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1.1. Week 1, Lecture 1, Jan. 17, 2018, What is a system of linear equations.

A linear equation in the variables xq, xo, ..

in the form

a1x1+a2x2+-~-+ana:n:b

where b and the coefficients ay, . .., a, are real (complex) numbers.

., Ty is an equation that can be written

Example 1.1. 4z, — bxy + 2 = x1 1S a linear equation because it can be rearranged
as 4r; — x1 — Dxre = —2 and it is the same as 3x1 — bxre = —2.

A system of linear equations (or a linear system) is a collection of one or
more linear equations.
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Example 1.2.
2ZE1 — T + ]_5ZL'3 =38
r1 — 41’3 = -7

81

. . . . . 52
A solution of a system of linear equations is a list | . | of numbers that makes

Sn,
each equation a true statement when the values sq,s9,...,s, are substituted for
x1,Ta, ..., Ty, respectively. Also, the set of all possible solutions is called solution

set of the linear system.

Two linear system are called equivalent if they have the same solution set.

Example 1.3. The system
1 — 2{E2 =—-1
—3x1 4+ D19 =2

has {[ } ]} as the solution set.

1.1.1. Coefficient Matrixz and Augmented Matrix of a Linear System. Given the sys-
tem

Ty —2x5 +x3 =0
21’2 —8.733 =38
5%1 —51'3 =10
the matrix with the coefficient of each variable aligned in columns,
1 -2 1
0 2 -8
5 0 =5

is called the coefficient matrix of the system above, and

1 -2 1 0
0 2 -8 8
5 0 =5 10

is called the augmented matrix of the system above.

1.2. Week 1, Lecture 2, January 19, Echolen form (or row echelon form)
and reduced echelon form (or row reduced echelon form). What we did last
lecture.

Example 1.4.
i) —41‘3 =38
4ZL'1 —6![’2 —|—4ZL‘3 =
2[E1 —|—2ZL‘3 = 1
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The coefficient matriz is

0 1 —4
4 —6 4
2 0 2
The augmented matrix is
0 1 -4 8
4 —6 4 2
2 0 2 1

1.2.1. Elementary Row Operations. The following three are called elementary row
operations:

e (Interchanging) interchanging two rows.
e (Scaling) multiply all entries in a row by a nonzero constant.
e (Replacement) replace one row by the sum of itself and a multiple of another

row.
Example 1.5.
0 1 — Interchangi d ¢ 6 4 2 Scaling R1 by 1/2
4 —6 4 9 nterchanging R1 and R2 0 1 _4 8 caling y 1/
2 0 2 1 2 0 2 1
203 2 L acing B3 by R4 (_1)RI -3 2 1
0 1 —4 g |Replems BRFEDRG (g g g

O
=)
[\
—_
e}
w
S
e}

Repalacing R3 by Ra+(—Rz | > 5 2 L
epalacing y R3+(—3) 0 1 4 8
0 0 12 -24

Two matrices are called row equivalent if there is a sequence of elementary row
operations that transforms one matrix into the other.

Example 1.6. Matrices

0 1 -4 8§
4 —6 4 2
2 0 2 1
and
2 =3 2 1
0O 1 —4 8
0O 0 12 —-24

are row equivalent.
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1.2.2. Echolen form (or row echelon form) and reduced echelon form (or row reduced
echelon form). A matrix is in echelon form (or row echelon form) if it has the following
three properties:
(1) All nonzero rows are above any rows of all zeros.
(2) Each leading entry ( the leftmost nonzero entry in a nonzero row) is in a
column to the right of the leading entry of the row above it.
(3) All entries in a column below a leading entry are zeros.

Example 1.7.
2 -3 2 1
0 1 -4 8
0O 0 0 O
1s in echelon form. But the following matrix is not in echelon form
00 21
01 0 8
0000

If a matrix in echelon form satisfies the following additional conditions,
then it is in reduced echelon form (or reduced row echelon form):
(4) The leading entry in each nonzero row is 1.
(5) Each leading 1 is the only nonzero entry in its column.

Example 1.8.

-3 21

o O =
O = O
—_— o O

0 8

0 3

15 in reduced row echelon form. But this one is not in reduced echelon form
20 2 1

01 —4 8

00 0 O

Theorem 1.9. Fach matriz is row equivalent to one and only one reduced echelon
matrizx.

Note that the theorem above is not true for echelon form.

Definition. A pivot position in a matriz A is a location in A that correspond to a

leading 1 in the reduced echelon form of A. A pivot column is a column of A that
contains a pivot position.
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2. WEEK 2
2.1. Week 2, Lecture 1.

Theorem 2.1. Fach matrix is row equivalent to one and only one reduced echelon
matrizx.

Example 2.2. Transfer the following matrix

0O 1 2 -2
4 -1 3 1
4 -3 0 3
rst into echelon form and then into reduced echelon form.
) hel d th } duced echel
Solution:
012_21h‘R1dR2 -1 31 Repalacing R3 by R3+(—1)R1
4 —1 3 1 nterchanging an 0 1 9 _9 epalacing y R3+(—1)
4 -3 0 3 4 -3 0 3
4 —1 3 1 ) 4 -1 3 1 Repalacing R2 by R2+(—2)R3
0 1 9 _9 Repalacing R3 by R3+(2)R2 0 1 9 _9 <—
Repalacing R1 by R1+(—3)R3
0o -2 -3 2 0O 0 1 -2 —
4 -10 Repalacing B1 by Risrz |+ O 09 Ly R1 by 1/4
0 1 0 9 epalacing Y + 010 9 caling y
0O 0 1 -2 001 =2
1 00 9/4
010 2
001 -2

The row reduction algorithm: The algorithm that follows consists of four steps,
and by using elementary row operations, it produces a matrix in echelon form. The
steps 5-7 produces a matrix in reduced echelon form.

Example 2.3. Transfer the following matrix

0 0 -3 -3
3 =2 1 2
0 0 -1 1

first into echelon form and then into reduced echelon form.

Solution:

‘STEP 1: Begin with the leftmost nonzero column.

STEP 2: Select a nonzero entry in the column in Step 1, call this
entry c¢. By interchanging the rows, move the nonzero entry to the
first row.
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00 =3 - Interchanging R1 and R2 32 12
3 -2 1 2 | Meceenae 0 0 -3 -3
0 0 -1 1 00 -1 1

STEP 3: Use row replacement operation to create zeros in all posi-
tions below the entry c.

STEP 4: Cover (or ignore) the row containing c¢. Apply steps 1-3
to the submatrix that remains. Repeat the process until there are no
more nonzero rows to modify.

3 -2 1 2 Replacing R3 and R3+(—1/3)R2 3 -2 1 2
0 0 -3 —g | Rl R3adREHCIR2 (g 3 _3
0O 0 -1 1 0O 0 0 2

Until now, we have the echelon form of the matrix. By the following steps 5-7, we
will produce the reduced echelon form.

STEP 5: Begin with last nonzero row. By a scaling operation, make
the leading entry 1.

-2 1 2
0 -3 -3
0 0 1

Scaling R3 by 1/2
—

3
0
0

STEP 6: Use row replacement operation to create zeros in all posi-
tions above the entry 1 in Step 5.

3 =2 1 2 Repalacing R2 by R2+(3)R3 3 -2 1 0
0 0 =3 3 Repalacing R1 by R1+(—2)R3 0 0 =30
0o 0 0 1 — 0 0 0 1

STEP 7: Cover (or ignore) the row containing the entry 1 and, if
any, the rows below it. Apply Steps 5 and 6 to the submatrix that
remains. Repeat the process until there is no nonzero row to modify.
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3 -2 10 Scaling R2 by (—1/3) 3 21 Repal R1 by R1+(—1)R2
0 0 -3 0 |yl 0 0 1 o | e LY RECD
0 0 0 1 0 0 01

3 -200 Scaling R1 by 1/3 1 2/3 00

0O 0 1 0 — 0 0 1 0

0O 0 01 0 0 01

Example 2.4. Transfer the following matriz

0 3 -6 6 4 -5
3 =7 8 =58 9
3 -9 12 -9 6 15

first into echelon form and then into reduced echelon form.

Solution:

’ST EP 1:Begin with the leftmost nonzero column.

STEP 2: Select a nonzero entry in the column in Step 1, call this
entry c¢. By interchanging the rows, move the nonzero entry to the
first row.

003 6 6 4 5] pechamgng | 3 —9 12 =9 6 15
3 -7 8 —-58 9 |RI«>R3|[3 -7 8 —5 8 9
3 -9 12 -9 6 15 0 3 -6 6 4 -5

STEP 3: Use row replacement operation to create zeros in all posi-
tions below the entry c.

-9 12 -9 6 15
-4 4 2 -6

3 -9 12 -9 6 15 )
Replacing R2 by R24+(—1)R1 9
3 -6 6 4 -5

3
3 -7 8 =58 9 — 0
0 3 -6 6 4 -5 0

STEP 4: Cover (or ignore) the row containing c¢. Apply steps 1-3
to the submatrix that remains. Repeat the process until there are no
more nonzero rows to modify.

-9 12 -9 6 15
-4 4 2 -6

-9 12 -9 6 15 .
Replacing R3 by R3+(—3/2)R2 9
O o 0 1 4

3
—4 4 2 —6 — 0
0

3
0 2
0 3 -6 6 4 =5
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Until now, we have the echelon form of the matrix. By the following steps 5-7, we
will produce the reduced echelon form.

STEP 5: Begin with last nonzero row. By a scaling operation, make
the leading entry 1.

STEP 6: Use row replacement operation to create zeros in all posi-
tions above the entry 1 in Step 5.

-9 12 -9 0 -9
-4 4 0 -14

-9 12 -9 6 15 Replacing R1 by R1+(—6)R3
2
o o0 o0 1 4

3
-4 4 2 -6 0
0

3
0 2 | )
0 0 0 0 1 4 Replacing R2 by R2+(—2)R3

STEP 7: Cover (or ignore) the row containing the entry 1 and, if
any, the rows below it. Apply Steps 5 and 6 to the submatrix that
remains. Repeat the process until there is no nonzero row to modify.

329 12 =90 =9 ] d 9 12 =90 =9

0 2 —4 4 0 —14 |l 0 1 -2 2 0 -7

000 0 0 1 4 00 0 0 1 4
. 30 690 —72 A 10 -2 30 —24
Replacing My R1+9R2 01 -2 2 0 -7 Scallnggby 1/3 01 -2 2 0 -7
00 0 01 4 00 0 01 4

A system of linear equations has

(1) no solution, or

(2) exactly one solution, or

(3) infinitely many solutions.
A system of linear equations is said to be consistent if it has wither one solution or
infinitely many solutions, a system is inconsistent if it has no solution.
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2.2. Week 2, Lecture 2.

Theorem 2.5. (1) A linear system is inconsistent if and only if an echelon form
of the augmented matriz has a row of the form

00 --- 09,
where b # 0.

(2) If an echelon form of the augmented matriz does not have a row of the form
00 --- 0b] and in the augmented matriz the number of the pivot positions is
equal to the number of columns minus 1 then the linear system has only one
solution.

(3) If none of the above happened, then the linear system has infinitely many
solutions.

Example 2.6. Determine the existence and uniqueness of the solutions of the fol-
lowing system.

) +2I’3 = —2
41‘1 —X2 +3£L’3 =1
4[E1 —3[E2 =3

Solution. The augmented matrix of this system is

[0 1 2 —2]
4 —1 3 1
4 -3 0 3

We previously computed the echelon form of this matrix which is
[4 -1 3 1

01 2 -2 .
00 1 -2 |

We can see that it does not have a row of the form [0 0 ... 0 b], therefore it is
consistent. We also computed the reduced echelon form which is

100 9/4
010 2
00 1 —2

We can see that in the augmented matrix the number of pivot positions is equal to
the number of columns minus 1, thus the system has a unique solution.

Example 2.7. Determine the existence and uniqueness of the solutions of the system.
3.731 —2]32 +2273 =2
—3ZE3 =-3

—x3 =1
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Solution. The augmented matrix of this system is

We previously computed the echelon form of this matrix which is

Since it has a row of the form [0 0 ..
inconsistent and it does not have any solution.

[0 0 -3 —-3]
3 -2 1 2
0 0 -1 1
3 —2 1 2
0 0 -3 -3
0 0 0 2

. 0 b] we can conclude that the system is

Example 2.8. Determine the existence and uniqueness of the solutions of the system

31’1
3.’13'1

3$2 —6l‘3
—71’2 +81’3
—91'2 +12.f133

Answer: The augmented matriz is

3 =7 8
3 =9 12

[0 3 -6 6 4 —5]

+6[L‘4 +4l’5 = —5
—5$4 +8£U5 =9
—9x4 +6x5 =15

~5 8 9
—9 6 15 |

Look at the Example 2.4, the echelon form of augmented matrix of this linear system

18

(3 =9 12 -9 6 15 ]
0 2 -4 4 2 —6
00 0 0 1 4
Since it does not have a row of the form [0°0 ... 0 b] it is consistent.

Also, since the number of columns minus 1 is not the same as the number of pivot
positions we see that the system has infinitely many solutions.
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2.3. Week 2, Lecture 3.

2.3.1. Solutions of linear systems. Suppose that we have the following system

T —5.1’3 =1
T +x3 =4
21’1 —10[E3 =2
The augmented matrix is
10 -5 1
01 1 4
2 0 —10 2

The augmented matrix of the linear system has been changed into the equivalent
reduced echelon form

a2 o=

There are three variables because augmented matrix has four columns. The associate

system of equation is

I —51’3 =1
To +x3 = 4
0 =0

The variables x; and x5 corresponding to pivot columns in the matrix are called
basic variables. The other variable, x3, is called a free variable.
Solve the equations for basic variables.

T = 1+ 5%3
Ty — 4 — T3
3 is free
Let z3 = t. Then all solutions are
X 1+ 5t 1 5
T3 t 0 1
So the solution set is
1 5)

4 [+t -1 |:teR
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Using Row Reduction to Solve a Linear System:

(1) Write the augmented matrix of the system.

(2) By row reduction algorithm, Find an echelon form of the aug-
mented matrix, then check the number of solutions by Theo-
rem 2.5. If it does not have solution stop.

(3) Continue to obtain the reduced echelon form.

(4) Write the equations corresponding to the reduced echelon form
in Step 3.

(5) Solve equations in a way that each basic variable is expressed
in terms of free variables. Then write the set of all solutions.

Remark. For a consistent system if we do not have free variables it means the
system has only one solution.

Example 2.9. Find the solution set of the following system.

1 —41‘2 —2ZE3 +3ZL’5 —51‘6 =0
T3 —Tg = 0
Iy —41’6 =0

The augmented matriz of the above system is

1 -4 -2 0 3 -5 1
0 0 1 00 -10
0 0 0 01 —40

By row reduction algorithm we can find the reduced echelon from which is

1 -4 000 5 1
0 0 100 -120
0 0 001 -4 0

Since the matriz above does not have a row of the form [000 ... 0b] (b#0), the
system has at least one solution. Moreover, the number of pivot positions is less than
the number of columns minus 1, so this system has infinitely many solution.

Now we write equations corresponding to the reduced echelon form.

Ty —4xs +51g =1
I3 —Tg = 0
T5 —4.1’6 =0

Free variables are xo, x4, and xg and also the basic varitables are x1,x3, and xs.
Now solve the equation in a way that basic variables express as free variables.

T = 1+4£l§'2—5.1'6
T3 — Tg
IL’5:4JI6

Let xo =t, x4y =1, and ¢ = s. Then
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[ 21 ] [ 1+ 4t — 55 7 [ 17 [ 47 r 07 [ —5
T t 0 1 0 0
T3 | s 10 0 0 1
w |~ r “lo| T ol T o
Ts 4s 0 0 0 4
| 6 | s ] L 0 L 0 L 0 | 1 ]

Therefore, the solution set is
(17 M4 7 F 07 [ —5 ] )
0 1 0 0
0 0 0 1
0 +1 0 +r 1 + s 0 s, teR
0 0 0 4
L L O L 0 ] L 0 ] L 1] J

Example 2.10. Previously in Example 2.4, the row reduced form of the augmented
matriz was

10 -2 3 0 —24

01 -220 -7

00 0 01 4

The equation associated to the reduced echelon form are

T —21‘3 +3[L’4 =—-24
) —2!133 +2fE4 = -7
Ty =4

The pivot columns are column 1, column 2 and column 5. Therefore, the basic vari-
ables are x1,x9, x5, and the free variables are x3 and xy. We solve the equations in
terms of free variables, we have

I = —24 + 2[E3 - 31‘4
T = —7 + 2[133 — 21’4

Ty = 4
Let x5 =t and x4 = s. Then
T [ —24 +2t —3s —24 2 -3
To —7 42t —2s —7 2 —2
T3 | = t = 0 +t| 1| +s 0
Ty s 0 0 1
T i 4 4 0 0
So the solution set is
([ —24 2 -3
—7 2 -2
0 +¢t| 1| +s 0 t,s €R
0 0 1
4 0 0
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3. WEEK 3
3.1. Week 3, Lecture 1. A matrix with only one column is called a vector. A
vector in R? is of the form [ Z } . For example, _2 } is a vector in R%. A vector
a )
in R? is of the form | b |. For example, | /2 | is a vector in R3.
c —10

Given a vector u and a real number ¢, the scalar multiplication of u by c is the
vector obtained by multiplying each entry in v by c¢. The number ¢, in cu is called a
scalar.

