4. The completeness theorem

The completeness theorem, in its simplest form, says that for any sentence ¢, F ¢ iff = ¢.
We already know the direction =-, in Theorem 3.2.

A more general form of the completeness theorem is that I' b ¢ iff ' = ¢, for any set
['U{p} of formulas. Again the direction = is given in Theorem 3.2.

Basic for the proof of the completeness theorem is the notion of consistency. A set I'
of formulas is consistent iff there is a formula ¢ such that ' t/ .

Lemma 4.1. For any set I' of formulas the following conditions are equivalent:
(i) T is inconsistent.
(i) There is a formula ¢ such that T ¢ and T+ —p.
(i5i) T' '+ = (vo = vo).

Proof. (i)=(ii): Assume (i). Since I' F ¢ for every formula 4, (ii) is clear.
(ii)=-(iii): Assume (ii). Then the following is a I'-proof:

A T-proof of .

A T-proof of —p.

A (-proof of ¢ — (= — —(vg = vp). (This is a tautology; see Lemma 3.3.)
—p — =(vg = V).

_|(U() = U()).

(iii)=(i): By (iii) we have I' F =(vy = vp), while by Proposition 3.4 we have I' F vy = vp.
U

A sentence is a formula which has no variable occurring free in it. A set I' of sentences
has a model iff there is a structure A for the language in question such that A = ¢[a] for
every ¢ € I' and every a : w — A.

The following first-order version of the deduction theorem, Theorem 1.12, will be
useful.

Theorem 4.2. (First-order deduction theorem) If I' U {4} is a set of formulas, ¢ is a
sentence, and I'U {p} F 4, then T'F ¢ — 1.

Proof. Let (xo,-..,xm—1) be a (I' U {¢})-proof with x; = v for some i < m. We
modify this proof, replacing each x; by one or more formulas, converting the proof to a
I'-proof, in such a way that ¢ — x; is in the new proof for every j < m. If x; is a logical
axiom or a member of I'; we replace it by the three formulas

xXi — (¢ — x5)
X
Y = Xj-
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If x; is ¢, we replace it by the five formulas giving a little proof of ¢ — ¢; see Lemma
1.11. If there exist k,! < j such that xj is x; — X;, we replace x; by the formulas

(o = xw) = (¢ = x1) = (¢ = x;)]

(v = x1) = (¢ = x;)

¥ = Xj-

If there exist k < j and [ € w such that x; is Vu;xx, we replace x; by the formulas

Vui(p = Xx)
a proof of Yui(¢ — xx) — (¢ — Vurxz) see Proposition 3.38
© = Xj- L]

Theorem 4.3. Suppose that every consistent set of sentences has a model. Then I' - ¢
iff T = ¢, for every set T' U {p} of formulas.

Proof. Assume that every consistent set of sentences has a model. Note again
that I' - ¢ implies that " = ¢, by Theorem 3.2. We prove the converse by proving its
contrapositive. Thus suppose that T'U {¢} is a set of formulas such that T I/ ¢. We want
to show that T [~ ¢, i.e., there is a model of I" which is not a model of ¢. For any formula
Y, let [¢] be the closure of 1), i.e., the sentence

VUi(0) - - - Y0i(m—1) ¥,

where i(0) < --- < i(m — 1) lists all the integers j such that v; occurs free in 3. Let
I = {[v] : v € T}. We claim that IV U {—[¢]} is consistent. Suppose not. Then
I'"U {=[¢]} F =(vo = vp). Hence by the deduction theorem, I'' - =[¢] — —(vo = vp), so
I+ vg = vg — [¢]. Hence, using Proposition 3.4, IV  [¢]. Now in a I'-proof that has
[] as a member, replace each formula

VUi(0) - - - Y0i(m—1) ¥,

with ¢ € I', by the sequence

(G
vvi(m—l) 1/}

This converts the proof into a I'-proof one of whose members is [¢]. Thus I' - [¢]. Using
Corollary 3.28, it follows that ' - ¢, contradiction.

Hence I'" U {—]¢]} is consistent. Since this is a set of sentences, by supposition it has
a model M. Clearly M is a model of T'. Since M is a model of =[¢], clearly there is an
a € “M such that M = —p[a]. Thus M is not a model of ¢. This shows that T" j= ¢. ]
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To prove that every consistent set of sentences has a model, we need several lemmas,
starting with some additional facts about structures and satisfaction.

Lemma 4.4. Suppose that A is a structure, a and b map w into A, ¢ is a formula, and
a; = b; for every i such that v; occurs free in ¢. Then A = ¢la] iff A = ¢[b].

Proof. Induction on ¢. For ¢ an atomic equality formula ¢ = 7, the hypothesis
means that a; = b; for all ¢ such that v; occurs in ¢ or 7. Hence, using Proposition 2.4,

A = ola] iff o™ (a) = 7(a) iff o (b) = 7A(b) iff A = [b].

For ¢ an atomic non-equality formula Rnyg .. .n,,_1, the hypothesis means that a; = b; for
all 7 such that v; occurs in one of the terms 7;. Hence, again using Proposition 2.4,

Al gla] it (0 (@), . i (a) € R
iff <7764(b)7 te 77;2—1(5» € RA
iff A= b

Assume inductively that ¢ is —1. The hypothesis implies that a; = b; for all ¢ such that
v; occurs free in ¢. Hence

A= ¢la] iff  not(A = la])
iff not(A = [b]) (induction hypothesis)

iff A = o[o].

Assume inductively that ¢ is ©» — x. The hypothesis implies that a; = b; for all i such
that v; occurs free in 1 or in x. Hence

Al pla] iff  not(A = ¢a]) or A = x[d]
iff not(A = [b]) or A = x[b] (induction hypothesis)

iff A o).

Now assume inductively that ¢ is Vo, By symmetry it suffices to show that A = ¢[a]
implies that A = ¢[b]. So, assume that A = ¢[a]. Take any u € A. Then A = ¢[aF].
We claim that (a*); = (b%); for every i such that v; occurs free in . If i # k this is true
since v; also occurs free in ¢, so that a; = b;; and (a¥); = a; = b; = (b%);. If i = k, then
(ak); = u = (bF);. Tt follows now by the inductive hypothesis that A |= [b%]. Since u is

u

arbitrary, A = ¢[b]. O

As in the case of terms (see Proposition 2.4 and the comments after it), Lemma 4.4 enables
us to simplify the notation A = pla]. Instead of a full assignment a : w — A, it suffices to
take a function a : {0,...,m} — A such that every variable v; occurring free in ¢ is such
that i < m. Then A = ¢[a] means that A = [b] for any b (or some b) such that b extends
a. If o is a sentence, thus with no free variables, then A = ¢ means that A = ©[b] for any,
or some, b:w — A.
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Lemma 4.5. Suppose that 7, p, and v are terms, and p is obtained from T by replacing
all occurrences of v; in T by v. Then for any structure A and any assignment a : w — A,

A — A (i
pia)=T <a,,Z(a))'
Proof. By induction on 7. If 7 is v with k # 4, then p is the same as 7, and both
sides of the above equation are equal to ay. If 7 is v;, then p is v, and ,oA(a) = VA(CL) =

oA (ai ) =74 <ai ) If 7 is an individual constant k, then p is equal to 7, and both

v\ vA(a) vA(a) -
sides of the equation in the lemma are equal to k*.
Now suppose inductively that 7 is Fng...n,_1. Let u; be obtained from n; by re-
placing all occurrences of v; by v. Then

pA(a) = (Fpao- . pim—1)"(a)

