This is an update of Monk [14]; mainly we indicate solutions of some of the problems. We
give a question mark for ones which have not been checked.

Problem 7. Does A <s B imply that a(B) < a(A)?

This is answered positively by Santos [23]. We give his argument here.

Proposition 1. If A is finite and B is infinite, then a(A ® B) = a(B).

Proof. By 11.6 of Koppelberg [89], A ® B = "B, where n is the number of atoms of
A. By Proposition 3.36 of Monk [14], a("B) = a(B). O

Proposition 2. Let A be an infinite BA and let I be an ideal of A such that A/I is
infinite. Suppose that a(A) < a(A/I). Suppose that {(a. : @ < K) is an infinite partition of
A of minimum size.

Then there exist b € AT and E € [k]" such that (an-b: « € E) is an infinite partition
of A Tb of minimum size consisting of elements of I.

Proof. Case 1. ) _,laa]r = [1]1. Note that Vo, 8 < k[a # B — [aa]1] - [ag]r = 0].
Since A/I is infinite and A/I has no infinite partition of size < k, there is an F' € [k]<¥

such that ) plaa)r = [1]7. Thus b & — > cpaq € I. Hence Vo < k[ag - b € I]. Let

E={a<k:a,-b#0}.

a€eF

(1) -3E' € [E]<¢

b:Z(aa-b)]

acE’

For, assume that £’ € [E]<“ and b=} _p/(aq -b). Then

1=b+-b= Z(aa-b)-l-ZaaS Z Qe

acE’ acF acE'UF

contradiction. So (1) holds.

(2) b= (ao-b)

acE

In fact, otherwise there is a nonzero ¢ < b such that Va € Ela, - ¢ = 0]. Hence Va <
klaq - ¢ = 0], contradicting (a, : @ < k) being a partition of A.

By (1) and (2), (an -b: a € E) is an infinite partition of A [ b. Suppose that |E| < k.
Then (aq - b:a € E)™({b}) is a partition of A of size less than a(A), contradiction.

Case 2. ) ..laa]r < [1]7. Then there is a b € A\I such that Vo < &[[b] - [aa]r = 0].
Let £ ={a < Kk:aq-b#0}.

(3) VE' € [E]<“

b# Z(b-ao»].

acE’



For, if B’ € [E]<* and b= )" _p (b-ay), then b € I, contradiction.
It follows that (a, - b: o € E) is a partition of A [ b. As in Case 1, |F| = k. ]

Theorem 3. If A <, B, then a(B) < a(A).

Proof. By Monk [14] Proposition 2.28 let Iy and I; be ideals of A such that IoNI; =
{0} and B = (A/Iy) x (A/Iy). Wlog B = (A/Iy) x (A/I).

Case 1. One of A/Iy, A/I; is finite; say by symmetry that A/l is finite. By Propo-
sition 1, a(B) = a(A/I1), Suppose that k = a(A) < a(A/I1(A). Let (an : @ < k) be an
infinite partition of A. Choose b and FE as in Proposition 2. Since A/ is finite, there exist
a < fin E such that b-a, =1, b-ag while b-a, # b-ag. Hence 0 # (b-aq)A(b-ag) € IoN1y,
contradiction.

Case 2. A/Iy and A/I; are both infinite. By Proposition 3.36 of Monk [14] we have
p(B) = min{p(A/ly),p(A/I1)}. Suppose that p(A) < p(B). Let (a, : @ < k) be an infinite
partition of A. Let b and E be given by Proposition 2 Then (a, -b: a € E)"{-b} is
a partition of A, with each a, - b € Iy. Let {(a, : @« < A) be a one-one enumeration of
{ada -b:a € E}U{-b}. Applying Proposition 2 to this partition and I; we get b’ and
E' such that (al, - b’ : « € E’) is an infinite partition of A | b’ of minimum size consisting
of elements of I;. Thus ) i (a; -0') =b" and ) _,a;, = 1. Choose a < A such that

«

al, = ag - b for some . Then 0 # al, - b’ = ao -b- b € Iy N I, contradiction. O
Problem 8. Is it true that for all infinite BAs A, B one has
a(A® B) = min{a(A),a(B)}?

This problem is still open, but there are several partial results concerning it.

?Kurili¢ [17] showed that w < min{a(A4),a(B),p(A),p(B) < a(A® B)

However note that Fact 3.3 in that paper is false; a counter example is given by setting
each K; = {i}.

In Santos [23] the following is shown:

? min{min{a(A), a(B)}, max{p(4), p(B)}} < a(A & B).
In Santos [25] the following is shown. If A and B are homogeneous BAs, then
?min{a(A), a(B), max{s(A),s(B)}} < a(A® B).
?If wy < a(A),a(B), then
min{a(A, a(B), max{b(A4),b(B)}} < a(A® B).

Problem 37. Does A <; B imply that towgpect(A) C toWgpect (B) or tow(B) < tow(A)?
?This was answered in part positively by Santos [23].

Problem 38. Are there BAs A, B such that A <,, B and tow(B) < tow(A)?
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?This was answered positively by Santos [23].

