4. The main pcf theorems

The sets Hy

We will shortly give several proofs involving the important general idea of making elemen-
tary chains inside the sets Hy. Recall that Hy, for an infinite cardinal W, is the collection
of all sets hereditarily of size less than W, i.e., with transitive closure of size less than W.
We consider Hy as a structure with € together with a well-ordering <* of it, possibly with
other relations or functions, and consider elementary substructures of such structures.

Recall that A is an elementary substructure of B iff A is a subset of B, and for
every formula ¢(zg,...,2,m—1) and all ag,...,am—1 € A, A = p(ag,...,am—1) iff B
o(ag, -, am—1)-

The basic downward Lowenheim-Skolem theorem will be used a lot. This theorem
depends on the following lemma.

Lemma 4.1. (Tarski) Suppose that A and B are first-order structures in the same
language, with A a substructure of B. Then the following conditions are equivalent:

(i) A is an elementary substructure of B.

(ii) For every formula of the form Jyp(zg, ..., Tm—_1,y) and all ag,...,am—1 € A, if
B = 3ye(ag, .. .,am—1,y) then there is a b € A such that B = ¢(ag, ..., am-1,b).

Proof. (i)=-(ii): Assume (i) and the hypotheses of (ii). Then by (i) we see that
A = Jye(ag, ..., am—1,y), so we can choose b € A such that A = ¢(ag,-..,am—1,b).
Hence B = ¢(ag, ..., am—1,b), as desired.

(ii)=(i): Assume (ii). We show that for any formula ¢(xo, . .., Z,,—1) and any elements
ag,...,am-1 € A, A E ¢(ag,...,am—1) iff B E ¢(ag,-..,am—1), by induction on ¢. It
is true for ¢ atomic by our assumption that A is a substructure of B. The induction
steps involving — and V are clear. Now suppose that A = Jye(ag,...,am—1,y), with
ag,...,am-1 € A. Choose b € A such that A = ¢(ag,...,am—1,b). By the inductive
assumption, B = ¢(ag, ..., am_1,b). Hence B = Jyp(ag, ..., am—_1,y), as desired.

Conversely, suppose that B = Jyp(ag, ..., am-1,y). By (ii), choose b € A such that
B = ¢(ag,...,am—1,b). By the inductive assumption, A = ¢(ag,...,am—1,b). Hence
A E Jyp(ag, ..., am-1,y), as desired. O

Theorem 4.2. Suppose that A is an L-structure, X is a subset of A, k is an infinite
cardinal, and K is > both | X| and the number of formulas of £, while k < |A|. Then A
has an elementary substructure B such that X C B and |B| = k.

Proof. Let a well-order < of A be given. We define (C), : n € w) by recursion. Let Cy
be a subset of A of size k with X C Cy. Now suppose that C,, has been defined. Let M,
be the collection of all pairs of the form (Jyp(zo, ..., Tm_1,y),a) such that a is a sequence
of elements of C,, of length m. For each such pair we define f(Jyp(xo,...,Tm-1,Yy),a) to
be the <-least element b of A such that A = ¢(aqg, ..., am_1,b), if there is such an element,
and otherwise let it be the least element of C,,. Then we define

Cn—‘,—l - Cn U {f(zly@(x(b ) xm—by)a Cl) : (Elng(x(), ) xm—by)? CL) € Mn}

Finally, let B = J,,c., Cn.
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By induction it is clear that |C),| = & for all n € w, and so also |B| = .

Now to show that B is an elementary substructure of A we apply Lemma 4.1. To
show that B is a substructure of A, let F be a fundamental operation of A, say of arity n,
and suppose that a € "B. Choose m so that a € "C,,,. Then

F4(a) = f(3y[F(zo, ..., 2,) = y],a) € Cpy1 C B,

as desired.
Now suppose that we are given a formula of the form Jyp(xg,...,Tmn_1,y) and el-
ements ag,...,a,—1 of B, and A | Jyp(ag,...,am-1,y). Clearly there is an n € w

such that ag,...,am—1 € C,. Then (Jye(xo,...,Tm-1,y),a) € M,, and the element

b f3yp(zo, ..., Tm-1,Y),a) is in Cp41 € B and is such that A = ¢(ag,...,am—1,b).

This is as desired in Lemma 4.1. O

Given an elementary substructure A of a set Hy, we will frequently use an argument of
the following kind. A set theoretic formula holds in the real world, and involves only sets
in A. By absoluteness, it holds in Hy, and hence it holds in A. Thus we can transfer a
statement to A even though A may not be transitive; and the procedure can be reversed.

This kind of argument depends on properties of transitive closures. For any set A,
define a sequence (Ba, : n € w) as follows: Bag = A, and Ba 1 = |JBan. Then we
define trcl(A) = UU,,c., Ban, the transitive closure of A. Thus trcl(A) is a transitive set
which contains A and is included in any transitive set whtih contains A. We summarize
some properties of transitive closures:

Lemma 4.3. (i) If X C A, then trcl(X) C trcl(A).

(ii) trcl(P(A)) = P(A) Utrcl(A).

(i) If trcl(A) is infinite, then |tr cl(Z2(A))| < 2[trel(Al,

(iv) trcl(AU B) = trcl(A4) Utrcl(B).

(v)trcl(Ax B) = (Ax B)U{{a} :a € A}U{{a,b} :a € A,b € B}Utrcl(A)Utrcl(B).
(vi) If trcl(A) or trcl(B) is infinite, then |trcl(A x B)| < max(trcl(A), trcl(B).
(vii) trcl(AB) C (AB)Utrcl(A x B).

(viii) If tr cl(A) or trcl(B) is infinite, then |trcl(AB)| < 2max(|trel(A)],[trel(A)])

(iz) If trcl(A) is infinite, then |trcl(J]A)| < 2ltrel(Al,

(z) If trcl(A) or trcl(B) is infinite, then |tr cl(4(J] B))| <
(xi) If A is a set of infinite cardinals, then trcl(A) = |J A.
(zii) If A is an infinite set of reqular cardinals, then |trcl(pcf(A))] < 2/t el(A)f

Proof. (i)-(viii) are clear. For (ix), note that [JA C 4|J A, so (ix) follows from
(viii). For (x),

22max(|tr cl(A)|,|trcl(B)])

trel <A <H B))’ < gmax(|tr cl(A),|trel([ | B)) by (viii)

< 2max(|trcl(A),2‘“d<B>)

max(|tr cl(A)]|,|tr cl(B)]|)
< 2? .

(xi) is clear.
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Finally, for (xii), by (xi) it suffices to show that |Jpcf(A4) < 2%°MA) . So, let a €
Upcf(A). Choose A € pcf(A) such that a < A\. Now there is a one-one function mapping
A into [[ A/F for some ultrafilter F' on A; hence A < |[[A|. So, using (ix),

a <A< )HA) < ltral <HA)’ < girel(4) u

We also need the fact that some rather complicated formulas and functions are absolute
for sets Hy. Note that Hy is transitive. Many of the indicated formulas are not absolute
for Hy in general, but only under the assumptions given that ¥ is much larger than the
sets in question.

Lemma 4.4. Suppose that ¥ is an uncountable reqular cardinal. Then the following
formulas (as detailed in the proof) are absolute for Hy.

(i) B= 2(A).

(i) “D is an ultrafilter on A”.

(iii) Kk is a cardinal.

(iv) Kk is a regular cardinal.

(v) “& and X are cardinals, and A = k™ 7.

(vi) k = |A|.
(vii) B = [] A.
(viii) A=BC.

(ix) “A is infinite”, if U is uncountable.