1 4
Example 3.1. Letu= | -2 | andv=| 1 | are both in R3.
3 -5
2
2u=| —4
6
2 —12 —10
2u+ (3= -4 |+]| -3 |=]| —7
6 15 21
ay
a
If n is a positive integer, R" denotes the set of all vectors of the form 2 ,
G,
where aq,as,...,a, € R.
Definition. Given vectors vy, va,...,v, in R" and given scalers cy,ca,...,cp, the

vector y defined by
Yy =11 + CUa + - + U,

is called a linear combination of vy, vs,...,v, with weights c¢;,cs,...,¢c,.

For example, y = V301 + s is a linear combination of v; and v, and also z =

2 —12 2 —12
4| —4 | =5 | —3 | is a linear combination of | —4 | and | —3
6 15 6 15
1 2 7
Example 3.2. Letay = | —2 |,ao=| 5 | and b= 4 |. Determine, whether
-5 6 -3

b can be generated (written) as a linear combination of a1 and as.
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Solution. Ifb is a linear combination of ay and as, then there are scalars x1 and x-

i R such that

Thus

which means
T + 21,
—2x1 4+ by | =
—5x1 + 619
and so we have the following linear system

T —|—2£L'2 =

7

—2331 + 5%2 =4
—5.1'1 + 6%2 =-3

1
This system has the augmented matriz | —2
-5

reduced form

SO
o= O

3 _
2 | . Therefore, {xl N
0

To —

1 2
3| -2 |+2]|5
) 6

Thus, b is a linear combination of a; and as.

2
5
6

7
4 and this matriz has the row
-3

. So we have

7
4
-3

Remark. As we see in the previous Example, a vector equation

ria; +x0a9 +...+xa,=b

has the same solution set as the linear system whose augmented matriz is

[a; as -+ a, b] (%)

In particular, b can be generated by a linear combination of a;, as, - -- ,a, if and only
if there exists a solution to the linear system corresponding to the matriz (x).

Definition. Ifuv,...,v, are in R™, the Span{v,.

Lt ={avi+. Feu, i € R}

is called the subset of R" spanned (generated) by vy, ...,v, and it is the set of all

linear combinations of vq, ..., v,.
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3.2. Week 3, Lecture 2, The solutions of AX = b.

Definition. We denote by M,, ,(R) the set of all m x n matrices with entries in R.
If Ais in My, ,(R), with columns Ay, Aa, ..., A,, and x is in R", then the product of
A by x, denoted by Ax, is

T
Az = [y As] 1A | 7| =i Ar+ aads et A,
Zn
Example 3.3.

et H R B EY R !

Theorem 3.4. If A = [A1]|As|---|An] € My, ,(R), and b € R™, then the matriz

equation
Az =10
has the same solution set as the vector equations
$1A1+$2A2+...+$n14n =b

which has the same solution set as the system of linear equations whose augmented
matriz 1S

[Ar[ A - [An0].
1 3 4 by
Example 3.5. Let A= | -4 2 —6 | andb= | by |. Is the equation Ax = b
-3 -2 -7 b3

consistent for all possible by, by, and bs.

Solution. By the Theorem above, Ax = b has the same solution set as the sys-
tem of linear equations whose augmented matrix is

1 3 4 b
—4 2 —6 by
-3 =2 -7 b3
An echelon form of this matrix is
1 3 4 by
0 14 10 by + 4by

0 0 0 by+3by—1/2(by +4by)

Since we have a row of the form [0 0 0 bg+3b;—1/2(be+4b1)], and for by = by = by = 2,
b3+3b1—1/2(ba+4by) = 3, we conclude the the system is not consistent for all possible
b17 bQ, and bg.
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Definition. A set of vectors {vi, v, ..., v,} in R™ spans (or generate) R™ if every
vector in R™ is a linear combination of vy, vs, ..., v,, that is, if Span{vy, vy, ..., v} =
R™.

Theorem 3.6. Let A be an m x n matriz. Then the following are equivalent.
(1) For each b € R™, the equation Ax = b has a solution.
(2) Each b € R™ is a linear combination of the columns of A.
(3) The columns of A span R™.
(4) A has a pivot position in every row.

Lemma 3.7. Let A be a matriz. The leftmost nonzero entry in any row of an echelon
form of A corresponds to a pivot.

1 -7 0
Example 3.8. Does the set of vectors v; = 0 |,v9 = 0 |,v3= 1 ,
-1 7 —4
6
and vy = | —2 | span R3.
0

Solution. By Theorem 3.6, this set of vectors span R? if a matrix with columns
vy, Vg, v3, and vy has a pivot position in every row. Let

1 -7 0 6
A= [U1|’U2|U3|U4] = 0 0 1 -2
-1 7 -4 0
Then an echelon form of this matrix is
1 -7 0 6
0O 0 1 -2
0O 0 0 -2

and it has a pivot position in every row. So the set of vectors {vy, va, v3,v4} spans R?.
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3.3. Week 3, Lecture 3, Linear Independent Sets. A system of linear equations
is said to be homogeneous if it can be written in the form Ax = 0, where A €
M,, »(R) and 0 is the zero matrix in R™. Note that homogeneous systems always are
consistent since at least x = 0 is a solution of the homogeneous systems.

Example 3.9. Determine if the following homogeneous system has a nontrivial so-
lution.

3r1  +dxy —4dz3 =0

—31}1 —3$’2 —|—433'3 =0

6.1'1 +Zo —81'3 =0

The augmented matrix is

3 5 —40
-3 -3 4 0
6 1 -8 0
The echelon form is
35 -4 0
03 0 0
00 0 O
(Just to see it has nontrivial solution) The reduced echelon form is
1 0 —4/3 0
01 0 0
00 0 0
Now you can find the solutions.
An indexed set of vectors {vy, vs,...,v,} in R" is said to be linearly independent

if the vector equation
TV + XUy + ...+ Tpv, =0

has only trivial solution (i.e., the only solution is 1 = 29 = ... = x, = 0). The set
{v1,v9,...,v,} is said to be linearly dependent if there exist weights ¢, ca, ..., ¢y,
not all zero, such that

U1 + Uy + ...+ v, = 0 (2).

The expression (2) is called a linear dependence relation among vy, ..., v, when
the weights are not all zero.

1 4 2
Example 3.10. Letvi= | 2 |,va=| 5 |, andvs= | 1
3 6 0

(1) Determine if the set {vy,ve,vs3} is linearly independent.
(2) If possible, find a linear dependence relation among vy, v, and vs.

Solution. The vectors vy, v9, and vz are linearly dependent if the equation

11 + ToUg + Tr3V3 = 07
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i.e.,
1 4 2 0
I 2 +£L‘2 5 +ZL'3 1 = O
3 6 0 0

has a nontrivial solution. This equation turns to

T +4.’L‘2 +2;U3 =0
2.731 +5LL’2 +xr3 =

3?1)1 +6[L’2 =0
So the augmented matrix is
1420
2510
36 00
To solve the linear system above we find the reduced form of the augmented matrix
which is the following matrix
10 -2 0
01 1 O
00 0 O

Since we have a free variable then we have infinitely many solution so the vector
equation has a non-trivial solution, therefore, v1, v and vz are linearly dependent.

Now we want to find a linear dependency relation. Note that we can write the
linear system correspond to reduced echelon form as

T —21'3 =0
To +x3 = 0
0 =0
Let x3 = t. Then the set of solution is
2t
—t |:teR
t
Take t =1, then 1 = 2,29 = —1, and x3 = 1, and so
1 4 2 0
212 | -5 |+ 1|=1]0
3 6 0 0

is a linear dependence relation among vy, v, and vs.
Remark. The columns of a matrix A are linearly independent if and only if the
equation Az = 0 has only the trivial solution.

Example 3.11. Determine if the columns of the matrix

01 4
1 2 -1
5 8 0
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are linearly independent.

Solution. We only need to solve the equation Az = 0, then if the equation has
only one solution 0, then the columns of A are linearly independent. The augmented
matrix correspond to the equation Az = 0 is [A|0], i.e.,

[0 1 4 0]
1 2 -1 0
58 0 0
and the echelon form is -~ ~
1 2 -1 0
01 4 0
00 13 0

Therefore, by Theorem 2.5, since the coefficient matrix correspond to the linear
system of the echelon form has the equal number of rows and columns then Ax = 0
has only one solution and so the columns of the matrix are linearly independent.
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4. WEEK 4
4.1. Week 4, Lecture 1.

Theorem 4.1. A set of vectors S = {v1,...,v,} of two or more vectors is linearly
dependent if and only if at least one of the vectors in S is a linear combination of the
others.

Example 4.2. Is the set of vectors

1 2 )
{121, -11],101|}
3 1 5

linearly dependent?

Solution. Yes, because we have

5 2 1
0|l =2 -1 ]|+|2
5 1 3
Example 4.3. Consider the following vectors
1 2 0
01, —-21,(2],
1 2 0
We have L
1 2 0 0
210 - —-2—-12|=10
1] 2 0 0
so these vectors are linearly dependent. Note that we have
[ 1] 2 0
0=1/2| =2 | +1/2] 2
1] 2 0
Theorem 4.4. If a set contains more vectors than there are entries in each vector,
then the set is linearly dependent. That is, vi,vs, ..., v, in R™ are linearly dependent
if p>n.

Example 4.5. By the above theorem the following vectors are linearly dependent.

1 1 4
3|7 =212
Theorem 4.6. If a set S = {vy,vs,...,0,} in R™ contains the zero vector, then the
set S is linearly dependent.
Proof. Let v; = 0. Then for every ¢ # 0,
0U1+...+Cﬂ)¢+...+01)p:0.
Therefore, {vy,...,v,} is linearly dependent. O
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1 0 2
Example 4.7. The vectors vy = | 2 |, vo = | 0 |, andvs = | 1 | are linearly
3 0 0

dependent.

A transformation ( or function or mapping) 7 from R" to R™ is a rule that
assigns to each vector x in R™ a vector T'(x) in R™. We use the notation
T:R" — R™.

The set R" is called the domain of 7" and R™ is called the codomain of 7. For
xz € R", the vector T'(z) € R™ is called the image of x under the action of 7. The
set of all T'(z) is called the range or image of T.

1 -3 9 3 3
Example 4.8. Let A = 3 5 ,u:{_l],b: 2 |,ce=1|2]| and
-1 7 -5 )
define transformation T : R?> — R3 by T'(x) = Ax.
(1) Find T'(u), the image of u under the transformation T .
(2) Find an x € R? whose image under T is b.
(3) Is there more than one x whose image under T' is b.
(4) Determine if ¢ is in the range of the transformation T
1 -3 9 )
Solution.(1) T(u) =Au= | 3 5 [ 1 } =11
-1 7 -9
3
(2) We want to find a vector x € R? such that T(x) = | 2 |. So we want to solve
3
3
the equation T'(z) = Az = | 2 |, ie.,
)
1 -3 3
3 5 { . ] = 2 |
-1 7 2 -5

the augmented matrix corresponding to this equation is

1 -3 3
3 5 2
-1 7 =5

and its reduced echelon form is

1 0 1.5
0 1 —0.5 | (%x)
00 0
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1.5 1.5 3
so x1 = 1.5 and x9 = —0.5. Therefore, v = { _(’] 5 } So, T({ _(') 5 }) = 2

)
(3) No. Any x whose image under T is b must satisfy (x). Since the reduced echelon
form of the equation in (x) is (xx), We can see that (x) has only one solution.
(4) The vector c is in the range of T if there exists * € R? such that T'(z) = ¢, i.e.,

L =30, 3
35[1]:2

-1 7 | L™ 5
The augmented matriz of this equation is
1 =3 3]
3 5 2
-1 7 5
and the reduced echelon form is
1 -3 3 ]
0 1 2
0 0 =35 ]
Since we have a row of the form
00---0 35]
3
this equation does not have a solution. So 2 is not in the range of T'.

)



INTRODUCTION TO LINEAR ALGEBRA 25

4.2. Week 4, Lecture 2. A transformation ( or mapping) 7 is linear if
(1) T(u+v) =T(u) + T(v) for all u and v in the domain of 7.
(2) T(cu) = cT'(u) for all scalar ¢ and all u in the domain of 7.

Theorem 4.9. If T is a linear transformation,
(1) T(0) = 0.
(2) T(cu + dv) = cT'(u) + dT'(v) for all vectors u,v in the domain of T and all
scalars ¢ and d.

(3) T(crvr + ...+ cpup) = a1 T(v1) + ... + ¢, T (vy,) for all vectors vy, ..., v, in the
domain of T and scalars ci,...,c, in R.

Example 4.10. Given a scalar r, define T : R? — R? by T'(z) = rx. Show that T
1s a linear transformation.

proof. We must show that T'(u+v) = T'(u)+T(v) and T'(cu) = ¢T'(u) for any vector
u,v € R? and ¢ € R. Note that T'(u +v) = r(u+v) = ru+rv = T(u) + T(v), and
also T'(cu) = r(cu) = (re)u = (cr)u = ¢(ru) = ¢T'(u). Therefore, T is linear.

Theorem 4.11. Let T : R® — R™ be a linear transformation. Then there exists a
unique matriz A such that

T(x) = Ax for all x € R™.

in fact, A is the m x n matriz whose jth column is the vector T (e;), where e; € R
is the jth vector of the identity matrix:

A=[T(er)] ... |T(en)]

The matrix A in the above theorem is called the standard matrix for the linear
transformation 7.
proof. Write

v=nLr=lel...le;] | . | =mer+ -+ xpey,
Tn
and use the linearity of T' to compute
T(x) =T(z1e1+ ... +xpe,) =11 (e1) + ... + 2,1 (en)

[T(e))]...|T(en)] | : | = Au.

Ty

Example 4.12. Find the standard matriz A for the dilation transformation T'(z) =
3z for x € R2.

solution. Write
1 3
T(€1)2361:3|:0:| = {O]and
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T(€2)—362_3{(1)}_[g]

(39

Therefore
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4.3. Week 4, Lecture 3. Definition. A mapping T : R® — R™ is said to be
onto R™ if each b € R™ is in the range of T, i.e., b is the image of at least one
x € R™

Definition. A mapping T : R® — R™ is said to be one-to-one if each b € R™ is
the image of at most one x € R™.

Example 4.13. Let T be the linear transformation whose standard matriz is

1 -4 8 1
A=10 2 -1 3
0O 0 0 5

Does T map R* onto R3? Is T a one-to-one mapping?

Solution. First note that T'(x) = Ax, we can also write that

T: RY — R?
r = Az

Onto. T is onto if each b € R3 is in the range of T, i.e., for every b € R? | there is
r € R* such that T'(z) = b, that is, T'(z) = Az = b.

Therefore, if Az = b has a solution for every b € R?, then T is onto. Since A has
a pivot position in each row, thus by Theorem 3.6, Az = b has a solution for every
b € R3, therefore T is onto.

One-to-one. The mapping 7T is one-to-one if each b € R3 is the image of at most
one x € R*, that is, the equation Az = b for every b € R? has at most one solution.
However we can see that Ax = b has a free variable. Therefore, Ax = b has infinitely
many solutions and so 7" is not one-to-one.

Notation: Let T : R™ — R™ be a linear map. Denote
Img(T)={T(z): = €R"}

and the kernel of T
Ker(T)={xzeR": T(z)=0}.

