Proofs of Propositions 4.29 and 4.30

We need the following lemma.

Lemma. IfT'F ¢ — ¢, then T' F Jv;0 — Ju;ep.

Proof. Assume that I' - ¢ — 1. By a tautology, I' - =9 — —¢. Generalizing on v;
and using (L2) we get I' - Vv;—1) — Vu;—@. Then a tautology gives I' F =Vv;—¢p — —Vu;—1).
This is the desired conclusion. ]

4.29| The following is a sentential tautology:

(1) So — ([S1 <> S2 A =Sp] — =S1)

We prove this by the method of Chapter 1:

2 1 5 3 6 7 8 2 3 4
S() — ([Sl — 52 A - So] — - Sl)
1 0 1 1 1 1 0 0 0 1

Two values have been assigned to Sp, so (1) is a tautology. Subsituting vy = vy for Sy,
vy € vo for S1, and vy € vy for Sy, we get the first-order tautology

Fvg =vy — ([vg € v1 <> vy € Vo A (Vg = vg)] — —(vy € v1)).

Hence by 3.4 we have

F [vg € v1 < vy € va A = (vg = vg)] — —(vo € V7).
Hence by generalization and (L2) we get

F Yoo ([vg € v1 < vg € va A =(vg = vg)]) — Yo (—(vy € v1)).
The lemma then gives
F JvVug([vg € v1 <= vy € v2 A = (vg = vg)]) — Fv1Voe(—(vg € v71)).

The hypothesis of the implication here is an instance of the comprehension axiom. Hence
(2) ZFC F Ju1Yog(—=(vg € v1)).
Using the change of bound variable theorem 3.25 we get in succession

ZFC F Jua¥Yuo(—(vg € 12))
ZFC F Jua¥Yo1 (—(vy € 12))
(3) ZFC F vV (—(v1 € vg))
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By the extensionality axiom and change of bound variable theorem 3.25 we get in succession

ZFC F YooV [Vua (v € vy <> 12 € v1) — v = 11];
ZFC F YooV [Vus(vs € vg <> v3 € v7)
[Vos( )
[Vor ( )

ZFCH VU()VUQ VU3
(4) ZFC F YvoVus Vo (v € vg <> v1 € vg) — vy = va].

V3 € Vg <> V3 € Vo

Now the following is a sentential tautology:
_|S() — (_|Sl — (SO — Sl))

That this is a sentential tautology is seen as in chapter 1:

2 3 1 3 4 2 ) 3 )
- So — (ﬁ S1 - (SO A Sl))
1 0 0 1 0 0 0 0 0

The assignments to < give a contradiction.
Now sustitute v; € vy for Sy and vy € vy for S7; we get the first-order tautology

—(v1 € v9) — [2(v1 € v2) — (V1 € Vg < V1 € V3)].
Using generalization and (L2) we get
(5) F Vo1 (=(v; € vg)) — [Vor(—(v1 € v3)) — Yoi(v1 € vy «— v € v2)].
By (4) and 3.28 we have
(6) ZFC F Yvi(v1 € vg < v1 € v3) — vg = v3)
Next, the following is a sentential tautology:
[So — (51— S2)] A (S2 — S3) — [So — (S1 — S3)];

we check that this is a tautology:

5 4 8 6 9 2 10 4 11 1 3 2 7 3 7
So — (51 — S A (S2 — S3) — [S9 — (S5 — S3)
1 1 1 1 1 1 1 1 1 0 1 0 1 0 0

Different values have been assigned to S3, so we have a tautology.
Now substitute Yuy (—(v1 € vg)) for Sp, Vui(—(v1 € v2)) for Sy, Y1 (v1 € vy < v1 € v2)
for Sy, and vy = vy for S3; we get the first-order tautology

(5) A (6) — [Vor(—(v1 € v9)) — [Vor(—(v1 € v2)) — vg = v2]].
It follows that
ZFC F Yvi(—(v1 € vg)) — [Voi(—(v1 € v3)) — vg = v2],
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and hence by generalization and 3.38 we get
(7) ZFC F Yvg(—(v1 € vg)) — Yo [Vui(—(v1 € v2)) — vg = va].
Now (Sy — S1) — (So — So A S7) is clearly a sentential tautology, so by (7) we get

ZFC F Yvi(=(v1 € vg)) — [Vor(—(v1 € vg)) A Vua[Vor(—(v1 € v2)) — v = v3]],
and hence by the lemma we have

ZFC F JugVui (—(v1 € v9)) — Fug[Vur(—(v1 € vg)) A Vs [Vur (—(v1 € v2)) — vo = va],
From (2) it then follows that
ZFC F Jug[Vuy(—(v1 € v9)) A Voo [Vor(—(v1 € v2)) — vg = v2]],
which is the desired conclusion. 0
An instance of the comprehension axioms gives
ZFC F JuVug(vg € v1 <> vg € v2 Avg € v3).
Hence by generalization we get
ZFC F YvoVus3uv Vg (vg € v1 <= vg € va Avg € v3).

Now the change of bound variables theorem 3.25 gives successively

ZFC F Yo Vus3uv Yog(vg € v1 <= vg € vg Avg € v3);

ZFC F Yo Vos3uvYog(vg € v1 <= vg € vg Avg € v5);

ZFC F Y Vs 3ua Voo

ZFC F Y Vs FvaVos (

ZFC F YoV JuaVus(vg € vg < v3 € vy A vg € v5);
(

ZFCH VUOVvl Elngvg (O}

V3 € Vg <> V3 € Vg A\ V3 € Us);

)
)
Vo € Vg > Vg € Vg AVg € V5);
)
)
)

€ Vo <= V3 € Vg ANVU3 € V).
Now two applications of Corollary 3.28 gives
(1) ZFC F JuaVus(vs € vg <> v3 € vg Avg € v71).