(x) “A is an infinite set of reqular cardinals and D is an ultrafilter on A and X is a
regular cardinal and f € »[] A and f is strictly increasing and cofinal modulo D", provided
that 2/t <l < @

(xi) “A is an infinite set of regular cardinals, and B = pcf(A)”, if 211 <,

(xii) “A is an infinite set of regular cardinals and f = (J<A[A] : X € pcf(A))”, provided
that 2/t <l < @

(xiii) “A is an infinite set of regular cardinals and B = (By : A € pcf(A)) and
VA € pcf(A)(By is a A-generator)”, if 92!

Proof. Absoluteness follows by easy arguments upon producing suitable formulas, as

follows.
(i): Suppose that A, B € Hy. We may take the formula B = 2(A) to be

Vr € BVy € z(y € A)] ANVx[Vy € x(y € A) — x € BJ.

The first part is obviously absolute for Hy. If the second part holds in V' it clearly holds in
Hy. Now suppose that the second part holds in Hy. Suppose that x C A. Hence x € Hy
and it follows that x € B.

(ii): Assume that A, D € Hy. We can take the statement “D is an ultrafilter on A”
to be the following statement:

VX eD(X CA)ANAEDAVX,Y e DIXNY € D)AD& D
AVYVX € DIX CYAY CA—Y eDIAVWIY CA—Y e DV (A\Y)e€ D]
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Again this is absolute because Y C A implies that Y € Hy.
(iii): Suppose that k € Hy. Then

k is a cardinal iff & is an ordinal and Vf[f is a function and

dmn(f) = k and rng(f) € kK — f is not one-to-one|.

Note here that if f is a function with dmn(f) = x and rng(f) C &, then f C k X &, and
hence f € Hy.

(iv): Assume that x € Hg. Then

k is a regular cardinal iff & is a cardinal, 1 < k, and Vf[f is a function
and dmn(f) € k and rng(f) C x and
Va, f € dmn(f)(a < 8 — f(a) < f(B))
— Iy < kWa € dmn(f)(f(a) € 7)].

(v): Assume that k, A € Hy. Then (xk and X are cardinals and A = ™) iff

Kk is a cardinal and A is a cardinal and K < A
and Vo < A\[k < o — 3f[f is a function and dmn(f) = &

and rng(f) = a and f is one-one and rng(f) = «]].
(vi): Suppose that k, A € Hy. Then

k= |A| iff kisa cardinal and 3f[f is a function
and dmn(f) = k and rng(f) = A and f is one-to-one]

(vii): Assume that A, B € Hy. Then

B:HA iff Vf e B[fis a function and dmn(f) = A and

Vo € A[f(z) € z]] and Vf[f is a function and
dmn(f) = A and Vz € A[f(x) € 2] — f € B].

Note that if f is a function with domain A and f(z) € z for all x € A, then f C A x [J 4,

and hence f € Hy.
(viii): Suppose that A, B,C € Hy. Then

A=BC iff Vfec Alfis a function and dmn(f) = B
and rng(f) C C] and Vf[f is a function
and dmn(f) = B and mg(f) CC — f € A].

(ix): “A is infinite” iff If(f is a one-one function, dmn(f) = w, and rng(f) C A).
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(x): Suppose that A, D, \, f € Hy, and 2/ {4y < U, Then [[ A € Hy by Lemma
4.3(ix). Now

A is an infinite set of regular cardinals and D is an ultrafilter on A
and )\ is a regular cardinal and f € * H A and f is strictly

increasing and cofinal modulo D
iff

A is infinite and Vz € Az is a regular cardinal] and D is an ultrafilter on A and
A is a regular cardinal and 4B [B = H A and f is a function

and dmn(f) = A and rng(f) € B and
VE,n < AVX C AlVa € Ala € X & fe(a) < fp(a)] = X € D]

and Vg € B3§ < A\VX C A[Va € Ala € X & g(a) < fe(a)] = X € D]|.

(xi): Assume that 2/t < W and A, B € Hy. Let ¢(A, D, \, f) be the statement
of (xi). Note:

(1) If (A, D, A, f), then D, \, f € Hy, and max(), [trcl(A)]) < 2/trel(Al

In fact, D C Z(A), so trcl(D) Ctrel(P(A)) = Z(A) Utrcl(A4), and so [trcl(D)| < ¥ by
Lemma 4.3(iii); so D € Hy. Now f is a one-one function from A into [[ A4, so A < |[[ 4] <
¥, and hence A € Hy and max(), [trcl(A)|) < 21t Finally, f € A x ] A4, so it follows
that f € Hy.

Thus (1) holds. Hence the following equivalence shows the absoluteness of the state-
ment in (xi):

A is an infinite set of regular cardinals and B = pcf(A)
iff

A is infinite, and Vu € A(p is a regular cardinal) A VA € B3D3fp(A, D, f)
ANVYDVYANYf[p(A, D, X\, f) — X € B].
(xii): Assume that 2/ /(AD < ¥, By Lemma 4.3(xii) we have pcf(A) € Hy. Hence
A is an infinite set of regular cardinals A f = (J<x[A] : A € pcf(A))
iff
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A is infinite and Vk € A(k is a regular cardinal and
f is a function and 3B[B = pcf(A4) A B = dmn(f)]
VA e dmn(f)VX C A[A € f()) iff 3C[C = pcf(X) A C C )]

(xiii): Assume that 22" < ¢ and A, B € Hy. Note as above that pcf(A) €
Hy. Note that for any cardinal A we have J.\[A] € Z(A) and, with f as in (xi),
f Cpcf(A) x Z2(P(A)); so f € Hy. Let o(f, A) be the formula of (xii). Thus

A is a set of regular cardinals and B = (B) : A € pcf(4))
and VA € pcf(A)(B, is a A-generator)

iff

B is a function and 3C[C = pcf(A) A C = dmn(B)] A If[e(f, A)A
VA € dmn(B)Vu € dmn(B)[A is a cardinal and p is a cardinal and
pw=A"— By € f(u) AVX C A[X € f(pn) iff X\Bx € f(\)]]] O

Now we turn to the consideration of elementary substructures of Hy. The following lemma
gives basic facts used below.

Lemma 4.5. Suppose that ¥ is an uncountable cardinal, and N 1is an elementary
substructure of Hy (under € and a well-order of Hy ).

(i) For every ordinal a, o € N iff « +1 € N.

(ii)) w C N.

(iii) If a € N, then {a} € N.

(iv) If a,b € N, then {a,b}, (a,b) € N.

(v) If A,B € N, then Ax B € N.

(vi) If A€ N then |JA € N.

(vit) If f € N is a function, then dmn(f),rng(f) € N.

(viii) If f € N is a function and a € N Ndmn(f), then f(a) € N.

(ix) If X,Y € N, X CN, and |Y| < |X]|, thenY C N.

(z) If X € N and X # 0, then X "N # (.

(vi) P(A) € N if A€ N and 2/ 1A <,

(zii) If p is an infinite ordinal, |p|™ < ¥, and p € N, then |p| € N and |p|t € N.

(ziii) If A€ N, then [[A € N if 21l <

(xiv) If A € N, A is a set of reqular cardinals, and A C Hy, then pcf(A) € N if
2|trcl(A)| < .

(zv) If A € N, A is a set of reqular cardinals, then (J<x[A] : A € pcf(A)) € N if
22" g,

(zvi) If A € N and A is a set of reqular cardinals, then there is a function (By : A €
pcf(A)) € N, where for each X € pcf(A), the set By is a A\-generator, if 92"y,
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Proof. (i): Let « be an ordinal, and suppose that & € N. Then a € Hy, and hence
aU{a} € Hy. By absoluteness, Hy | Jz(z = aU{a}), so N £ Jz(z = a U {a}).
Choose b € N such that N =b = a U {a}. Then Hy = b= a U {a}, so by absoluteness,
b= aU{a}. This proves that o« U{a} € N.