= FA(u(a), ..., iy (a))

o) )

=7t <afﬁ<a>) ' -

Lemma 4.6. Suppose that ¢ is a formula, v is a term, no free occurrence of v; in ¢
is within a subformula of the form Yvgu with vy a variable occurring in v, and A is a
structure. Then A = Subf p[a] iff A | ¢ [ai = )] .
v a
Proof. By induction on ¢. For ¢ a formula ¢ = 7, let p and n be obtained from o
and 7 by replacing all occurrences of v; by v. Then by Lemma 4.5,

A= Subfpla] it A= (p = n)ld]
iff  p(a) =n"(a)
it o <afﬁ<a>> - <“fﬁ<a>)
iff Ak (0=r1) (aix(a))
it A p(air, )

For ¢ a formula Rog...0,,_1, let n; be obtained from o; by replacing all occurrences of
v; by v. Then

A= Subfyipla] iff A= (Rno...7m-1)d]
iff (noz(a), ce 775—1(@) €eR
iff <00Z <aix(a)) . .0571 <aix(a))> cR”
itf AE (Rog...0m_1) [ai }
iff Ao [aix(a)} .
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Now suppose inductively that ¢ is —). Then

A = SubfP pla] iff A | (=Subf’v) [a]
iff not (A4 = (Subf,'¢)) [a]

iff  not (A= ¢ [a A(a)])
iff Al go[ = )]
Suppose inductively that ¢ is 9 — y. Then
A = Subflpla] iff not (A k= Subflyla]) or A = Subfy[a]
itt ot (A= [az, |) or Ak x oz, ]

i Al “0[ uA(a)]

Finally, suppose inductively that ¢ is Vugy. Now if v; does not occur free in ¢, then

Subfli¢ is just ¢ itself, and A | ¢la] iff A = pla’~, ] by Lemma 4.4. Hence we may
assume that v; occurs free in .

If k = 4, then Subf’ ¢ is ¢, and by Lemma 4.4, A |= ¢ [aix(aj iff A = plal; so the
theorem holds in this case. Now suppose that k # i. Then Subf’ ¢ is Vg Subf)1). Suppose

that A = Subf p[a]. Take any u € A. Then A = Subf+[a*]. Now no free occurrence
of v; in ¢ is within a subformula of the form Vvsu with vs occurring in v. Hence by the

inductive hypothesis A = v [( kyi

vA(a)

a k)]. Now since ¢ is Vgt and v; occurs free in ¢,
the assumption of the lemma says that vy does not occur in v. Hence v4(a) = v ( &) by

: , k
Proposition 2.4. Hence A = 9 [( k)i Vi )] Since (aﬁ)ix(a) = <alx( )) , it follows that
Ak ooz

F o A

k
Conversely, suppose that A |= ¢ [ } Take any u € A. Then A |= 1) {( ,,A(a)) }
yA

k )
Since (a A(a)> = (aﬁ):j;(a), and v ( ) = v4(ak) (see above), by the inductive hypothesis

we get A = Subf,'jiw[aﬁ]. It follows that A = Subfy¢[al. O

A set I' of sentences is complete iff for every sentence ¢, I' - ¢ or I' = =p. T is rich iff for
every sentence of the form Jv;p there is an individual constant ¢ such that I' - Jv;¢p —

Subfe’ ().

The main lemma for the completeness proof is as follows.

Lemma 4.7. IfT" is a complete, rich, consistent set of sentences, then I' has a model.

Proof. Let B = {0 : ¢ is a term in which no variable occurs}. We define = to be the
set
{(o,7):0,r€e Band '+ 0 = 7}.
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By Propositions 3.4-3.6, = is an equivalence relation on B. Let 7 be the function which
assigns to each o € B the equivalence class [o]=, and let A be the set of all equivalence
classes.

We recall some basic facts about equivalence relations. An equivalence relation on a set
M is a set R of ordered pairs (a,b) with a,b € M satisfying the following conditions:
(reflexivity) (a,a) € R for all a € M.
(symmetry) For all (a,b) € R we have (b,a) € R.
(transitivity) For all a,b, ¢, if (a,b) € R and (b, ¢) € R, then (a,c) € R.

Given an equivalence relation R on a set M, for each a € M we let [a]g = {b € M : (a,b) €
R}; this is the equivalence class of a. Some basic facts:

(a) For any a,b € M, (a,b) € R iff [a]r = [b]g.

Proof. =: suppose that (a,b) € R. Suppose also that x € [a]g. Thus (a,z) € R. Since R
is symmetric, (b, a) € R. Since R is transitive, (b, x) € R. Hence = € [b]g. This proves that
la]r C [b]r. Suppose that z € [b]g. Thus (b,x) € R. Since also (a,b) € R, by transitivity
we get (a,x) € R. So x € [a]g. This proves that [b]r C [a]g, and completes the proof that
[a]r = [b]R-

<: Assume that [a]g = [b]g. Since R is reflexive on M, we have (b,b) € R, and hence
b € [b]g. Now [a]g = [b]r, so b € [a]g. Hence (a,b) € R. O

(b) For any a,b € M, [a]g = [b]g or [a]g N [b]r = 0.

Proof. Suppose that [a]g N [b]r # 0; say « € [a]g N [b]g. Thus (a,z) € R and (b,z) € R.
By symmetry, (x,b) € R. By transitivity, (a,b) € R. By (a), [a]r = [b]r- ]

We are now going to define a structure with universe A. If k is an individual constant, let
k4 = [Kk]=.

(1) If F is an m-ary function symbol and og,...,0m_1,70,- .., Tm—1 are members of B
such that o; = 7; for all © < m, then Fogy...0p_1 =F1g...Thm_1.

In fact, the hypothesis implies that I' - ¢; = 7; for all i < m. By Proposition 3.7,
+ /\ (0i=1)) = Fog...0m-1=Fr9...Tm_1;
<m
it follows that I' - Foqy...0p-1 = F1g... 71, so that Fog...0_1 =F710...Tin_1.

(2) If F is an m-ary function symbol, then there is a function ]5;Z mapping m-tuples of
members of A into A, such that for any oq,...,0m_1 € B, FA4([o0]=,...,[0m_1]=) =
[FO’O .. .O'mfl]g.

In fact, we can define F4 as a set of ordered pairs:

F4 = {(z,y) :there are og,...,0m,—1 € B such that

= <[UO]Ea ) [0m71]5> and Yy = [FUO .. -O-mfl]E}

63



Then FA is a function. For, suppose that (z,y), (z,z) € FA. Accordingly choose el-

ements og,...0;m—1 € B and 79,...7;m—1 € B such that z = ([oo]=, ..., [om-1]=) =
([ro]l=, -y [Tm-1]=, ¥y = [Foo...0m-1]=, and z = [F71y...¢mm—1]=. Thus for any i < m
we have [0;]= = [r;]=, hence o; = 7;. From (1) it then follows that Fog...0,_1 =

Fry...0m—1, hence y = z. So F4 is a function. Clearly then (2) holds.
For R and m-ary relation symbol we define

RA = {z:300,...0m_1 € Blx = ([00]=, ..., [0m_1]=) and T F Rag ...0m_1]}.

(3) If R is an m-ary relation symbol and oy, . .., 0,—1 € B, then ([ogl=, ..., [om-1]=) € RA
iff ' Rog...0m—1.

