First note that V,, C V,, ; for every ordinal . In fact, if z € V,,, thenx C V,
by 9.16, and so x € V1 1.
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Now we prove the proposition by induction on (3, with « fixed. If 3 = 0, then also
a = 0, and the conclusion is trivial. Assume that o < [ implies that V, C Vg, and
suppose that @ < 3+, 1. Again the conclusion is trivial if « = 3 +, 1, so suppose that
a < f+,1. Then a < 3, and so V,, C V3 by the inductive assumption. By our initial
remark, Vg C Vgi 1, so Vo, C Vi 1. The inductive step to a limit ordinal 3 is very
easy. U

Theorem 9.18. For any set x there is a transitive set y such that x C y and for every
transitive set z, if x C z then y C z.

We call this set y, which is clearly unique, the transitive closure of x.

Proof. By recursion on w let

AOZJZ',

Ampy.1 =4, U UAm for any m € w.

Then let y = |,,co, Am- Clearly 2 C y. To show that y is transitive, suppose that
a €bey. Choose m € wso that b € A,,. Then a € b € A,,, so a € |JA,,, and hence
a€ Apt,1 Cy,and so a € y. Thus y is transitive.

Now suppose that z C z and z is transitive. We show by induction on m that A,, C z
for all m € w. First, Ag = = C z, so this is true for m = 0. Now suppose that A,, C z
(induction hypothesis). Take any a € A,,+,1. Recall that A, 1 = AnUJ A Ifa € Ay,
then a € z by the inductive hypothesis. Suppose that a € (JA,,. Say a € b € A,,. Since
A,, C z by the inductive hypothesis, we have b € z. Now a € b € z and z is transitive, so
a € z. This shows that A,,+ 1 C 2z and finishes the inductive proof. It now follows that

Y =Umnecw Am C 2. O
Theorem 9.19. For any set x there is an ordinal o such that x € V.

Proof. Suppose that this is not true, and let = be a set such that = ¢ V,, for every
ordinal a. Let y be the transitive closure of z U {z}. We define

M ={a€y:a¢V, for every ordinal a}.

Thus = € M, so M is nonempty. Choose a € M such that a N M = (), by the foundation
axiom. Thus for all z € a we have z ¢ M; but z € y since y is transitive, so there must
exist an ordinal « such that z € V,; let a, be the least such ordinal. By the axiom of
replacement we have a set {a, : z € a}; call this set I". Let g = [JT; recall that [T is an
ordinal. Now for any z € a we have z € V,,, C Vg by 9.17. Thus a C Vg, so a € Vg4 1,
contradiction. ]

There will be many uses of transfinite induction and recursion in the remainder of these
notes.

Exercises, Chapter 9
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The first few exercises give five equivalent definitions of ordinal, counting the official defi-
nition.

1. We say that x is an ordinal, iff x is transitive, and for all y, z € x, either y € 2, y = z, or
z € y. (We say that y and z are comparable then.) Show that every ordinal is an ordinals.

2. We say that x is an ordinalg iff x is transitive, and for all y, if y C x and y is transitive,
then y € . Show that every ordinal, is an ordinals. Hint: apply the foundation axiom to

x\y.

3. We say that x is an ordinaly iff = is transitive, and every member of x is transitive. Show
that every ordinals is an ordinaly. Hint: assume that z is an ordinalz, and y = {z € = : 2
is an ordinaly }, and get a contradiction from assuming that y C x.

4. Show that every ordinaly is an ordinal,. Hint: Assume that x is an ordinaly and it is
not an an ordinaly. Find a “minimal” y €  not comparable with some z € x, and take a
“minimal” such z. Prove that y = z (contradiction).

5. We say that = is an ordinals iff the following two conditions hold:
(i) for all y € z, either yU{y} =z or y U {y} € x;
(ii) for all y C z, either Jy =z or Jy € =.

Show that every ordinaly is an ordinals.

6. Show that every ordinals is an ordinaly. Hint: let A = {y € x : y is an ordinaly}. Show
that both |JA and |JA U {|J A} are ordinalys. Then apply (ii) followed by (i).

