A GENERALIZATION OF SCHOLZ’S RECIPROCITY LAW
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ABSTRACT. We provide a generalization of Scholz’s reciprocity law using the
subfields Ky¢—1 and Kyt of Q((p), of degrees 2t=1 and 2! over Q, respectively.
The proof requires a particular choice of primitive element for Kyt over Kot—1
and is based upon the splitting of the cyclotomic polynomial ®,(x) over the
subfields.

RiESUME. Nous donnons une généralisation de la loi de réciprocité de Scholz
fondé sur les sous-corps Kqe—1 et Kor de Q(Cp) & degrés 281 et 2¢ sur Q, re-
spectivement. La démonstration utilise un option particuliere d’élément prim-
itif pour Kyt sur Ky:—1 et basé sur la division de la polynéme cyclotomique
P, (z) sur les sous-corps.

1. INTRODUCTION

In 1934, Scholz [12] proved a rational quartic reciprocity law via class field theory.
While the law still bears Scholz’s name, it was recently noted by Lemmermeyer (see
the notes at the end of Chapter 5 in [11]) that it had been proved much earlier in
1839 by Schénemann [13]. Since then, Scholz’s reciprocity law has been proved using
many different methods (see [3], [7], [10], and [14] for other proofs). The unfamiliar
reader is referred to Emma Lehmer’s expository article [9] for an overview of rational
reciprocity laws and Williams, Hardy, and Friesen’s article [15] for a proof of an
all-encompassing rational quartic reciprocity law that was subsequently simplified
by Evans [4] and Lemmermeyer [10].

We begin by stating Scholz’s reciprocity law and an octic version of the law
proved by Buell and Williams [2]. We will need the following notations. For a
quadratic field extension Q(v/d) of Q, with squarefree positive d € Z, let £4 denote
the fundamental unit and h(d) denote the class number. The standard notation
({) will be used to denote the Legendre symbol. We will also need to define the
rational power residue symbol. Assume that a is an integer such that (a,p) = 1
that satisfies

p—1
a» =1 (modp)
for a rational prime p and a positive integer n. Then define the rational symbol

a p—1
- =a? (mod p).
<p>2n ( )

This symbol takes on the same values as (%)Q(C y the 2nt" power residue symbol
2n

where p is any prime above p in Q((2,,). For our purposes, n will usually be a power
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of 2. It should also be noted that the Legendre symbol is equivalent to our rational
power residue symbol when n = 1. By convention, we define (%) =1 for all a
1

such that (a,p) = 1.

Theorem 1.1 (Scholz’s Reciprocity Law). Let p = ¢ = 1 (mod 4) be distinct

rational primes such that (%) = (%) =1. Then

(£.6).-)-C)
a),\p/, q p)

In [1], Buell and Williams conjectured, and in [2] they proved, an octic reciprocity
law of Scholz-type which we refer to below as Buell and Williams’ reciprocity law.
Although their law is more complicated to state, it does provide insight into the
potential formulation of a general rational reciprocity law of Scholz-type.

Theorem 1.2 (Buell and Williams’ Reciprocity Law). Let p = g = 1(mod 8) be

distinct rational primes such that (%) = (%) =1. Then
4 4

(),(2), o e

(5)8(;>8 (~1pe0/ (2) () i Ny =1

p

where N is the norm map for the extension Q(\/pq) over Q.

Buell and Williams succeed in providing a rational octic reciprocity law involving
the fundamental units of quadratic fields, but it loses some of the simplicity of the
statement of Scholz’s reciprocity law and requires the introduction of class numbers.
It seems more natural to use units from the unique quartic subfield of Q(¢,) when
constructing such an octic law. This was our motivation in the formulation of a
general rational reciprocity law similar to that of Scholz.