In fact, < follows from the definition. Now suppose that ([og]=, ..., [om_1]=) € RA. Then
by definition there exist 7q,..., 7,1 € B such that

(lool=y -y [om=1]=) = {[10]=, - -, [Tm-1]=) and T'F R7g ... Ty 1.
Thus [0;]= = [7i]=, hence o; = 7;, hence I' - 0; = 7;, for each ¢ < m. Now by Proposition
38, F Niey(0i = 7)) = (Rog...0m—1 <> R7g...Tpp_1). It follows that I' - Rog . .. 01,
as desired; so (3) holds.

|

(4) For any o € B we have o o]

We prove (4) by induction on o. If ¢ is an individual constant k, then by definition

k4 = [k]=. Now suppose that (4) is true for 79,...,7,,_1 € B and 0 is Fry...7,,_1. Then

o =F([rol=, ..., [rm-1]=) = [F7o. .. Tm_1]= = [0]

Y

proving (4).
The following claim is the heart of the proof.
(5) For any sentence o, I' - ¢ iff A = .

We prove (5) by induction on the number m of the symbols =, relation symbols, =, —,
and V in ¢. For m =1, ¢ is atomic, and we have

I'tFo=7 if o=r71

iff o]z = [7]=
iff o4 =74 by (4)
iff AEo=rm
T'FRog...0m 1 iff ([ool=,...,[om_1]=) € R? by (3)
iff (ol,...,02 ) eRA by (4)

iff Z):RO'()...O'mfl.



Now we take the inductive steps.

T - iff not(DF )
iff  not(4 =)
iff A
'y —x iff not('Fe¢)orT'F x
iff not(AEvY)or Ay
iff AR —x.

Finally, suppose that ¢ is Vv;i. First suppose that I' - ¢. We want to show that A= o,
so take any o € B and let u = [0]=; we want to show that A | ¢[a’], where a : w — A.
Let x be the sentence Subf.'7). Then by Theorem 3.27 we have I' - x, and hence by the

inductive assumption A = x. By (4) we have 04 = [s]=. Hence by Lemma 4.6 we get
Al lay].

Second suppose that I' / ¢. Then by completeness I' = =, and hence ' F Jv;—1).
Hence by richness there is an individual constant ¢ such that T' = Jv;—) — Subf (),
hence I' - =Subfli1), and so I' I/ Subfli). By the inductive assumption, A = Subfli), and
so by (4) and Lemma 4.6, A [~ v[a’], where a : w — A and u = [c]=. So A [~ .

This finishes the proof of (5). Applying (5) to members ¢ of I' we see that A is a model
of T 0

The following rather technical lemma will be used in a few places below.

Lemma 4.8. Suppose that T" is a set of formulas in £, and (o, ..., Ym-1) is a I'-proof
in . Suppose that C' is a set of individual constants such that no member of C' occurs in
any member of I'. Let vj be a variable not occurring in any formula vy, and for each k let
Y. be obtained from 1y, by replacing each member of C by v;. Similarly, for each term o
let o’ be obtained from o by replacing each member of C' by v;. Then (i, ¢1,. .., ¢, _1)
is a I'-proof in L.

Proof. Assume the hypotheses. We need to show that if v, is a logical axiom, then
so is ;.. We consider the possibilities one by one:

(=W —9)is¢ = @ —¢);
(= @W—=x)—=((e—=v) = (p—x)) is
(@ = @ = x) = (¢ =) = (¢ = X))
(= ) = (¥ =) is (~¢ = ) — (¥ — ¢');
Vur(p — 1) — (Yopp — Yogep)) is Yor (@' — @) — (Vory” — Yory)');
© — Yupp)' is ¢’ — Yopy' if v does not occur in ¢;
Jug (v = 7)) is Jug(vy, = o’) if vj, does not occur in o;
e lompo =) i (0 = (o = = )

=7 (p=c—p="1))is(c'=7—=(p =0 —p =7);
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(0=7—F&...& 10841 Emo1 =F& .. &1 1) s
o =17 — F§6 .. .5;_1a/§£+1 .. .57'71_1 = F§6 .. .5;_1T'§£+1 .. .f;n_l;

(O’ =T — (R&() .. .fi_lafi+1 .. -gm—l — R&() .. .52'_17'&_‘_1 .. -§m—1))/ iS
o' =1"— (R§6 . 'gz{flo-lgz/ﬁrl . 'génfl - R§6 . 'gz{flTlgngl . -fqlnf1)~

Now back to our claim that (¢, ...,4,,_ ;) is a I-proof. If 1, is a logical axiom, then by
the above, v is a logical axiom. If ¢;, € I, then no member of C' occurs in 1y, and hence
Yy = 1. Suppose that s,t < k and 5 is ¥y — 9. Then ¢, is ¢y — ;. If s < k and
t € w, and Yy, is Yuubs, then v is Vuupl. Thus our claim holds. O

Lemma 4.9. Suppose that c is an individual constant not occurring in any formula in
I'U{¢}. Suppose that I' = Subf'p. Then I'F .

Proof. Let (¢, ...,%m—1) be a I'-proof with ¢; = Subf_ . Let v; and the sequence
(Wl ..., 1) be as in Lemma 4.8, with C' = {c}. Then by Lemma 4.8, (¢(,..., ¢!, )
is a I-proof. Note that ¢} is Subf;!¢. Thus I' - Subf;! . Hence I' F Vo;Subf? ¢, and so
by Theorem 3.27, I' - ¢. U

A first-order language .Z is finite iff .Z has only finitely many non-logical symbols. Note
that in a finite language there are infinitely many integers which are not symbols of the
language. We prove the main completeness theorem only for finite languages. This is not
an essential restriction. With an expanded notion of first-order language the present proof
still goes through.

Lemma 4.10. Let .Z be a finite first-order language. Let £’ extend £ by adding indi-
vidual constants cg,cq,.... Suppose that I' is a consistent set of formulas in £. Then it
is also consistent as a set of formulas in &’.

Suppose not. Let (¢, ..., ¥n—_1) be a I-proof in the .’ sense with v; the formula —(vy =
vo). Let C be the set of all constants ¢; which appear in some formula . Let v; and
(Wi, W, ..., 1) be as in Lemma 4.8. Then by Lemma 4.8, ((, ¢, ...,¢.,_1) is a
I-proof. Clearly each 1 is a £ formula. Note that ¢, = ¢, = =(vo = vg). So I' is
inconsistent in ., contradiction. ]

Lemma 4.11. Let £ be a finite first-order language. Let ' extend £ by adding indi-
vidual constants cg,cq, .. ..

Then there is an enumeration {po,¢1,--.) of all of the sentences of ', and also an
enumeration (g, Y1, ...) of all the sentences of £ of the form Jv;x.

Proof. Recall that a formula is a certain finite sequence of positive integers. First we
describe how to list all finite sequences of positive integers. Given positive integers m and
n, we can list all sequences of members of m of length n by just listing them in dictionary
order. For example, with m = 3 and n = 2 our list is

(1,1)
(1,2)
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To list all finite sequences, we then do the following:
(1) List all sequences of members of 1 of length 1. (There is only one such, namely (1).)

(2) List all sequences of members of 2 of length 1 or 2. Here they are:

(3) List all sequences of members of 3 of length 1,2, or 3.
(4) General step: list all members of 7w of length 1,2,...m.

Let (to,1,...) be the listing described. Now we go through this list and select the
ones which are sentences of .Z”’, giving the desired list (©g, ¢1,...). Similarly for the list
(10,11, . ..) of all sentences of the form Jv;x. O

Lemma 4.12. Let £ be a finite first-order language. Let £’ extend £ by adding indi-
vidual constants cg,cq, .. ..

Suppose that T' is a consistent set of sentences of £'. Then there is a rich consistent
set A of sentences with I' C A.

