Errata 2
This material is supposed to replace Lemmas 4.21 and 4.22 in the notes.

Lemma 4.21. Suppose that R is an m-ary relation symbol and (i(0),...,i(m — 1)) is a
sequence of distinct natural numbers such that m <i(j) for all j < m. Then

+ Rvi(o) <2 VUi(m—-1) < E|U0 PN va_l /\ (Uj = Ui(j)) A\ RUQ ey Um—1

j<m

Proof. Again we argue model-theoretically. Suppose that A is a structure and a :
w — A. First suppose that A |= R;(0) - - - Vi(m—n)la]. Thus (a;), .-, aim—1)) € RA. Let

_ 0 1 .. o m—1
b= Qi) Gi(1) = Gi(m—1)"
Then for any j < m we have sz(b) = b = a;;y = biy) = vgj)(b). It follows that

A Njem(j = vi))B]. Also, (bo,...,bm—1) = (@), -- -+ @im—1)) € RA. Hence 4 =
Rug ... 0m—1[b]. Thus

A /\(vj:vi(j))/\Rvo...,vm,l 0]

I<m

and hence

(1) AETvg. .. Jvgm 1 /\ (vj = vi)) ARvg ..., U1 | [a]

j<m

Hence we have shown that A |= Ru;(0) - - - Vi(m—1)[a] implies (1).
Now suppose conversely that (1) holds. Choose z(0),...,z(m — 1) € A such that

Al /\ (vj = vi)) ARvg ..., vm—1 | [B],
j<m
0 1 .. m—1
Wilere b= a,0) 21y " a(m-1)" Ve )
v;%j)(a) = ai(j)._We also have (bg,...,bn_1) € R4. Hence (@i(0ys - -+ Qigm—1)) € R4, and
it follows that A = Ruvj(o) - . - Vi(m—1)[al.
So we have shown that A = Ru;(0) - - - Vi¢m—)[a] iff (1). Therefore

For any j < m we have b; = z(j) = vjx(b) = vgj)(b) =

}: Rvi(o) -2 VUi(m—1) < E|U0 ce va_l /\ (Uj = Ui(j)) A\ RUQ sy Um—1

j<m



and it follows by the completeness theorem that

= Rvi(0) - - Vigm—1) <> 0 ... FUm_1 /\ (vj = vi)) ARvg .., U1 | O

j<m
The proof of the following lemma is very similar to the proof of Lemma 4.21.

Lemma 4.22. Suppose that F is an m-ary function symbol and (i(0),...,i(m)) is a
sequence of distinct natural numbers such that m + 1 < i(j) for all j < m. Then

F FUZ’(O) -+ Vi(m—1) = Vi(m) < HUO N va /\ (Uj = Uz'(j)) A\ FUQ ey Um—1 = Uy
jsm

Proof. Again we argue model-theoretically. Suppose that A4 is a structure and a : w —
A. First suppose that A = Fvi0) .- Vitm—1) = Vi(m)la]. Thus FA(ai(O), e Qi(m—1)) =

@i (m)- Let
b= GO 1 .om

a;(0) Qi(1) --- ai(m)'
Ehen for any j < m we have vjz(b) = b = ajj) = biy) = vgj)(b). It follows that

F(b07 SER) bmfl) = F(ai(0)7 SER) ai(m—l))
= Gim)

= by

Hence A = (Fug...vp_1 = Upm)[b]. Thus

AE /\ (vj = Vi) ANFvg ..., U1 = v | (D]

js<m

and hence

(1) AE ... Jo, /\ (vj = Vi) ANFvg ..., Um1 = v | [a]

j<m

Hence we have shown that A |= Ru;(0) - - - Vi(m—1)[a] implies (1).
Now suppose conversely that (1) holds. Choose z(0),...,z(m) € A such that

Z): /\(’Uj:/Ui(j))/\F’Uo...,Um_lz’Um [b],

js<m



where b = ag(o) 313(1) " a(m)- For any j < m we have b; = x(j) = vjz(b) = vgj)(b) =
v;‘éj)(a) = a;(j). We also have (FA(bg,...,bpm_1) = by. Hence FA(ai(O),...,ai(m,l)) =
Qi(m)> and it follows that Z E (Fvi(o) .. -Ui(m—l)) = Ui(m))[a].

So we have shown that A = (Fv() ... Vim—1)) = Vitm))[a] iff (1). Therefore

)2 Fvi(o) -+ Vi(m—1) = Vi(m) < ElUO e va_l /\ (Uj = Ui(j)) A FUO ey Um—1 = Uy
j<m

and it follows by the completeness theorem that

- FUZ‘(O) - Vi(m—1) = Vi(m) < Jvg ... U1 /\ (Uj = Ui(j)) ANFvy...,0;m—1 =vy| . U
j<m



