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OMITTING TYPES ALGEBRAICALLY(!)

J. Donald MONK
University of Colorado

The purpose of this note is to give algebraic formulations and proofs for the consistency
property theorem (Smullyan, Makkai, Keisler) and the omitting types theorem (Henkin, Orey,
Grzegorczyk, Mostowski, Ryll-Nardzewski). For formulations of these theorems see Keisler [ 3].
We follow the notation of Henkin, Monk, Tarski [2].

Let 4 bean Lf , . Aconstant of ¥ isanelementk € Asuchthat Ak < (0},
cOk = land k. s(l)k < d01' Constants have been treated in various guises in the literature ;

see e.g. Halmos [1] and Pinter [4]. The version we are using is due to Henkin, but its development
and applications have not yet appeared in print. Given a constant k and ani € w , we define

s}(x = ¢ (s?k.x)

for all x € A. Then s‘k is an endomorphism of ¥ . This fact is essential in the detailed proofs of
the results below. A representation pair is a pair (¥ K) such that ¥ isadenumerable Lf , and K
is a denumerable set of constants of U . A consistency family over ( ,K) is a family S of subsets of
Zdu  such that for any F € S the following conditions hold, for any x,y ¢ A and any

k,t,m ¢ K:

1) x ¢F or x ¢ F;

(2)ifx € Fandx < y,then F U {y}€ S;

3)ifx+y € F,then FU {x}€S or Fuly}l €8;

(4) foranyi € w,if ¢;x € F, thenthereisa k € K such that Fu {s:‘x} €Sy

Gyl € F;

(6) if co(k. 2) € F and co( 2.m) € F, then co(k.m) € F;

(7)if 1€ G < F,then G € S.

Given a consistency family S over (¥ K), a function f : S + S isadmissible over (¥ K) provided
that F ¢ fF forevery F € S.
Now we can give an algebraic version of the model existence theorem.
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Theorem 1. Let ( 91, K) be a representation pair, S a consistency family over (% ,K), and
<f;:i €w>  asystem of functions from S into S admissible over ( 2, K). Then for any F € S,

there is a cylindric set algebra 8 of dimension w and with base U and there is a homomorphism g
of w into B such that the following conditions hold :

(i U-=({[ k]E :k € K1 for some equivalence relation Eon K ;

(i) g"F - {(“Ul:
(iii) foreachi € w thereisaG € Ssuchthat F ¢ fG < g'l.{l};
(iv) foreachk € K,wehave gk = {u € ""U:u0= [k]} .

Proof. It is easy to construct aset M < Zd¥ such that the following conditions hold for all
xy € Aand k, ¢{m € K:

B)x ¢ M orx £ M;

9)ifx EMand x < y,then y € M;

(10) if x+ y € M,then x € Mory € M;

(11) if ¢x € M, then six € M forsome k € K

(12) 1€ K;

(13) if co(k.l) € M and co( 2.m) € M, then co(k.m) € M;

(14) forevery i < w thereisa G € Ssuchthat F < f,G ¢ K.

Nowwelet E= {(k,2) € Kx K: co(k. L) € M}. It is easily seen that E is an equivalence

relation on K. We set U = K/E. Now we are ready to define the homomorphism g. For any x € A,
let

gx = {u € “U:thereisaw € “C such thatw; € u; foralli€ w and
cax)(TMic axsdwi - X) € M}.

The desired conditions of the theorem are now easily checked.

For the application of this result to proving an algebraic version of the omitting types theorem
we need the following preliminary result, which is almost of a general algebraic character.

Theorem 2. Let 9 be a non-discrete Lf , . Then there is a representation pair ( 8,K) with the
following properties :
(i) ¥ < 8 ,andinfact B isgeneratedby A UK
(i) if ¢ isany CA_, ,fis ahomomorphism of 9 into G ,and gis a mapping of K into the
set of constants of @, then there is a homomorphism t of ® into & suchthatf Ug < t;
(iii) if f is a homomorphism of 8 into the cylindric set algebra € of all subsets of
“U,a € SgAu T)withT < K,k € K~ T,and fea = “U, then there is a homomorphism g
of ® into § suchthat Sg(A U TYg = Sg(A U T)1f and gs’i(a =1

(iv) any element of B can be written in the form



Omitting Types algebraically

0
c(r)(nlEF siki.a)
for some a ¢ A, some finite I' € w , and some k € I‘K.