7. Show that every ordinaly is an ordinal.

8. Suppose that @ < 8, and A is a set of ordinals such for all v with a <~y < 3,ifd € A
for all § such that a < § <~ then v € A. Show that every ordinal « such that o« <~ < 3
is in A. This is a principle of transfinite induction from « to f.

9. For any set z, let p(x) be the least ordinal such that x € V4 1. Show that for any set
, p(x) = Uyea (P(y) +0 1)
10. (Continuing 9) Show that if x C y, then p(x) < p(y).

11. (Continuing 9) Show that p(a) = « for any ordinal .. Hint: use complete induction
on a.

12. (Continuing 9) Show that for any ordinal a, p(V,) = «. Hint: first show that
p(P(x)) = p(x) +, 1 for any set x.

13. (Continuing 9) Show that for any ordinal «, V,, = {x : p(z) < a}.

14. (Continuing 9) For any sets z,y, determine p({z}), p({z,y}), p((z,v)), p(Ux), and
p(z x y) in terms of p(z) and p(y).

By 7.31 there is a cardinal number greater than w; let w; be the least such cardinal.
15. Show that if A C wy and A is countable, then [JA < wy.
A subset C' of wy is closed iff for every countable A C C' we have |JA € C.
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16. Show that the intersection of any nonempty collection of closed subsets of w; is again
closed.

A subset C of wy is unbounded in wy iff for every oo < wyq there is a 6 € C such that o < (.
17. Show that C' is unbounded in w; iff for every @ < wq there is a 6 € C such that a < (.

18. Let C' C wy. Prove that the following conditions are equivalent:
(i) C is closed and unbounded.
(ii) There is a function f : w; — w; with the following properties:
(a) For all a, 8 < wy, if @ < B then f(a) < f(5).
(b) For every limit ordinal a < w1, f(a) = Uz, f(B).
(c) mg(f) =C.

19. Prove that the intersection of two closed unbounded subsets of w; is again closed and
unbounded. Hint: for unbounded, do a back-and-forth recursion on w.

20. Prove that the intersection of countably many closed unbounded subsets of w; is again
closed and unbounded. Hint: generalize the procedure used for exercise 19.

21. Show that every closed and unbounded subset of w; has a limit ordinal as a member.

10. Equivalents of the axiom of choice

In this chapter we prove the equivalence of several versions of the axiom of choice, and
indicate a few applications of that axiom. The set of axioms of ZFC with the axiom of
choice removed is denoted by ZF'; so we work in ZF in this section. We begin with a lemma
which will simplify the equivalence proofs.

Lemma 10.1. For any set A there is an ordinal o such that there is no one-one function
mapping « into A.

t BB < be the unique

Proof. For each well-ordered set (B, ) ch t le
{ A and (B, <) is a well-

ordinal to which it is isomorphic. Then let =
ordering}, and let

that B C A,
(B,<): B C

o = U ﬁB,< +o L.

(B,<)ew

Suppose that f is a one-one function from « into A. Let B be the range of f, and define <
to be the set {(bo, b1) : bo, b1 € B and f~1(by) < f~1(b1)}. So (B, <) is a well-ordering and
B C A. Hence o = g, . It follows by the definition of a that o < a, contradiction. ]

For ease of reference we now define several statements which we will prove are equvalent
to the axiom of choice, starting with our original form of the axiom of choice.

Axiom of Choice. For any sets A, B and any function f mapping A onto B there
is a function g : B — A such that fog=1dp.

Although we have chosen this as our definition of the axiom of choice, it is not the most
commonly used formulation of this axiom. This most common form is as follows.
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Axiom of choice, second version. For any set A, there is a function f whose
domain is Z(A)\{0} such that f(X) € X for all X € Z(A)\{0}.

We call the function in this version of the axiom of choice a choice function for nonempty
subsets of A.

Product choice axiom. For any system (A; : i € I) of nonempty sets, [[,.; A; # 0.

Zorn’s Lemma. If (A,<) is a partial ordering such that A # 0 and every subset of A
simply ordered by < has an upper bound, then A has a mazximal element under <, i.e., an
element a such that there is no element b € A such that a < b.

Here an upper bound for a subset X of A is an element a € A such that x < a for all
x € X. This is a very popular form of the axiom of choice, particularly in advanced
algebra arguments.