In Section 2, we describe a primitive element for the unique subfield Ks¢ of
Q(¢p) satisfying [Ka¢ : Q] =2, when p =1 (mod 2') and (%) ., = 1. Our choice

gt—
of a primitive element involves a specific choice of a unit 7y € (’)Ix(zt_l. Section
3 provides the proof of a generalization of Scholz’s reciprocity law after giving a
thorough description of the rational residue symbols used in the theorem. We show
that whenever p = ¢ =1 (mod 2!) are distinct primes with ¢ > 2 and

0, -, 0.~
RGCRCN

t
where By = [[ n3 = € (9;(2%1 and A € Ok, , is any prime above g. Our proof
k=2

then

is based uponiuhe splitting of the cyclotomic polynomial ®,(x) over the fields in
question. In the special case where t = 2, we note that (”74) = (67’”)7 resulting in

the statement of Scholz’s reciprocity law.
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Since our rational reciprocity law takes on a simpler octic form than Buell and

Williams’ reciprocity law, comparing the two results in an interesting corollary. It
is observed that if p=¢ =1 (mod 8) are distinct primes satisfying

0.,

(%) = (52) Nty

where A € Ok, is any prime above g.

then
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internal grants from Armstrong Atlantic State University. The authors would like
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2. SUBFIELDS OF Q((,)

When p is an odd rational prime, it is well-known that the unique quadratic
subfield of Q(¢,) is K2 = Q(v/p*) where p* = (—1)P~1/2p. In this section, we
provide a useful description of the subfield Ka: of Q((,) of degree 2 over Q when
p =1 (mod 2%) and (%) , = 1. We will need the following variant of Gauss’s

20—
Lemma that is due to Emma Lehmer (see [8] or Proposition 5.10 of [11]) which we
state without proof.

Lemma 2.1. Let ¢ and ¢ = 2mn + 1 be rational primes such that (g) =1 and
let "

A={ay,02,...,0m}

be a half-system of n'" power residues. Then
la = (—1)a(j)aw(j) (mod q)

for some permutation © of {1,2,...,m} and

<§)2n_(_1)u where u—ia(i).

It should be noted that Lemma 2.1 can be applied to the evaluation of (5)
2n

for all 1 < ¢ < q by using Dirichlet’s theorem on arithmetic progressions and the
observation that the rational residue symbol is well-defined on congruence classes
modulo ¢q. The statement of Scholz’s Reciprocity Law utilizes the fundamental unit
of K5. Our general rational reciprocity law will similarly require the units described
in the following theorem.
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Theorem 2.2. Let p = 1 (mod 2%) be a rational prime with t > 2 such that

(2> =1 and set
P Jot—2
Ap =d1<a<P= | (2 =1
2 PJot—1
Bgt:{lgbgp_l ‘ (b> —1 and (b) :—1}.
2 D) ot—2 DJot—1

Then the element

and

1 (& -6)
beEB,t
IT (¢, - ¢

a€Ayt

T2t =
is a unit in Ok, , .

Proof. Let p=1 (mod 2') be a prime such that (%) ,=1 (ie., 2 € Ayt U Byt)
2t

and suppose that ny: is defined as in the statement of the theorem. We begin by

noting that (2, € Q({p). This is easily checked by observing that Q(¢,) € Q({2p)

and that both fields have degree p — 1 over Q. One can check that 7yt € Z[(,]* by

computing the norm of 7yt in Q(¢,) and noting that Ay and Bg: have the same

cardinality. Next, we show that no: € Ok, ,. To do this, we define the element

I (G-¢")

beB,t

I (G-

a€Ayt

Tt =

If (%)Qt_l =1, then 2a = +a’ (mod p), 2b = £’ (mod p), and

(G- I (@G- 1 (4-a)

hv beB,t beB,t b’€Byt "
2t = — = — = — = 2t‘
T @G-67 I (G- I (¢ -6G")
a€Ayt a€A2f, G'GAzt