Proof. By Lemma 4.11, let (¢, %1, ...) enumerate all the sentences of #’ of the
form Jv;x; say that ¢y is Jvyy¢y, for all k € w. Now we define an increasing sequence
(j(k) : k € w) by recursion. Suppose that j(k) has been defined for all k < I. Let j(I) be
the smallest natural number not in the set

{j(k) : kE <1} U{s: cg occurs in some formula v, with k < [}.

For each | € w let
0,=TU {Elvt(k)w,’f — SUbfc;v((IZ))lbl/c ck <}

We claim that each set ©; is consistent. We prove this by induction on [. Note that ©y =T,
which is given as consistent. Now suppose that we have shown that ©; is consistent.
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Now ©;41 = O, U {Fvnypyyy; — Subfvt(”z/Jl’}. Assume that ©;,; is inconsistent. Then

€5 (1)

©1+1 F ~(vo = vg). By the deduction theorem 4.2, it follows that

O F (Fuyayy] — Subfe' 9)) — —(vy = vp),

Ci)

hence easily

O F = (v, — subfﬁ;g; Y],

so that using tautologies

®l + Hvt(l)lﬁ; and
0, F —Subfe: " .

€D
Now by the definition of the sequence (j(k) : k € w), it follows that c;(;) does not occur in
any formula in ©; U {¢;}. Hence by Lemma 4.9 we get ©; = =y, and so ©; = Vv, ;).
But we also have ©; - Jv,(;)1;, so that ©; is inconsistent, contradiction.

Now let A = |J;c,, ©1. We claim that A is consistent. Suppose not. Then A F —(vg =
vo). Let (o, ...0m—1) be a A-proof with ¢; = =(vg = vg). For each k < m such that
@r € A, choose s(k) € w such that ¢ € O4y). Let [ be such that s(I) is largest among
all k < m such that 5 € O4). Then (po,...¢m—1) is a O4)-proof, and hence O, is
inconsistent, contradiction.

Now clearly I' C A, since ©¢g = I'. We claim that A is rich. For, let Jv;x be a sentence.
Say Jv;x is ¥p,. Then Juyx is Fvy(m)1;,, so that | = t(m) and ¢ = v;,,. Now the formula

304(m) Wy, — Subfem) Py,
is a member of ©,,,1, and hence is a member of A. This formula is Jv;x — Subfg;(m)x.
Hence A is rich.

Lemma 4.13. Let £ be a finite first-order language. Let £’ extend £ by adding indi-
vidual constants cg,cq, .. ..

Suppose that T' is a consistent set of sentences of £'. Then there is a consistent
complete set A of sentences with I' C A.

Proof. By Lemma 4.11, let (®o, ¢1, ...) be an enumeration of all the sentences of .Z”.
We now define by recursion sets ©; of sentences. Let ©¢9 = I'. Suppose that ©; has been
defined so that it is consistent. If ©; U{y;} is consistent, let ©;11 = ©; U {p;}. Otherwise
let ©,11 = ©; U{—p;}. We claim that in this otherwise case, still ©;,1 is consistent.
Suppose not. Then ;11 F =(vg = vy), i.e., ©; U{—p;} F =(vg = vg). By the deduction
theorem, ©; - —p; — —(vg = vg), and then by Proposition 3.4 and a tautology ©; F ;.
It follows that ©; U {y;} is consistent; otherwise ©; U {¢;} F —(vo = wvp), hence by the
deduction theorem ©; F ¢; — —(vg = vg), so by Proposition 4.3 and a tautology ©; - —;.
Together with ©; - ¢;, this shows that ©; is inconsistent, contradiction. So, ©; U {¢;} is
consistent. But this contradicts our “otherwise” condition. So, ©;1 is consistent.

This finishes the construction. Let A = [J,c,, ©;. Then A is consistent. In fact,
suppose not. Then A F —(vg = vg). Let (¢g,...,¥m—1) be a A-proof with ¢; = =(vg =
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vo). Let (xo0,...,Xn—1) enumerate all of the members of A which are in the proof. Say
Xj € Oy(;) for each j < n. Let ¢t be maximum among all the s(j) for j < n. Then
each i is in Oy, so that (g, ..., ¥m,—1) is a O-proof. It follows that ©; is inconsistent,
contradiction.

So A is consistent. Since ©g =1I', we have I' C A. Finally, A is complete, since every
sentence is equal to some @;, and our construction assures that ¢; € A or —p; € A. O

Lemma 4.14. Let £ be a first-order language. Let &' extend £ by adding new non-
logical symbols Suppose that M is an &' -structure, and N is the £ -structure obtained
from M by removing the denotations of the new non-logical symbols. Suppose that ¢ is a
formula of £, and a : w — M. Then M |= ¢[a] iff N |= ola].

Proof. First we prove the following similar statement for terms:

(1) If o is a term of .Z, then o™ (a) = o™ (a).

We prove this by induction on o:

v (a) = a; = ;" (a);

kﬁ(a) kM =kVN = kﬁ(a) for k an individual constant of .#
(Fog...om-1)M(a) =FM(a}(a),...c | (a))
N

—F (0} (a)....0N_,(a))
= (Foyg.. .am_l)N(a).
Here F is a function symbol of .Z. Thus (1) holds.
Now we prove the lemma itself by induction on ¢:

M (0 =71)[a] iff aﬁ(a) = TM(CL)

iff O'N(CL) = Tﬁ(a)
iff N = (0 =17)[al;
M 3(@),- o () € RY

M E (Rog...0m-1)[a] iff (o}!
iff (ol (a),. .
iff N = (Rog...0m_1)[al;

M = (—=)[a] iff not
iff no
iff N (-p)lal;

ME (p— )] iff not(M = pla]) or M = ¢[a]

iff not(N = pla]) or N =

iff N (v — ¥)lal;
M = (Yvip)[a] iff for allu € M(M =

iff for all u € N(N |= p[d’)])

ifft N = (Voip)[al. O
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Theorem 4.15. (Completeness Theorem 1) Every consistent set of sentences in a finite
language has a model.

Proof. Let I' be a consistent set of sentences in the finite language .Z. Let £’ be
obtained from .# by adjoining individual constants c; for each i € w. By Lemmas 4.12
and 4.13 let A be a consistent rich complete set of sentences in .’ such that I' C A.
By Lemma 4.7, let M be a model of A. Let N be the .#Z-structure obtained from M by
removing the denotations of the constants c; for i € w. By Lemma 4.14, N is a model of
I. O

Theorem 4.16. (Completeness Theorem 2) Let I' U {p} be a set of formulas in a finite
language. Then '+ ¢ iff T = .

Proof. By Theorems 4.3 and 4.15. O

Theorem 4.17. (Completeness Theorem 3) For any formula ¢, & ¢ iff = ¢.

Proof. Note that the implicit language -Z here is arbitrary, not necessarily finite. =
holds by Theorem 4.3. Now suppose that = ¢ in the sense of .Z: for every Z-structure
M and every a : w — M we have M = pla]. Let £’ be the language whose non-logical
symbols are those occurring in ¢. There are finitely many such symbols, so £’ is a finite
language. By Lemma 4.14 we have |= ¢ in the sense of .#’. Hence by Theorem 4.16, - ¢
in the sense of .Z’. But every .Z’-proof is also an .Z-proof; so F ¢ in the sense of .Z. O

One of the most important consequences of Completeness Theorem 1 is the following result,
which is at the beginning of real model theory.

Theorem 4.18. (The Compactness Theorem) If T is a set of sentences in a finite language
and every finite subset of I' has a model, then T" itself has a model.