Well-ordering principle. For every set A there is a well-ordering of A, i.e., there is a
relation < such that (A, <) is a well-ordering.

These are all of our equivalents. However, many others are known. A comprehensive
list can be found in the following book; some 240 equivalents are given, with proofs of
equivalence.

Rubin, H.; Rubin, J. Equivalents of the axiom of choice. 1985.

Theorem 10.2. On the basis of all of our axioms except the axiom of choice, the above
statements are equivalent.

Proof. Axiom of choice = Axiom of choice, second version: Assume the
axiom of choice, and suppose that A is any set. Let

B={(X,a): X CAandac€ X}

For each (X,a) € B let g(X,a) = X. Thus g maps B onto Z(X)\{0}, so by the axiom
of choice there is a function h : Z(X)\{0} — B such that g o h is the identity function
on Z(X)\{0}. Now define f(X) = 2"4(h(X)) for every X € Z2(X)\{0}. Then for any
X € Z(X)\{0} we have g(h(X)) = X, and hence by the definition of g, h(X) must have
the form (X, a). So f(X)=a € X, as desired.

Axiom of choice, second version = Product choice axiom: Assume the second
version of the axiom of choice, and suppose that (A; : i € I) is a system of nonempty sets.
Let B = (J;c; Ai, and let f be a choice function for nonempty subsets of B. Now define
g(i) = f(A;) for all s € I. Then g € [],.; As, as desired.

Product choice axiom = Axiom of choice: Assume the product choice axiom,
and suppose that f : A — B is a surjection; we want to find a function g : B — A such
that fog = Idg. For each b € Blet A, = {a € A: f(a) =b}. Then (4, : b€ B) is a
system of nonempty sets, since f maps onto B. Let g € [,z Ap. Then for any b € B we
have g(b) € Ap, and hence f(g(b)) = b, as desired.

Axiom of choice = well-ordering principle: Let a set A be given. We want to
well-order A. The idea is to use transfinite recursion to list out the elements of A, one
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after the other, thereby producing a well-order of A. Let ~ be chosen by Lemma 10.1:
it is an ordinal such that there is no one-one function from ~ into A. Let f be a choice
function for #2(A)\{0}, i.e., assume that f is a function with domain 2(A)\{0} such that
f(X) € X for every X € Z(A)\{0}. By the transfinite recursion principle on «y there is a
function h such that for every ordinal a < =,

_ J J(A\h[a]) if A\h[a] # 0,
M) = {A if A\h[a] = 0.

The idea here is that the first clause in the definition cannot always hold, since eventually
we run out of elements. Taking the first time that we run out of elements, we get our
desired listing of elements of A. Rigorously, we first show

(1) If @ < B and h(a) = A, then h(5) = A.

In fact, assume that o < # and h(a) = A. So by the definition, A\h[a] = 0, which means
that A C hla]. Now hla] C h[S], so also A C h[f], and so A\h[F] = 0; so h(B) = A, as
asserted in (1).

(2) If « < B and h(fB) # A, then h(a) # h(5).

(8)
In fact, assume that @ < # and h(8) # A. By (1), also h(a) # A. Then h(B) =
F(A\R[B]) € A\L[G], and h(c) € h[f], so h(B) # h(c).

(3) There is an ordinal « such that h(a) = A.

For, otherwise by (2) h is a one-one function from 7 into A, contradicting the choice of ~.
By (3), let a be minimum such that h(a) = A. Let K = h [ . Then k is a
one-one function mapping a onto A. We define ag < a; iff k71(ag) < k71(ay) for all
agp,a; € A. Hence for any ordinals 3,6 < o we have o < g iff k(a) < k(). From this it is
straightforward to check that <, as defined on A, is a well-ordering; see an exercise.

Well-ordering principle = Zorn’s lemma. Let (A, <) be a partial ordering such that
A # 0 and every subset of A simply ordered by < has an upper bound. Also, let < be a
well-ordering of A. Again, choose an ordinal v such that there is no one-one function from
v into A. For any subset X of A we set sub(X)={a€ A:b<aforalbe X}. (“sub”
for “strict upper bound”) Then we define by transfinite recursion, for each a < 7,

h(a) = { < -least element of sub(h[a] N A) if there is such,
A otherwise.