The method used in proving (i) can be used in the other parts; so it suffices in most
other cases just to indicate a formula which can be used.

(ii): An easy induction, using the formulas JxVy € z(y # y) and Jzja C z A a €
rAVy €zly €aVy=all

(iii): Use the formula 3z[Vy € z(y = a) A a € z].

(iv): Similar to (iii).

(v): Use the formula

ACVa € AVb € B|(a,b) € C] AVz € CJa € ATb € Bz = (a,b)]].

(vi): Use the formula 3B[Vx € Az C B]|AVy € B3z € A(y € z)].

(vii): Use the formula JA[VaVy[(x,y) € f — z € A] AVx € ATy[(x,y) € f]]. Note
that this formula is absolute for Hy for example (x,y) € f € Hy implies that z,y € Hy.

(viii): Use the formula 3x[(a,z) € f].

(ix): Let f be a function mapping X onto Y (assuming, as we may, that Y # ().
Then f € Hyg, so by the above method, we get another function ¢ € N which maps X
onto Y. Now (viii) gives the conclusion of (ix).

(x): Use the formula 3z € X[z = z].

(xi): Z(A) € Hy by Lemma 4.3(iii). Hence we can use the formula

dB[Vx € B(x C A) AVz[z C A — x € B].
(xii): Assume that p is an infinite ordinal and p € N. Then
Hy E Ja < p[(3f : p — «, a bijection) AVG < p[(Jg: p — 5, a bijection) — a < f]].
Hence by the standard argument, there are «, f € N such that
Hy | f:p— «is abijection AVG < p[(Fg: p— B, a bijection) — a < f].

Clearly then a = |p|.
For |p|™, use the formula

3pdr [Vv € I'3f[f is a bijection from p onto 7|

AYAYf]f is a bijection from p onto v — v € T']

re=J F] .
(xiii): Note that [[ A € Hy by Lemma 4.3(ix). Then use the formula

B {Vf € B(f is a function Admn(f)=AAVa € A(f(a) € a))
AVYf[f is a function Admn(f) =AAVa € A(f(a) €a) — f € B]|.
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(xiv): pcf(A) € Hy by Lemma 4.3(xi), so by Lemma 4.4(xi) we can use the formula
dB[B = pcf(A)].

(xv): We have pcf(A) € Hy, and hence easily (J<[A] : A € pcf(A4)) € Hy. Hence by
Lemma 4.4(xii) we can use the formula 3f[f = (J-A[A] : X € pcf(A))].

(xvi): By Lemma 4.3(iii),(xi) and Lemma 4.4(xiii) we can use the formula

dB[B : pcf(A) — Z(A) AV € pcf(A)[B, is a A generator for A]. O

Definition. Let x be a regular cardinal. An elementary substructure N of Hy is k-
presentable iff there is an increasing and continuous chain (N, : o < k) of elementary
substructures of Hy such that:

(1) [IN|]=k and Kk +1 C N.

(2) N =Uqer Na-
(3) For every a < k, the function (Ng : f < a) is a member of Ngy;.
It is obvious how to construct a k-presentable substructure of Hy.

Lemma 4.6. If N is a k-presentable substructure of Hy, with notation as above, and
if a < K, then:

(i) o +1€ Noy1;

(ZZ) a+wC Na+1,'

(iii) Ny € Noo1-

Proof. Since (Ng : f < a) € Ngyy1, (i) follows from Lemma 4.5 (vii). Hence
a+ 1 € Nyt1 by induction, and (ii) follows by Lemma 4.5(i). (iii) holds by Lemma
4.5(viii). O
For any set M, we let M be the set of all ordinals a such that o € M or M Ne is unbounded
in a.

Lemma 4.7. If N is a k-presentable substructure of Hy, with notation as above, then

(i) If « < K, then N, C N.

(ii) If K < o € N\N, then « is a limit ordinal and cf(a) = K, and in fact there is a
closed unbounded subset & of a such that E C N and E has order type k.

Proof. First we consider (i). Suppose that v € N,. We may assume that v ¢ N,,.
Case 1. v = sup(N, N Ord). Then

Hy | [V6(0 € Ny — 6 <A')AVe[VI(0 € Ny — 5 <e) =+ <¢g]];

in fact, our given ~ is the unique ' for which this holds. Hence this statement holds in
N, as desired.

Case 2. 30 € N, (v < ). We may assume that 6 is minimum with this property. Now
for any 3 € N, we can let p(f) be the supremum of all ordinals in N, which are less than
B. So p(0) = . By absoluteness we get

Hy Y0 € No3p[Ve € Ny(e < 8 — € < p)
AVx[Ve € No(e < B —e<x) — p<x];
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Hence N models this formula too; applying it to 8 in place of 3, we get p € N such that

N EVe € No(e <0 —e<p)
AVX[Ve € No(e <0 — e < x) — p<x].

Thus v = p € N, as desired. This proves (i).

For (ii), suppose that k < « € N\N. Let E = {sup(a N N¢) : £ < k}. Note that if
€ < K, then by (i), sup(aNN¢) € N. So E C N. It is clearly closed in c. It is unbounded,
since for any € anNN thereisa & < k such that 8 € N¢, and so § < sup(anNg) € N. ]

For any set N we define the characteristic function of N; it is defined for each regular
cardinal p as follows:

Chy (p) = sup(N N p).

Proposition 4.8. Let k be a reqular cardinal, let N be a r-presentable substructure
of Hy, and let u be a reqular cardinal.

(i) If p < K, then Chy(p) = p € N.

(i) If k < p, then Chy(u) ¢ N, Chy(p) < p, and Chy(p) has cofinality k.

(iii) For every o € N N p we have o < Chy(u).

Proof. (i): True since k +1 C N.

(ii): Since |N| = k < p and p is regular, we must have Chy () ¢ N and Chy(u) < p.
Then Chy(p) has cofinality « by Lemma 4.7.

(iii): clear. ]

Theorem 4.9. Suppose that M and N are elementary substructures of Hy and k < p
are cardinals, with p < W.

(i) If MNk € NNk and sup(M Nvt) = sup(MNNNvT) for every successor cardinal
vt < such that vt € M, then M N C NN p.

(i1) If M and N are both k-presentable and if sup(M Nvt) = sup(N NvT) for every
successor cardinal vt < p such that vt € M, then M Np= NN p.

Proof. (i): Assume the hypothesis. We prove by induction on cardinals ¢ in the
interval [k, u] that M N§ C N Né. This is given for § = k. If, inductively, § is a limit
cardinal, then the desired conclusion is clear. So assume now that J is a cardinal, Kk < § < p,
and MN§d C NNJ. If 67 ¢ M, then by Lemma 4.5(xii), [§,67] N M = (), so the desired
conclusion is immediate from the inductive hypothesis. So, assume that 5T € M. Then the
hypothesis of (i) implies that there are ordinals in [§, §*] which are in M NN, and hence by
Lemma 4.5(xii) again, 67 € N. Now to show that M N[4,5T] C NN[4, 1], take any ordinal
v € M N[5 07]. We may assume that v < 6. Since sup(M Nd+) =sup(M NN NJIT) by
assumption, we can choose € M NN N T such that v < 5. Let f be the <*-smallest
bijection from (3 to §. So f € M N N. Since v € M, we also have f(y) € M by Lemma
4.5(viii). Now f(y) < d, so by the inductive assumption that M Nd C N N J, we have
f(y) € N. Since f € N,sois f~%, and f~1(f(y)) = v € N, as desired. This finishes the
proof of (i).