Theorem 4.14. Let T : R* — R™ be a linear transformation. Then T is one-

to-one if and only if T(x) = 0 has only one solution. Therefore, T is one-to-one if
Ker(T) =0, and T is onto if Img(T) = R™.

proof. Since T is linear 7'(0) = 0. If T" is one-to-one, then from the definition of
one-to-one T'(z) = 0 has only one solution. For converse, we proof by contradiction.
Assume that T'(x) = 0 only have one solution, and for some b € R™ there are different
by and by such that T'(b;) = b and T'(by) = b. Then

T(by) — T(b1) = b—b = 0.

Note that T'(bg) —T'(by) = T'(by — by) = 0 Since T'(x) = 0 has only one solution which
is zero. Therefore, by — b; = 0, and so by = by, a contradiction since by and b; are
different.
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Theorem 4.15. Let T : R — R™ be a linear transformation, and let A be the
standard matriz for T'. Then:

(1) T maps R™ onto R™ if and only if the columns of A span R™.
(2) T is one-to-one if the columns of A are linearly independent.

Example 4.16. Let
T(z1,x2) = (3x1 + w9, 51 + Tx9, 11 + 372).

Show that T is a one-to-one linear transformation. Does T map R? onto R3¢

proof. Let rewrite T as

T: R? — R?
T 3231 + 22
[ xl } — 5Ty + T
2 1 + 379
ie.,
. 3T + X9
T({ l} ]) = | bay + Tay
2 1 + 319
First find the standard matrix of 7. Note that
R
T([ : ]) _ |5
- 1 =
and L
1
T({ ; ]) _ |7
- 3 -
3 1
Thus A = | 5 7 | . So by previous theorem T is one-to-one if the columns of A
1 3

are linearly independent. And 7T is onto if the columns of A span R3. Therefore T is
onto and T is not one-to-one (why?).
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5. WEEK 5: MATRIX OPERATIONS

5.1. Week 5, Lecture 1, Matrix operations, sum, product, transpose. e

Sums and scalar multiple:

3 2 6
Let A= —1 1 | and B = 7
0 1 _—1
[ 3 2
hbA=5| -1 1
_O 1
6 1
A—-3B = 7 —-10 | —
-1 5

1
—10 |, then
5
15 10
=] -5 5
0 5
18 3 —12 =2
21 =30 | =] —14 20
-3 15 4 —-10

Theorem 5.1. Let A, B, and C' be matrices of the same size, and let r and s be

scalars. Then,
a. A+ B=B+ A
b. (A+B)+C=A+(B+C(C)
c. (A+0)=A
d. r(A+B)=rA+rB
e. (r+s)A=rA+sA
for(sA) = (rs)A

Notation. Let A be an m x n matrix.
We denote by a;; or (A);; the entry in the
row ¢ and column j.

And row;(A) is the ith row of A,
colj(A) is the jth column of A.

e when A is m x n matrix and B = [by].
AB is an m X p matrix with

2 -1 0
Let A= |3 5 1 |, Then a;p, =
6 1 =2
(A = -1
rows(A) =[3 5 1]
0
colg(A) =] 1
-2

.. |by] is an n x p matrix, then the product

(AB)U = aﬂblj + aigbgj +...+ ambnj,

also the columns of AB are Aby, ..., Ab,.

That is colj(AB) = A.col;(B).

AB = Alby|...|b,] = [Ab]...|Ab,)]

and

row;(AB) = row;(A).B
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Example 5.2. B =

Then,

1
|
—_
w

-4 5
2 1| = 14 22
7 8 —-10 3
rowy(A) =12 —10]

row(AB) = row(A)B =2 —1 0]

~1 3
[2 1][—54]
7 8

2 -1 0 3 5
COl2(AB) = A.COlQ(B) = 3 5 1 1 = 22
6 1 =2 8 3
The identity matrix I, is the matrix
10 --- 0
01 --- 0
00 --- 1

Theorem 5.3. Let A be an m x n matriz, B an n X p matriz, C' an n x k matriz,
D an p x s matriz. Then

(1) A(BC) = (AB)C (associativity)

(2) A(B+C) = AB + AC (left distributive)

(3) (B+C)A = BA+ CA (right distributive)

(4) r(AB) = (rA)B = A(rB) for any scalar r

(5) [bLA=A=Al,.

Example 5.4. Let
1 0 0 0
ERIEE

Then

— O
_ O
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Therefore,
00
00
coly(BA) = Bcoly (A [(1) (1)] l 12} - [ 01 }
coly(BA) = Beoly(A) = { (1) (1] } [ 8 } - [ 8 }
Therefore,
BA‘:{-P1 8}'

Lemma 5.5. (1) We do not have necessarily AB = BA.
(2) The cancellation laws do not hold for matriz multiplication. That is, if AB =
AC, then not necessarily B = C.
(3) It is possible that AB = 0 but A # 0 and B # 0. (0 here is a matriz whose
all entries are zero).

e Powers of a matrix: Let A be an n x n matrix. Then A¥ = AA--- A k times.
e Transpose of a matrix: Let A be an m x n matrix. Then the transpose of A,
denoted by AT, is an n x m matrix whose column j is the row j of A.

Example 5.6. Let

0 2
1 3 1 1
A_[Zl —1]3 4 5
-3 6
Then
9 113 1 3 1130
e S PRI P Y
r |01 4 —
b= 2 1 5 6]
0 2
B =1 4 5
-3 6

Theorem 5.7. Let A be an m X n matriz, B an m X n matriz, and C an n X p
matrix. Then

(1) (AT =

(2) (A + B) = AT + BT

(3) for any scalar r, (rA)t = r AT,

(4) (AB) = BTAT.
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5.2. Week 5, Lecture 2, The inverse of a matrix. e An n x n matrix A is said
to be invertible if there is an n x n matrix C' such that

CA=1, and AC =1,

The matrix C is called the inverse of matrix A.
e The inverse of a matrix A is unique and is denoted by A~!. So that

AYA =1, and AA™ =1,

21373][13 ;}2[5 ']
S A ]l

Example 5.8. If A = { 21 7 } and C = [ -3 _7}
3
1
@ } . If ad — bc # 0, then A is invertible and

AC =
CA=

b

Theorem 5.9. Let A = [
c d

At =1/(ad — be) l _dc ab }
If ad — bc =0, then A is not invertible.
e For a 2 x 2 matrix the determination of A is
detA = ad — be.

1 4
3 —1

det(A) =—-1—-12=—-13 =ad — be

Example 5.10. Let A = [ } Then

and

T A VR s S T

Theorem 5.11. If A is an nxn matriz , then for every b € R™ | the equation Ax = b
has the unique solution x = A~'b.

Example 5.12. Solve the following equation
1+ 4.1,’2 =1
3ZL‘1 — Ty = 3

Solution. This equation is equivalent to the equation
1 4 [ ] _J1
3 1| |x] |[3]°
el [1 4171
2 | |3 —1 3

By provious theorem
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is the unique solution. So

e ] [1/13 413 1[1] _[1
x| | 3/13 —1/13 31 |0
Theorem 5.13. (1) the inverse of the inverse of a matriz A is A, i.e.,

(A =4

(2) (AB)™' = B™'A~! if A and B are invertible AB is so.
(3) (AT)™ = (A™HT, if A is invertible, AT is so.

e Elementary Matrices: The result of operating a single elementary row operation
on identity matrix is called an elementary matrix.

Example 5.14.

100 100
0 1 0 | ®Bs2Re 1 g 1
00 1 021
100 , 20 0
01 0|52 1 ¢
00 1 00 1

e When we operate an elementary row operation on matrix A , the result is the same
as KA where E is an m X m matrix created by performing the same row operation
on [.

2 -1 3
Example 5.15. Let A = 0O 1 5
-1 2 6
Then
2 137, L2 13
0 1 5 | Moy 0 1 5
1 2 6 -3 3 3
1 0 0 R3z+R3+(—1)R 1 0 O
01 0| & "' 0o 1 0|=F
00 1 10 1
1 00 —1 3 2 -1 3
Then EA=1 0 1 0 5 -1 0 1 5
-1 0 1 -3 3 3

e Every elementary matrix F is invertible. The inverse of E is the elementary matrix
correspond to the elementary operation that transforms E back into I,,.
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1 00
Example 5.16. Let E= | 2 1 0 |, then
0 01
1 00 RGR IR 1 00
9 1 o | R g
0 0 1 0 0 1
Therefore,
100 [ 100
01 0| PR o
0 01 0O 01
1 0 0
So we have | =2 1 0 | is the E—L.
0 0 1
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5.3. Week 5, Lecture 3, Algorithm for finding A~!. Let A be an n x n matrix.
Then the following process will give us A~L.

(1) Start with an n x 2n matrix whose the first n columns are columns of A and
the last n columns are columns of I,,, i.e., [A|l,].

(2) If the reduced echelon form of A is I,, A is invertible, otherwise A is not
invertible.

(3) By elementary row operations on [A|l,], change [A|],,] to a matrix of the form
0| B).
(4) B is the inverse of A, that is A™' = B.

Example 5.17. Let

0 4 -1
A=11 =2 1
3 0 1
Then
O4_1100[th‘R1dR21_21010
1 -2 1|0 1 0| ™rEys e 0 4 —-1{1 00
3 0 1001 3 0 1001
Replacing R3 and R3 —3)R1 1 =2 1 0 1 0_
eplacing an +(-3) 0 4 111 0 0
0 6 —-2/0 =3 1
| 1 =2 1 ] 0 10
Replacing R3 and R3 + (—3/2)R2 0 4 1 1 0 0
0 0 -1/2|-3/2 -3 1
Seatine B3 by —2 1 -2 1|01 O
TERYTTL0 4 —1]10 0
0 0 113 6 =2
Replacing R2 by R2 + R3 1 -2 0|-3 =5 2
Replacing R1 by R1 — R3 0 4 04 6 =2
— o 0 113 6 =2
' 1 -2 0|-3 -5 2
Scaling R2 by 1/4 0 1 0 1 3/2 _1/2
0 0 1] 3 6 —2
‘ 1 0 0]—-1 =2 1
Replacing &y R1+2R2 010 1 3/2 _1/2
00 1] 3 6 —2
Therefore,
-1 -2 1
Al=1| 1 3/2 —1/2

3 6 -2



36 FARID ALINTAEIFARD

Theorem 5.18. An n x n matriz is invertible if and only if A is row equivalent to
I,,; moreover, any sequence of elementary row operations that reduces A to I, also
transforms I, into A1,

The theorem above means, if
E\Es...E A =1,

then
AV =FE 1 BB
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6. WEEK 6

6.1. Week 6, Lecture 1, Subspaces of R". Review. Let {v,...,v,} be a set of
vectors in R™.

1) We say that the vectors vy, ..., v, are linearly independent if the equation
Yy q y
v+ ...+ vy =0

has only trivial solution.
(2) The span of {vy,...,v,}, denoted by Span{vy,...,v,}, is the set of all linear
combinations of {vy,...,v,}, L.e.,

Span{vy, ..., v} ={cv1+...+cu :c1,..., ¢ € R}
Definition. A subspace H of R" is any subset in R™ with three properties:
(1) The zero vector is in H.

(2) For everyu and v in H, u+v € H.
(3) For every scalar ¢ andv € H, cv € H.

Example 6.1. Let vy and vy be in R™. Then H = Span{uvy,vs} is a subspace of R™.
Solution: Note that
span{vy, va} = {c1v1 + cov9 @ €1, 00 € R}

is a subset of R", we only need to check the three properties.

(1) Let ¢; =0, ¢o = 0. then Ov; + 0vy = 0 € span{vy, v}

(2) Let u,v € span{vy,vy}. Then there are scalars, ¢; and ¢y, d; and ds such that
v = v + cov9 and u = dyvy + dyve. Therefore,

V+ U= U1 + CUs + dl’Ul + dz'Ug = (61 + dl)vl + (02 + dg)vg

is in span{vy, v}
(3) Let ¢ be an scalar , and v € span{vy,vo}. Then there are ¢y, co € R such that
V = C1V] + CaVs. SO,

c(c1v1 4 cavg) = (cer)vy + (cco)ve € spanf{vy, va}.

Therefore span{vy, vy} is a subspace of R™.

e The column space of a matrix A = [A4;]...|A,] , denoted by ColA |, is
ColA = span{A;,..., A} = {aA1 + ...+ c A, i cq, ... 0 €ERY,

which is the set of all linear combination of columns of A.

—1 0 -1 3
Example 6.2. [s b= 1 in the column space of A = 3 -2 1
2 -2 4 1
Solution. Note that the column space of A is
0 -1 3
span 3 |, -2 1,1 =

—2 4 1
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0 -1 3
T 3 + X9 —2 + x3 1 2.361,232,.’173E]R
-2 4 1
Therefore b is in column space of A if the system
0 -1 3 -1
T 3 + X9 —2 + x3 1 = 1
-2 4 1 2

has a solution. The augmented matrix of the system is

0 -1 3 -1

3 -2 1 1

-2 4 1 2
and an echelon form is

3 =2 1 1

0 1 -3 1

0 0 29 0

Since the system is consistent, therefore b is in column space of A.

e The null space of a matrix A, denoted by NulA , is the set of all solutions of the
homogeneous system

Ax = 0.

Theorem 6.3. The null space of a matriz A is a subspace of R™. That is, the solution
set of Az =0 is a subspace of R". (Do it as an exercise.)

e A basis for a subspace H of R" is a linearly independent set in H that spans H.

1 0 0
Example 6.4. ¢; = | 0 [, ea=| 1 |, e5= 1| 0| is a basis for R3. Since any
0 0 1

Q

arbitrary element | b | in R™ can be written as

c
1 0 [ 0 ]
al O]l +b|1]|4+c]| O
0 0 _1_
And also o
1 0 0
T 0 + X9 1 + T3 0 =0
0 0 _1_

has only one solution.

Theorem 6.5. The pivot columns of a matriz A form a basis for column space of A.
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Example 6.6. Find a basis for column space of

1 -1 5 1
A= 2 0 7 1
-3 -5 =3 2
Solution.
1 -1 5 1
A= 2 0 7 1
-3 -5 —3 2
Replacing R2 by R2+(— 1 1 5 1
0 -3 -1
Replacing R3 b R343R1
T 0 —8 12 5
Repl R3 by R3+4R2 1 - g 1
eplacing 3 by ROHARZ 1 ) 2 -3 -1
0 O 0 1

Therefore the set of columns 1, 2 and 4 of A is a basis for column space of A
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6.2. Week 6, Lecture 2, Basis and Basis Coordinates. e A basis for a subspace
H of R™ is a linearly independent set in H that spans H.

1 0 0
Example 6.7. ¢; = | 0 [, ea = | 1 |, e3=| 0| is a basis for R3. Since any
0 0 1
a
arbitrary element | b | in R™ can be written as
c
1 0 [ 0 ]
alO0O|4+b|l1|+c]| O
0 0 1
And also -
1 0 0
T 0 + X9 1 + T3 0 =0
0 0 1

has only one solution.
Theorem 6.8. The pivot columns of a matriz A form a basis for column space of A.

Example 6.9. Find a basis for column space of

1 -1 5 1
A= 2 0 7 1
-3 -5 -3 2
Solution.
1 -1 5 1
A= 2 0 7 1
-3 -5 -3 2
Replacing R2 by R24+(—2)R1 1 5 1
Replacing R3 by R34+3R1 -3 -1
—8 125
Repl R3 by R3+4R2 1 -1 5 1
eplacing R3 by R34 0 2 3 _1
0O 0 0 1

Therefore the set of columns 1, 2 and 4 of A is a basis for column space of A.

Definition. Suppose the set § = {b1,...,b,} is a basis for subspace H. For each x
in H, the coordinate of z relative to basis 3 are the weights ci, ..., ¢, such that
xr = C1b1 -+ Cgbg + ...+ Cpbp,

and the vector
1
[x]ﬁ =
Cp
is called the f-coordinate vector of x.



INTRODUCTION TO LINEAR ALGEBRA 41

1 —1 1
Example 6.10. Let vy = 2 |,vu=| -6 |, x=| —2
-3 5) —1
(1) Find a basis B for span{vy,vs}.
(2) Is x in span{vy,va}.
(3) Write [z]| 5 the B — coordinate vector of x.
Solution. (Whenever a set of vectors {vy,...,v,} is given and you want to find a
basis for span{vy,...,v,} do this process:
(1) Construct a matriz [v1] . .. |vy).
(2) Find the pivot positions.
(3) The columns correspond to pivot positions give a basis.)
Look at the following matrix

1 -1
2 -6 |,
-3 5
then an echelon form of this matrix is
1 -1
0 —4
0 2
Since both columns have pivot positions therefore, v1 and vy are a basis for span{vy, va}.
1
(2) x= | =2 | is in span{vy,va} if the following system is consistent.
-1
1 -1 1
x| 2 | +z| 6| =] =2
-3 5 -1
The augmented matriz is
1 -1 1
2 -6 -2
-3 5 -1
Then an echelon form of this matrix is
1 -1 1 1 -1 1
0 4 -4 |«— |0 —4 —4
0o 2 2 0 0 0
Thus, the system is consistent and a solution is xo = 1 and 1 = 2. Thus,
1 -1 1
2 | +2| 6| = -2
-3 5 -1

(3) Therefore [2],, = [ ; } .
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6.3. Week 6, Lecture 3, Dimension and Theorems.