By the extensionality axiom and successive applications of the change of bound variables
theorem 3.25 we have

ZFC = YvoVui Voo (ve € vg <> vg € v1) — vg = v1];

[Vos( ) ]
ZFC + VUOVU4[Vv2(v2 € Vg < V2 € U4) — Vg = U4],
ZFC VUOVU4[VU3(U3 € Vg < V3 € U4) — Vg = U4],
ZFC F YuoVuy[Vus(vs € vy <> v3 € 1) — Vg = vy].
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Then by Corollary 3.28 twice we get

(2) ZFC F Yoz (vs € vy <> v3 € vy) — vy = vy].
Now we claim that the following is a sentential tautology:

(3) (S2 < 51) = [(So < S1) = (S0 < S2)].

Again we prove this by the method of Chapter 1; but this time the argument breaks into
two cases, so we give a more formal proof.
Suppose that we have an assignment making (3) false (value 0). Then

(4) So < Sy gets the value 1, and

(So < S1) — (Sp < S2) gets the value 0.
Hence

(5) (Sp < S7) gets the value 1 and

(6) (Sp <> S3) gets the value 0.

By (6) we have two cases.

Case 1. Sy gets the value 1 and Sy gets the value 0. By (4) Sy gets the value 0, and
by (5) S1 gets the value 1, contradiction.

Case 2. Sy gets the value 0 and Ss gets the value 1. By (4), S; gets the value 1, and
by (5) S1 gets the value 0, contradiction.

Thus, indeed, (3) is a sentential tautology.

Now in (3) we replace Sy by vs € vy, S1 by vs € vy <> v3 € v1, and S2 by vs € v4.
This gives the first-order tautology

(v3 Evy > v3 Evg Avg €Ev1) — [(v3 € Vg > V3 E Vg Avg € V1) — (V3 € Vg «— U3 € vy)].
Hence by generalization and (L2) we get

FVus(vg € vg <> v3 € vg Avg € V1) —

(7) [Vus(vg € vy <= v3 € vg A vg € V1) — Yu3(v3 € V9 > v3 € vy)].

Now in the sentential tautology given above in the proof of 4.29 following (6) we do the
following replacements:

So replaced by Yus(vs € vy < v3 € v A vg € v1);

o~~~

Sy replaced by Yus(vs € vg <> v3 € vg A vg € v1);
Sy replaced by Yvs(vs € vg < v3 € vy);

S3 replaced by vy = vy.



This gives the following first-order tautology:

(Vus(vs € vg4 <> v3 Ev9 Avg € V1) —

[Vug(vg € vg < v3 € vg A vg € v1) — Yuz(v3 € vy > V3 € vy)])
A [Vos(vs € vy <> V3 € vg) — Vo = 4]
— ([(Vvs(vs € vg <> v3 € Vg Avg € V1) —

[Vus(vs € v2 <> v3 € Vo A vz € V1) — V2 = V4)]
By (7) and (2) we then get
ZFC F(Vvs(vg € vg <> v3 € vg Avg € V1) —
(8) Vs (vg € vg < v3 € vg Avg € V1) — Vg = Vy)]
Now we claim that the following is a sentential tautology:
[So — (51— S2)] = [S1 — (S0 — S2)].

Again we prove this by the method of Chapter 1.

5 2 15) 6 15) 1 3 2 4 3 4
(So — (51 — S2)] — [S1 — (S — S2)]
1 1 1 0 0 0 1 0 1 0 0

The first implication is falsely assigned, contradiction. So the above is a sentential tautol-
ogy. Hence the following is a first-order tautology:

((Vuz(vs € vg <> v3 € Vg Avg € V1) —
[Vvs(vs € vg <> v3 € Vg Avg € V1) — V2 = v4)])
— ((va(vg € Vg <= V3 €EvVg N3 E Ul) —

[Vug(vg € vg <> v3 € V9 A Vg € V1) — V2 = Vy)])
Hence by (8) we get

ZFC P((VUS(US € Vg <> V3 €EVgAU3 € Ul) —

[Vvs(vs € vg < v3 € Vg Avg € V1) — V2 = v4)])
Generalizing on v4 and using 3.38, we get

Z¥C }_((vv3(v3 € Vg > U3 € Vg AUz € Ul) —

Vo ([Vus(vs € vy <> v3 € vg Avg € V1) — vy = 14)]))
By the sentential tautology given after (7) in the proof of 4.29 we then obtain

ZFC F(Vus(vs € vg <> v3 € vg Avg € v1) —
(Vus(vs € vg <> v3 € vg Avs € v1)A

Vs ([Vos(vs € vy <> v3 € vg A vz € V1) — vy = 14)]))
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Hence by the lemma we have

ZFC F3Jvg(Yus(vs € vy <> v3 € vg Avg € v1) —
Jua[(Vvs(vg € vg <= v3 € vg A vg € V1)A

Vo [Vus(vs € vg < v3 € g Avg € V1) — V2 = v4)])])
Hence by (1) we get

ZFC F3vg[(Vuz(vs € vg <> v3 € vg A vg € v1)A

Vg [Vus(vs € vy <> v3 € Vg A v € V1) — V2 = v4)])])

This is as desired.