Proof. Suppose to the contrary that I' does not have a model. Then by Theorem
4.15, T' is inconsistent. So I' = =(vg = vp). In a I'-proof with —(vy = vy) as a member, let
A be the set of all ¢ € T" that appear as entries in the proof. So A is a finite subset of T,
and so has a model M. But the proof shows that A = —=(vg = vg). So by Theorem 4.2,
A | —=(vg = vg). Since M is a model of A, it follows that M is a model of =(vy = vp),
contradiction. 0

We give one consequence of the compactness theorem, and formulate more in the exercises.

Theorem 4.19. If £ is a finite language, then there is no set I' of sentences of £ such
that an £ -structure is finite iff it is a model of T'.

Proof. Suppose there is such a set I'. Adjoin to I' all of the sentences

E|U0...E|Un /\ _|(UZ'=U])

i<j<n

for n a positive integer. Note that such a sentence holds in a model iff the model has at
least n + 1 elements. Let I be the result of adjoining all of these sentences. Now every
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finite subset A of IV has a model. In fact, if n is largest such that the above sentence is in
A, take an Z-structure M with n 4 1 elements. By hypothesis, M is a model of ', and it
is also a model of all of the new sentences which are in A, so it is a model of A. By the
compactness theorem it follows that I'' has a model N. But since all of the new sentences
are in IV, N must be infinite. It is a model of I', contradiction. ]

As the final topic of this chapter we consider the role of definitions. By a theory we mean a
pair (Z,I') such that .Z is a first-order language and I' is a set of formulas in .Z. A theory
(&', T") is a simple definitional expansion of a theory ((£,T") provided that the following
conditions hold:

(1) £’ is obtained from .Z by adding one new non-logical symbol.

(2) If the new symbol of £’ is an m-ary relation symbol R, then there is a formula ¢ of
% with free variables among v, ..., v,,_1 such that

I"=TU{Ruvg...0m_1 < @}

(3) If the new symbol of £’ is an individual constant c, then there is a formula ¢ of &
with free variables among vy such that I' - Jlvgp and

I"'=TU{c=1v < ¢}

Here 3lvge is the formula Jvg[p A Vo;[Subf;’ ¢ — vg = v;], where ¢ is minimum such that
v; does not occur in .

(4) If the new symbol of .Z’ is an m-ary function symbol F, then there is a formula ¢ of
£ with free variables among vy, ..., v,, such that I' - Vv ...Vv,,_13v,,¢ and

I'=TU{Fvg...0m_1=0m < @}

The basic facts about definitions are that the defined terms can always be eliminated, and
adding a definition does not change what is is provable in the original language. In order
to prove these two facts, we first show that any formula can be put in a certain normal
form, which is interesting in its own right. This normal form will be defined shortly.

Lemma 4.20. If ¢ is an individual constant and i # 0, then - ¢ = v; < Jvg(vg = v; Ac =
Uo).

Proof. We argue model-theoretically. Suppose that A is a structure and a : w — A.

If A= (c=w;)la], then ¢ = a;. Then v (ad) = a; and v?(agi) = a;. Hence A |= (v =
v; Ac = vg)lald ], and so A = Jug(vo = v; Ac = vg)[a]. Thus A |= (- ¢ = v;)[a] implies
that A | Jvg(vo = v; A ¢ = vp)]al.

Conversely, suppose that A = Jvg(vg = v; A ¢ = vp)[a]. Choose x € A such that A =

(vo = v; A c = vp)[al]. Then x = v3'(al) = v?(ag) =a; and ¢ = v (ad) = a; = viz(a).
Hence A = (- ¢ = v;)[a).
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So we have shown that A = (F ¢ = v;)[a] iff A & Jvg(vo = v;i Ac = vg)la]. Tt
follows that = ¢ = v; <« Jug(vg = v; A ¢ = vg). Hence by the completeness theorem,
Fc=v; < Jug(vg = v; Ac=1p). O

Lemma 4.21. Suppose that R is an m-ary relation symbol and (i(0),...,i(m — 1)) is a
sequence of natural numbers such that m < i(j) for all j < m. Then

+ Rvi(o) -2 VUi(m—1) < E|U0 PN va_l /\ (Uj = Uz'(j)) A\ RUQ ey Um—1
j<m

Proof. Again we argue model-theoretically. Suppose that A is a structure and a :
w — A. First suppose that A |= Ruv;(0) - - - Vigm—n)la). Thus (a;),- -, aim-1)) € R4. Let

b= (- (a?(()))zl(l) - ');?nzl—n'

Then for any j < m we have vjz(b) = b = a;(5y = bij) = vgj)(b). It follows that

Z )Z /\j<m(/Uj = ’L)Z(]))[b] AISO, <b0, .. .,bm_1> = <Cli(0), .. .,ai(m,1)> S ]R,Z Hence Z )Z
Ruvg ... 0m-1[b]. Thus

AE | N (v =vi) ARvy...,vm 1| [b]

j<m

and hence

(1) AEJug...Jopm_1 /\ (vj = vi)) ARvg ..., U1 | [a]

j<m

Hence we have shown that A |= Rj(0) - - - Vi(m—1)[a] implies (1).
Now suppose conversely that (1) holds. Choose z(0),...,z(m — 1) € A such that

A | N 0y =vi) AR .. vm1 | [b],
j<m
where b :_(-~-(a2(0)):16(1))--~)Z2;1171). For any j < m we have b; = z(j) = vjz(b) =

vgl.)(b) = v;%j)(a) = a;(;)- We also have (bg,...,bp_1) € RA. Hence (@i(0ys - -+ Qitm—1)) €

R4, and it follows that A = Rvj(o) - - - Vigm—1)[al.
So we have shown that A = Ruj() - . . vim—1)la] iff (1). Therefore

): Rvi(o) -2 Vi(m—1) < E|U0 ce va_l /\ (Uj = Ui(j)) A RUQ sy Um—1

j<m
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and it follows by the completeness theorem that

H RU@'(O) - Vi(m—1) < Jvg ... v /\ (Uj = Ui(j)) ARvy...,0m_1] - L]

j<m
The proof of the following lemma is very similar to the proof of Lemma 4.21.

Lemma 4.22. Suppose that ¥ is an m-ary function symbol and (i(0),...,i(m)) is a
sequence of natural numbers such that m + 1 <i(j) for all j < m. Then

F FUZ’(O) - Vi(m—1) = Vi(m) < HUO PN va /\ (Uj = Uz'(j)) A\ FUQ ey Um—1 = Uy
j<m

Proof. Again we argue model-theoretically. Suppose that A4 is a structure and a : w —
A. First suppose that A = Fvi0) .- Vitm—1) = Vi(m)la]. Thus FA(ai(O), e Qi(m—1)) =
@i (m)- Let

b=(-- (a?(O))%u) o ‘)?Zm)-

Then for any j < m we have ij(b) = b = aj;y = biy) = vgj)(b). It follows that

F(bo, ey bmfl) = F(ai(o), ey ai(m_l))
= @i(m)

= by

Hence A = (Fug...vVp,_1 = Upm)[b]. Thus

AE /\ (vj = Vi) ANFvg ..., U1 = v | (D]

j<m
and hence
(1) AE ... Jo, /\ (vj = Vi) AFvg ..., U1 = v | [a]
j<m

Hence we have shown that A |= Rj(0) - - - Vi(m—1)[a] implies (1).
Now suppose conversely that (1) holds. Choose z(0),...,z(m) € A such that

Z): /\(’Uj:/Ui(j))/\F’Uo...,Um_lz’Um [b],

js<m
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where b = (---(a ) 11)) V(- For any j < m we have b; = z(j) = vjz(b) = vgj)(b) =
vgj)(a) = a;(;). We alsoilave (FA(bo, eevybm—1) = by,. Hence Fz(ai(o),...,ai(m,l)) =
Qi(m)> and it follows that A ): (Fvi(o) .. -Ui(m—l)) = Ui(m))[a].