Definition. The dimension of a non-zero subspace H, denoted by dimH, is the
number of vectors in any basis for H. The dimension of the zero subspace {0} 1is
defined to be zero.

Example 6.11. Find a basis and the dimension for

1 3 4 2
span 2 1,1 2,141,110
-1 1 0 2

Solution. (Put the columns on a matrix, the number of pivot position will be the
dimension.)

So look at
1 3 4 2
2 2 40
-1 1 0 2
An echelon form of the matrix is
1 3 4 2
0 -4 —4 —4
0O 0 0 O
1 3
Therefore, the pivot position are in row 1 and row 2, therefore, {| 2 |, | 2 |} is
—1 1

a basis and the dimension is 2.

Definition. The rank of a matriz A, denoted by rankA, is the dimension of column
space of A.

Theorem 6.12 (The Rank Theorem). If a matriz A has n columns, then
rankA + dim NulA =n

Theorem 6.13 (The basis theorem). Let H be a subspace of dimension p of R™.

(1) Any linearly independent set of p element automatically span H.
(2) If p vectors span H, then they are linearly independent.

Theorem 6.14 (The inverse matrix theorem). Let A be an n x n matriz. Then the
following statements are equivalent.

(1) A is invertible.

(2) The columns of A form a basis of R™.
(3) Col A=R".

(4) dim Col A=n

(5) rank A=n

(6) Nul A= {0}

(7) dim Nul A= 0.



INTRODUCTION TO LINEAR ALGEBRA 43

Example 6.15. Let
-3 6 -1 1 -7
A= 1 -2 2 3 -1
2 -4 5 8 4
Find a basis for NulA. What is the dimension of NulA.

Solution. The reduced echelon form of the augmented matrix is

1 =20 -1 3 0
0 01 2 =20
0 0 0 0 0 0

Therefore, 1 and x3 are basic variables and x5, x4, and x5 are free variables. Then

T —2.732 —T4 +3$4 =0
T3 +2£L’4 —2£L’5 =0

Now, let xo =t, x4 = r, x5 = y. Then

1 =2t+1r—3y

Ty = —2r+2y
Therefore,
1 2t +r — 3y 2 1 -3
x3 | = —2r4+2y | =t|0 | +r| -2 |4+y]| 2
Ty r 0 1 0
Ts Y 0 0 1
Therefore,
2 1 -3
1 0 0
NulA = span 01, =21, 2
0 1 0
0 0 1

Moreover, they are linearly independent and so the dimension is 3.
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7. WEEK 7, DETERMINANTS

7.1. Week 7, Lecture 1, Determinant. e For any square matrix A, let A;; denote
the submatrix formed by deleting the ith row and jth columns of A.

Example 7.1. Let

-1 3 4 -3
0O 1 10 5
A= -2 6 7 0
-5 3 1 2
Then _ -
0 10 5
Ap=1| -2 7 0
i -5 1 2 |
[ —1 3 4 ]
Ay = 0O 1 10
| -5 3 1 |

Definition. Forn > 2, the determinant of an n X n matriz A = [a;;] is
detA = audetAH — a12detA12 + ...+ (—1)"+1a1ndetA1n
= E;‘:l(—l)lﬂaljdetfllj.
Example 7.2. Let

-1 3 2
A= 7T -1 0
5 -2 1
-1 0 70
detA:—ldet[_z 1]—3det[5 11
7 —1

+2det { 5 _o

] = (=1)(=1) = 3(7) + 2(—=14 + 5)
=1—-21-18=-38
Definition. Given A = [a;j], the (i,j)-cofactor of A is
Cy = (—1)™detAy;
So
detA = a1:011 + a12C12 + ... + a1,C1p.

Example 7.3. Let

-1 3 2
A= 7 —-10
5 =21

Then
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-1 3

=05 5

Theorem 7.4. The determinant of an n x n matriz A can be computed by cofactor
expression across any row or down any columns. The determinant is the cofactor
expression across the ith row,

= (=1)(2—15) = 13.

detA = a;1Ci1 + a2Cio + ... + 4, Cin,
The cofactor expression down the jth column is

detA = a1;C; + az;Coj + . .. 4 an;Cyj
Example 7.5. Let

3 2 -1
A=10 1 -1
5 -1 3

(1) Find the determinant of A by cofactor expression of row 2.
(2) Find the determinant of A by cofactor expression down to 3th column.

Solution. (1) The cofactor expression of row 2 is
detA = a0 + a2Co + az3Ch3
= 0021 +1x 022 -+ (-1)023

Cog = (—1)*+2 =1x94+5) =14

3 —1
5 3

3 2

5 —1
Therefore, detA =14+ (—1)(13) = 1.

023 — (_1>2+3

= (=1)(—=3 —10) = 13.

(2) The cofactor expression of column 3 is
detA = a13C13 + az3Cas + aszCss
= (=1)C13 4+ (=1)Ca3 + 3C33

0 1
Cis=(-1D"" o ‘:—5
Cyz = (—1)*+? 2 _21 ‘:13

3 2
O = (19| § 1| =3

So
detA = (—1)(=5) + (—-1)(13)+3 x 3
=5-13+9=1

Definition. A triangular matriz is a matriz with all entries below main diagonal
zero.
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Example 7.6.

o O W
S N

1
3
1

Nolll \viNan)

0005

Theorem 7.7. If A is a triangular matriz, then detA is the product of entries on
the main diagonal of A.
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7.2. Week 7, Lecture 2, Properties of Determinants. e We study the effect of
row operations on the determinant.
Theorem 7.8. (Row operations) Let A be a square matriz.

(1) If a multiple of one row of A is added to another row to produce a matriz B,
then

detB = detA.

(2) If two rows of A are interchanged to produce B, then detB = —detA
(3) If one row of A is multiplied by the scalar k to produce B, then det B = k.detA.

Theorem 7.9. If A is an n X n matriz, then detAT = detA.
Example 7.10. Let

2 0 3
A=14 -1 0
6 1 3
Compute detA.
Solution.
2 0 3 1 ¢
detA=det | 0 —1 —6 :2‘ 16 ‘:0
0 1 6
Example 7.11. If we have detA = —2 where
a b c
A=|d e f
g h 1
Compute the determinant of the following matrices.
(1)
2a d —g
2b e —h
2c f —i
(2)
a b c
—2a+d —2b+e —2c+f
g h 1
Solution.
(1)
a b c 2a 2b 2c
det | d e f|=1/2det| d e f | =
g h i g h 1
2a  2b  2c 2a d —yg
—1/2| d e f | =-1/2det| 2b e —h

—g —h —i 2c f —1
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Therefore,
2a d —g
—2=—1/2det | 2b e —h
2c f —1
and so
2a d —g
det | 2b e —h | =4.
2c f —1

(2) The determinant of the matrix in (2) is the same as the determinant of A
since we replace the second row of A by the sum of the second row and a
multiple of the first row.

Theorem 7.12. A square matriz is invertible if and only if detA # 0.
Theorem 7.13. If A and B are n X n matriz, then
det(AB) = det(BA) = det(A)det(B).
e Determinant of elementary matrix F
1 if F is a row replacement

detEE = ¢ —1 if F is an interchanger

r if F is a scalar by r
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7.3. Week 7, Lecture 3, Cramer’s Rule and Inverse of a Matrix. e Cramer’s
Rule: It gives you the solution of the equation Ax = b for an invertible matrix A.
For any invertible n x n matrix A and b € R™, let A;(b) be the matrix obtained form
A by replacing column ¢ by the vector b. So if A = [A|...|A;]...|A,], then

A;(0) = [Ay]. .. [B]. .. A,

Theorem 7.14 (Cramer’s Rule). Let A be an invertible n x n matriz. Then the

I
unique solution of the equation A | : = b has entries,
xn
detA;(b)
7::—7.:1’27”" .
. detA ' "

Example 7.15. Use the Cramer’s rule to solve the system
T —2$2 =6
—2£L'1 +3l‘2 =1

Solution. We can write the equation as

ENIFEH
-2 3 To 1
So by Cramer’s rule we have
o — detAq(b) vy — det Ay (b)
detA det A

Therefore, we should first find the determinant of A, which is detA =1 x 3 —(—2) x
(—2) = —1. Also,

6

1

detAq(b) = det [ 9 1

_32 ] = 20 and detAs(b) = det [ L0 } =13

Therefore, x1 = 3—01 = —20 and zy = i—?’l = —13. So [ 13

] is the unique solution of

the system.
e A formula for A™!
Remember that the (i, j)-cofactor is

Cij = (—1)i+jd€tAij
Let A be an n x n matrix. The following matrix is denoted by adj A

Cy Cuy ... Cp 1"

Cyy Coy ... Cyy
ade: :21 22 2

C, C,y ... C.

Theorem 7.16. (An Inverse formula) Let A be an invertible n x n matriz. Then

_ 1 .
ATl = detAade.
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Example 7.17. Find the inverse of the matriz

3 2 1
A= 6 0 5
-3 -1 0
solution. What we should find are adj A and the determinant of A. The cofactors are
0 5 6 5
011 - (—1>1+1 _1 0 - 5 012 - (—1>1+2 _3 0 ’ - —15
6 0 2 1
Cis = (=07 50 ) ‘_ 6 Cu =0T 5 '__1
3 1 3 2
CQQ - (—1)2+2 _3 0 ‘ = 3 023 - (—1)2+3 _3 _1 ’ - —3
2 1 3 1
Co= (-1 o & '_ 10 Cpp = (=1)"7| ‘: -9
Caz = (—1)* 2 g =12

We can compute the determinant by cofactor expression of the first row, so
detA = a11C1y + a12C12 + a13C13
=3x5+2x(=15)+1x(—6)=-21

Also
T
Cii Ci2 Cis
adjA= | Cy Crp Cyy
Cs1 Cso Csg
5 —15 67" 5 —1 10
= -1 3 =3 = -15 3 -9
10 -9 —6 -6 -3 —12
Therefore,
B 1 ' 1 5 -1 10
et —21 6 -3 —12

5/—21 —1/—21 10/ —21
= | —15/-21 3/—21 —9/—21
—6/—21 —3/—21 —12/—21

e Parallelogram is a simple quadrilateral with two pairs of parallel sides.

Example 7.18. draw a picture

e The volume of the parallelepiped
draw a picture
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Theorem 7.19. If A is a 2 X 2 matrix, the area of the parallelogram determined by

the columns of A is |detA|. If A is a 3 X 3 matriz, the volume of the parallelepiped
determined by the columns of A is |detA].

Example 7.20. (1) Find the area of the parallelogram determined by [ ! ] and

o

draw a picture

1 -1
area = det{Q 0 HzQ
3 2 1
(2) Find the volume of the parallelepiped determined by 6 |, 0 |, 1|5
-3 -1 0

draw a picture



52 FARID ALINTAEIFARD

7.4. Week 7, Lecture 3, Oct. 13, Vector Space. Definition: A vector space
consist of the following;:

(1) aField of scalars; In this course we only work with R, the field of real numbers;
(2) aset V of objects, called vectors;

(3) addition: a rule( or operation), called vector addition, which associate with

each pair of vectors v and v in V' a vector u+ v in V, called the sum of v and
v, in such a way that

( ) u+ v = v+ u; (commutativity of addition)

(b) u+ (v+ w)= (u+ v)+ w (associativity of addition) w is also in V'

(c) there is a zero vector 0 in V' such that u + 0 = w.

(d) for each vector w in V| there is a vector —u in V' such that u+ (—u) = 0.

(4) scalar multiplication: a rule (or operation) called scalar multiplication

which associate each scalar ¢ in R and vector u € V' a vector cu in V, called
product of ¢ and u, in such a way that

(a) 1lu = u for every u € V;

(b) c(du) = (ed)u;
(c) (c—i—d)u—cu—i—du
(d) c(u+v) =cu+ cv.

Example 7.21. Show that My.3(R), the set of all 2 x 3 matrices is a vector space.

Solution.

(1) R is the field of scalars
(2) The set of objects is the set of 2 x 3 matrices

(3) addition operator is the sum (or addition of matrices): Let A = [ 2 l; ; ] )

g h o lw oy = . o
B = {k ] m}’c_[r » q] be three arbitrary matrix in My 3(R).

abc+ghi_a+gb+hc+i
d e f E'l m| |d+k e+l f+m

is in Mays(R).
[zzﬁH n)=

(a)
g
k
a+g b+h c+i g+1 h+b i+c
d+k e+l f+m E+d l+e m+f
a
d

Jara]fat ]
(b) For any A, B,C € ngg(R),
A+(B+C)=(A+B)+C

Then

- >

]
]
]

(c) There is the zero matrix 0 = [ } such that A+0=A4

0

]
]
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2 } € My 3(R) there is a matrix { —a b = }

(d) For each matrix d —e —f

a c
d f
such that

a b c —-a —b —c| [0 00
de flT|=d = —f |~ |00 0
(4) (Scalar multiplication) For any ¢ € R and A € Msy3(R), we have that cA €
M2><3(R>
(a) The scalar 1.A = A for any A € Myy3(R) since if we multiply the entries
of A by 1 we have A.
(b) Let ¢ and d be in R, then ¢(dA) = (cd) A.
(c) (c+d)A=cA+dA
(d) ¢c(A+ B)=cA+cB
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8. WEEK 8, VECTOR SPACE

Goals of the week:

e More examples for vector space, and subspace
e Review of the null space and column space

e Linear Transformation

e Linear dependent sets and bases

8.1. Week 8, Lecture 1, Oct.16, some example for vector space.

Definition. Polynomial: The set of polynomials of degree at most n, is denoted by
P,,, consists of all polynomials of the form

p(t) =ap+ait + ...+ apt™
where m < n.

Example 8.1.
1+ 2t +3t° € Py

1—3t+4t* € Py
Example 8.2. Show that the set of all polynomials of degree n, is a vector space.

(1) Field of scalars is R

(2) objects are polynomials

(3) (addition) is the sum of polynomials.
Let k <m <mn,and f(t) =ag+ait+...+ant™ € Py, g(t) =bo+ bt +...+
bpt* € P, then

)+ g(t) = (ag + bo) + (ay + b))t 4 ... + (a + bp)t* + ...+ (am)t™ € P,,.
(a) f(t)+s(t) =s(t) + f(?)
)+ s(t) = (ag + bo) + (@ + b))t + ... + (ag + bp)t* + ... + (ap)t™
and
s(t) 4+ f(t) = (bo + ao) + (b1 + a))t + ...+ (bp + ap)tt + ... + (am)t™

ft) + s(t) = s(t) + f(2).

(b) f(2) + (s(t) +9(t)) = (f(t) + s(t)) + g(t)
(¢) The zero polynomial is 0 + 0t + ... + 0¢", and so

ft)+0=ap+art+...+a,t"+
04+0t+4+...+0t" =
ap+ a1t + ...+ a,t" = f(t).
(d) For each f(t) = ag + a1t + ...+ a,t”,
—f(t) = —ag—art + ... — apt"
and so f(t) + (—f(t)) =0
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(4) we have the scalar multiplication as follows
c.f(t) =cag+ ...+ ca,t"

It is clear that c.f(t) is a polynomial in P,.
(a) 1.f(t) = f(t)

)
) (c+d)f(t) = cf(t) +df(t)
) e(f () +9(1)) = cf (1) + cg(D).

55
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8.2. Week 8, Lecture 2, Oct.18, Subspace.