Problem 44. Does A <; B imply that pspect(A) C Pspect (B) ?
?This was answered in part by Santos [13].

Problem 45. Are there BAs A, B such that A <,, B and p(B) < p(A)?

? This was answered positively by Santos [23].

Problem 46. Is it true that for all infinite BAs A, B we have p(A®B) = min{p(A),p(B)?

This was answered positively by Santos [23]. We give his argument here.

Proposition 4. For all infinite BAs A, B we have p(A® B) = min{p(A4),p(B)}

Proof. <is clear. For >, assume that X C A@ B, [[ X =0, and VF € [X|<“[[[ F #
0], with |X| = p(A x B) < min{p(A),p(B)}. For each x € X write x =} ;. (aiz * biz),
with each a;, € A and each b;;, € B. For each F € [X]<% let

Cr = {f S H My H(af(mm . bf(m)m)} 75 0.
zeX zeF

We claim that each C'r is nonempty. For,

xE€F 1€Emy feH Ma xeF
zeF

so there is an f € [, cpme such that [], . p(af(z)e - Of(2)z) # 0. Thus any extension of f
to a member of [ .y m, is in Cf. So Cy is nonempty.
Now each Cf is closed in [],;,x ms. For, suppose that f € J] .y m.\Cr. Thus

[Licr(af@)z bra)yz) =0. Then fis in the open set {g € [[,cx ms : g [ F = f}, and this
set is disjoint from Cp.
Now let f € Mpeixj<w Cr. Then VF € [X]““([[,cp(af@)e - bp)e)) # 0. Hence

VE € [X]=“[[Ier @fz)s # 0], 50 [ cx @p((@)e # 0. Similarly [,y bf((z)» 7 0. Hence

0# [ as@e 11 brewe <X =0.

reX reX

contradiction. O
Problem 48. Is
p(A) = min{|X| : X is a mazimal ramification set in A}?

?This is solved negatively in Santos [23].



Problem 49. Is it consistent that p(&(w)/fin < tow(X(w)/fin?
?This is answered positively by Malliaris, Shelah [17].

Problem 52. Is spl(A @& B) = min{spl(A),spl(B)} ¢
?This is answered positively by Santos [23].

Problem 70. Are there BAs A, B such that A <, B and w(A) > n(B)?
?This is answered negatively by Santos [23].

Problem 71. Are there BAs A, B such that A <; B and w(A) > n(B)?
?This is answered negatively by Santos [23].

Problem 86. Can one have Irr(A) < Irr(B) for A<, B or A <,, (B)?

This was answered negatively by Santos [23]. We give his argument bere.

Proposition 5. Let A and B be infinite BAs. Suppose that A <; B, ThenIrr(A) = Irr(B).

Proof. Clearly irr(A) < Irr(B). By Proposition 2.29 of Monk [14], there are ideals
Iy, I1 of A such that IpNI; = {0} and B = (A/Iy) x (A/I1). By Theorem 8.4 of Monk
[14], Trr(B) = max{Irr(A/Iy), Irr(A/I1)}. Wlog Irr(B) = Irr(A/Iy).

Case 1. Trr(A/Iy) = k* for some infinite k. Let {[an]s, : @ < k1) be an irredundant
system in A/Iy. Clearly (a, : a < k) is irredundent. Hence k* < Irr(A).

Case 2, Irr(A/I) is a limit cardinal. Take any infinite k™ < Irr(A/Iy). As in Case 1,
kT < TIrr(A). Hence irr(A/Iy) < Irr(A).

Thus in any case, Irr(A/Iy) < Irr(A). O
Problem 90. Is Irry, (A) = 7w(A) for every infinite BA A?

This is answered consistently negatively by Kunen http://arxiv.org/1307.3533
Page 383. Theorem 11.20 is false.

Problem 126. Is there an atomless BA A such that sym(A) < i(A)?

?This is answered positively consistently by Cancino, J.; Guzman.O.; Miller, A.

Problem 149. What is the exact place of hdirg among the other cardinal functions?

m

The following result shows that hdirgm is trivial.

Proposition 5. YA[hd, (A) = w].
Proof. Let (b, : n € w) be a partition in A. Define

I, ={ac A:Vm <nla- b, =0}
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Clearly I,, D I, if n < p. Suppose that 0 # a € [, o, In. Choose n € w such that a-b, # 0
and choose c € AT such that ¢ < a-b,. Now ¢ € I,41, so ¢+ b, = 0, contradiction. Hence
MNpew In = 0. Hence hd (A) = w.

Problem 156. Is Inct™¢, (£ (k)) = {k,2"}?

spect

Campero-Arena, G.; Cancino, J; Hrusak, M.; Miranda-Perea, F. E. showed that consis-
tently the answer is negative.

Problem 158. Is it consistent that Incy, (2 (w)/fin) # Incl®® (2 (w) /fin) 2

Campero-Arena, G.; Cancino, J; Hrusak, M.; Miranda-Perea, F. E. showed that consis-
tently the answer is yes.