Applying a similar argument to the case (%) LT —1, we have that
2t—

~ Mot if 2€ A
T nyt if 2€ By

Next, we show that 772t € Kot—1 by showing that it is fixed under all automorphisms
or € Gal(Q(()/Q) with r € (Z/pZ)*2""". For such residues, we have ra = +a/
(mod p) and rb = £ (mod p), which gives

TG -6 (¢ -¢")
bEB,: b'E€ Byt

I G- -6

a€A,t a’ €Ayt

op(Nat) =
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where f14,, (respectively, up,, ) counts the number of negatives resulting from ra =
—a’ (mod p) (respectively, rb = =V’ (mod p)). By Lemma 2.1, it follows that

~ r ~
0'7.(77215) = <> N2t .
PJ o

Thus, we see that 7yt € Koi-1 NZ[(,] = OKé—l. Similarly, it can be shown that
My’ € Koo NZ[(,) = OK;—l and we conclude that
Moty Myt € Kotr NZ[G) = Opi-1,

resulting in the claim of the theorem. O

The description of 74 and the fact that

Ky=Q <\/7,4 (p1/4\f)

when p = 1 (mod 4) was shown in Proposition 5.9 and the discussion in Section
3.4 of Lemmermeyer’s book [11], where it was subsequently used to prove Scholz’s
Reciprocity Law. The following theorem includes a proof of this claim along with
its extension to describe the subfield Ky when ¢t > 3.

Theorem 2.3. If p = 1 (mod 2%) is prime with t > 2 and (%) , = L, then
2t—
Kot = Q(at), where

1/2 1/4 1/2t—1 _ 41 gt—1_ t
ot = 772t/ 772{ R 7]4/ (fl)(p 1)/2 p(2 1)/2

and Kot is the unique subfield of Q((p,) satisfying [Ka: : Q] = 2%

Proof. We begin with the cases t = 2,3 then proceed by induction on ¢. Define
Npo= ] (@ —¢)  and R = [T (6 -6")

beB,t acAyt

so that nge = J}\g for all ¢ > 2. First consider the case when p =1 (mod 4) and

2 2
NiR} = ( 11 (csp—cg,f)) ( I <, —@;))
b€B4 a€Ay

p—1
k=1

~

(- )(p V2 No(y = 6) =p
Then the sign of NyRy is (—1)®~1/4 resulting in

NsRy = (— )(p 1)/4 1/2,
Substituting N47)4_1 = Ry, we have

Nf:n4(—1)(P—1)/4p1/2 — N4_771/2( 1)(p—1)/8p1/4.
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Since Ny & Ko, but Ny € Q((p), and using the fact that Q((,) is a cyclic extension
of Q, we see that K4 = K3(N4) = Q(N4). Now for the t = 3 case we assume p =1

(mod 8), in which case we have (%) = 1. Then

NiR{ = NiNZRS =p,

-1
N2R2 = (774(_1)@—1)/4]91/2) p =7l (=1)PD/Apl/2,

and
NsRs = n; /3 (=1)e=D/spt/a,

Using ng = %—:7 we have

—-1/2 _
NS2:778774 1/ (_1)(]9 1)/8p1/4’

and

Ng = né/2n4—1/4(_1)(pfl)/16p1/8'

We handle the remaining cases by induction on ¢ > 3. Suppose that for k£ > 3,
p=1 (mod 2¥), (%)2]%2 =1, and

_ _ k—2 _ k& P
Nok—1 znéﬁmﬁl_/f...m 1/2 (_1)(1) /28172

. e . Nyk_1 Ny
— 2 2
is a primitive element for Kyr—1. Using ngr—1 = Rooy 128 = R

and ng—l = NQkRQk = N;kn;kl, we have

]\'/v22’C = 772’“R2k*1 = 772"’N2k*177;c1_1,
_1/2 _1/9k—2 B k o1
]\722’C = 772’”721%/1 R/ / (_1)(;) 1)/2 p1/2 ,
and
1/2 —-1/4
Nok = 7]2]{ 172167/1 )

Again applying the fact that Gal (Q(¢,)/Q) is cyclic we have that

_ k—1 _ k41 k
41/2 (_1)(p 1)/2 p1/2 .