So we have shown that A = (Fvj(g) - . - Vi(m—1)) = Vitm))[a] iff (1). Therefore

)2 Fvi(o) -+ Vi(m—1) = Vi(m) < HUQ e va_l /\ (Uj = Ui(j)) A FUO ey Um—1 = U
j<m

and it follows by the completeness theorem that

= Fvi0) - - - Vitm—1) = Vi(m) < 00 ... FUm_1 /\ (vj =vij)) ANFvg ..., o1 = Uy | . O

js<m

A formula ¢ is standard provided that every atomic subformula of ¢ has one of the following
forms:

v; = v; for some %,j € w.

¢ = vg for some individual constant c.

Ruvg . ..v,,_1 for some m-ary relation symbol R.
Fuvy...vpm_1 = v, for some m-ary function symbol F.

Lemma 4.23. If 0 is a term and © € w, then there is a standard formula with the same
free variables as o = v; such that - o0 = v; < .

Proof. We proceed by induction on o. If o is a variable v;, then o = v; is v; = v;,
which is already standard. If ¢ is an individual constant c, then the desired conclusion
follows from Lemma 4.20. Now suppose that o is Fry... ;1 for some m-ary function
symbol F and some terms 7, ..., 7,,_1, where we know the result for each 7,. Let n € w
be greater than each j such that j occurs in o, and also greater than ¢ and m. Then we
claim

(YFo=v < Fv,...vpim [/\j<m(7j = Uptj) ANV = Upymn AFU, o Up o1 = Upgm | -

To prove this claim, suppose that A is a structure and a : w — A. First suppose that
A= (0 = v;)[a]. Thus FA(TO (a),...7A_,(a)) = a;. Let

m—1
b = (... an_ ni_]- .. ni‘m_]. n+m
( ( 7_64((1))7_{4(&)) ’T;:_l(a))a’b

Then for each j < m we have sz(a) = sz(b) since n is greater than each k such that vy
A

occurs in 7;, using Proposition 2.4. Also, b,4; = 7 (a) = 7; (b) So

(1) Ak N (7= vasy)l].

j<m
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Moreover, by, 4. = a; = b;, so
(2) AE (Vnm = vi)[b].

Next, for each j < m we have sz(a) = by, bntm = a;, and FZ(TOZ(CL), . .Tgfl(a)) = a,,
SO

(3) AE (Fon ... Vim—1 = Unim)[b]-

Putting (1)—(3) together, we get

A /\ (Tj = Vntj) AV = Uy AF U, 0o Unm—1 = Ungm | (0]
j<m

and hence

(4)  AETv,...3vpim /\ (Tj = Untj) ANV = Vg AFU, o0 01 = Upgm | [a]
j<m

Thus we have shown that A = [0 = v;][a] implies (4).
Conversely, suppose that (4) holds. Choose z(0),...z(m) € A such that

AE /\ (Tj = Untj) AV = Upgem, AF U, oo o0 pm—1 = U | [b],
j<m
n+m A

where b = (--- (aZ(O))Z(:ﬁ) > -)x(m). Then for any j < m we have b,y; = 7,°(b) = sz(a)

since n is greater than each k such that vy occurs in 7;. Also, by4y = b; = a; and
FA(bn, ... bnim—1) = buym. It follows that FA(7¢'(a),..., 72 ,(a)) = a;. Thus A =

m—1
[0 = v;][a]. So we have shown that A |= [0 = v;][a] iff (4). By the completeness theorem,
this proves the claim (x).
Now by the inductive hypothesis, for each j < m let ¢; be a standard formula such
that = 73 = v,y; < ;. By Lemma 4.22 let x be a standard formula such that
Fu, ... 0n4m—1 = Untm < X. Then by (%) and Lemma 3.20 there is a standard formula ¢

such that - o = v; <> ¢. The condition on free variables is clear. L
Theorem 4.24. For any formula ¢ there is a standard formula i with the same free
variables as ¢ such that = ¢ < .

Proof. We proceed by induction on ¢. First suppose that ¢ is an atomic equality
formula o = 7. Let ¢ € w be such that v; does not occur in ¢. Then

(1) F e i(oc=v, AT =1v;).
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In fact, let A be a structure and a : w — A. First suppose that A = o = 7la]. Say
oA(a) = 74(a) = 2. Then 4 = [0 = v; AT = v;][a’ ¢], and hence A |= Jv;(0 = v; AT = v;)[al.
Conversely, suppose that A = Jv;(c = v; AT = v;)[a]. Choose x € A such that

}z o =vAT = = v;][a’]. Now v; does not occur in ¢, so using Proposition 2.4 we get

o4(a) = o[at] = A[al] = 74[a].
Now ( ) follows by the completeness theorem.
By (1), Lemma 4.23, and Theorem 3.20 it follows that there is a standard formula 1)
with the same free variables as ¢ such that F ¢ < .
Second, suppose that ¢ is Rog...0,,—1 for some m-ary relation symbol and some
terms o0g,...0,—1. Let n be greater than m and all k such that v occurs in ¢. Then

We leave the proof of (2) to an exercise.
Now (2), Lemma 4.23, and Theorem 3.20 again give the desired formula ).
The inductive steps involving -, —, and V follow using Theorem 3.20. ]

The following theorem expresses that defined notions can be eliminated.

Theorem 4.25. Let (', 1) be a simple definitional expansion of (£,T), and let ¢ be a
formula of £'. Then there is a formula b of £ with the same free variables as ¢ such
that T' F @ < 1.

(Note here that I is in the sense of .Z".)

Proof. Let x be a standard formula (of .£”) such that - ¢ < x, such that y has the
same free variables as (. Now we consider cases depending on what the new symbol s of
£’ is. Let 0 be as in the definition of simple definitional expansion.

Case 1. s is an individual constant c. Then we let ¢ be obtained from x by replacing
every subformula ¢ = vy of x by 6.

Case 2. s is an m-ary relation symbol R. Then we let 1) be obtained from x by
replacing every subformula Ruvyg . ..v,,_1 of x by 6.

Case 3. s is an m-ary function symbol F. Then we let ¢ be obtained from y by
replacing every subformula Fvg . ..v,,_1 = v, of x by 6. L

The following theorem expresses that a simple definitional expansion does not increase the
set of old formulas which are provable.

Theorem 4.26. Let (', 1") be a simple definitional expansion of (£, T') with £ finite,
and let ¢ be a formula of . Suppose that T+ . Then T+ ¢.

Proof. By the completeness theorem we have IV = ¢, and it suffices to show that
I = ¢. So, suppose that A = v for each ¢ € I'. In order to show that A = ¢, suppose
that a : w — A; we want to show that A |= pla]. We define an .#’-structure A by defining
the denotation of the new symbol s of .Z’. The three cases are treated similarly, but we
give full details for each of them.

