Solutions, exercise set 3

‘Chapter 3, exercise 2‘ Prove that if f: A — B, then the following conditions are equiv-
alent:
(i) f is one-one.

(ii) X = fLf[X]] for every X C A.

Assume that f: A — B. (i)=(ii): assume that f is one-one. If z € X, then f(x) € f[X]
and hence x € f~![f[X]]. Now suppose that x € f~[f[X]]. Then by 3.3 we have x € A
and f(z) € f[X]. Hence by 3.2 there is an a € X such that f(z) = f(a). Since f is
one-one, we get © = a, so x € X. This proves the other inclusion in (ii).

(ii)=-(i): Assume (ii), and suppose that z,y € A with f(z) = f(y). Let X = {y}.
Then f(z) = f(y) € fX], 50z € /- [f[X] = X = {4}, s0 2 = 1.
‘Chapter 3, exercise 9‘ Prove that if f : A — B and (Y; : i € I) is a system of subsets of
B, then fﬁl[Uz’eI YZ] = Uie] fﬁl[Yi]-

Assume that f: A — B and (Y; : i € I) is a system of subsets of B. Take any set a. Then
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‘Chapter 3, exercise 15‘ Suppose that f : A — B. Show that the following conditions are
equivalent:

(i) f maps onto B.

(ii) For all C,g,h, ifg: B— C, h: B — C, and go f =ho f, then g = h.

(i)=-(ii): Assume (i) and the hypothesis of (ii). Take any b € B. Since f maps onto
B, choose a € A such that f(a) = b. Then ¢g(b) = g(f(a)) = (go f)(a) = (ho f)(a) =
h(f(a)) = h(b). Since b is an arbitrary element of B, it follows that g = h.

(ii)=(i): Assume (ii), and suppose that b € B; we want to find a € A such that
f(a) = b. Suppose that there is no such a; we will get a contradiction. Let C' = {¢, d},
with ¢ and d distinct elements, for example ¢ = 0 and d = {0}. Define g : B — C
by setting g(x) = ¢ for all x € B, and define h : B — C by setting h(xz) = ¢ for all
x € B\{b} and h(b) = d. Then for any z € A we have f(z) # b by hypothesis, so
(ho f)(x) = h(f(z)) = c = g(f(x)) = (go f)(z). Thus hof =gof. Soh =g. But
obviously h # g, contradiction.



‘Chapter 3, exercise 26‘ Suppose that f : A — B, f maps onto B, g : A — C, and for
all x,y € A, if f(x) = f(y) then g(x) = g(y). Show that there is an h : B — C' such that
the diagram

f
A B

commutes, i.e., g =ho f.

We define
h={(b,c) e BxC:3a€ Alb= f(a) and ¢ = g(a)}.

First we check that A is a function. Suppose that (b,c), (b,d) € h. Choose, accordingly,
a,a’ € A such that b = f(a), c = g(a), b= f(d’), and d = g(a’). Thus f(a) = f(a’), so by
hypothesis g(a) = g(a’), i.e., ¢ = d, as desired.

Since f maps onto B, it is clear that the domain of h is A, and h maps into C'. From
its definition it follows that h(f(a)) = g(a) for any a € A, as desired.