Example 8.3. Let K be the set of all functions on the interval [a,b]. Then K is a
vector space over R.
(1) (sum) Let f and g be in K. Then (f + g)(c) = f(c) + g(c) for every c € [a,b]
(Example: f = sinz + 1 and g = 2x + 22, then (f + g)(c) = f(c) + g(c) =
sin ¢+ 1+ 2c+ 2.
(2) (zero) The zero element of K is zero function, i.e., 0: [a,b] — R such that
0(c)=0.
(3) The negative of any function f in K is (—f) where (—f)(c) = —f(c).
(4) (scalar multiplication) for every f € K and scalar d, (df) is a function such
that (df )(c) = df (c).
Definition. A subspace of a vector space V is a non-empty subset H of V such
that
(1) the zero vector is in H.
(2) for any two vectors v,u € H, u+v € H.
(3) for any vector v € V' and scalar ¢, cv € H.

e Every vector space V' has two trivial subspace V' and {0}.

Example 8.4. Let V' be the set of all continuous functions on the interval |a,b|. By
drawing the graph we showed in class what continuous function means. Then V is a
subspace of K, the set of all functions.

(1) 1t is clear that 0 is a continuous function.

(2) If f and g are continuous functions, then f + g is a continuous function.
(3) If ¢ is a scalar, the cf is continuous for any continuous function f.

Example 8.5. Let W be the set of all differentiable functions on the interval [a,b].
By drawing the graph we showed what differentiable function means. With the same
proof, W is a subspace of K, the set of all functions.

a
Example 8.6. Show that H = b |:a,beR Y is a subspace of R3.
0
Solution. We only need to show the three properties.
0
(1) The zero vector is in H, since when a =b =0, then | 0 | is in H.
0
a1 as a1+ as
(2) Letu= | by | and | by | € H, thenu+v= | by +by | isin H.
0 0 0
ay cay
(3) Let ¢ be a scalar and uw= | by | € H, then cu= | cby | isin H.
0 0

Lemma 8.7. Let V be a vector space. Then for any vy and vy in V', Span{vy, v} =
{c1v1 + covg @ €1, ¢o € R} is a subspace of V.
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o A geometrical view of the span of two vectors in R3 is shown the following video.

CLICK
Solution: Note that

span{vy, va} = {c1v1 + covg @ €1, ¢9 € R}

is a subset of R™, we only need to check the three properties.

(1) Let ¢; =0, ¢o = 0. then Ovy + 0vy = 0 € span{vy, va}

(2) Let u,v € span{vy,vo}. Then there are scalars, ¢; and ¢y, d; and dy such that
v = U1 + cav9 and u = dqyvy + dave. Therefore,

v+ u = ciuy + vy + divg + dovg = (¢ + dy)vy + (o + da)vg

is in span{vy,vq}.
(3) Let ¢ be an scalar , and v € span{vy,v2}. Then there are ¢, co € R such that
UV = C1V1 + CaV3. SO,

c(c1v1 4 cavg) = (cer)vy + (cco)ve € span{vy, va}.

Therefore span{vi, vy} is a subspace of R™.

Theorem 8.8. For any set of vectors vy, . .., v, in a vector space V, Span{vy, ..., v,}
1s a subspace of V.

Example 8.9. Let H = {(a,b —a,3a —b) : a,b € R}. Show that H is a subspace of
R3 (To solve this example see Example 11 page 196 of the textbook).

Example 8.10. Read Example 12 page 197 of the textbook.

Theorem 8.11. Any subspace of a vector space is a vector space.

YOU ARE RESPONSIBLE TO REVIEW WEEK 5 BEFORE NEXT
LECTURE


https://www.youtube.com/watch?v=k7RM-ot2NWY&t=232s&index=3&list=PLZHQObOWTQDPD3MizzM2xVFitgF8hE_ab
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8.3. Week 8, Lecture 3, Oct.20, Linear Transformation, Linear dependent
sets and bases. A linear transformation 7' from a vector space V into a vector
space W is a rule that assigns to each vector z € V' a unique vector T'(z) in W, such
that

(1) T(u+v)=T(u) + T(v) for all u,v € V

(2) T'(cu)= cT'(u) for all c€ R and u € V.
Moreover, the range of T' is denoted by range(T) = {T(z) : * € V}, and kernel of
T is denoted by ker(T) = {z € V : T(x) = 0}.

Example 8.12. Let V' be the vector space of continuous functions, and W be the set
of all differentiable functions. Define

D :W—V by D(f) = f' the derivation of f.
Show that D is a linear transformation. Also find ker(T).
Solution. Let f and g be in W. Then
D(f+9)=(f+9) =
D(f) f’
D(g) =4
Therefore, D(f +g) = f'+¢ = D(f) + D(g).
Also D(cf) = (cf) = cf’ = eD(f) for e
transformation.

Note that ker(T) = {f e W : T(f) =0y ={f eW: f =0} ={feW: f=
¢ where c is a scalar}.

very ¢ € R. Therefore D is a linear

Definition. e An index set of vectors {vi,...,v,} of a vector space V are linearly
independent if the equation

v+ ...+, =0

has only one trivial solution ¢; = ... = ¢, = 0.
o [f there are some weights ci, ..., ¢, not all zero such that
v + ...+ v, =0 (1)
Then equation (1) is said to be a linear dependence relation among vy, ..., v,.
Theorem 8.13. An index set of vectors {vy,...,v,} of two or more vectors, with

vy # 0, is linearly dependent if and only if some v;(with j > 1) is a linear combination
of the preceding vectors vy, ..., vj_1.

Example 8.14. (See also Example 1 and 2 page 211 of the textbook) Let
pi(t) = 38° + 1 po(t) = % ps(t) = 2.
Then {p1, p2, p3} is linearly dependent because
p3(t) =2 =23t + 1) + (—6)t>.

Definition. Let H be a subspace of a vector space V. Then an indexed set {vy,...,v,}
15 a basis for H, if
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(1) {v1,...,vp} is linearly independent.
(2) H = span{vy,...,v,}.
e See Fxamples 3, 4, 5 page 211 of the textbook.
Definition. Let f(t) = ap+ait+...4+a,t™ = 0 be a non-zero polynomial. A root for

[ is a number ¢ such that f(c) = ag+ arc+ ...+ a,c" = 0; for example f(t) =t*—1
has roots 1 and — 1.

Theorem 8.15. Fvery polynomial in P,, has at most n roots.
Example 8.16. S = {1,¢,t%,...,t"} is a basis for P,.
Solution. Any polynomial is of the form

f(t) =ap+ait + ...+ apt™

where m < n so f(t) € span{l,t,... t"}.
Now, we should show that {1,¢,...,¢"} are linearly independent.
Let
cotat+...+c,t" =0,
then it means the polynomial ¢y + ¢t + ...+ ¢,t" has infinitely many roots which is
not possible because every polynomial of degree at most n has at most n roots.
e See Example 7 pages 212 of the textbook.

Theorem 8.17. Let S = {vy,...,v,} be a set in'V, and Let H = span{vy,...,v,}.
(1) If v; € {v1,...,v,} is a linear combination of {vy,... ,Vi—1,Vit1,...,0,} then

H = span{vy, ..., 01,041, ..., Up}

(2) If H # 0 some subset of S is a basis for H.
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9. WEEK 9, MORE ON VECTOR SPACES

Goals of the week:

e Coordinate system
[somorphism
Review of Rank
Change of basis

9.1. Week 9, Lecture 1, Oct.23, coordinate basis.

Theorem 9.1. Let B be a basis for a vector space V. Then for each x in V', there
exists unique set of scalars {c1,...,cp} such that

$:C1b1+...+cnbn.

Proof. Since B = {by,...,b,} is a basis there are scalars ¢y, ..., ¢, such that z =
c1b1 + ... + ¢,b,. Suppose also x has the representation

Then
O=z—xz= (1 —di)b1 + ...+ (cn — dp)bp.
Note that {by,...,b,} is linearly independent, so

cl—dlz(),...,cn—dn:():>cl:dl,...,cn:dn.

Definition. Suppose B = {by,...,b,} is a basis for V and x is in V. Let
x:clbl—i—...—i—cnbn.
The coordinate vector for z relative to the basis B is
(&1

(2] =

Note that [x]g € R™ for any basis B of V.

e Coordinates in R"
Example 9.2. Let B = {b,bs} be a basis for R* where by = { (1) } and by = [ 2 1

If [2]s = { ; } Find x.

Solution. [x]g_?)[”ﬂ{ﬂ _[141].

Example 9.3. Let B be the standard basis for R?, i.e., B = {ey, e2}, where e; = [ 1 1

and ey = {(1)] Let x = {?} what is [x]g?
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0 1
e If B is the standard basis for R", then [z]z = z.

Solution. Since [?} —3{1}—%[0} = 3e; + €3, we have [z]g = [?]

Example 9.4. Let b — { ? } by = _11 } and x = { g } and B = {by,by). find
the coordinate vector [x]g. )
Solution. We have that [z]z = [ 21 where

2

o 3] e 3= 15 )
o=l
iR

Then you can solve this equation and find ¢; = 3 and ¢, = 2.

ie.,

we can write it as

b,
i

FIGURE 4

The B-coordmate vector of x 15
(3.2).

In the above example the matrix

has a especial name.
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Definition. Let B = {by,...,b,} be a basis for R™. The matriz
Pg = [by]...|by]

1s called the change-of-coordinates matrix from B to the standard basis of
R™. Also when x = c¢1by + ... + ¢pb,, we have

C1

xr = PB[ZL‘]B = PB

Cn

Remark.

(1) The matrix Pg is an n X n matrix.
(2) The columns of Pg form a basis for R", so Py is invertible.
(3) We can also write Pg'z = [2]p.

e The coordinate mapping

Theorem 9.5. Let B = {by,...,b,} be a basis for a vector space V. Then the
coordinate mapping

T: V. — R

r — [z]
1s a one-to-one linear transformation form V onto R™.
Proof. Let u = c1by + ...+ ¢cpyb, and w = diby + ... + d,b,. Then
u+w=(cr+dy)by+ ...+ (cn + dy)by.

It follows that

c1+ dy (&1 dy
[ + w]s = : = |+ | = uls+[ws
cq + dg Cd d,
Now let r € R,
ru = T(Clbl +...+ Cndn) = (7'01)61 +...F (T’Cn)dn.
Therefore,
rc1 C1
rulp=1 : | =r = r[u]s
TrCn Cp

O

Theorem 9.6. Let V and W be vector spaces, and T' : V — W be a linear transfor-
mation. Then

(1) T is one-to-one if ker (T) ={v eV :T(v) =0} = {0}.

(2) T is onto if range(T) ={T(v) :v € V} =W.
Definition. A linear transformation T from a vector space V to a vector space W

is an isomorphism if T is one-to-one and onto. Moreover, we say V and W are
isomorphic.
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Theorem 9.7. Let B = {by,...,b,} be a basis for a vector space V.. Then the
coordinate mapping
T7:V — R
r — x|
1s a one-to-one linear transformation form V onto R".

Solution. Previously we showed that T' is a linear transformation. Now, we will
show that it is one-to-one and onto.

0
one-to-one: ker(T) = {z € V : [z]g = 0}. Note that if [z]g = | : |, then
0
x = 0b; + ...+ 0b, = 0. Therefore, ker(T) = 0 and so T is one-to-one.
%
onto: For any y = : € R, there is a vector x = y1b1 + ... + ypb, € V such
Yn

that [z]z = v.
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9.2. Week 9, Lecture 2, Oct.25, Linearly independent sets, basis, and di-
mension.

Definition. Let f(t) = ap+ait+...+a,t™ = 0 be a non-zero polynomial. A root for
[ is a number ¢ such that f(c) = ag+ arc+ ...+ a,c = 0; for example f(t) =t*—1
has roots 1 and — 1.

Theorem 9.8. FEvery polynomial in P, has at most n roots.
Example 9.9. S = {1,¢,t* ...,t"} is a basis for P,.
Solution. Any polynomial is of the form

ft) =ao+ait + ...+ apt™

where m < mn so f(t) € span{l,t,...,t"}.
Now, we should show that {1,¢,...,t"} are linearly independent.
Let

cot+ct+ ...+ cpt" =0,

then it means the polynomial ¢y + cit + ... + ¢,t"™ has infinitely many roots which is
not possible because every polynomial of degree at most n has at most n roots.

Example 9.10. Let B = {1,t,t*,t3} be the standard basis for P3. Show that Py is
isomorphic to R*.

Solution. By the previous theorem we have

T :P3—R*
Qo
p = ao+ art + ast® + astP—[pp = Z;
as
is a isomorphism.
Example 9.11. Let
1 -1 1
vp=| 2| vg= 0 T = 4
1 -3 -1

and B = {vive}. Then B is a basis for H = span{vy,va}. Determine if x is in H.
Find [z],.

Solution. If the following system is consistent

1 -1 1
C1 2 + Co 0 = 4
1 -3 —1
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1
Then | 4 | isin span{vy,ve}. The augmented matrix is
—1
1 -1 1
2 0 4
1 -3 -1
An echelon form is
1 -1 1
0 2 2
0 0 0

so the system is consistent and if you solve it, you have ¢; = 2 and ¢y = 1. Therefore

[x]B:{i}-
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9.3. Week, Lecture 3, Oct. 27, The dimension of a vector space.

Theorem 9.12. Let T : V—W be an isomorphism.
(1) vy,...,v, are linearly independent (dependent) in V' if and only if T'(vq), ..., T (v,)
are linearly independent (dependent) in W.
(2) A wector x is in span{vy, ..., v,} if and only if T'(x) is in span{T(vy),...,T(v,)}.

Example 9.13. (1) Verify that the polynomials 1+ 2t?, 4 +t + 5t, and 3 + 2t
are linearly independent.
(2) Is g(t) =t — 3t* in span{l + 2%, 4+t + 5t*,3 + 2t} ?
Solution. (1) Let B = {1,¢,¢* 3} be the standard basis for P3. We have by Theorem
9.7 T : P3—R* where

p— [plp
is an isomorphism. Therefore by theorem above 1 + 2t2, 4 + ¢ + 5t2 and 3 + 2t are
linearly independent if and only if

(1427 5, [4+t+5t%] 5, [3 + 2]

are linearly independent. We have

1 4] 3
(1427, = 0 [A4+t+5t°], = Ll Brar=| 2
B2 | B | 5|’ B 10
0 0 ] 0
Therefore, we only need to show that
1 4 37)

0 1 2

217151710

0 0 0

are linearly independent. (Do it as an Exercise).

(2) By the above theorem we only need to show that

1 4 3
1 2
[g(t)]B € span 9 5 5 s 0 )
0 0 0
ie.,

0 1 4 3
1 c 0 1 2
3| Py 25| |0
0 0 0 0

O

Theorem 9.14. If a vector space V' has a basis B = {by,...,b,} then any set con-
taining more than n vectors must be linearly dependent.
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Theorem 9.15. If V is a vector space and V' has a basis of n vectors, then every
basis of V' must consist of exactly n vectors.

Definition. (1) A wvector space is said to be finite-dimensional if it is spanned
by a finite set of vectors in V'
(2) Dimension of V, dim V, is the number of vectors in a basis of V. Also
dimension of zero space {0} is 0.
(3) If V is not spanned by a finite set, then V is said to be infinite-dimensional.

Example 9.16. Find dimension of the subspace

3

a—3b+c
B 2a + 2d . ‘
H= b—3c—d ca,b,e,din R
2d — b
Vs
Solution. We have
a—3b+c 1 -3 1 ] 0
2a + 2d - 2 0 0 2
b—3c—d T O R A R
2d — b 0 —1_ 0 | 2
Now we have
1 31 [ 1 0
2 0 0 2
H = span BE 1 g ]
0 -1 i 0 2

Now, we want to find a basis for H, we had a process for finding the basis.(Do it as
an exercise. )

Theorem 9.17. Let H be a subspace of a finite dimensional vector space V. Any
linearly independent set in H can be expanded to a basis for H. Also

dim H <dimV
Theorem 9.18. (The Basis Theorem) Let V' be a p-dimensional vector space
p=1

(1) Any linearly independent set of exactly p elements in V' is automatically a
basis for V.
(2) Any set of exactly p elements that spans V' is automatically a basis for V.