K2l« = K2k—1(N2k) == Q(N2k})

is the unique subfield of Q((,) with [Kqr : Q] = 2% For our purposes, we will need
the following description of Ko¢. Note that the element

t
Qgt = H N2j
j=2

is also a primitive element for Kyt over Ko:-1 and a simple inductive argument
shows that

1/2 1/4 1/2t—1 _ t+1 ot—1_ t
age = Pty (—) D2 2

for all ¢t > 2. O
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3. GENERALIZED SCHOLZ-TYPE RECIPROCITY Law

Before describing the main result, we need to explain the meaning of the symbol
(%), whenever p=g¢ =1 (mod 2'), (%)2#1 =1,n€0k, ,and A€ Ok, _, is
any prime above g. In this case, g splits completely in Ok, , and we have

OKQr,fl/)‘OK QZ/QZ.
Recall that if 7,6 € Ok, ,, we write
y=4 (mod \)

if and only if A\ divides v — § (see Chapter 9, Section 2 of [5]). While this definition
makes sense for v and § in the ring of integers of integers of any extension field of
Kyt-1, every element of Ok , , can be identified with a unique element from the
set

ot—1

{0,1,,(]*1}
since its elements are incongruent modulo A and may therefore be used as coset

representatives in O, , /)\(’)KQFI.

Let ay € {0,1,...,qg—1} be the unique element (which depends upon the choice
of ) such that
n=ay (mod A).
Whenever we have

af\q_l)/2t71 =1 (mod q),

N () L @

= 1. This symbol is

then one can define

Of course, the symbol (g) 5 is only defined when (%)
well-defined, but we must not forget its dependence on A.

2t—1

Next, we state our rational reciprocity law using the rational symbols defined
above. The proof of the reciprocity law depends upon the splitting of the cyclotomic
polynomial ®,(z) over the subfields Ky:-1 and Ko and is modelled after the proof
of quadratic reciprocity given after Proposition 3.4 in Lemmermeyer’s book [11].

Theorem 3.1. Ifp=gq =1 (mod 2%) are distinct odd primes with t > 2 and

(), =GB
(). G- (5.

¢
_ 2k—2 x
where [t = kH Now € OKzt
=2

then

_, and A € Ok, , 1is any prime above q.

Proof. Let p and ¢q be primes satisfying the hypotheses of Theorem 3.1. The minimal
polynomial of ¢, over Ky:—1 is given by

pl@)= J] (@—¢)e O, .l

r€ER,t—1
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R211:{1gr§p—1 ’ (T> :1}.
P/ ot—1

Factoring o(z) over Of,,, we obtain () = v ()1 (x) where
i) [T @=¢) and wo@)= ] (@-¢),
reR,t neN,t

Rot is defined analogously to Rgt—1, and Not = Rat—1 — Rost. Also define the
polynomial

where

0(x) = P1(z) = P2() € Ok, [2]-
Let o denote the nontrivial automorphism in Gal(Kgt/Ko:-1), and note that o =
Om|K,, Where

om € Gal(Q((p)/Kar—1) C Gal(Q((p)/Q)
is the automorphism 0., ((,) = ¢;* with m € Na¢. Tt follows that

o(9(x)) = —d(x)
and since Kot = Kyi—1(aat ), we have
o(azd(z)) = axd(z) € Ok,,_, [7].

