MATH 2400 (CALCULUS 3) — SPRING 2008 — 2ND TEST

CALCULUS 3
March 5, 2008
2nd TEST
YOUR NAME:
O 001 A.SPINA ................... (9aM) O 003 T.DENT ..........cooo.... (11aMm)
O 002 E. WITTENBORN .......... (10AM) O 004 J. WISCONS ............... (12PM)
O 005 A.SPINA ................... (1pm)

SHOW ALL YOUR WORK

No calculators allowed.
No cheat-sheets allowed.

DO NOT WRITE INSIDE THIS BOX!

problem | points score
1 5 pts
2 10 pts
3 15 pts
4 15 pts
5% 15 pts
6 15 pts
7 15 pts
8 10 pts
TOTAL | 100 pts
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1. [5 pts] Find the natural domain of In (4 — 2% — ¢°).
SOLUTION:
4—2®—94>>0 == 2?4y <4
that is, all points inside the circle of radius 2 with center at the origin.

2. [10 pts] Given the function

Y
ey =1 Vg V700
0 (@9 = (0.0

show that it is continuous at (0,0).

SOLUTION:

To show that the function f is continuous at (0,0) we must show that lim, ,)—(0,0) f(2,%) = 0. This
we do by writing the function f in polar coordinates,

lim x, = lim f(rcosf,rsinf
(x,y)ﬂ(o,o)f( y) Lim f ( )

r2 cos@sin 6

= lim
r—0 r
= lim rcos@siné
= 0.
3. [15 pts] The function f(z,y) is given by
f(z,y) =Y.
. , of of
If x=rcosf and y=rsinf wuse the chain rule to find 8—(7“7 6) and %(r, 0) -
T
Simplify your answer!
SOLUTION:
of of ox  Of Oy
) = |27
8T (r, ) |:8f17 8T * 8y 8T zirc‘ng
= [ye™ cost + ze® sin 0] z=r cos 0
= {r cosfsin e’ 3050 41 cos Gsin fe’ o30S0 9} s
y=rsin 6
= 2rcosfsinfe’ cosfsin?
= r sin(20) er” sin(26)/2 :
O g _ [2005 0fn
86’ |0z 08 oy oe w=rcos0
= [ye™(—rsinf) + xe(r cos 0)] c=rcoso

y=rsin @
. 2 . 2 .
_ —T2 sm2 fe” cos 0 sin 6 + 7,2 C082 fe” cos 6sin 0
. 2 s 0 si
7"2 (COS2 o — 51n2 9) e’ cos 6 sin 0

= 72 cos(26) e’ sin(20)/2

4. [15 pts] Find the directional derivative of f(x,y) = sin(z) cos(y) at the origin in the direction § = 7/3
measured counterclockwise with respect to the z—axis.

SOLUTION:
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The directional derivative at (xg,yo) in the direction of u is given by
Du = V f(z0,y0)-u.

The unit vector in the given direction is

e (5) () - (3.5

The gradient of f is

Vf= <g, g—£> = (cos(z) cos(y) , —sin(x) sin(y))
Therefore
Dy f(0,0) = (cos(0) cos(0) , —sin(0) sin(0)) - <% 7 §> 1

5. [15 pts] The temperature (in degrees Celsius) at a point (z,y) on a metal plate in the zy—plane is

LY

T(.I,y): 71+x2+y2 .

At the point (1,1) find the unit vector in the direction in which the temperature drops most rapidly.

SOLUTION:

The direction of maximum increase of the function T" at (xo, yo) is given by the gradient of T" at (zg, yo)-
The direction of maximum decrease at (xg,y0) = (1,1) is therefore given by by the direction of the
vector

or or

_ y1 -2 +y° 2l -y?) +a?
B (LT+a2+92)2" (1+a2+y?)? /o

e

which is 57/4 measured counterclockwise from the z—axis.

The unit vector in the direction of maximum temperature decrease is then given by
11
373
(1/3)% + (1/3)?
B < 1 1 >
V2' V2
6. [15 pts] Find the direction of the tangent line to the curve of intersection of the cone z = /22 + y?

and the plane x + 2y + 2z = 20 at the point (4,3,5). Just any vector along the tangent line will do,
you do not need to normalize it!

u =

SOLUTION:

A vector v having the same direction as that of the tangent line to the curve of intersection of two
surfaces, f(z,y,2) =0, and g(x,y,2) = 0 at a point (zo, yo, z0) must be perpendicular to the normal
vectors to each of the surfaces at that point. Therefore, we can take

v = V f(z0,9Y0, 20) X Vg(0, Yo, 20) -
Four our problem,

P VTP — fay) =at gt -2 =0, 220,
x4+2y+22=20 — h(z,y,2)=x+2y+22—20=0,
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therefore,
Vi(x,y,z) = (2z,2y, —2z),
Vh(z,y,z) = (1,2,2),
Vf(4,3,5) = (8,6, —10),
Vh(4,3,5) = (1,2,2),
and

v =VF(4,3,5)%xVg(3,3,5) = (8,6, —10) x (1,2, 2) = (32,—26, 10) .

7. [15 pts] Find the equation of the plane that is tangent to the paraboloid

I2 y2

T
at the point (2, 3,2).
SOLUTION:
The equation of a plane is given by
n-(r—rp)=0.

The equation of the paraboloid can be written as

22 42
f(@y,z)zﬁ—i—ﬁ—z:o.

A vector normal to the paraboloid at (2,3, 2) is given by the gradient of f at (2,3,2),
af of of 2z 2y 2
v 2u372: a.° 9 9 o = _7_7_1 = 17_7_1
U ) <8:c Oy " 0z [ =2 227 32 3
z=2

The equation of the tangent plane is then
0 = Vf(2a372)'<x_27y_352_2>
2
<1, 3 —1>-<:v—2,y—3,z—2>

= @243 (:-2)

nes
([N
0 WK

or,
+2 1
r+-y—z=1.
3ZJ

8. [10 pts] The following statements are either true or false. If true, then say so and explain why. If
false, then say so and give a simple counter-example to show why the statement is false.

(a) If f(z,y) is differentiable at (xo,y0) and V f(zo,y0) =< 0,0 > then the tangent plane to z =
f(z,y) at (xo,yo) is parallel to the xy—plane.

d
(b) Let r(t) be a vector valued function. Then E||r(t)|| =’ ()]].

SOLUTION:
(a) True. If f is differentiable at (z¢, 7o) then the equation of the tangent plane to z = f(x,y) at
(z0,y0) 1s
<0,0,-1>-<z—x9,y —Yo,2—20>=0 = z=2z9 = f(xo,y0)

which is the equation of a plane parallel to the zy—plane (the variables 2 and y do not appear in
the equation).

(b) False.

d
Lo = & vamr0
v’ (t)-r(t) + r(t)-r'(t)
24/r(t)-r(t)
r(t)-r'(t)