Remember: The dimension of Nul A is the number of free variables in the equation
Az = 0, and the dimension of Col A is the number of pivot columns in A, and the
pivot columns of A gives a basis for column space of A.
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10. WEEK 10, CHANGE OF BASIS, EIGENVALUE AND EIGENVECTOR,
CHARACTERISTIC EQUATIONS

10.1. Week 10, Lecture 1, change of basis. Goals:

(1) Change of Basis
(2) Eigenvalues and eigenvectors
(3) Characteristic equations

Example 10.1. Let

o[t [ e [2) oo [1]

Then B = {b1,by} and C = {c1,ca} are two basis for R*. Let x = [ (2) } Then

(2] [3] [ 7)o

1 } . Also

2

= [2]-o[]of2] e

s0 [x]e = 2 . Then there is a matriz P _ such that
0 c
B

Therefore, [x]g = [

[zle = P [z]s = [[bilc [b2]c][7]s.

ces
Since
NHEC IR HEE
we have e = —11 } |
Also
by = { —11 } —3/2 { (1) ] 4 (—1/2) { ﬂ —3/2¢1 — 1/2¢,
Therefore,

=[5 0] [a ][0

Theorem 10.2. Let B ={by,...,b,} and C = {cy,...,c,} be bases of a vector space
V. Then there is a unique matrix CPB such that
«—

[2le = P lals
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The columns of CPB are the C-coordinate vectors of the vectors in the basis B. That
—
18,
=i Bole .. el

Definition. The matriz CPB in the above theorem is called change-of-coordinates
—

matrix from B to C.

¥
X
[ 1o [ 15
. < multiplication .
=l by Py [xlg
R" R"

FIGURE 2 Two coordinate systems for V.

Remark. We have

[#le = P [7]s
SO
-1 o
L l7le = lals
Therefore,

e Change of Basis in R"

Remark. Let B = {b,...,b,} a basis for R". Let £ = {ej,...,e,} be the standard
basis for R". Then Pg = [by] ... |by] is the same as SP .

B

e Let B={by,...,b,} and C = {¢y,...,¢,} be bases for R". Then by row operation
we can reduce the matrix

[Cl Cn|b1 bn]
to
[Ilcfs]'
-9 -5 1 3
Example 10.3. Let b = [ 1 }, by = [ 1 ]; 1 = [ 4 ]; and cg = [ _5 };

and consider the bases for R? given by B = {b1,ba} and C = {c1,ca}. Find the
change-of-coordinate matriz from B to C.
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Solution. We can reduce the matrix [c; c2|by bo] to []|CPB], and so we can find CPB'
— «—

Therefore, we have

1 3 -9 -5 Replace R2 by R2+4R1
[—4 5] 1 —1} e

0 71-35 —21
|:1 3|1 —9 —5:|ReplaceP<{14bR1—3R2|:]_ 0 6 4 :|

-5 -3 0 1|-5 -3
6 4
CEB_{—ES —3]

Example 10.4. Let by = [_1 ], by = {_2], = _97}, Ca = [_75} and

consider the bases for R? given by B = {b1,by} and C = {c1, ca}.
(1) Find the change-of-coordinates matriz from C to B.
(2) Find the change-of-coordinates matriz from B to C.

|: 1 3| -9 -5 :| Scaling R2 by 1/7

Therefore,

Solution.

(1) Note that we need to find BPC, so compute
$—

by boler ca) = 1 —-2|-7 =5 - 1 0/5 3
tim=i= 3 419 7 0 1|6 4|

5 3
BEC_|:6 4}'

(2) We now want to compute CPB. Note that
—

Therefore,

Rt A R A o

Remark. Let B = {by,bs,...,b,} and {c1,...,c,} be bases for R". We denoted by
Pg the following matrix

Pg = [by|ba] ... |bn],
Also we had

Pe = [c1]ea] - .- |en)-
It was shown that

r = Pglx]g x = Pelz]e.

So we have

Pelz]e = Pglx]s.
Therefore,

[2]e = Pg ' Ps[z]s.
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We also have

[tle = P l7]s-

So,

Fo'Ps= P

e Change of basis for polynomials
Example 10.5. Let B={1+t,1+t* 1+t+t*} and C = {2—t,—t2, 1 +t*} be bases
for Py. Find CPB.
%

Solution. Let & = {1,¢,t*} be the standard basis for Py. Then
T: P, —» R3

[ fle
is an isomorphism. We have
1 1 1
M4+tle= 1|, 1+8e=|0|,[1+t+te=|11|,
0 1 1
and also .
2 0 1
2—tle=| -1 |, [-tle=]| 0 |,[14+#e= |0
0 —1 1
Now we have o ~
1 1 1
B = 11,10¢f,[1
0 1 1
and o
2 0 1
C= -1 1, 0 .10
0 —1 1

be bases for R3. We are looking for the matrix CPB.
—
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10.2. Week 10, Lecture 2, Nov. 1, Eigenvalues and eigenvectors.

S OTRINE
w2 )] -[8)-[]

Precisely we have Av = 2v.

Example 10.6. Let A = {3 _2},11:{_1},@: [2} Then

FIGURE 1 Effects of multiplication by A.

Definition. An eigenvector of an n x n matrix A is a nonzero vector x such that
Ax = Az for some scalar \. A scalar X\ is called an eigenvalue of A if there is a
nonzero vector x such that Ax = \x; such x is called an eigenvector corresponding
to \.

Example 10.7. LetA:{ 2 _4},1):{_4},10: [3}

-1 -1 1 2
2 - —4 —12 —4
w5 S Y
S0 l _1 ] 1s an etgenvector and 3 is an eigenvalue.

I HE R

Example 10.8. Show that 7 is an eigenvalue of A = [ Lo ]

for some .

6 2
Solution. The number 7 is an eigenvalue. For some vector x we have

Ax =Tz
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SO

Ar —Tx =0
we can write the above equation as

(A=THz =0
so if (A — 7I)xz = 0 has a nonzero solution say z’, then

(A—TH2' =0=A2" — T2/ =0

=Ax' = T2

and so 7 is an eigenvalue. Therefore, we only need to solve

(A—TDz =0, ie.,
e[ )1
RO

when we solve the equation we have at least a nonzero solution {

1 } Therefore 7

is an eigenvalue.
e How to find all eigenvalues of a matrix A.
A is an eigenvalue for A if and only if

Ax = Az at least for a nonzero vector x.
So we can say A is an eigenvalue of a matrix A if and only if
(A= X)x =0 at least for some nonzero x.

Which means the equation (A — AI)z = 0 does not have only trivial solution if and
only if

det(A—X)=0
A is an eigenvalue of A if and only if
det(A— M) =0.

Definition. The equation det(A — \I) = 0 is called the characteristic equation.

Definition. Let A be an eigenvalue of n x n matriz A. Then the eigenspace of A
corresponding to \ is the solution set of

(A=X)z =0
Remark. Note that we already have the solution set of (A — AI)x = 0 is a subspace.
4 -1 6
Example 10.9. let A= | 2 1 6
2 -1 8

(a) Find all eigenvalues of A.
(b) For each eigenvalue \ of A, find a basis for the eigenspace of A corresponding
to \.
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Solution. (a) To find all eigenvalues of A we must find all A such that

det(A — \I) = 0.
Note that
4 —1 6 A0 O
det(A—=X)=det(|2 1 6|—[0 X 0])=0

2 —1 8 0 0 A

4—-—)N -1 6
=det( 2 1—A 6 )=0

2 -1 8—=A

you already know how to compute the determinant. We have

4—X -1 6
det 2 1-X 6 =—(A—9)(\—2)?
2 -1 8-2A

so A =9 and A = 2, are the eigenvalues of A.

(b) We first find the basis for eigenspace of A corresponding to A = 2, which is
the same as the finding the basis of the solution set of (A — 2/)x = 0 which means
we should find the basis for null space of A — 2I (you know how to do it). The null

T T1
space of A — 2] contains all vectors | x2 | such that (A —2I) | zo | =0. ie.,
xs3 T3
2 -1 6 1 |
2 =1 6 T2 =0
2 -1 6 T3 |
The augmented matrix is
2 =1 6 0]
2 -1 6 0
2 -1 6 0]
and the reduced echelon form is
1 -1/2 3 0
0O 0 00
0O 0 00

So 7 is basic and xs and x3 are free. We have 7 — 1/2x9 + 323 =0
=x1 = 1/2x9 — 313

Let o =t and x3 = s. Then
1 =1/2t — 3s.

So
T 1/2t — 3s 1/2 -3

T3 s 0 1
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so the eigenspace of A corresponding to 2 is

1/2 —3
tl 1 +s| 0 |:steR
0 1
and the basis for the eigenspace of A corresponding to 2 is
1/2 -3
1 1,1 0
0 1

Now you will find the eigenspace and the basis of it for A =9 (Do it as an exercise).
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10.3. Week 10, Lecture 3, Nov. 3, Characteristic polynomial and diago-
nalization.

Theorem 10.10. The eigenvalues of a triangular matrixz are the entries on its main

diagonal.

Example 10.11. Let A = . Then eigenvalues of A are a, d, and f.

OO
O QS
~S O

Why? because

a b c A0 0
det(A—X)=det(| 0 d e | —| 0 X 0 ])=
0 0 f 0 0 A
—A b
det( O d—
0 O f A
(a—=N(d=N(f =N
Theorem 10.12. Ifvy, ..., v, are eigenvectors that correspond to distinct eigenvalues
A, A of an m X n matriz A, then the set {vy,...,v,.} is linearly independent.
4 —1 6
Example 10.13. let A= | 2 1 6 |. Then 2 and 9 are eigenvalues of A.
2 —1 8
The eigenspace corresponding to 2 has a basis
1/2 -3
1 .1 0
0 1
Also, the eigenspace corresponding to 9 has a basis
1
1
1
1/2 1 -3 1
1 1 and 0 |,|1
0 1 1 1

are linearly independent.
e When 0 is an eigenvalue of an n x n matrix A:
If 0 is an eigenvalue, then there is a nonzero vector z such that Ax = Ox
= Az =0

which means that Az = 0 has a nonzero solution, which also means A is not invertible
and det A = 0.
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Theorem 10.14. Let A be an n X n matriz. Then A is invertible if and only if one
of the following holds:

(1) The number 0 is not eigenvalue of A.
(2) The determinant of A is not zero.

e Similarity:

Definition. Two n x n matrices A and B are said to be similar if there exists an
invertible matriz P such that A = PBP~!.

Definition. The expression det(A — XI) = 0 is called the characteristic polyno-
mial.
Let A and B are similar. Then there exists an invertible matrix P such that
A=PBP "' & A—- X =PBP ' -\
Note that PP~! =1, so
A— N =PBP ' - APP'=P(B-\)P!
Now
det(A — XI) = det(P(B — \I)P™)
= det(P)det(B — M )det(P™)
= det(P)det(P~")det(B — M)
= det(B — \)

Therefore, A and B have the same characteristic polynomial and so they have the

same eigenvalues.

Proposition 10.15. Similar matrices have the same characteristic polynomial and
so they have the same eigenvalues.

e Diagonalization

Example 10.16. If D = [ g g } , Then
s |20 201 _[22 0
Dm= { 0 3 03| | 0 32
08 0T
3 _
D= | 0 33 |
and for k we have
ok o
k _
D= | 0 3* ]
Definition. A matriz D is a diagonal matrix if it is of the form
d 0 0 ... 0

0 do 0 ... 0

0 0 0 ... d,
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Definition. A matriz is called diagonalizable if A is similar to a diagonal matriz,
i.e., there is an invertible matrix P and a diagonal matriz D such that

A=PDP

Theorem 10.17. An n xn matrix A is diagonalizable if and only if it has n linearly
independent eigenvectors.

e How to diagonalize a matrix:

(1) First check that if the matrix has n linearly dependent eigenvectors, if so, the
matrix is diagonalizable.

(2) Find a basis for the set of all eigenvectors, say {vy,...,v,}.

(3) Let P = [v1]...|v,), then D = P7*AP is an diagonal matrix with eigenvalues
on its diagonal.

Example 10.18. Find if A = [ (1)

matriz P and a diagonal matriz D such that D = P~1AP.

Solution. First we should find basis for eigenspaces. Note that det(A — \I) =
(I1—=X)(=3—=X). So, A has two eigenvalues 1 and —3. The eigenspace corresponding

_23 ] is diagonalizable, if so find an invertible

to 1 has the basis (1) and the eigenspace corresponding to —3 has the basis
-1/2 1 =1/2 |10
{{ 1 1} ThenwehaveP_[O 1 ],andD—{O _3}.Checkthat
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11. WEEK 11, DIAGONALIZATION, LINEAR TRANSFORMATION AND
EIGENVALUES, AND COMPLEX EIGENVALUES

11.1. Week 11, Lecture 1, Nov. 6, Diagonalization. Goals of the week:
(1) Diagonalization
(2) Eigenvectors and linear transformation
(3) Complex Eigenvalues

Example 11.1. If D = [ g g] , Then
s |20 201 [22 0
D_[O?)}{OB}_[O 32
e
3 _
D L0 33_
and for k we have
ok o]
k _
D 10 3’“_
Definition. A matriz D is a diagonal matrix if it is of the form
d 0 0 ... 0
0 do 0 ... 0
0O 0 0 ... d,

Definition. A matriz is called diagonalizable if A is similar to a diagonal matriz,
i.e., there is an invertible matrix P and a diagonal matriz D such that

A=PDP

7T 2

Example 11.2. Let A = 41

. Find a formula for A*, given that A = PDP™!.
Where P = [ _11 _12} and D = [8 g]
Solution. We can find the inverse of P which is
P = { 4 ]
A? = (PDPY(PDP™ ') = PD(P'P)DP' =

e =[S ][5 R[S ][0 BT ][5 ]

Again,

Then

A® = AA* = (PDP ') (PD?*P ') = PD(P'P)D*P~ ' = PD*P 1.
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In general, for k >=1,

b oorEn |11 550 2 1
AT =prDP _{—1 —QHO 3k || -1 =2

[ 255F—3F 5k _3F
| 2.3k —25F 23k _5k

Theorem 11.3. (The diagonal theorem) An n x n matriz A is diagonalizable if and
only if A has n linearly independent eigenvectors.

Definition. An eigenvector basis of R™ corresponding to A is a basis {vy,...,v,} of
R"™ such that vy,...,v, are eigenvectors of A.

e An n x n matrix A is diagonalizable if and only if there are eigenvectors vy, ..., v,
such that {vq,...,v,} are a basis for R", i.e., {v1,...,v,} is an eigenvector basis for
R™ corresponding to A.

e How to diagonalize an n x n matrix A.
Step 1. First find the eigenvalues of A.

Step 2. Find a basis for each eigenspace. That is, if
det(A—N) = (. — M) (z — X)) .. (2 — )P,
we should find the basis of eigenspace corresponding to each \;.

Step 3. If the number of all vectors in bases in Step 2 is n, then A is diagonal-
izable, otherwise it is not and we stop.

Step 4. Let vy, vo,...,v, be all vectors we find in Step 2, then

P = [v1|ve] ... |vn].

Step 5. Constructing D form eigenvalues. If the multiplicity of an eigenvalue \;
is k;, we repeat \;, k; times, on the diagonal of D.
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11.2. Week 11, Lecture 2, Nov. 8, Diagonalization, Eigenvectors and linear
transformations.

Example 11.4. Diagonalize the following matrix, if possible.

1 3 3
A=| -3 -5 -3
3 3 1

That is, find an invertible matriz P and a diagonal matriz D such that A = PDP~!.
Solution. Step 1. Find eigenvalues of A.
O=det(A— M) ==X =32 +4=—-A-1)(\+2)%

Therefore, A =1 and A = —2 are the eigenvalues.

Step 2. Find a basis for each eigenspace. The eigenspace corresponding to A =1 is
the solution set of

(A—1T)x =0.
A basis for this space is
1
1
1
The eigenspace corresponding to A = —2 is the solution set of

(A— (=2)D)z = 0.

A basis for this space is

—1 —1
1 1,1 O
0 1
Step 3. Since we find three vectors
1 -1 -1
1,1 1 |,] O
1 0 1
So A is diagonalizable.
Step 4.
1 -1 -1
P={1 1 0
10 1 |
Step 5.
(1 0 0 ]
D=|0 -2 0
0 0 =2 ]
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It is a good idea to check that P and D work, i.e.,
A=PDP ' or AP = PD.

If we compute we have

1 2 2 1 2 2
AP=| -1 =2 0 PD=| -1 =2 0
1 0 -2 1 0 -2
Example 11.5. Diagonalize the following matriz, if possible.
2 4 3
A=| -4 -6 -3
3 3 1

Solution. First we find the eigenvalues, which are the roots of characteristic
polynomial det(A — \I).

O=det(A—X)=-X\ -3\ +4=—-A—-1)(A+2)

So A =1 and A = —2 are eigenvalues.

A basis for eigenspace corresponding to A = 1 is

1
-1
1

and a basis for eigenspace corresponding to A = —2 is

-1
1
0

Since we can not find 3 eigenvectors that are linearly independent, so A is not diag-
onalizable.