Case 1. s is c, an individual constant. By the definition of simple definitional expan-
sion, there is a formula y of . with free variables among vy such that I' - Jlvgy, and
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I"=TU{c=uv < X} Then I' = Jlgx. Since A T, it follows that A = x[al] for a
unique € A. Let ¢4 = z. We claim that A E (c=1vy <« X) In fact, suppose that

b:w— A If A = (c = vg)[b], then by = ¢ = z. Then a) and b agree at 0, so by
Lemma 4.4, since the free variables of x are among vy, we have A = x[b]. By Lemma

4.14, A = x[b]. Conversely, suppose that A = x[b]. Then b and ag(o) agree on 0, so
A = X[ag(o)]. Hence A |= X[ag(o)] by Lemma 4.14. Since also A = x[al] and A | gy,

xT

it follows that (0) = =. Hence A = (c = vp)[b]. This proves the claim.

By the claim, A’ is a model of T”. Hence it is a model of ¢. By Lemma 4.14, A is a
model of ¢, as desired.

Case 2. s is F, an me-ary function symbol. By the definition of simple defini-

tional expansion, there is a formula x of . with free variables among vy, ..., v, such
that T' = Voo ... Vo, 13lvpx, and IV = T U {Fvg... 01 = vy < x}. Then I' =
Yoo ... Vom—13 v, x. Let z(0),...,z(m — 1) € A. Since A = T, it follows that A =

X[(-~-(a2(0))i(1)) )szl )yl for a unique y € A. Let FA (z(0),...,z((m —1)) = y.
We claim that A’ E (Fug...Vm-1 = vy < X). In fact, suppose that b : w — A. If
A= (Fug ... vm—1 = v)[b], then FA (b, ..., by1) = by Now b and (--- (ad ) )---)i"
and b agree on {0,...,m}, so by the definition of FA' we get A = x[(---(aD)p,) - )i 1,
and hence also A |= x[b], and by Lemma 4.14 A = x[b].

Conversely, suppose that A’ = x[b]. Then A |= [(---(ag,)p,)---)p" ], and therefore
FA (bo, ..., bym_1) = by. This proves the claim.

By the claim, A’ is a model of T”. Hence it is a model of ¢. By Lemma 4.14, A is a
model of ¢, as desired.

Case 3. s is R, an m-ary relation symbol. By the definition of simple definitional

expansion, there is a formula y of £ with free variables among vy, ..., v, _1 such that
I"=TU{Rwvg...vm-1 < x}. Let

RA = {{ag,...,am_1) : A E x[a]

for some a : w — A which extends (ag,...,am—1)}.

We claim that A’ E (Rvg...vm—1 < x). In fact, suppose that b : w — A. If A =

(Rwp . .. vy —1[b], then (bo,...,bm-1) € RZI, and so there is an extension a : w — A of
(bo, . ..,bm—1) such that A = x[a]. Since a and b agree on all k such that vy occurs in Yy,

it follows that A = x[b], and hence A = x[b].
Conversely, suppose that A’ = x[b]. Then A = x[b] by Lemma 4.14, and it follows
that (bo,...,bm—1) € e RA . This proves the claim.

By the claim, A’ is a model of T”. Hence it is a model of ¢. By Lemma 4.14, A is a
model of ¢, as desired. 0

Theorem 4.27. Let m be an integer > 2, and suppose that (Z11,Tiy1) is a simple
definitional expansion of (X£;,T';) for each i < m. Suppose that ¢ is an %, formula. Then
there is an £y formula v with the same free variables as ¢ such that T'y, F @ < 1.
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Proof. By induction on m. If m = 2, the conclusion follows from Theorem 4.25. now
assume the result for m and suppose that (Z;+1,;4+1) is a simple definitional expansion
of (£, T;) for each i < m. Let ¢ be a formula of %, 1. Then by Theorem 4.25 there
is a formula ¥ of £ with the same free variables as ¢ such that I'y,41 F ¢ < 9. By
the inductive hypothesis, there is a formula x with the same free variables as 1 such that
I'y v« x. Then 'y, 11 < x. U

Theorem 4.28. Let m be an integer > 2, and suppose that (Z;11,Tiy1) is a simple
definitional expansion of (£;,1';) for each i < m. Also assume that £y is finite. Suppose
that ¢ is an £y formula and Iy, = . Then T'g F .

Proof. By induction on m. If m = 2, the conclusion follows from Theorem 4.26. now
assume the result for m and suppose that (%;1,T;4+1) is a simple definitional expansion
of (£, T;) for each ¢ < m. Suppose that ¢ is an % formula and T',,,11 F ¢. Then by
Theorem 4.26, I',,, - ¢, and so by the inductive assumption, I'g - ¢. O

The above facts about definitions help to clarify the foundations of mathematics. As
already mentioned, almost any mathematical theorem can be put in the form ZFC F ¢
for some formula . The language £ here has only one non-logical symbol, the binary
relation symbol € for membership. Many other symbols occur in a development of set
theory, including those in various fields of mathematics. These can all be considered as
being introduced by definitions, as above. To make these comments more definite, we
consider the symbols C, (), and N. Let %, be the language of set theory, so that it has
only one non-logical constant, the binary relation symbol € for membership. Then we have
claimed that the foundations of mathematics is embodied in the theory (%, ZFC).

Let (£, ZFCy) be the simple definitional expansion of (%, ZFC) obtained by adjoin-
ing to £y a new binary relation symbol C and adjoining to ZFC the formula

vg C w1 > Yog(vg € vg — vy € V7).
Here we write vg C vy instead of C vgv;.

Proposition 4.29. ZFC F 3lvgVu1[-(v1 € vp)].

Proof. The formula - vy = vg — ([vg € v1 < vy € v2a A =(vg = vg)] — —(vg € v1)) 18
a tautology, and hence by Proposition 3.4 we get

F [vg € v1 < v € va A = (vg = vg)] — —(vo € V7).
Hence by generalization and (L2) we get
F Yoo ([vg € v1 < vg € va A =(vg = vg)]) — Vog(—(vg € v1)).
Now using generalization, (L2), and a tautology we obtain
F Ju1 Yoo ([vg € v1 < vy € v2 A =(vg = v0)]) — Fv1Vue(—(ve € v1)).
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The hypothesis of the implication here is an instance of the comprehension axiom. Hence
ZFC F Jv1Vug(—(vg € v1)).
Using the change of bound variable theorem 3.25 we get in succession

ZFC F Jua¥Yug(—(vg € 12))
ZFC F JuaVoy (—(vy € v2))
(1) ZFC F JugVor (=(v1 € 1))

By the extensionality axiom and change of bound variable theorem 3.25 we get in succession

ZFC F YooV [Vua (v € vy <> vg € v1) — v = v1];
ZFC F YooV [Vus(vs € vg <> v3 € v1) — v = v1];
ZFC F YugVua[Vus(vs € vy < v3 € 1) — v = v3];
(2) ZFC F YugVua[Vui(v1 € vg <> v1 € v3) — vg = V3.