The idea is similar to the above. We start listing out some elements of A in increasing
order according to both < and <, and eventually we must stop; the stopping place is a
maximal element of A. Rigorously the argument is similar to the above:

(1) If @ < B and h(a) = A, then h(5) = A.

For, assume that o < # and h(«) = A. This means that sub(h[a] N A) is empty, i.e., there
is no element of A which is > each element of hla] N A. Since h[a] C h[5], the same is true
for 3, so h(B) = A. Thus (1) holds.
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(2) If o < vy and h(a) # A, then h(a) € A.

This is clear.

(3) If @ < B and h(fB) # A, then h(a) < h(p).

For, by (1), also h(a) # A, so h(a) € h[5] N A. Hence h(a) < h(5).
(4) There is an ordinal « such that h(a) = A.

In fact, otherwise h is a one-one function from v into A, contradicting the definition of .

Again, we take the least a such that h(a) = A. Let f = h [ a. By (3), we have
f(B) < f(v) whenever 3 < v < «a. Also note that @ # 0, since, A being nonempty,
h[0] = 0 has a strict upper bound. Hence by the hypothesis of Zorn’s lemma, there is an
element a € A such that f(5) < a for all § < . Since f[a] has no strict upper bound in
A, there is no element b € A such that a < b. So a is a maximal element of A.

Zorn’s lemma = axiom of choice. Let A be any set. Define
o/ ={f: fis a function and dmn f C Z(A)\{0} and f(a) € a for all @ € dmn(f)}.

Now &7 # 0, since ) € «/. & is partially ordered by C. If £ is a subset of &/ simply
ordered by inclusion, then J;c 5 f is a function. For, if (z,y), (z,2) € Uscg f, choose
f,g € A such that (x,y) € f and (x,2) € g. Since Z is simply ordered by C, say
fCg. So(z,y),(z,2) € g, hence y = 2. Clearly, then, (J; 5 f € &, and it is an upper
bound for %. Therefore, by Zorn’s lemma let A be a maximal member of &/ under C.
Suppose that dmnh # Z2(A)\{0}. Take any a € (2(A)\{0})\dmn h, and take any z € a.
Let f = hU{(a,z)}. Then clearly f € & and h C f, contradiction. It follows that
dmnh = Z(A)\{0}, and it is the desired choice function. O

Applications of the axiom of choice in analysis are usually straightforward uses of choice
functions. We give a few applications of the axiom of choice in algebra. Each application
requires some knowledge of other parts of mathematics. We state exactly what knowledge
is needed, and then the treatment here will be self-contained based upon that knowledge.

Vector spaces. We consider vector spaces over fields. If the notion of a field is not
familiar, little is lost in this discussion if one assumes that the field is the usual system of
real numbers with ordinary addition and multiplication.

A wector space over a field F' is a triple (V,+,-) such that + is a binary operation
on V., - maps F' x V into V, and the following conditions hold for all x,v,w € V and all
a,b € F; members of V' are called vectors and members of F' are called scalars.

(1) z+ (v+w) = (x+v) + w.
2)xz+v=v+uz.

(3) There is a unique vector z € V such that z +v = v+ 2z = v for all v € V; we denote
this vector by 0.

(4) For any v € V there is a unique vector w such that v + w =w+v = 0.
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Given a vector space with this notation, a linear combination of members of a subset
X CV is a vector of the form

(*) a1v1 + a2V + -+ -+ QU

with m € w, each a; € F, and each v; € X. Here m = 0 is allowed; the expression (x)
is then taken to be the 0 vector. We say that X is linearly independent iff 0 cannot be
written as a linear combination as in (%) with some a; # 0. The span of a subset X C V
is the collection of all vectors which can be written as linear combinations of members of
X, including 0 as a linear combination. A basis for V is a linearly independent set which
spans the whole space.

The only result we assume from linear algebra is that if X and Y are both finite bases
for V, then | X| = |Y|.

Theorem 10.3. If V is a vector space over a field F', then V' has a basis.

Proof. We are going to apply Zorn’s lemma.