(ii): Assume the hypothesis. Now we want to check the hypothesis of (i). By the
definition of k-presentable we have Kk = M Nk = N N k. Now suppose that v is a cardinal
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and v < p with v € M. We may assume that x < vt. Let v = Chy,(v"); this is the
same as Chy (1) by the hypothesis of (ii). By Lemma 4.8 we have v ¢ M U N; hence by
Lemma 4.7 there are clubs P, @ in 7 such that P C M and Q C N. Moreover, cf(y) = k&,
so that M N N is also club in . Hence sup(M Nvt) =sup(M Nvt) =sup(M NN Nvt).
This verifies the hypothesis of (i) for the pair M, N and also for the pair N, M. So our
conclusion follows. O

Minimally obedient sequences

Suppose that A is progressive, A € pcf(A), and B is a A-generator for A. A sequence
(fe : € < A) of members of [[ A is called persistently cofinal for A\, B provided that ((fe |
B) : £ < A) is persistently cofinal in (] B, <;_,[p)). Recall that this means that for all
h € [ B there is a {o < A such that for all &, if {§, < & < A, then h <;_ (p] (fe | B).

Lemma 4.10. Suppose that A is progressive, X € pcf(A), and B and C are \-
generators for A. A sequence (fe : £ < \) of members of [[ A is persistently cofinal for
A, B iff it is persistently cofinal for X\, C.

Proof. Suppose that (fe : & < A) is persistently cofinal for A\, B, and suppose that
h € []C. Let k € [[ B be any function such that A [ (BNC) =k | (BNC). Choose
o < A such that for all £ € [£o, ) we have k <;_,p] (f¢ [ B). Then for any § € [{o, A) we
have

{a€C:hia) > fela)} = {a€ BNC: ha) > fe(@)} U{a € C\B: h(a) > fe(a)}
C{a€ B:k(a) > fe(a)} U (C\B):

Now (C\B) € J<i[A] by Lemma 3.17(xi), so h <;_,c] (fe | C). By symmetry the lemma
follows. ]

Because of this lemma we say that f is persistently cofinal for a A € pcf(A) iff it is
persistently cofinal for A, B for some A-generator B.

Lemma 4.11. Suppose that A is progressive, A € pcf(A), and A € N, where N is a
k-presentable elementary substructure of Hy, with |A| < k < min(A) and 2/ DI < @,
Suppose that f = (fe : £ < X) is a sequence of functions in [ A.

Then for every & < X there is an a < k such that for any a € A,

fg(a) < ChN(CL) iff fg(a) < ChNa (a)

Proof.
Chy(a) =sup(N Na)

=V na)
:U(aﬂ U Na)

a<k

= J UWVana)

a<K

= U ChNQ (CL)
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Hence for every a € A for which f¢(a) < Chy(a), there is an o, < x such that fe(a) <
Chn,,, (a). Hence the existence of a as indicated follows. O

Lemma 4.12. Suppose that A is progressive, k is reqular, A € pcf(A), and A, € N,
where N is a k-presentable elementary substructure of Hy, with |A] < k < min(A) and
U is big. Suppose that f = (fe : £ < \) € N is a sequence of functions in [[ A which is
persistently cofinal in X\. Then for every & > Chy () the set

{a € A:Chy(a) < fe(a)}

18 a A-generator for A.

Proof. Assume the hypothesis, including ¢ > Chy(A). Let a be as in Lemma
4.11. We are going to apply Lemma 3.17(ix). Since A, f,A € N, we may assume that
A, f, XA € Ny, by renumbering the elementary chain if necessary. Now x C N, and |A| < &,
so we easily see that there is a bijection f € N mapping an ordinal < x onto A; hence
A C N by Lemma 4.5(viii), and so A C Ng for some < k. We may assume that A C Ny.
By Lemma 4.5(xvi),(viii), there is a A-generator B which is in Ny.

Now the sequence f is persistently cofinal in [[ B/J<x, and hence

Hy ):VhGHB3n<)\VpZn[h I B <j_, fp | B]; hence
NEVhe [[BIn<XVp>nlh| B<,_, f, | Bl;

Hence for every h € N, if h € [[ B then there is an 7 < A with n € N such that
N EVp>nlh | B <;_, f, | B]; going up, we see that really for every h € NN[] A there
is an 7, € N N A such that for all p with p > n, we have h [ B <;_, f, | B. Since &, as
given in the statement of the Lemma, is > each member of N N A, hence > n; for each
h e NN]J]A, we see that

(1) h|B<y_, fe|Bforevery he NN][A.

Now we can apply (1) to h = Chy,, since this function is clearly in N. So Chy, |
B <j_,iB) f¢ | B. Hence by the choice of a (see Lemma 4.11)

(2) Chy fB§J</\[B] fe I B.
Note that (2) says that B\{a € A : Chy(a) < fe(a)} € Joa[B].
Now A ¢ pcf(A\B) by Lemma 3.17(ii), and hence Jo\[A\B] = J<A[A\B]. So by

Theorem 3.4 we see that [[(A\B)/J<x[A\B] is AT-directed, so (f, | (A\B) : n < A) has
an upper bound h € [[(A\B). We may assume that h € N, by the usual argument. Hence

fe T (A\B) <;_,1a\B] h < Chy [ (A\B);

hence {a € A\B : Chy(a) < fe(a)} € J<a[4], and together with (2) and using Lemma
3.17(ix) this finishes the proof. ]
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Now suppose that A is progressive, ¢ is a limit ordinal, f = (fe : £ < J) is a sequence of
members of [] A, |A|T < cf(§) < min(A), and E is a club of ¢ of order type c¢f(d). Then
we define

hg = Sup{fg €€ E}

We call hg the supremum along E of f. Thus hg € [] A, since c¢f(d) < min(A). Note that
if B4 C E5 then hg, < hg,.

Lemma 4.14. Let A, 0, f be as above. Then there is a unique function g in [[ A such
that the following two conditions hold.

(i) There is a club C of 0 of order type cf(d) such that g = he.

(ii) If E is any club of 6 of order type cf(0), then g < hg.

Proof. Clearly such a function g is unique if it exists.

Now suppose that there is no such function g. Then for every club C' of § of order
type cf(d) there is a club D of order type cf(d) such that he £ hp. Thus there is an
a € A such that he(a) > hp(a), ie., sup{fe(a) : £ € C} > sup{fe(a) : £ € D, hence also
sup{fe(a) : £ € C} > sup{fe(a) : £ € CND. So h¢ £ henp. Hence there is a decreasing
sequence (F,, : a < |A|T) of clubs of § such that for every a < |A|" we have hg, £ hg
Now note that

a+1°

‘APL = U {Oé < ‘APL : hEa (CL) > hEa+1(a)}~
a€A

Hence there is an a € A such that M {a < JA|T : hg,(a) > kg, (a)} has size |A|T.

Now hg, (a) > hg,(a) whenever oo < 3 < |A|*, so this gives an infinite decreasing sequence
of ordinals, contradiction. ]

The function g of this lemma is called the minimal club-obedient bound of f.

Corollary 4.15. Suppose that A is progressive, ¢ is a limit ordinal, f = (fe : £ < 9)
is a sequence of members of [ A, |A|T < ¢f(§) < min(A), J is an ideal on A, and f is
< j-increasing. Let g be the minimal club-obedient bound of f. Then g is a <j-bound for
f. O

Now suppose that A is progressive, A € pcf(A), and k is a regular cardinal such that
|A| < K < min(A). We say that f = (fo : @ < \) is k-minimally obedient for X\ iff f is a
universal sequence for A and for every § < A of cofinality x, fs is the minimal club-obedient
bound of f.

