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Abstract

Unipotent Hecke algebras
The Iwahori-Hecke algebra and Gelfand-Graev Hecke algebras have been critical

in developing the representation theory of finite groups andits implications in algebraic
combinatorics. This thesis lays the foundations for a theory of unipotent Hecke algebras,
a family of Hecke algebras that includes both the classical Gelfand-Graev Hecke alge-
bra and a generalization of the Iwahori-Hecke algebra (the Yokonuma Hecke algebra).
In particular, this includes a combinatorial analysis of their structure and representation
theory. My main results are (a) a braid-like multiplicationalgorithm for a natural basis;
(b) a canonical commutative subalgebra that may be used for weight space decompo-
sitions of irreducible modules. When the underlying group is the general linear group
GLn(Fq) over a finite fieldFq with q elements, I also supply (c) an explicit construction of
the natural basis; (d) a generalization of a Robinson-Schensted-Knuth correspondence
(a bijective proof of representation theoretic identities); and (e) an explicit construc-
tion of the irreducible Yokonuma algebra modules using the known irreducible module
structure of the Iwahori-Hecke algebra.
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Chapter 1

Introduction

Combinatorial representation theory takes abstract algebraic structures and attempts to
give explicit tools for working with them. While the centralquestions may take an
abstract form, the answers from this perspective use known combinatorial objects in
computations and constructive descriptions. This thesis examines a family of Hecke
algebras, giving algorithms that elucidate some of the structural and representation the-
oretic results classically developed from an algebraic andgeometric point of view. Thus,
a classical description of a natural basis becomes an actualconstruction of this basis, and
an efficient algorithm for computing products in this basis replaces a classical formula.

A large body of literature in combinatorial representationtheory is dedicated to the
study of the symmetric groupSn, giving rise to a wealth of combinatorial ideas. Some
of these ideas have been generalized to Weyl groups, a largerclass of groups whose
structure is essential in the study of Lie groups and Lie algebras. Even more generally,
the Iwahori-Hecke algebra gives a “quantum” version of the Weyl group situation.

Iwahori [Iwa64] and Iwahori-Matsumoto [IM65] introduced the Iwahori-Hecke al-
gebra as a first step in classifying the irreducible representations of finite Chevalley
groups and reductivep-adic Lie groups. Subsequent work (e.g. [CS99] [KL79] [LV83])
has established Hecke algebras as fundamental tools in the representation theory of Lie
groups and Lie algebras, and advances on subfactors and quantum groups by Jones
[Jon83], Jimbo [Jim86], and Drinfeld [Dri87] gave Hecke algebras a central role in knot
theory [Jon87], statistical mechanics [Jon89], mathematical physics, and operator alge-
bras.

Unipotent Hecke algebras are a family of algebras that generalize the Iwahori-Hecke
algebra. Another classical example of a unipotent Hecke algebra is the Gelfand-Graev
Hecke algebra, which has connections with unipotent orbits[Kaw75], Kloosterman
sums [CS99], and in thep-adic case, Hecke operators (see [Bum98, 4.6,4.8]). Inter-
polating between these two classical examples will be fundamental to my analysis.

There are three ingredients in the construction of a Hecke algebra: a groupG, a
subgroupU and a characterχ : U → C. The Hecke algebra associated with the triple
(G,U, χ) is the centralizer algebra

H(G,U, χ) = EndCG(IndG
U(χ)).

It has a natural basis indexed by a subsetNχ of U-double coset representatives inG.
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A unipotent Hecke algebra is

Hµ = H(G,U, ψµ) = EndCG(IndG
U(ψµ)),

whereU is a maximal unipotent subgroup of a finite ChevalleyG (such asGLn(Fq)),
andψµ is an arbitrary linear character. In this context, the classical algebras are

the Yokonuma Hecke algebra [Yok69b]←→ ψµ trivial,
the Gelfand-Graev Hecke algebra [GG62]←→ ψµ in general position.

After reviewing some of the underlying mathematics in Chapter 2, Chapter 3 ana-
lyzes unipotent Hecke algebras of general type. The main results are

(a) a generalization to unipotent Hecke algebras of the braid calculus used in Iwahori-
Hecke algebra multiplication. I use two approaches: the first gives “local” rela-
tions similar to braid relations, and the second gives a moreglobal algorithm for
computing products. In particular, this provides another solution to the difficult
problem of multiplication in the Gelfand-Graev Hecke algebra (see [Cur88] for a
geometric approach to this problem).

(b) the construction of a large commutative subalgebraLµ inHµ, which may be used
as a Cartan subalgebra to analyze the representations ofHµ via weight space de-
compositions;

Chapters 4, 5 and part of 6 consider the case whenG = GLn(Fq), the general linear
group over a finite field withq elements. These chapters can all be read independently
of Chapter 3, and I would recommend that readers unfamiliar with Chevalley groups
begin with Chapter 4.

Chapter 4 describes the structure of the unipotent Hecke algebras whenG = GLn(Fq);
in this case, unipotent Hecke algebras are indexed by compositions µ of n. The main
results are

(c) an explicit basis. SupposeHµ corresponds to the compositionµ, andNµ indexes
the basis ofHµ. There is an explicit bijection fromNµ to the set of polynomial
matrices overFq with row-degree sums and column-degree sums equal toµ (see
Chapter 4 for details). In particular, this gives an explicit construction of the
matrices inNµ .

(d) a pictorial approach to multiplying the natural basis elements, inspired by (a)
above.