Let A ={X C V: X is linearly independent}, partially ordered by C. Then A # 0,
since trivially () € A. Now suppose that B is a subset of A simply ordered by C. We claim
that |J B € A; this will verify the hypothesis of Zorn’s lemma. Suppose that vq,...,v, €
UB, ai,...,a, € F, and ajv; + - -+ + apv, = 0; we want to show that all a; are 0. For
each i = 1,...,n choose X; € B such that v; € X;. Now {X; :i=1,...,n} has a largest
member X; under C, since B is simply ordered. Here we are using 6.34. Clearly v; € X
foralli =1,...,n. Since X} is linearly independent, it follows that each a; = 0, as desired.

Now we apply Zorn’s lemma to obtain a maximal member Y of &/ under C. We claim
that Y is a basis for A. Since Y is linearly independent, it suffices to show that Y spans A.
Suppose that w € A. If w € Y, then obviously w is in the span of Y. Suppose that w ¢ Y.
Then Y C Y U{w} so by the maximality of Y, Y C Y U{w} is linearly dependent. Hence
there is a natural number n, elements vy,...,v, € Y U{w}, and elements aq,...,a, € F,
not all 0, such that ayvi +-- -+ an,v, = 0. Since Y is linearly independent, not all v; are in
Y; say that v; = w. Then again because Y is linearly independent, we must have a; # 0.

So
a a;_ a; a
w = (——1111) + o+ (— ’ 1Uj1> + (— ‘HOlUjJrol) +oeeet (——nvn) )
aj aj aj aj

so that w is in the span of Y, as desired. ]

Theorem 10.4. Let V' be a vector space over a field F'. Then any two bases for V' over
F' have the same number of elements.

Proof. Let X and Y be bases for V over F. If both of them are finite, then | X| = |Y|
by the assumed result above. Suppose now that at least one of them is infinite, but
they have different cardinalities. Say that |X| < |Y| > w. Now each v € X is a linear
combination of members of Y. So we can write

(*) UV =0a1yWiw + -+ Am,, v Wm, v
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with each a;, € I’ and nonzero, and each w; , € Y. Since the a; ,’s and w; ,’s are uniquely
determined by v, the axiom of choice is not involved here. Now let W = {w; , : v € X,i =
1,...,my}. Then W spans V. In fact, given x € V, we can write

xr=0bivy +- -+ byu,

with each b; € F' and each v; € X, and then by (%) it is clear that z is a linear combination
of members of W. However, |W| < |Y|. In fact, if X is finite, then so is W, and hence
|[W| < |Y]. If X is infinite, then |W| = |X| < |Y| by exercise 15 in Chapter 8. Thus,
indeed, |W| < |Y]. Choose y € Y\W. Then y is a linear combination of members of W
since W spans V', and this contradicts Y being linearly independent. ]

Algebraically closed fields. As mentioned above, a field is a structure like the real
numbers—a nonempty set together with operations of addition and multiplication satisfy-
ing conditions similar to familiar ones for the reals. Another important example of a field
is the field Q of rational numbers.

An extension G of F' is algebraic over F iff every element of G is the zero of some
polynomial with coefficients from F. A field G is said to be algebraically closed iff it has a
subfield F' such that G is algebraic over F', and any polynomial with coefficients in F splits
into linear factors over G. There are various equivalent definitions of this notion which we
do not need to enter into. We assume these results about fields:

(1) If f(x) is a non-constant polynomial with coefficients in a field F', then F' has an
algebraic extension G in which f(x) splits into linear factors, and such that |G| < |F| 4 w.

(2) If K is an algebraic extension of G and G is an algebraic extension of F', then K is an
algebraic extension of F.

(3) If k is an isomorphism from F' onto G, then k extends to an isomorphism of F[z] onto
G|[z], namely,

ap +a1x + -+ ap,x™  maps to
k(ao) + k(ar)x + -+ - + k(am)x™

for any ag,...,a,, € F.

Theorem 10.5. For any field F there is an algebraically closed field G which extends F
and has size at most |F| 4+ w. Moreover, every element of G is algebraic over F.

Proof. Let k = |F| 4w, and let A be a cardinal number greater than x; this cardinal
exists by 7.31. By induction, |F™| < k for all m € w. We can map (ag,...,an) to
ap+arx+ -+ a,x™, thus mapping F™ onto the set of all polynomials of degree at most
m. So there are at most k polymomials of degree at most m. Hence the total number of
polynomials is at most w - k = k. Let (f,(x) : @ < k) list all polynomials with coefficients
in F', possibly with repetitions.