A sequence f is minimally obedient for X iff |A|t < min(A) and f is minimally
obedient for every regular x such that |A| < x < min(A).

Lemma 4.16. Suppose that |A|" < min(A) and X\ € pcf(A). Then there is a mini-
mally obedient sequence for A.

Proof. By Theorem 4.16 let ( fg : £ < A) be a universal sequence for \. Now
by induction we define functions f¢ for & < X. Let fo = fJ, and choose fey1 so that

max(fe, f) < fey1-
For limit § < A such that |A| < c¢f(d) < min(A), let f5 be the minimally club-obedient
bound of (fe : & < 9).
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For other limit § < A, use the A-directedness (Theorem 9.8) to get f5 as a <;_,-bound
of (fe: € <9).

Thus we have assured the minimally obedient property, and it is clear that (fg : £ < \)
is universal. O

Lemma 4.17. Suppose that A is progressive, and k is a reqular cardinal such that
|A| < k <min(A). Also assume the following:

(i) A € pcf(A).

(11) f = (fe: & <A is a k-minimally obedient sequence for A.

(iii) N is a k-presentable elementary substructure of Hg, with W large, such that

A f,AEN.

Then the following conditions hold:
(iv) For every v € N N A\N we have:
(a) cf(y) = .
(b) There is a club C of v of order type r such that f, = sup{fe : £ € C} and
CCN.
(¢) fv(a) € NNa for every a € A.
(v) If v = Chn(A), then:
(a) v € NN X\N; hence we let C be as in (iv)(b), with f, = sup{fe: & € C}.
(b) fe € N for each & € C.
(c) f, < (Chy | A).
(vi) v = Chny(X) and C is as in (iv)(b), with f, = sup{fe : £ € C}, and B is a A
generator, then for every h € N N[ A there is a & € C such that (h | B) <;_, (fe¢ | B).

Proof. Assume (i)-(iii). Note that A C N, by Lemma 4.5(ix), applied to k, A in
place of X,Y.

For (iv), suppose also that v € N NA\N. Then by Lemma 4.7 we have cf(y) = x, and
there is a club E in v of order type x such that E C N. By (ii), we have f, = fc for some
club C of v of order type x. By the minimally obedient property we have fo = fong, and
thus we may assume that C' C E. For any £ € C and a € A we have f¢(a) € N by Lemma
4.5(viii). So (iv) holds.

For (v), suppose that ¥ = Chy()\). Then v € NNA\N because |[N| = £ < min(4) < \.
For each ¢ € C we have fe € N by Lemma 4.5(viii). For (c), if a € A, then f,(a) =
supeec fe(a) < Chn(a), since fe(a) € NNa for all £ € C.

Next, assume the hypotheses of (vi). By Lemma 4.11, f is persistently cofinal in A,

so by Lemma 4.13, B’ o {a € A: Chy(a) < fy(a)} is a A-generator. By Lemma 4.23(v)
there is a £ € C such that h [ B’ <;_, fe | B'. Now B =;_ (4] B’ by Lemma 4.23(xi), so

{a € B:h(a) > fe(b)} C(B\B)U{a € B":hl(a) > fe(b)} € J<A[A]. O

We now define some abbreviations.

Hi(A, k, N, V) abbreviates

A is a progressive set of reqular cardinals, k is a regular cardinal such that |A| < k <
min(A), and N is a k-presentable elementary substructure of Hy, with ¥ big and A € N.
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Hy(A,k, N, U, )\, f,v) abbreviates

Hy(A,k,N,U), A € pcf(A), f = (fe : £ < A) is a sequence of members of [[A, f € N,
and v = Chy(A).

H3(A,k, N, U, )\, f,v) abbreviates
Hy(A, k, N, U, X\, f,v) and {a € A: Chn(a) < f,(a)} is a A-generator.

Hy(A, k, N, U, )\ f,v) abbreviates

Hy (A, k, N, U\, f,v) and the following hold:
(i) fv < (Chy [ A).
(ii) For every h € NN][A thereis ad € NN ][] A such that for any \-generator B,

(hIB)<y_, (d] B) and d< f,.

Thus H; (A, k, N, ¥) is part of the hypothesis of Lemma 4.17, and Hy(A, k, N, W, A, f,7)
is a part of the hypotheses of Lemma 4.17(v).

Lemma 4.18. If Hy(A,k, N, ¥, A, f,v) holds and f is persistently cofinal for \, then
H3(A,k, N,V X, f,v) holds.

Proof. This follows immediately from Lemma 4.13. L

Lemma 4.19. If Hy(A,k, N, U, A, f,7) holds and f is k-minimally obedient for X,
then both Hs(A, k, N, U, \, f,v) and Hy(A,k, N, ¥, X\, f,7) hold.

Proof. Since f is k-minimally obedient for A, it is a universal sequence for A, by
definition. Hence by Lemma 4.11 f is persistently cofinal for A, and so property Hj follows
from Lemma 4.18.

For Hy, note that A\, A € N since f € N, by Lemma 4.5(vii),(ix). Hence the hypotheses
of Lemma 4.17(v) hold. So (i) in H4 holds by Lemma 4.17(v)(c). For condition (ii), suppose
that h € NN]J[A. Take B and C as in Lemma 4.17(vi), and choose £ € C such that
h|B<;_, fe|B. Let d= f¢. Clearly this proves condition (ii). O

The following obvious extension of Lemma 4.19 will be useful below.

Lemma 4.20. Assume Hi(A, k, N, ¥), and also assume that v = Chy(\) and

(i) f def (f* : X € pcf(A)) is a sequence of sequences (fg : €& < A) each of which is

k-minimally obedient for .

Then for each A\ € N Npcf(A), H3(A, k, N, U, \, f2,7) and Hy(A, k, N, U, \, fA,7) hold.
L]

Lemma 4.21. Suppose that H3(A,k, N, ¥, X\, f,v) and Hy(A,k, N, U, \, f,~v) hold.
Then

(1) {a € A: Chy(a) = fy(a)} is a A\-generator.

(it) If A = max(pcf(A)), then {a € A: f,(a) < Chn(a)} € Joa[A].
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Proof. By (i) of H4(A,k, N, V¥, A, f,v) we have f, < (Chy [ A), so (i) holds by
Hs(A,k, N, U\ f,7v). (ii) follows from Hs(A, k, N, U, \, f,~) and Lemma 4.23(xii). O

Lemma 4.22. Assume that Hs(A,k, N, U, A, f,v) and Hy(A,k, N, ¥, X, f,7) hold.
Let

b={ac A:Chn(a)= fy(a)}.

Then
(i) b is a \-generator.
(i) There is a set b C b such that:
(a) b € N;
(b) \U" € J<A[Al;
(c) V' is a A-generator.
Proof. (i) holds by Lemma 4.21(i). For (ii), by Lemma 4.12 choose a < & such that,

for every a € A,

(1) fW(CL) < ChN(CL) iff fv(a) < ChNa (a)

Now by (i) of Hi(A,k, N, ¥, A, f,v) we have f, < (Chy [ A). Hence by (1) we see that
for every a € A,

(2) acb iff Chy,(a)< fy(a).

Now by (ii) of Hy(A,k, N, W, A, f,~) applied to h = Chy,, | A, thereisad e NNJ[A
such that the following conditions hold:

(3) (Chw, 1) <y, (d1D).

(4) d < fy.

Now we define
b ={a€ A:Chy,(a) <d(a)}.