Now the following formula is a tautology: —(vi € vg) — [~(v1 € v2) — (v1 € vy <> v1 €
v2)]. Hence using generalization and (L.2) we get

Yo (=(vy € vg)) = [Vo1(—(v1 € v3)) — Vi (v1 € vy = v1 € v2)].
From (2) we then easily get
ZFC F Yvi(=(v1 € vg)) — [Voi(—(v1 € v3)) — vg = v2],
and hence by generalization and Proposition 3.38 we have
ZFC F Yvi(—(v1 € vg)) — Yo [Vui(—(v1 € v2)) — vg = v9],
Then by a tautology,
ZFC FYvi(=(v1 € vg)) — [Vor(—(v1 € vg)) A Vua[Vur(—(v1 € v3)) — v = v3]],
Now using generalization and (L2) we get
ZFC F JugVui (—(v1 € v9)) — Fug[Vur(—(v1 € vg)) A Vs [Vur (—(v1 € v2)) — vg = va],
From (1) it then follows that
ZFC F Jug[Vui(—(v1 € v9)) A Yoo [Voi(—(v1 € v2)) — vg = v2]],
which is the desired conclusion. O
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We now let % be the extension of %, by adding an individual constant (), and ZFCy =
ZFCy U {0 = vy < Yo1(—(v1 € vp))}. Thus (£, ZFC,) is a simple definitional expansion
of (.,?1, ZFCl)

Proposition 4.30. ZFC F YugVu;3lwaVos (v € vg < v3 € vg A vg € v7).
Proof. An instance of the comprehension axioms gives
ZFC F JuiYug(vg € v1 <> vg € v2 Avg € v3).
Hence by generalization we get
ZFC F YuoVuz3uvYog(vg € v1 <= vg € va Avg € v3).
Now the change of bound variables theorem 3.25 gives successively

ZFC F Yy Voz3v Yo (v
ZFC F Yy Vs 3v Yoo (v
ZFC F Y, Vs 3va Voo
(
(
(

U

(%

0
0
0
ZFC F Yv4VvsFvaVus(vs
ZFC = YogVusJuaVus(vs
ZFC F YooVv, JvaVus(vs
Now two applications of Corollary 3.28 gives

(1) ZFC F JuaVuz(vs € vg <> v3 € vg A vz € v71).

By the extensionality axiom and successive applications of the change of bound variables
theorem 3.25 we have

ZFC F YooV [Yua (v € vy <> v2 € v1) — v = v1];
ZFC + VUOVU4[Vv2(v2 € Vg < V2 € U4) — Vg = U4];
ZFC F YooYy [Vus(vs € vg <> v3 € v4) — vg = v4].

Then by Corollary 3.28 twice we get
(2) ZFC F Yuz(vs € vg <> v3 € v4) — vg = vy4].
Now the following formula is a tautology:
(v3 Evg <> V3 Evg Avg €Ev1) — [(v3 € vy <> V3 E Vg Avg € V1) — (V3 € Vg <> V3 € Vg)].
Hence by generalization and (L2) we get

FYvs(vs € vg <> v3 € vg Avg € V1) —

[Vus(vg € vy < v3 € Vg Avg € v1) — Yuz(vs € Vg > v3 € vy)].
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Using (2) it follows that

ZFC FYv3(vs € vg <> v3 € vg Avg € v1) —

[Vus(vg € vy <= v3 € Vg Avg € V1) — Vg = Vy].
By generalization and Proposition 3.38 we then obtain
ZFC FYv3(vs € vg <> v3 € vg Avg € v1) —
Vua[Vus(vs € vy > v3 € Vg A V3 € 1) — Vg = V4.
By a tautology we then have
ZFC FYv3(vs € vg «> v3 € vg A vg € v1) — Yus(v3 € vy <> v3 € vg A vz € v1)A
Vug[Vus(vs € vy <> v3 € Vg A vz € 1) — Vg = Vy].
Generalization and (L2) yield
ZFC FJvaVus(vs € vg <> v3 € vg Avs € v1) — Jug[Vug(vs € vg < v3 € vg A vg € v1)A
Vg [Vus(vs € vy <> v3 € vg Avg € V1) — Vg = v4]].
Hence by (1) we have
ZFC F3u, [va(vg €E Vg = V3 EVgNU3 E Ul)/\
Vg [Vus(vs € vy <> v3 € vg Avg € V1) — Vg = v4]].
This is the desired result. L]
Now we let .5 be the extension of %5 by adding a binary function symbol N, and
ZFC3 =7ZFCy U {UO NV = vy <> VU3(U3 € Vg <> V3 € Vg ANV3 € Ul)}.

Then (%3, ZFCs3) is a simple definitional expansion of (%%, ZFC,).

EXERCISES

E4.1. Suppose that ' - ¢ — ¢, ' F ¢ — ), and ' F —¢p — . Prove that T is
inconsistent.

E4.2. Let £ be a language with just one non-logical constant, a binary relation symbol
R. Let I" consist of all sentences of the form v Vug[Rugvy < ¢] with ¢ a formula with
only vy free. Show that I' is inconsistent. Hint: take ¢ to be ~Ruvgvy.

E4.3. Show that the first-order deduction theorem fails if the condition that ¢ is a sentence
is omitted. Hint: take I" = (), let ¢ be the formula vy = v, and let ¢ be the formula vy = vs.

E4.4. In the language for A def (w,S,0,+,-), let 7 be the term vy + v1 - v3 and v the term
vo + v2. Let a be the sequence (0,1,2,...). Let p be obtained from 7 by replacing the
occurrence of v by v.
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(a) Describe p as a sequence of integers.

(b) What is p4(a)?

(c) What is v4(a)?

(d) Describe the sequence alx( , @5 & sequence of integers.
v a

(

e) Verify that p*(a) = 74( 11/X(a)) (cf. Lemma 4.4.)
E4.5. In the language for A def (w,S,0,4+,-), let ¢ be the formula Vg (vg - v1 = v1), let v
be the formula vy + vy, and let @ = (1,0, 1,0,...).

(a) Describe Subf}'¢ as a sequence of integers
b) What is v4(a)?
c) Describe aix(a)

d) Determine whether A |= Subf;' ¢[a] or not.
e) Determine whether A = ¢[a! or not.

ﬁ<a>]

as a sequence of integers.

(
(
(
(

E4.6. Show that the condition in Lemma 4.6 that

no free occurrence of v; in ¢ is within a subformula of the form Vuvipu with vy a variable
occurring in v

is necessary for the conclusion of the lemma.

E4.7. Let A be an .Z-structure, with % arbitrary. Define I' = {¢ : ¢ is a sentence and
A = ¢la] for any a : w — A}. Prove that T' is complete and consistent.

E4.8. Call a set I' strongly complete itf for every formula ¢, I' = ¢ or I' = —p. Prove that
if I' is strongly complete, then I' - Voo Voq (vg = v1).

E4.9. Prove that if I is rich, then for every term ¢ with no variables occurring in ¢ there
is an individual constant ¢ such that I' -0 = c.

E4.10. Prove that if I' is rich, then for every sentence ¢ there is a sentence 1 with no
quantifiers in it such that I' - ¢ < 1.

E4.11. Describe sentences in a language for ordering which say that < is a linear ordering
and there are infinitely many elements. Prove that the resulting set I' of sentences is not
complete.

E4.12. Prove that if a sentence ¢ holds in every infinite model of a set I" of sentences, then
there is an m € w such that it holds in every model of I' with at least m elements.

E4.13. Let £ be the language of ordering. Prove that there is no set I' of sentences whose
models are exactly the well-ordering structures.

E4.14. Suppose that I" is a set of sentences, and ¢ is a sentence. Prove that if I' = ¢, then
A E ¢ for some finite A C T

E4.15. Suppose that f is a function mapping a set M into a set N. Let R = {(a,b) : a,b €
M and f(a) = f(b)}. Prove that R is an equivalence relation on M.
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E4.16. Suppose that R is an equivalence relation on a set M. Prove that there is a function
f mapping M into some set N such that R = {(a,b) : a,b € M and f(a) = f(b)}.

E4.17. Let I be a set of sentences in a first-order language, and let A be the collection of
all sentences holding in every model of T'. Prove that A = {¢ : ¢ is a sentence and I" - ¢}.

E4.18. Prove (2) in the proof of Theorem 4.24.
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