Theorem 11.6. An n X n matriz with n distinct eigenvalues is diagonalizable.

Theorem 11.7. Let characteristic polynomial of A is
([L’ — )\1)161 (.’L’ — )\2)k2 . (l‘ — )\p)kp.

(1) For each 1 < i < p The dimension of eigenspace corresponding to \; is at
most k;.

(2) The matriz A is diagonalizable if and only if the sum of the dimensions of the
eigenspaces equals n, and this happens if and only if
(a) the characteristic polynomial factors completely into linear factors and
(b) the dimension of the eigenspace for each X\; equals the multiplicity of ;.

(3) If A is diagonalizable and B; is a basis for the eigenspace corresponding to \;
for each v, then the total collection of vectors in the sets By, ..., B, forms an
eigenvector basis for R™.
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(1) Let a,by,bs,...,b, be vectors in R™. Complete the following definitions:
(a) The set {by,bs,...,b,} is said to be linearly independent if and only if
c1by + coby + ...+ ¢,b, = 0, for scalars ¢4, ..., c¢,, we have that ¢; = ¢ =
.=c,=0. ...

a201b1—|—62b2+...—|—0nbn

for some scalars c1, ca, -+, Cp.
(b) The set B = {by,ba,...,b,} is a basis for the subspace H if it is linearly
independent and every a € H is a linear combination of elements in B.
(2) What does it mean T : V' — W is a linear transformation? It means T
is a function such that for every z,y € V and ¢ € R, T(cx) = ¢I'(z) and
Tx+y) =T(x)+T(y).
(3) Let B = {v1,vq,...,v,} and C = {wy,ws,...,w,} be two bases for vector
space V. Write a formula for P .

We have CI:B = [[1]e [vale - [vn)c]-
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11.3. Week 11, Lecture 3, Nov. 10, Eigenvectors and linear transforma-
tions.

When A is diagonalizable there exist an invertible matrix P and a diagonal ma-
trix D such that A = PDP~!. Our goal is to show that the following two linear
transformations are essentially the same.

R* - R* R®™ — R"
r — Ar u +— Du
Remark. Let B = {by,...,b,} be a basis for a vector space V. Then the coordinate
mapping
T: 'V — R
r — [z]

is a one-to-one linear transformation form V onto R”.

e The matrix of a linear transformation: Let V' be an n-dimensional vector space
and W be an m-dimensional vector space.

V T W
,—/’—_—’rx)
?
I [Tx)],
7

Rm

Let B and C be bases for V' and W, respectively. The connection between [z]s
and [T'(x)]c is easy to find. Let B = {by,ba,...,b,} be the basis of V. If z =
riby + roby + ...+ 1,b,, then

Note that
T(x) =T(r1by +robo + ... +13by) = 1T (by) + 2T (by) + ... + 1, T(by).
Since the coordinate mapping from W to R™ is a linear transformation, we have
(T(x)]c = [T (b1) + 72T (ba) + ... +1,T(bn)]c =
r[T(b1)]e +ra[T(b2)]e + - - + [T (bn)]e =
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So

where

So

where
M =[[T(b)le [Tl - [T(bn)le ]
The matrix M is called matrix for T relative to the bases B and

C.
X r > T(x)
Multiplication
X » [T(x
XI5 by i1 [T,

Example 11.8. Let B = {by,b2} be a basis for V and C = {cy,ca,c3} be a basis for
W. Let T :V — W be a linear transformation such that

T(bl) = 301 — 262 + 563 T(bg) = 401 + 702 — C3
Find matriz M for T relative to B and C.
Solution. We have that

We have
3 4
[T(b1)] = [ —2 ] [T(ba)] = [ 7 }
5 —1
So
3 4
M=1]-2 7
5 —1

e Linear transformation from V into V
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Now, we want to find the matrix M when V and W are the same, and the basis C
is the same as B. The matrix M in this case called Matrix for T relative to B, or
simply B-matrix for 7.

The B-matrix for 7T satisfies
T(z)|p = [T]g[z]s for all z in V.

Example 11.9. The linear transformation T : Py — Py defined by
T(ao + alt + a2t2) =a; + 2a2t

is a linear transformation.
(1) Find the B-matriz for T, when B is the basis {1,t,t*}.
(2) Verify that [T(p)|s = [T]slpls for each p € Ps.

Solution. (1) We have that

Note that
T)=0T@E) =1T(*) =2t
Therefore,
0 1 0
TW)s={ 0| TWs=|0| [T()]s=| 2
0 0 0
So
010
Tlg=10 0 2
0 00
2) Any polynomial p(t) € P, is of the form p(t) = ag + a1t + ast? for some scalars
(2) Any poly p p

ag, a1 and ao. Thus,

aq
[T(p)ls = [a1 + 2ast]s = | 2a2
0
and
010 Qo aq
[T(p)]B:[T]B[p]B: 00 2 (45] = | 2a
0 00 Q9 0

e Linear transformation on R"

Theorem 11.10. Diagonal matriz representation Suppose that A = PDP~! where
P is an invertible matriz and D is a diagonal matrixz. Assume that

P = [v1|ve] ... |vn].
Let B = {vy,va,...,v,}. Let

T: R* — R»
r — Az
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Then D = [T, i.e.,
[T'(x)]s = D[z]s.

7T 2
—4 1
basis for R? with the property that the B-matriz for T is a diagonal matriz.

Example 11.11. Define T : R? — R? by T'(x) = Az, where A = [ ] . Find a

Solution. By the previous Theorem if we find an invertible matrix P and a diagonal
matrix D such that A = PDP~! then the columns of P produce the basis B.

We can find P = {_11 _12} and D = {(5) g] such that A = PDP~'. So

Bz{{_ﬂ,{_ﬂ}‘

Theorem 11.12. Suppose that A = PCP~! where P is an invertible matriz. Assume
that

P = [vi|vg| ... |v,).
Let B = {vy,va,...,v,}. Let

T7: R —- R"

r — Ax
Then C = [T, i.e.,
[T'()]s = Cla]s.
. MU[LI;}F;'J‘:aliUﬂ y Ax
Multiplication Multiplication
by P! by P

Multiplication
by C

FIGURE 5 Similarity of two matrix representations:
A=PcP".

[x]5 [Ax];
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12. WEEK 12, INNER PRODUCT AND ORTHOGONALITY
12.1. Week 12, Lecture 1, Nov. 13, Inner Product, length and orthogonal-

ity.

Goals:

(1) Complex eigenvalues
(2) Inner product and length
(3) Orthogonal sets

Definition. A complex eigenvalue for a matriz A is a complex scalar A\ such that
there is a non-zero vector x in C" s.t Ax = Ax. Moreover, x is called a complex
etgenvector corresponding to .

Remark. The complex eigenvalues are the roots of det(A — AI). Also, the set of all
eigenvectors corresponding to A are the non-zero vectors x € C™ such that

(A= Xz =0.
0 -1 :
Example 12.1. If A = { 1 0 } , find eigenvalues.
Solution. To find the eigenvalues, we should find the roots of det(A — \I).
_ 0—X —1 ] _ s
det(A—)\I)—det[ 1 0_)\_—)\ +1

The roots of A + 1 are i and —i. So eigenvalues are i and —i. And also we have
0 -1 1] [4] .1
10 | [ —i| | 1] 7"
0 —1 Ly _ =i _ |1
SO N A O U e

So [ 1 } and { _12 ] are eigenvectors corresponding to —¢ and ¢ respectively.

e The inner product
Uy

u
Letu=| . | € R™, then u” = [ujuy ... u,). The inner product(or dot prod-

Unp

T

uct) of two vectors u,v € R™ is the number u' v, and often it is written as u.v.

2 3
Example 12.2. Compute u.v and v.u foru= | =5 | and v = 2
-1 -3
Solution.
3
uv=uv=[2 -5 —1]| 2 | =2x3+(-5)x2+(-1)x(-3)=-1
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2
vu=vu=[3 2 =3]| =5 | =3x2+2x(=5)+(=3)x(-1)=-1
—1

Theorem 12.3. Let u, v and w be vectors in R™, and let ¢ be a scalar. Then
a. u.v =0v.u
b. (u+v)w = uw+ v.w
c. (cu).w = c(uv) = u.(cv)
d. uu >0 and uw.u =0 if and only if u = 0.

Combining (b) and (c) we have
(crug + ... 4 pup).w = 1 (ur.w) + ... + cp(uy.w).
e The length of a vector:
U1
Definition. The length (or norm) of v = U:Q is the nonnegative scalar ||v||

U,

defined by

]| = V. :\/v%+v§+...+v§

and ||v]|* = v.v.

(a, )

NI
1A
\__\

o e |{| x

FIGURE 1
Interpretation of ||v|| as length.

e For any scalar ¢, the length of cv is |c| times the length of v, that is
lev]l = leflv]]-
Definition. A vector v with ||v|| =1 is called a unit vector.

Normalizing a vector: Let u be a vector, then (1/||u|/)u is a unit vector. The
process of dividing a vector to its length is called normalizing. Moreover, u and
(1/||u||)u have the same direction.
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(b}
FIGURE 2

Normalizing a vector to produce a
Mt VECTOr.

Example 12.4. Let v = (1,-2,2,4). Find a unit vector u in the same direction as
v.

Solution. First compute the length of v:
[l = Voo = /12 + (=22 + 22+ 42 = V25 =5

Then we multiply v by 1/||v|| to obtain w.

1 1/5

B B B -2 | —2/5
u=1/|v|lv=1/5v=1/5 2 | = | 25
4 4/5

To check ||lu|| =1,

ul| = Vuu = \/(1/5)2 + (=2/5)2 4 (2/5)2 + (4/5)2 =

V1/25 +4/25 4+ 4/25 4+ 16/25 = 1/25/25 = 1

Example 12.5. Let W be a subspace of R? spanned by x = { 3{2 } Find a unit

vector z that is a basis for W.

Solution. Note that W = {c [ 3{2 } : ¢ € R}. We have that 1/||z|| € Rso (1/||z])z

is a vector in W, and spanning it. It is enough to compute 1/||z||.

|z = vz = V(3/2)2 + 12 = /9/4+ 1 = \/13/4 = \/13/2
L [3)2 3/2 6/2v/13
o Wlelle = | %7 [ =2 | 2 | = [ |
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12.2. Week 12, Lecture 2, Nov. 15, Distance in R" and Orthogonality.

Definition. For u and v in R™, the distance between u and v, written as dist(u,v),
is the length of vector u — v. That is dist(u,v) = ||u — v|]|.

Example 12.6. Compute the distance between the vectors u = (7,1) and v = (3,2).

T e M —vll

FIGURE 4 The distance between u and v is
the length of uw — v.

o[- (2[4
lu—ol| = V& +(-1)? = V17

Example 12.7. If u = (uy,us,u3) and v = (vy,vy,v3), then

Solution.

dist(u,v) = |[u—v|| = /(v —v).(u—v) = V/(ug —v1)2 + (ug — v2)% + (us — v3)?
Definition. Two vectors u and v in R™ are orthogonal to each other if u.v = 0.
Lemma 12.8. If vectors u and v are orthogonal, then
dist(u,v) = ||lu —v|| = [Jlu — (=v)|| = ||u + v|| = dist(u, —v).

Theorem 12.9. (The pythagorean Theorem) Two vectors u and v are orthogonal if
and only if

lu+ol* = [Jul® + [lo]*
Orthogonal Complement

Definition. e [f a vector z is orthogonal to every vector in a subspace W of
R™, then z is said to be orthogonal to W.
e The set of all vectors z that are orthogonal to W is said orthogonal com-
plement of W and is denoted by W+ (W perp)
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FIGURE 7
A plane and line through 0 as
orthogonal complements.

Theorem 12.10. (1) A wvector x is in W if and only if x is orthogonal to every
vector in a set that spans W.
(2) W is a subspace of R™.

Definition. Let A = [A;]|As|...|A,] be an m xn matriz. Also A has m rows, denote
them by AL, ... Al

Col A= span{A;,---,A,} Row A=span{A;,..., A }.

Theorem 12.11. Let A be an m X n matriz.

(1) (Row A)t = Nul A, that is the orthogonal complement of the row space of A
is the null space of A.

(2) (Col A)* = Nul AT, that is the orthogonal complement of the column space
of A is the null space of AT.

e Let u and v be in R? or R3, then
(1)
uv = ||ulll|v]cost,

where 6 is the angle between the two line segments from the origin to the
points identified with u and v.
(2) We also have

[ = ol* = flul® + [Jv]I* = 2lfullv]lcost

¥l
_'_'_'_'_-_- v, vy
|

FIGURE 2 The angle between two vectors.

Example 12.12. Find the angle between u = [ 1 } and v = [ _01 }

Solution. We have
w.v = ||ul|||v]|cosb.
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Note that |lu|| = V1712 = v/2 and ||| = \/(=1)2+02 = 1 and u.v = vlv = —1.
So —1 = v/2.cosf. Therefore, 6 = ‘%.
e Orthogonal Sets:

Definition. A set of vectors {uy, us, ..., u,} in R™ is said to be orthogonal set if each
pair of distinct vectors from the set are orthogonal, that is, u;.u; = 0 if © # j.

Example 12.13. Show that {uy,us,us} is an orthogonal set where

3 -1 —1/2
up=| 1| ,uy= 2 |, and uz = —2
1 1 7/2

Solution. We must show that u;.us = 0, ui.ug = 0, and us.u3 = 0.
upug =3(—1)+1(2) + 1(1) = 0 uy.uz = 3(—1/2) + 1(=2) + 1(7/2) =0
ug.uz = —1(—1/2) 4+ 2(=2) + 1(7/2) = 0.

Theorem 12.14. If S = {uy,us,u3} is an orthogonal set of non-zero vectors in R™,
then S is linearly independent and hence is a basis for the subspace spanned by S.

Definition. An orthogonal basis for a subspace W of R™ is a basis for W that is also
orthogonal set.

Theorem 12.15. Let {uy,...,uy} be an orthogonal basis for a subspace W of R™.
For each y € W, the weights in the linear combination

Y =cCuy + -+ Cpuy

are given by

y.Uj .
== (j=1,2,...
C] wjug (j (bl 7p)
Example 12.16. The set S = {uy, us, ug}, where
3 -1 —1/2
uy = | 1 | ,us = 2 |, and uz = -2
1 1 7/2
6
is an orthogonal basis for R®. Express the vector y = 1 as a linear combination
-8
of the vectors in S.
Solution. If we write y = ciu1 + coug + c3uz, then
: 11 ) —12
a=2" ooy =t T2
U1.Uq 11 U2. U2 6
Y. us —-33
Uus3.us 33/2

Therefore, y = 1u; — 2ugy — 2us.
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12.3. Week 12, Lecture 3, Nov. 17, Orthogonal projection and orthonormal
sets. Assume that w is in R". then L = span{u} = {cu : ¢ € R} is a line.

FIGURE 2

Finding « to make y — ¥
orthogonal to u.

We want to write a vector y as a sum of a vector in L = span{u} and a vector
orthogonal to u. Then y = ¢ + (y — y), where

. ) u.y
Yy =ProjLy = —u.
u.U

y = proj;y is called orthogonal projection of y onto L. Also y — ¢ is called the
complement of y orthogonal to u.
Example 12.17. Lety = { (75 ], and u = { ;l } . Find the orthogonal projection of y

onto u. Then write y as the sum of two orthogonal vectors, one in span{u} and one
orthogonal to u.

Solution. Compute

u.u

vt e[ 2][1]

and the complement of y orthogonal to u.

7] (8] [t
Yy=V= 16 4171 2 |
soy=9y+(y—79) = ; + !
e It is easy to visualize the case in which w = R?* = span{u;,us} with u; and sy
orthogonal. Any y € R? can be written in the form
Yy.u X YUz

= Uy U2
Uq.Uq Ug. U2
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u.,

/5—:: projection onto u,

o<

HJJ
prjuctinn onto u,

U

FIGURE 4 A vector decomposed into
the sum of two projections.

Definition. A set {ui,...,u,} is an orthonormal set if it is an orthogonal of unit
vectors.