Clearly b € N. Also, by (3),
b\o' ={a €b:d(a) < Chy,_(a)} € Jcy,

and so (ii)(b) holds. If a € ¥, then Chy,(a) < d(a) < f,(a) by (4), so a € b by (2). Thus
b" C b. Now (ii)(c) holds by Lemma 4.23(ix). O

Lemma 4.23. Assume Hy(A,k, N,¥) and A € N. Suppose that (f* : X € pcf(A)) €
N is an array of sequences <fg‘ 1 & < \) with each fé\ € [[A. Also assume that for every

A€ N Npcf(A), both H3(A, k, N, U, \, f, () and Hy(A, k, N, U, X\, f,v(\)) hold.
Then there exist cardinals Ao > A1 > --- > X\, in pcf(A) NN such that

(Chy [ A) =sup{ 2,0 )
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Proof. We will define by induction a descending sequence of cardinals \; € pcf(A)NN
and sets A; € Z(A)NN (strictly decreasing under inclusion as i grows) such that if A; # ()
then \; = max(pcf(4;)) and

(1) (Chiy [ (A\Air1)) = sup{(f20,) T (A\Aip1)), -, (F3 T (A\Ain)}.

Since the cardinals are decreasing, there is a first 4 such that A; 1 = ), and then the lemma
is proved. To start, Ag = A and A\g = max(pcf(A4)). Clearly A\g € N. Now suppose that
Ai and A; are defined, with A; # 0. By Lemma 4.22(i) and Lemma 4.23(x), the set

{a€e AN(X\;+1):Chy(a) = fv)‘(i)\i)(a)}

is a A\;-generator. Hence by Lemma 4.22(ii) we get another \;-generator b’/\i such that
(2) b, € N.
(3) by, C{a€ An(Ni+1): Chy(a) = 2, (@)}
Note that b) # 0. Let A;y1 = A;\b),. Thus A;y; € N. Furthermore,
(4) A\A;j11 = (A\A;) Ub) .
Now by Lemma 4.23(ii) and \; = max(pcf(A;)) we have \; & pcf(A;1). If Ajpq # 0, we
let \j11 = max(pcf(A;41)). Now by (i) of Hy(A, k, N, U, A, fA,~v(\;)) we have
Aj .
(5) i) < (Chy [ A) for all j <.

Now suppose that a € A\A;1. If a € A;, then by (4), a € b}, , and so by (3), Chy(a) =

fﬁj‘{Al)(a), and (1) holds for a. If a ¢ A;, then A # A;, so i # 0. Hence by the inductive

hypothesis for (1),
Xi
ChN (CL) = Sup{fy)\(o)\o)(a)ﬂ R 7()\;71)(0“)}7
and (1) for a follows by (5). O

Theorem 4.24. Suppose that p is singular and k < p is an uncountable reqular

cardinal such that A % (K, tt)reg has size < k. Then

cf([j1)", C) = max(pef(A)).

Proof. Note by the progressiveness of A that every limit cardinal in the interval (x, u)
is singular, and hence every member of A is a successor cardinal.

First we prove >. Suppose to the contrary that cf([u]”,C) < max(pcf(A)). For
brevity write max(pcf(A4)) = A. let {X; : i € I} C [u]” be cofinal and of cardinality less
than A. Pick a universal sequence (fe : & < A) for A by Theorem 4.16. For every £ < A,
rng(fe) is a subset of p of size < |A| < &k, and hence rng(f¢) is covered by some X;. Thus
A =U;er{€ < A:mg(fe) € X}, so by [I| < A and the regularity of A we get an i € I such
that [{£ < A :rng(fe) € X} = A\. Now define for any a € A,

h(a) = sup(a N X;).
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Since k < a for each a € A, we have h € [[ A. Now the sequence (f¢ : £ < A) is cofinal in
[T A under <;_, by Lemma 4.17. So there is a £ < X such that h <j_, fe. Thus there is
an a € A such that h(a) < fe(a) € X;, contradicting the definition of h.

Second we prove <, by exhibiting a cofinal subset of [u]* of size at most max(pcf(A)).
Take N and ¥ so that Hy(A,k, N,¥). Let .# be the set of all k-presented elementary
substructures M of Hy such that A C M, and let

F={Mnu:Me.#}\[u<".

Since |M| = K, we have |M Npu| < k, and so VM € F(|M N p| = k).
(1) F is cofinal in [u]".

In fact, for any X € [u]” we can find M € .# such that X C M, and (1) follows.
By (1) it suffices to prove that |F| < max(pcf(A)).

Claim. If M, N € .# are such that Chy; [ A= Chy [ A, then M Npu= NN p.

For, if v is a successor cardinal < p, then sup(M Nvt) = Chy(vh) = Chy(v™) =
sup(N Nvt). So the claim holds by Theorem 4.9.

Now for each M € ., let g(M) be the sequence ((Ao,70),---, (An,Tn)) given by
Lemma 4.23. Clearly the range of g has size < max(pcf(A)). Now for each X € F,
choose Mx € .# such that X = Mx N pu. Then for X, Y € F and X # Y we have
Mx N p # My N, hence by the claim Chys, [ A # Chyy, | A, and hence by Lemma 4.23,
g(Mx) # g(My). This proves that |F| < max(pcf(A)). O

Corollary 4.25. Let A = {X,, : 1 < m < w}. Then for any m € w we have
cf ([N, ] ) = max(pcf(A)).

Proof. Immediate from Lemma 2.27(vi) and Theorem 4.24. O

Elevations and transitive generators

We start with some simple general notions about cardinals. If B is a set of cardinals, then
a walk in B is a sequence \g > A1 > --- > )\, of members of B. Such a walk is necessarily
finite. Given cardinals A\g > X in B, a walk from \g to X\ is a walk as above with A\, = \.
We denote by Fj, A(B) the set of all walks from A to .

Now suppose that A is progressive and Ao € pcf(A). A special walk from Ao to A, in
pcf(A) is a walk \g > -+ > A, in pcf(A) such that \; € A for all i > 0. We denote by
Fy, A (A) the collection of all special walks from Ag to A in pef(A).

Next, suppose in addition that f def (f* : X € pcf(A)) is a sequence of sequences,

where each f* is a sequence (f? : & < A) of members of [TA. If \g > --- > )\, is a special
walk in pcf(A), and v9 € Ao, then we define an associated sequence of ordinals by setting

Yirr = £ (Nir1)
for all i < n. Note that v; < \; for all i = 0,...,n. Then we define
Elxn,....x, (70) = 7n-
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Now we define the elevation of the sequence f, denoted by f¢ et (fMe: X\ € pef(A)), by
setting, for any A\g € pcf(A), any o € Ao, and any X\ € A,

(0N if Ao < A,

max({ELy,, ., (70) 1 (Mos -5 An) € F 2} i A< Ao,
and this maximum exists,

£e0) =

L f0(N) if A < Ao, otherwise.

Note here that the superscript € is only notational, standing for “elevated”.

Lemma 4.26. Assume the above notation. Then fé‘oo < ]"7)‘00’e for all \g € pcf(A) and
all vo € Ag.

Proof. Take any 79 € Ag and any A € A. If A\g < A, then f?oo’e()\) = f?oo()\). Suppose
that A < Xg. If the above maximum does not exist, then again f30-¢(X) = f2°(X). Suppose
the maximum exists. Now (Ao, A) € F} ,(4), so

£20(A) = Elyg a(0) < max({Elyy,..x, (70) : (Mo, -+ An) € FX a0 = £20°(N). O

Lemma 4.27. Suppose that A is progressive, k is a reqular cardinal such that |A| <
k < min(A), and f o (f» 1 X € pcf(A)) is a sequence of sequences f* such that f> is
k-minimally obedient for \. Assume also Hy(A,k, N,¥) and f € N.

Then also f¢ € N.