Now let % beanLf , ,n€ w,and N < Nr, 9 . A homomorphism f from % intoa

Cs, admits N provided that N o N fx 7 0;otherwise we say that f omits N. Now we prove

our algebraic version of the omitting types theorem.
Theorem 3. Let ¥ be a countable Lf ,, ,n € w,and N € Nr, U , Then the following are
equivalent :

(i) there is a homomorphism f of % into a cylindric set algebra with a countable base such
that f omits N ;

(i) there is a homomorphism f of ¥ into an Lf , 8 with IB| > 1such that for any non-zero
x € Nr, 8 thereisay € N such that x.fy # 0.

Proof. (i) = (ii). Assume (i), where B is the range of f. Thus Bl > 1L Let0# x ¢ Nr, 8,

and assume that x.-fy = Oforally ¢ N.Then x € N y € Nfy = 0,s0x = 0, contradiction.

(ii) = (i). Assume (ii). If ® isdiscrete, let g be a homomorphism of £ onto a cylindric set
algebra @ with a one-element base such that g(-fy) # 0 for somey ¢ N ;g exists by (ii).
Thus gfy = 0,s0 g o f omits N.

So, assume that B is non-discrete. Let (D, K) be a representation pair formed from 8
as indicated in Theorem 2. Let S consist of all F < ZdD satisfying the following conditions :

(15) 1 € F;

(16) Fis finite ;

(17) there is a homomorphism g of D into a cylindric set algebra with non-empty base such that
g*F = {1}.

It is easily checked that S is a consistency family over (D, K) ; part (iii) of Theorem 2 can be used
to check (4). The following additional condition holds :

(18) if F € Sand k € "K, then thereisa b € N such that
Ok.. )} € 8.
i

F U {'C(n)(ni<n

To check (18), several small facts about constants are needed (i,j < « and k a constant) :

19) spk.sjpk - k. d.
i
(20) s:‘x = si'(sjlx if j ¢ Ax ;
@) gx - éks'jcjx it jdAsx,jr i
Now assume the hypotheses of (18). By Theorem 2 (iv) we may write

0
IF =C(A) (ﬂleA sili . d),
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where 2 ¢ BK, A isfinite.andd ¢ B. By (19) we may assume that £ isone-one. Define
E= {(ij):i,j <n and k; = k] }. Thus E is an equivalence relation. Let T have one member

from each equivalence class. Now using (20) we may assume that A < w " n:then using (21)
and the fact that A I F - 0 we may assume that if L. = kjforsomei,j,theni =jc Il In

summary, by (19) we can then write

0
nF - C(n)C(A)( “‘ (—_A Sizi .d)

where dij < d whenever iEj, ’ isone-one,and if %; ¢ rangekthen - kjand i ¢ T

Furthermore, we can assume that Ad © nU A . Now choose gby (17). Thengd # 0,s0
0 # A ., n)d € Nr, 8 . From (ii) of our theorem it follows that thereisay ¢ N such that

c(Amn)d .-fy # 0. Let h be a homomorphism of % into a cylindric set algebra such that

h(c(A'\,n)d .-fy) # 0. Thus

heg €a ngyd 1Y) = 1.

Hence by Theorem 2 (ii) there isa t ¢ AUNK and an extension u of h U t such tha
ku?® < t and

"c(n)(“i _} "s?ti . C(A’\ln)d .fy) =1,

ey a) (Mo aug - @ = L

It is then clear that u IT F = 1 and u(-c(n)(ﬂi <D s?ki, fy)) = 1.
From this, (18) easily follows.

The set K is denumerable, and we enumerate it < ki i < w> .Foreachi w define

r;:S >Sby setting forany F ¢ S

F =FuU {- o0k .
r; {c(n) (nj <nsj i fb)}

where b ¢ B is chosen minimal in some well-ordering of B so that the above set is in S. Now we
apply Theorem 1, and obtain a cylindric set algebra & withbase {[k]:k ¢ K} anda
homomorphism p from ¥ into ® suchthatforeachi €w thereisa G © S with

1} = G < p'l" {1} ;and satisfying Theorem 1 (iv). We claim that p f omits N. For, let

w € “’K.Say < wj:j <n>= ki' Then thereisa G € SwithriG c p'l’{]‘, , and hence

thereisab € N such that

p(-c(n) (nj <n s;)'”j . fb)) - L

Using Theorem 1 (iv), we infer that < | wj] :j <w> ¢ pfb. Thus po f omits N, and the

proof is complete.
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