Let g be a bijection from a subset Gy of A onto F'. We can make G into a field such
that ¢ is an isomorphism from Gy onto F' by the following definition. For any a,b € G,

a+b=g'(g(a) +g()) and
a-b=f""(g(a)-g(b)).
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Let a < k, and let
fa(z) be an o+ aa1x + aa72:1:2 + -+ agm, "
We then let

fh(x) be g7 aa0) + 9 aaa)r + g Han2)2® + -+ g Haam, )T

So f!(x) is a polynomial with coefficients in Gj.

Next, we define .% to be the collection of all fields (H,+g, -g) such that H C A, and
we let ¢ be a choice function for nonempty members of &(%); that is, for any nonempty
X CZ, ¢X) e X.

We make a construction of fields G, for a < k by transfinite recursion as follows,
starting with Go. Suppose that G, has been defined as an extension of Gy, with |G,| < k.
By the result (1) on field extensions which we are assuming, there is a field (K, 4k, k)
which is an algebraic extension of G, and in which f/ (z) splits into linear factors, with
|K| < k. Let

X ={(H,+py, -»): HC A\ H is an algebraic extension of G,
|H| < k, and f/ (x) splits into liinear factors in H}.

Let k be a one-one function mapping K into A, with k£ the identity on K NA\; this is possible
because |K| < A: for then we have |[K N A| < A and so |A\\K| = A, and we can map K\
one-one into A\ K. Let H be the range of k. Then we make H into a field by defining, for
any a,b € K,

a+b=k(k ' (a)+ k(b)) and
a-b=Fk(k"a)-E"H(b)).

Then k is an isomorphism of K onto H. The coefficients of f/(z) are in G, C A, and so
they are fixed by k. Now by result (3), k extends to an isomorphism of K[z] onto H [z].
It follows that f! (x) splits into linear factors over H too. Moreover, H is an algebraic
extension of G,,. In fact, let b € H. Then k~1(b) € K. Since K is an algebraic extension
of G, there is a polynomial ag + a1z + - -+ + a,,x™ with coefficients a; € G, such that
ao + ark~H(b) + -+ + an (k71 (b))™ = 0. Since G, C X and k is the identity on K N\, we
have k(a;) = a; for all 4, and hence

0=k(0) =Ek(ap + ar k™ (b) + - - - + am (k71 (D)™) = ap + arb + - - - + @y b™.

This shows that b is algebraic over G,,.
We have now shown that X # 0. We let Go4,1 = ¢(X).
At limit steps a < A we define Go = Jg_, G- Note that then

Gal ) G <) A< A A=A

B<a B<a
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Now let [ be a one-one function mapping G, onto a superset L of F', extending g. We
make L into a field by setting, for any a,b € L,

a+b=1(1"1a)+1"b)) and
a-b=101"1a) - 171(b)).

We claim that L is as desired in the theorem. Since [ is a bijection, L has size at most
A= |F|+w. We have F C L. If a,b € F, then

=1l(g~(a+rb))
=g(g (a+r D))
=a+pb.

Similarly, a -7, b = a -p b. Hence L extends F'.
For any a < k, the polynomial f/ (z) splits into linear factors over G; thus

fo(@) is gil(aa,o) + gil(aa,l)x + gil(aa,Q)xQ +ot gil(aa,ma)xma
which is (bpx — co)(b1z — 1) ... (b, T — )

for some b;’s and ¢;’s in G,;. By (3), | extends to an isomorphism from G, onto L. Clearly
I(fl(z)) = fa(z), and so we see that f,(x) splits into linear factors over L, namely, f,(z)
is
(U(b1)z — L) (Ub2)z — U(c2)) -+ - (b, )z — Uem,))-