Proof. The proof is a more complicated instance of our standard procedure for going
from V to Hy to N and then back. We sketch the details.

Assume the hypotheses. In particular, A € N. Hence also pcf(A) € N. Also, |A| < k,
so A C N. Now clearly F' € N. Also, El € N. (Note that El depends upon A.) Then by

absoluteness,

Hy |=3dg g is a function, dmn(g) = pcf(A4) A Vg € pcf(A)Vyg € AV € A

( fé‘oo()\) if A\g < A\,
()\) _ max({Eb\O 77777 )\n(’yo) : ()\07---7)\n) S F>/\07>\}) if A < A,
g and this maximum exists,
L 20 (N) if A < Ao, otherwise.
Now the usual procedure can be applied. ]

Lemma 4.28. Suppose that A is progressive, k is a reqular cardinal such that |A| <

k < min(A), and f def (f* : X € pcf(A)) is a sequence of sequences f> such that f* is

k-minimally obedient for \. Assume Hy(A,k, N,¥) and f € N.
Suppose that Ao € pcf(A) NN, and let v9 = Chy(Ng).
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(i) If Ao > -+ > A is a special walk in pcf(A), and y1,...,v, are formed as above,
then ~v; € N for alli =0,...,n. B
(it) For every A € AN X we have f30¢(\) € N.

Proof. (i): By induction, using Lemma 4.17(iv)(c).
(ii): immediate from (i). ]

Lemma 4.29. Assume the hypotheses of Lemma 4.28. Then
(i) For any special walk Ao > -+ > Ay = X in F}_ , we have

A (70) < Chy(A).

.....

(ii) ]"7)‘00’e < Chy [ A for every v < Ag.
i11) If there is a special walk Ao > --- > X\, = X in F_ such that
Ao\

Ely,,... 2, (70) = Chy (M),
then
Chy(A) = f32¢(N).

(iv) Suppose that Chy(\) = f”\o’ (N) =~. If there is an a € AN\ such that f?‘(a) =
Chy (a), then also fw)‘oo’e( ) = Chy(a).

Proof. (i) is immediate from Lemma 4.28(i) and Lemma 4.8(iii). () and (iii) follow
from (i). For (iv), by Lemma 4.28(i) and (i) there are special walks A\g > --- >\, = X and
A=Ay >---> A =asuch that

f20¢(A) = Chy(\) = Ely,,. 5, (70) and
f¢(a) = Chy(a) = Ely, . (a).

It follows that

and (iii) then gives fé‘OO’e(a) = Chy(a). O
Definition. Suppose that A is progressive and A C P C pcf(A). A system (by : A € P)
of subsets of A is transitive iff for all A € P and all u € by we have b, C by.

Theorem 4.30. Suppose that Hy(A,k, N, V), f = (f* : X € pcf(4)) is a system of
functions, and each f* is k-minimally obedient for . Let f¢ be the derived elevated array.
For every \g € pcf(A) NN put v90 = Chy(Ag) and define

br, = {a € A: Chy(a) = f30(a)}.
Then the following hold for each Ao € pcf(A) N N:
(i) by, is a Ag-generator.

(ii) There is a b C by, such that
(a) b, \b), € J<ro[A]-
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(b) b\, € N (each one individually, not the sequence).
(c) b}, is a Ao-generator.
(iii) The system (by : X € pcf(A) N N) is transitive.

Proof. Note that Hy(A, x, N, ¥, \g, f22¢, ) holds by Lemma 4.27. By definition,
minimally obedient implies universal, so f° is persistently cofinal by Lemma 4.11. Hence
by Lemma 4.26, ¢ is persistently cofinal, and so Hs(A, k, N, ¥, \g, ¢, ~0) holds by
Lemma 4.18. Also, by Lemma 4.19 Hy(A, x, N, ¥, \g, f2°,79) holds, so the condition
Hy(A, k, N, ¥, \g, f2¢ ~) holds by Lemmas 4.26 and 4.29(ii). Now (i) and (ii) hold by
Lemma 4.22.

Now suppose that A\g € pcf(A) N N and X € by,. Thus

Chy(3) = f37°(V),
where 79 = Chy(Ng). Write v = Chy(A). We want to show that by C by,. Take any
a € by. So Chy(a) = f“(a). By Lemma 4.29(iv) we get f30¢(a) = Chy(a), so a € by,,
as desired. OJ

Localization

Theorem 4.31. Suppose that A is a progressive set. Then there is no subset B C
pcf(A) such that |B| = |A|T and, for every b € B, b > max(pcf(BNb)).

Proof. Assume the contrary. We may assume that |A|" < min(A). In fact, if we
know the result under this assumption, and now |A|™ = min(A), suppose that B C pcf(A)
with |B] = |A|" and Vb € B[b > max(pcf(BNb))]. Let A’ = A\{|A|T}. Then let
B’ = B\{|A|"}. So by Proposition 9.1(vi) we have B’ C pcf(A’). Clearly |B'| = |A|T
and Vb € B’[b > max(pcf(B’ Nb))], contradiction.

Also, clearly we may assume that B has order type |A|T.

Let E = AU B. Then |E| < min(F). Let k = |F|. By Lemma 4.16, we get an
array (f* : A € pcf(E)), with each f* k-minimally obedient for A. Choose N and ¥
so that Hy(A, k, N,¥), with N containing A, B, E, (f* : A € pcf(E)). Now let (by : A €
pcf(E)NN) be the set of transitive generators as guaranteed by Theorem 4.30. Let b\ € N
be such that b}, C by and by\b} € J<».

Now let F' be the function with domain {a € A : 38 € B(a € bg)} such that for each
such a, F(a) is the least 8 € B such that a € bg. Define By = {7y € B : Ja € dmn(F)(y <
F(a)}. Thus By is an initial segment of B of size at most |A|. Clearly By € N. We let
Bo = min(B\By); so By = BN [y.

Now we claim

(1) There exists a finite descending sequence \g > - -+ > A, of cardinals in N N pcf(By)
such that By C by, U...Ub,,.

We prove more: we find a finite descending sequence \g > --- > )\, of cardinals in
N N pcf(Byp) such that By C b’)\0 U...uU b’An. Let Ao = max(pcf(By)). Since By € N,
def

we clearly have A\g € N and hence b} € N. So By = Bo\b), € N. Now suppose that
By, C By has been defined so that By, € N. If By, = (), the construction stops. Suppose that
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def
By # 0. Let A\, = max(pcf(By)). Clearly A\, € N, so b&k € N and Byy1 = Bk\b&k € N.

Since Byt1 = Bi\b), and b} is a Ag-generator, from Lemma 4.23(xii) it follows that
Ao > A1 > ---. So the construction eventually stops; say that B, 1 = 0. So B,, C blAn' So

By € b, U (Bo\by,)
= b}, U B
C by, Uby, UB;

C by, Uby, U...UB,
C by, Uby, U...Ub) .

This proves (1).
Note that Gy > max(pcf(B N Fy) = max(pcf(By)) = Ao by the initial assumption of
the proof. Next, we claim

(2) blgoﬁAgb)\OU...Ub,\n.

Consider any cardinal a € bg, N A. Since 5y € B, we have a € dmn(F’), and since 5y ¢ By
we have F(a) < (y. Let § = F(a). So a € bg, and 8 < [y, so by the minimality of [,
B € By. Since By C by, U...Ub,,, it follows that 3 € by, for some ¢ = 0,...,n. But
transitivity implies that bg C by,, and hence a € by,, as desired. So (2) holds.