Example 12.18. Show that {vy,vs,v3} is an orthonormal basis of R®. Where

3/V11 -1/V6 —1//66
v = 1/\/ﬁ , Uy = 2/\/6 ,and v = —4/\/%
1/4/11 1/v6 7/1/66

Solution. Compute
1.0y = —3/V/66 + 2/V66 + 1/v/66 = 0
0105 = —3/V/T726 + —4/V/726 + 7//726 = 0
vy.v3 = 1/v/396 + —8/v/396 4 7/+/396 = 0

so {v1,v9,v3} is an orthogonal set.
Now we show that vy, vy, v3 are unit vector.

|| = Vorvr = /9/11+1/11+ 1/11 = 1
uz]] = V/vav2 = \/1/6+4/6 +1/6 =1
|us|| = \/v3.03 = \/1/66 + 16/66 + 49/66 = 1

So {v1,v9,v3} is orthonormal basis for R3.

Theorem 12.19. An m xn matriz U has orthonormal columns if and only if UTU =
I.

Theorem 12.20. Let U be an m X n matriz with orthonormal columns and let x and
y be in R™. Then

(1) U] = ||

(2) (Ux).(Uy) = z.y.
(3) (Ux).(Uy) =01if and only if x.y =0
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1/v2 2/3 /2
Example 12.21. Let U = | 1/y/2 —2/3 | and z = [ 3 } Notice that U has
0 1/3
orthonormal columns and
Uty — | 1/V2 1/v2 0 } V223 {1 0}

1/vV2 —2/3 | =
2/3 —2/3 1/3 /O 1/é

verify that ||Uz|| = ||z||.

1/vV2 2/3 [\/5} 3

3
0 1/3 1
|Uz|| =v9+1+4+1=+111
|Uz|| =v2+9=+V11
Definition. An orthonormal matrix is a square invertible matriz U such that
ul=0".

Example 12.22. The matriz
3/VIL —1/v6 —1//66
U=|1/Vi1 2/v6 —4//66
1V 16 7//66

is an orthonormal matrix.
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13. WEEK 13, READING WEEK
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14. WEEK 14, ORTHOGONAL PROJECTION, THE GRAM-SCHMIDT PROCESS, AND
LEAST-SQUARES PROBLEMS
14.1. Week 14, Lecture 1, Nov. 27, Orthogonal Projection.

Goals:

(1) Orthogonal projection
(2) The Gram-Schmidt process
(3) Least-squares problems

Example 14.1. Let {uy,...,us} be an orthogonal basis for R® and let
Yy=cCcu;+...+ csus.

Consider the subspace W = span{ui,us}, and write y as the sum of a vector z; in
W and a vector zo in W+.

Solution. Write

Y =ciu; + cgu%—i- C3lUs + CqUyq + C5Us

~ N

z21 z2

where 21 = cjuy + coug is in span{uj,us} = W and 2z = czuz + cyuy + csus is in
span{ug, ug, us}.
To show that z, is in W+ it is enough to show that zy.u; = 0, for i = 1 and i = 2.

Zo. U1 = (03U3 + cquy + C5U5).U1

= C3U3.U1 + cqug.up + CyU5. U1 = 0
because {u1, ..., us} is an orthogonal set. Similarly zo.us = 0. Therefore zy € W,

Theorem 14.2. (The Orthogonal Decomposition Theorem)
Let W be a subspace of R™. Then each y in R™ can be written uniquely in the form

y=y+=z(1)
where § is in W and z in W+, In fact if {uy,...,u,} is an orthogonal basis of W,
then
N R A
Y= Y 1u1+...+ Y pup
U1.U1 Up . Up
and z =y — 7.

Definition. The vector y in (1) is called the orthogonal projection of y onto
W, and it sometimes denoted by projyy.
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W ¥ =projgy

~
-

FIGURE 2 The crthogonal projection

of y onto W.
2 -2 1
Example 14.3. Let u; = 5 |, uy = 1 |,andy = | 2 Observe that
-1 1 3

{uy,us} is an orthogonal basis for W = span{uy,us}. Write y as the sum of a vector
in W and a vector orthogonal to W'.

Solution. The orthogonal projection of y onto W is

-~ Y. uy Y. U
Y= U + Usg
U1.Uq U2. U2
2 —2 —~2/5
=9/30| 5 | +3/6| 1 |= 2
—1 1 1/5
Also
1 —2/5 7/5
y—y= |2 | — 2 = 0
3 1/5 14/5

By previous theorem y — ¥ is in W+. And

1 —2/5 7/5
3 1/5 14/5
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e A Geometric Interpretation of the Orthogonal Projection

X 3

P
""',':.___‘ E . .".ul !.u! . N
fOAY R T, Eh TR
T
1

FIGURE 3 The orthogonal projection of y 1s the
sum of its projections onto one-dimensional
subspaces that are mutually orthogonal

e Properties of Orthogonal Projections
Proposition 14.4. Ify is in W = span{us, ..., u,}, then projwy = y.

Theorem 14.5. (The Best Approzimation Theorem) Let W be a subspace of R™, let
y be any vector in R™, and let iy be the orthogonal projection of y onto W. Then 7 is
the closest point in W to y, in the sense that

ly =l < lly — vl
for all v in W distinct from 7.

Definition. The vector i is called the best approximation to y by elements of
w.

— ¥
—

FIGURE 4 The orthogonal projection
of ¥ onto W is the closest point in W

o y.
2 —2 1

Example 14.6. Ifu; = | 5 |, up = L |,y=1| 2| and W = span{uy,us}.
—1 1 3

Find the closest point in W to y.
Solution. By the theorem the point is

Y.uq Y. U2
Uy +
U1.Uq Ug. U 1/5

Y=
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(we already computed ¥ in one of the examples.)

Example 14.7. The distance from a point y € R” to a subspace W is defined
as the distance from y to the nearest point in W. Find the distance from y to W =

span{uy,us}, where

—1 ) 1
y = _5 ) ul - _2 5 UQ = 2
10 1 —1

Solution. By the best approximation theorem, the distance from y to W is ||y — |,
where § = projyy. Since {uj,us} is an orthogonal basis for W,

5 1 ~1
7=15/30u; + —21/6uy =1/2 | =2 | —7/2| 2 | =] -8
1 ~1 4
~1 ~1 0
y—-g=|-5|-|-8|=13
10 4 6

Iy~ = VI = V.
Therefore, the distance from y to W is V45 = 34/5.
Theorem 14.8. If {uy,...,us} is an orthogonal basis for a subspace W of R™, then
Projyy = (y-ur)ur + (y-u)uz + ... + (y-up)uyp
if U = [ugus ... uyp), then
projyy = UUTy for all y in R™.
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14.2. Week 14, Lecture 2, Nov. 29, The Gram-Schmidt process.

3 1
Example 14.9. Let W = span{zy,xo}, where xy = | 6 | and xo = | 2 |. Con-
0 2

struct an orthogonal basis {vy, vy} for W.

FIGURE 1
Construction of an orthogonal
basis {¥;.va}.

Solution. Let v; = x1. Let p be orthogonal projection of x5 onto x; , i.e., p = ﬁxl
We have that

- 1 3 0
Uy =x9— =g =12 |—-15/45| 6 | = | 0

Then {vy,v9} is an orthogonal set of non-zero vectors in W. Since dim W = 2, then
set {v1, v} is a basis for W.

1 0 0
1 1 0

Example 14.10. Let x1 = L= | and x3 = NE Then {x1,zs, 3}
1 1 1

is clearly linearly independent and thus is a basis for W. Construct an orthogonal

basis for W.
Stepl. Let vy = x1 and Wy = span{x;} = span{v;}.
Step2. vy = 13 — proj,, T2

T2.U1
= To — T
V1.1
0 1 —3/4
e 1| | 1/4
ol R Bt /A I el BV
1 1 1/4
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Let Wy = spanf{uvy,ve}. Then {v1,vs} is an orthogonal basis for Wy = span{vy,ve} =

span{zy, x2}.
Step3. v3 = 13 — projy, s

T3.U1 T3.V2
+

Projyy, T3 = V1.1 v Vg.V2 2
1 —3/4 0
B 1 1/4 | 2/3
=1/2| ] | +2/3 14 | = | 2/3
1 1/4 2/3
0 0 0
- . o 2/3 | | —2/3
Then vs = x5 — proj,,rs = | | 2/3 | | 1/3
1 2/3 1/3

So {vy,vq,v3} is an orthogonal basis for W.
Theorem 14.11. (The Gram-Schmidt process) Given a basis {x1,...,x,} for non-
zero subspace W of R", define

V1 = I

2.V
Vg = T — _vf.vi V1

_ _ x3.91 _ Z3.02
Uz = I3 v1.V1 U1 V9.V U2

_ _ mpar _xpwz _ Tpp—1
Up - fL‘p V1.U1 U1 V2.02 2 T VUp—1-Up—1 p—1
Then {vi,...,v,} is an orthogonal basis for W. In addition span{vi,...,vx} =

span{zy,...,z} for 1 <k <p.

Theorem 14.12. (The QR factorization) If A is an m X n matriz with linearly
independent columns, then A can be factored as A = QR, where ) is an m X n
matriz whose columns from an orthogonal basis for Col A and R is an n X n upper
triangular invertible matrix with positive entries on its diagonal.
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14.3. Week 14, Lecture 3, Dec. 1, Least squares problems.

Sometimes Ax = b does not have a solution. However, we can find the vector x
such that AZ is the best approximation to b.

Definition. If A is m x n and b is in R™, a least-squares solution of Az = b is
an T in R™ such that

[b—AZ|| < [|b— Ax|
for all x in R™.

e Goal: Finding the set of least-squares solution of Az = b.

Theorem 14.13. (Best Approximation Theorem): Let W be a subspace of R™ | let
y be any vector in R™, and let y be the orthogonal projection of y onto W. Then y is
the closest point in W to y, in the sense that

ly = yli(lly — vl
for all v in W distinct from .

e Solution of the general least-squares problem:
We apply the theorem above to find the set of least-squares solution of Az = b.
Consider Col A. Let

b= projc, ab

FIGURE 1 The vector b is closer to A%
than to Ax for other x.

Since b € Col A, there is T such that
AT =1b (1)

Note that b is the closest point in C'ol A to b. Therefore, a vector 7 is a least- squares
solution if and only if 7 satisfies A7 = b. We have by the Orthogonal Decomposition

Theorem that b— b is orthogonal to C'ol A. So b ~bis orthogonal to each column A;
of A. Therefore,

~

0=A4,.(b—0b)=A,.(b— AZ)
= Al (b— A7) =0
= AT(b— A7) =0
= ATh = AT AZ.
So the set of least squares solutions of Az = b is the same as all 7 such that ATb =
AT AZ. So we have the following theorem.
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Theorem 14.14. The set of least-squares solutions of Ax = b coincides with the
nonempty set of solution of the normal equations AT Az = ATb.

Theorem 14.15. Let A be an m x n matriz. The following statements are logically
equivalent:

(a) The equation Ax = b has a unique least squares solution for each b in R™.
(b) The columns of A are linearly independent.
(c) The matriz AT A is invertible.

When these statements are true, the least-squares solution T is given by
T = (ATA) AT

Example 14.16. Find a least-squares solution of the inconsistent system Ax = b for

4 0 2
A=|[0 2 and b = 0
1 1 11

Solution. Example 1 page 364 of the textbook.
Example 14.17. Find a least-squares solution of Ax = b for

1 1 0 07 [ —3 7

1 100 —1

1 010 0

A= 1010 and b = 9
1 0 01 5
| 1 0 0 1 | 1]

=

Solution. Example 2 page 364 of the textbook.
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15. WEEK 15, INNER PRODUCT SPACE
15.1. Week 15, Lecture 1, Dec. 4, Inner product space.

Goals:

(1) Inner product space
(2) Second test preparation
(3) Second test

Definition. An inner product on a vector space V' is a function
(L):VxV—R

satisfying the following axioms:
1. {u,v) = (v, u)
2. (u+v,w) = (u,w) + (v, w)
3. (cu,v) = c{u,v)
4. (u,u) >0 and (u,u) =0 if and only if u = 0.
A wvector space with an inner product is called an inner product space.

Example 15.1. Show that R* with the following function

<{“1 ] ,{“1 }>:4ulvl+5uzv2

U2 U2
1s an iner product space.

Solution. We know that R? is a vector space, so we only need to show that the
function is an inner product, i.e., checking that the axioms satisfy.

(1) <[“1 } ,[”1 }):4u1v1+5u202:4v1u1+502u2:<{U1 } ,{“1 }>

Uz (% V2 Uz

(2) Let w = [ Zl } be another element in R%. Then
2

Calelallmp=Can] lnh-

4(uy + v1)wy + 5(ug + vo)wy = duyw; + 4vywy + Sugwy + Hvgws

= (dugwy + Sugwy) + (4v1wy + 5vgw,)
=allmbn ] [m)
el ] [n]p-m][u]

= dcuqvy + Seugvy = c(duyvy + Hugvs) = C<{ Zl } : { U1 }>
2

(4) <[Z;},Hz}>=4u§+5ugzo
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Uy
U2

and also note that if ([ i } , {

U2

Therefore, [ e ] = [ 0 ] .
U2 0

Example 15.2. Let ty,...,t, be distinct real numbers. For p and q in P,, define
(p,a) = p(to)a(to) + p(t1)q(tr) + ... + p(tn)a(tn)-

Solution. Axioms 1-3 are readily checked. For axiom 4,

(p.p) = [p(t))”* + .. + [p(ta)]* = 0.

So if [p(to)]* + ... + [p(tn)]* = 0 we must have p(ty) = 0,...,p(t,) = 0. It means
to, ..., t, are roots for p. Therefore, p has n + 1 roots, which is impossible if p # 0
since any non-zero polynomial of degree n has at most n roots.

= 4u? 4+ 5u2 = 0 then u; = 0 and us = 0.
1 2

e Length, Distance, and Orthogonality

Definition. Let V' be an inner product space and uw and v € V. Then we define
(1) the length or norm of a vector to be the scalar

[o]] = v/ (v.v)

(2) A unit vector is one whose length is 1.

(3) The distance between u and v is ||[u — v|| = \/{u — v,u — v).

(4) Two vectors u and v are said to be orthogonal if and only if (u,v) = 0.
Example 15.3. Let Py have the inner product
(p,q) = p(0)q(0) + p(1/2)q(1/2) + p(1)q(1).
Compute the length of the following vectors p(t) = 12t* and q(t) = 2t — 1.
Solution. Note that |[p|| = \/{p,p). We have
(p.p) = [PO)]” + [p(1/2)]* + [p(1)] = 0+ 3% + 12% = 153.
Therefore, ||p|| = v/153. Also, ||q|| = v/2 (check it).

o The Gram-Schmidt Process:

Theorem 15.4. (The Gram-Schmidt process) Given a basis {xy,...,x,} for non-
zero subspace W of R", define

V1 = I

T2.V1
v1.v1

Vg = To — U1

_ _ z3.01 _ x3.09
Uz = I3 V1.1 U1 V9.V U2
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_ _ mpay _ Tp.v2 Tp.Up—1
Up = Tp v1.U1 U1 V9.V U2 — Up—1.Up—1 p—1
Then {vy,...,v,} is an orthogonal basis for W. In addition span{v,..., v} =

span{xy,...,zx} for 1 <k <p.

Theorem 15.5. (The Gram-Schmidt process for an inner product space) Given a

basis {x1,...,xp} for non-zero subspace W of an inner product space V', define
vy =1
v =3~ Gy
ve = — o -
Rl o LUl o (LR v e U
Then {vi,...,v,} is an orthogonal basis for W. In addition span{vi,..., v} =

span{xy,...,zx} for 1 <k <p.
Example 15.6. Define the following inner product for Py,
(P, q) = p(=2)a(=2) + p(=1)a(=1) + p(0)¢(0) + p(1)q(1) + p(2)q(2).

Let Py be the subspace of Py with the basis {p1, p2, p3}, where py = 1,py = t, p3 = t2.
Produce an orthogonal basis for Py by applying the Gram-Schmidt Process.

Solution.
fi=P—-1=1
fo=p2 = RT
fo=p— G h - G h
(t,1)=(-2)x14+(-1)x14+0x14+1x14+2x1=0.
<f1,f1>—< D=1x14+1x141x14+1x1+1x1=5

Therefore, fo =1t — 5 =t.

(ps, f1) = (12 1) = (=22 x 1+ (=12 x 140> x1+12x 1422 x 1 = 10.
(ps, f2) = (1) = (=22 x =24 (=1)? x (=1) + 0> x 0+ 12 x 1 + 22 x 2 = 0.
(fo, f2) = (t,1) = (=2)* + (=1)* + 0* + 1> + 22 = 10.
Therefore, f3 =t? — %1 — Ot—t2 2. Therefore,
{1,t,t* -2}

is an orthogonal basis for Py (check orthogonality).
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