Finally, we show that L is an algebraic extension of F'. To do this, we first prove that
each G, is an algebraic extension of G, by transfinite induction. This is obviously true
for a = 0. If we have shown that GG, is an algebraic extension of Gy, then G4 1 is also,
by (2). If a is limit < x and we know that each G for § < « is an algebraic extension
of Gy, then each element of G, is in some Gg for 8 < «, and hence is the zero of some
polynomial with coefficients in Gy, as desired. This finishes the inductive proof. Hence
G, is an algebraic extension of Go. Now take any b € L. Then [7!(b) is a zero of some
polynomial g(z) with coefficients in Gy, so it is clear that b is a zero of the polynomial
[(g(z)) which has coefficients in F'; a detailed argument in a similar situation was given
above. ]

It is of some interest to recognize some statements which go beyond the axioms of ZF, are
implied by the axiom of choice, but are demonstrably weaker than AC. Here is a partial
list of such statements, taken from T. Jech, The axiom of choice:

Boolean prime ideal theorem. FEvery Boolean algebra has a prime ideal.

Ordering principle. FEvery set can be simply ordered.
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Axiom of choice for families of well-orderable sets. If (A; : i € I) is a system of
non-empty sets each of which can be well-ordered, then there is a function f with domain
I such that f(i) € A; for alli e I.

Axiom of choice for families of two-element sets. If (A; : i € I) is a system of
non-empty sets, and for each i € I there exist distinct x,y such that A; = {x,y}, then
there is a function f with domain I such that f(i) € A; for alli € I.

Axiom of choice for families of finite sets. If (A; : i € I) is a system of non-empty
finite sets, then there is a function f with domain I such that f(i) € A; for alli € I.

Countable axiom of choice. If (A; : i € w) is a system of non-empty sets, then there is
a function f with domain w such that f(i) € A; for alli € w.

Exercises, Chapter 10

1. Show carefully how the function h defined in the proof of 10.2, Axiom of Choice =
Well-ordering principle, is shown to exist by the transfinite recursion principle.

2. Prove that the relation < on A, defined in the proof that the axiom of choice implies
the well-ordering principle, really does well-order A.

3. Show carefully how the function h defined in the proof of 10.2, Well-ordering principle
= Zorn’s lemma, is shown to exist by the transfinite recursion principle.

4. Show by induction on m, without using the axiom of choice, that if m € w and
(A; : i € m) is a system of nonempty sets, then there is a function f with domain m such
that f(i) € A; for all i € m.

5. Using AC, prove the following, which is called the Principle of Dependent Choice (which
is also weaker than the axiom of choice, but cannot be proved in ZF). If R is a relation,
R C A x A, and for every a € A there is a b € A such that aRb, then there is a function
f:w— Asuch that f(i)Rf(i+ 1) for all i € w.

The next exercises give some more equivalents to the axiom of choice; so each exercise
states something provable in ZF. Consider the following statements.

(1) If < is a partial ordering and < is a simple ordering which is a subset of <, then there
is a maximal (under C) simple ordering < such that < is a subset of <, which in turn is
a subset of <.

(2) For any two sets A and B, either there is a one-one function mapping A into B or
there is a one-one function mapping B into A.

(3) For any two nonempty sets A and B, either there is a function mapping A onto B or
there is a function mapping B onto A.

(4) A family .7 of subsets of a set A has finite character if for all X C A, X € % iff every
finite subset of X is in .%. Principle (4) says that every family of finite character has a
maximal element under C.
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(5) For any relation R there is a function f C R such that dmn R = dmn f.
6. Show that the axiom of choice implies (1). [Use Zorn’s lemma]

7. Prove that (1) implies (2). [Given sets A and B, define f < g iff f and g are one-one
functions which are subsets of A x B, and f C g. Apply (1) to < and the empty simple
ordering. |

8. Prove that (2) implies (3). [Easy]

9. Prove that (3) implies the axiom of choice. [Show that any set A can be well-ordered, as
follows. Use Lemma 10.1 to find an ordinal which cannot be mapped one-one into Z2(A).
Show that if f : A — « maps onto a, then (f~1[{8}]: B < a) is a one-one function from
a into Z(A).

10. Show that the axiom of choice implies (4). [Use Zorn’s lemma.]

11. Show that (4) implies (5). [Given a relation R, let .# consist of all functions contained
in R.|

12. Show that (5) implies the axiom of choice. [Given a family (A; : i € I) of nonempty
sets, let R={(i,z):i €l and z € A;}.]
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