Using Lemma 2.27(ii),(iii), by (2) we have

(3) pet(bs,) € pef(br,) U .. Upct(ba,):

Now Gy ¢ pcf(A\bg,) by Lemma 4.23(ii), but 5y € B C pcf(A), so By € pef(bg, NA. Hence
Bo € pcf(by, for some i < n, so By < \; by Lemma 4.23(vii). This contradicts what was
stated before (2) above. O]

Theorem 4.32. (Localization) Suppose that A is a progressive set of reqular cardinals.
Suppose that B C pcf(A) is also progressive. Then for every A € pcf(B) there is a By C B
such that |Bo| < |A| and X € pcf(By).

Proof. We prove by induction on A that if A and B satisfy the hypotheses of the
theorem, then the conclusion holds. Let C' be a A-generator over B. Thus C' C B and
A = max(pcf(C)) by Lemma 4.23(vii). Now C' C pcf(A) and C is progressive. It suffices
to find By C C with |By| < |A] and A € pcf(By).

Let Cp = C and A\g = A. Suppose that Cy D --- D C; and \g > --- > \; have
been constructed so that A = max(pcf(C;)) and C; is a A-generator over B. If there is
no maximal element of A\ N pcf(C;) we stop the construction. Otherwise, let A\;11 be that
maximum element, let D; 1 be a \;yi-generator over B, and let C;11 = C;\D;;+1. Now
Di1 € Jax, ., [B] C Jaa[B], so Ciqq is still a A-generator of B by Lemma 4.23(ix), and
A = max(pcf(Ciy1)) by Lemma 4.23(vii). Note that \; 1 ¢ pcf(Ciq1), by Lemma 4.23(ii).

This construction must eventually stop, when ANC; does not have a maximal element;
we fix the index 1.
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(1) There is an E C AN pcf(C;) such that |F| < |A] and X € pcf(E).

In fact, suppose that no such E exists. We now construct a strictly increasing sequence
(v; = 7 < |A|T) of elements of A N pcf(C;) such that v, > max(pcf({y; : 7 < k}) for all
k < |A|". (This contradicts Theorem 4.31.) Suppose that {v; : j < k} = E has been
defined. Now A ¢ pcf(E) by the supposition after (1), and A < max(pcf(F)) is impossible
since pcf(E) C pef(C;) and A = max(pcf(C;)). So A > max(pcf(E)). Hence, because ANC;
does not have a maximal element, we can choose v, € ANC; such that v, > max(pcf(E)),
as desired. Hence (1) holds.

We take E asin (1). Apply the inductive hypothesis to each v € E and to A, F in place
of A, B; we get a set G, C E such that |G| < |A] and v € pcf(G). Let H =, g G-
Note that |H| < |A|. Thus E C pcf(H). Since pcf(E) C pcf(H) by Theorem 4.13, we
have X\ € pcf(H), completing the inductive proof. O

The size of pcf(A)

Theorem 4.33. If A is a progressive interval of reqular cardinals, then |pcf(A)| <
A

Proof. Assume that A is a progressive interval of regular cardinals but |pcf(A)| >
|A|*4. Let p = |A|. We will define a set B of size p* consisting of cardinals in pcf(A) such
that each cardinal in B is greater than max(pcf(B Nb)). This will contradict Theorem
4.31.

Let S = S;’is; so S is a stationary subset of p™. By Theorem 1.3, let (C}, : k € S)
be a club guessing sequence. Thus

(1) Cy is a club in k of order type p™, for each k € S.
(2) If D is a club in p*3, then there is a k € DN S such that C), C D.

Let o be the ordinal such that X, = min(A), and let max(pcf(A4)) = X,. Choose ¢ such
that o + 6 = 7. So |A|™ < |pcf(A4)] < §. Now pef(A) is an interval of regular cardinals
by Theorem 4.12. So pcf(A) contains all regular cardinals in the set {R, 4 : o < p™}.

Now we are going to define a strictly increasing continuous sequence (c; : i < p™3) of
ordinals less than p™4.

1. Let ag = pT3.

2. For i limit let oy = U, .

3. Now suppose that a; has been defined for all j <i; we define a;41. For each k € S
let ex = {Noya,+1:7 € Cx N (7 +1)}. Thus ey is a subset of pcf(A). If max(pcf(er)) <
N, +4, let By be an ordinal such that max(pcf(ex)) < Noyp, and B < pt4: otherwise
let 3y = 0. Let o,y be greater than «; and all 3, for k € S, with a;1 < p™*. This is
possible because |S| = p™3. Thus

(3) For every k € S, if max(pcf(er)) < N, ,+4, then max(pef(er)) < Npja,,,-

This finishes the definition of the sequence (; : i < p*3). Let D = {a; : i < p™3}, and
let § = sup(D). Then D is club in 6. Let u = N,45. Thus p has cofinality p*3, and
it is singular since § > oy = p™3. Now we apply Corollary 4.32: there is a club Cj in

p such that pt = max(pcf(C’é+))). We may assume that Cy C [R,, p). so we can write
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Co = {N,4; 17 € Dy} for some club Dy in §. Let D1 = Dy N D. So Dy is a club of §. Let
E={icp®:q; € Di}. It is clear that E is a club in p™. So by (2) choose k € EN S
such that C, C E. Let C}, = {# € C} : there is a largest v € Cj, such that v < 5}. Set
B={X} _ :ieC;}. Weclaim that B is as desired. Clearly |B| = pT.

o+

Take any j € C}.. We want to show that

(%) Ry

otaj

> max(pcf(B N N;LJraj)).

Let ¢ € C), be largest such that ¢+ < j. So i+ 1 < 5. We consider the definition given above
of a;y1. We defined e, = {Ngyq,41:1€CrN(i+ 1)} Now

(4) BART,, Cep.
For,if be BN Nj+aj, we can write b= N1, | with [ € C} and | < j. Hence I < i and so
b=NI, . €ep So (4) holds.

Now if l € Cpy N (i + 1), then [ € E, and so oy € D1 C Dy. Hence X, 4, € Cy. This
shows that e, C Cy. So max(pcf(er)) < max(pcf(Co)) = pt < R, +4. Hence by (3) we
get max(pcf(er)) < Noja,,,- SO

max (pcf(B N N;Zraj)) < max(pcf(eg)) by (4)
< N:+0u+1
<N

S Nojayo
which proves (x). O
Theorem 4.34. If Ny is a singular cardinal such that 0 < Ng, then
cf ([Rs]1?, ) < Rygp+a.
Proof. Let x = |4|T and A = (K, Rj)eq. By Lemma 2.30(iii) and Lemma 4.24,

cf([R5]1"!, ©) < max(|6]", ef([%5] ", ©))
< max(|§|T, max(pcf(A))).
Hence it suffices to show that max(pcf(A4)) < N5/+4.
By Theorem 4.33, |pcf(A)] < |A|**. Write max(pcf(A4)) = R, and £ = Ng. We want
to show that a < [6]**. Now pcf(A) = (k, max(pcf(A))]reg = (Rg, NaJreg- By Lemma 1.2,
(8, )| = |pcf(A)| < |A|™* < [6]T4. Also, B < Ng = = [6|" < |§]™. So |a| < |§]T, and
hence o < |6]14. O

Theorem 4.35. If § is a limit ordinal, then
ch(é) < cf(8) +
5 < max |(5| ) ,N|5|+4 .

Proof. If 6 = Ny, then |§] = Vs and the conclusion is obvious. So assume that § < Ng.
Now
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(1) R < (310 ef (8], ©).
In fact, let B C [Rs]1° be cofinal and of size cf([Xs]°l, C). Now cf(8) < |4], so

) = | Y],
YeB

and (1) follows. Hence the theorem follows by Theorem 4.34.
Corollary 4.36. R}° < max ((2%)*,X,,).
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