Thus, it is possible to write J(z) = azt¢(x) for some ¢(z) € Ok, _, . Following the
discussion before Theorem 3.1, let A denote any prime above ¢ in Ok, ,. Consider
the congruence

(3.1) (9(@))7 = (1 (2) — ()7 = (q) d(a%) (mod ),

b
which is actually defined on the ring Of,,. On the other hand, we have

((2))? = al(é(2))? (mod A).
By an analogue of Fermat’s little theorem, whenever x € Ok, ,,
k1= kNNl =k (mod ),

where the norm map N is the norm of the field extension Ky:—1 over Q. Since
¢(z) € Ok, _, [7], we have

(3-2) (9(x))?

ol ayg(z?)  (mod )
= (a2)@D/2'9(2%)  (mod A).
Comparing (3.1) and (3.2) gives

(3.3) (Z)Qt Ha?) = (a%i)(q_l)/?ﬁ(:ﬂq) (mod \).

Next, we show that
HX) =1 (X) —¥2(X) £ 0 (mod A).

By Kummer’s Theorem ([6], Theorem 7.4), the ideal generated by ¢ in Z[(,] de-
composes in exactly the same way as ®,(X) decomposes in (Z/¢Z)[X]. Since p and
g are distinct primes, the ideal generated by ¢ in Z[(,] is unramified. If

P(X) = (¥1(X))*  (mod N),
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then we can pick {0, 1,...¢—1} as coset representatives of Ok, , /\Ok,, , = Z/qZ
to obtain a square factor of ®,(X) in (Z/qZ)[X], contradicting the observation that
g does not ramify in Z[(,]. Thus, (3.3) simplifies to

(3.4) (Z) z(agi)(q*”” (mod \),
2t

and we note that ag: € Ok, ,, which can therefore be identified with an element
in {0,1,...,¢—1}. The proof is completed by induction on ¢ > 2. If ¢ = 2, we have

(§>4 = (o) D/4 = (’%)4 (mod \).

Both residue symbols only take on the values £1 so that we have

a) _ (v — () (B) = () (2

P/, Ay A2 \X/4 A2\q/,
since (%) , 1s independent of the choice of A. Now suppose that the theorem holds
fort=k—1>2p=g=1 (mod 2¥), and

@)~ -,

In particular, we have

(q ) - (I ) - ( iy > - !
2k—1 2k—1 A ok—2
Then (3.4) gives

T\ _ e (Bap) (B p -
(0, ot (3, -(5),_ 0

Again, the value of (§)2k is independent of the choice of A and all of the residue
symbols only take on the values +1, resulting in

(0. G (5.

Finally, it should be noted that the symbol

(@) (03 B _ () (ﬂzm)
Ao ) yr VA P

is defined by the inductive hypothesis, completing the proof of the theorem. O

Theorem 3.1 holds regardless of the choice of prime A above ¢q. Noting that the
left-hand side of the law is independent of \, we see that the residuacity of (¢ only
depends upon the prime ¢q. Hence, we may write

(5),.-(%
q 2t—1 >\ Qt—l ’

allowing us to interpret our law as a true rational reciprocity law.
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When p =1 (mod 4), it is known that 74 = 52 for an odd integer h, and a proof
can be found in Proposition 3.24 of [11]. In particular, if

()=()=1
(2)=(2)=(2).

so that Theorem 3.1 results in Scholz’s reciprocity law. The octic case of Theorem
3.1 states that if p=1 (mod 8) and

(©),-().
(2., (). (),

The separation of the last residue symbol is justified since 74 is a quadratic residue
by Scholz’s reciprocity law. Our law takes on a simpler form than that of Buell and
Williams and comparing the two octic laws results in the following corollary.

then

Corollary 3.2. If p=g=1 (mod 8) are distinct primes satisfying

0.,

(3)-(3) e

where A € Ok, is any prime above q.

then

In conclusion, we note that Lemmermeyer commented at the end of [10] that he
had “generalized Scholz’s reciprocity law to all number fields with odd class number
in the strict sense.” Lemmermeyer’s generalization has not been published, but
has appeared in his online notes on class field towers. His generalization is quite
different from ours and does not lend itself to an easy comparison. Despite the
differences in the two generalizations, all of the work contained here was motivated
by the techniques used by Lemmermeyer [11] leading up to his proof of Scholz’s
Reciprocity Law.
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