Chapter 5 proceeds to develop the representation theory of unipotent Hecke algebras
in the caseG = GLn(F). This chapter relies heavily on a decomposition of IndG

U(ψµ)
given by Zelevinsky in [Zel81]. The main results are
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(e) a generalization of the RSK correspondence which provides a combinatorial proof
of the identity

dim(Hµ) =
∑

Irreducible
Hµ-modulesV

dim(V)2;

(f) a computation of the weight space decomposition of anHµ-module with respect
to a commutative subalgebraLµ (see (b) above).

Chapter 6 concludes by studying the representation theory of Yokonuma Hecke al-
gebras (the special case whenψµ is trivial). The main results are

(g) a reduction in general type from the study of irreducibleYokonuma Hecke algebra
modules to the study of irreducible modules for a family of “sub”algebras;

(h) an explicit construction of the irreducible modules of the Yokonuma algebra in
the caseG = GLn(Fq).
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Chapter 2

Preliminaries

2.1 Hecke algebras

This section gives some of the main representation theoretic results used in this thesis,
and defines Hecke algebras. Three roughly equivalent structures are commonly used to
describe the representation theory of an algebraA:

(1) Modules. Modules are vector spaces on whichA acts by linear transformations.

(2) Representations.Every choice of basis in ann-dimensional vector space on which
A acts gives a representation, or an algebra homomorphism from A to the algebra
of n× n matrices.

(3) Characters. The trace of a matrix is the sum of its diagonal entries. A character is
the composition of the algebra homomorphism of (2) with the trace map.

The following discussion will focus on modules and characters.

2.1.1 Modules and characters

Let A be a finite dimensional algebra over the complex numbersC. An A-module Vis a
finite dimensional vector space overC with a map

A× V −→ V
(a, v) 7→ av

such that

(c1)v = cv, c ∈ C,

(ab)v = a(bv), a, b ∈ A, v ∈ V,

(a+ b)(c1v1 + c2v2) = c1av1 + c2av2 + c1bv1 + c2bv2, c1, c2 ∈ C.

An A-moduleV is irreducible if it contains no nontrivial, proper subspaceV′ such that
av′ ∈ V′ for all a ∈ A andv′ ∈ V′.

An A-module homomorphismθ : V → V′ is aC-linear transformation such that

aθ(v) = θ(av), for a ∈ A, v ∈ V,
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and anA-module isomorphismis a bijectiveA-module homomorphism. Write

HomA(V,V′) = {A-module homomorphismsV → V′}

EndA(V) = HomA(V,V).

Let Â be an indexing set for the irreducible modules ofA (up to isomorphism), and
fix a set

{Aγ}γ∈Â

of isomorphism class representatives. An algebraA is semisimpleif every A-moduleV
decomposes

V �
⊕

γ∈Â

mγ(V)Aγ, where mγ(V) ∈ Z≥0, mγ(V)Aγ = Aγ ⊕ · · · ⊕ Aγ

︸          ︷︷          ︸

mγ(V) terms

.

In this thesis, all algebras (though not necessarily all Liealgebras) are semisimple.

Lemma 2.1 (Schur’s Lemma).Supposeγ, µ ∈ Â with corresponding irreducible mod-
ules Aγ and Aµ. Then

dim(HomA(Aγ,Aµ)) = δγµ =

{

1, if γ = µ,
0, otherwise.

SupposeA ⊆ B is a subalgebra ofB and letV be anA-module. ThenB⊗A V is the
vector space overC presented by generators{b⊗ v | b ∈ B, v ∈ V} with relations

ba⊗ v = b⊗ av, a ∈ A, b ∈ B, v ∈ V,

(b1 + b2) ⊗ (v1 + v2) = b1 ⊗ v1 + b1 ⊗ v2 + b2 ⊗ v1 + b2 ⊗ v2, b1, b2 ∈ B, v1, v2 ∈ V.

Note that the map
B× (B⊗A V) −→ B⊗A V

(b′, b⊗ v) 7→ (b′b) ⊗ v

makesB⊗A V a B-module. Defineinductionandrestriction(respectively) as the maps

IndB
A : {A-modules} −→ {B-modules}

V 7→ B⊗A V

ResBA : {B-modules} −→ {A-modules}
V 7→ V

.

SupposeV is anA-module. Every choice of basis{v1, v2, . . . , vn} of V gives rise to
an algebra homomorphism

ρ : A→ Mn(C), whereMn(C) = {n× n matrices with entries inC}.
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ThecharacterχV : A→ C associated toV is

χV(a) = tr(ρ(a)).

The characterχV is independent of the choice of basis, and ifV � V′ are isomorphic
A-modules, thenχV = χV′ . A characterχV is irreducible if V is irreducible. Thedegree
of a characterχV is χV(1) = dim(V), and ifχ(1) = 1, then a character islinear; note that
linear characters are both irreducible characters and algebra homomorphisms.

Define
R[A] = C-span{χγ | γ ∈ Â}, whereχγ = χAγ ,

with aC-bilinear inner product given by

〈χγ, χµ〉 = δγµ. (2.1)

Note that the semisimplicity ofA implies that any character is contained in the subspace

Z≥0-span{χγ | γ ∈ Â}.

If χV is a character of a subalgebraA of B, then let

IndB
A(χV) = χB⊗AV

and ifχV′ is a character ofB, then ResBA(χV′) is the restriction of the mapχV′ to A.

Proposition 2.2 (Frobenius Reciprocity).Let A be a subalgebra of B. Supposeχ is a
character of A andχ′ is a character of B. Then

〈IndB
A(χ), χ′〉 = 〈χ,ResBA(χ′)〉.

2.1.2 Weight space decompositions

SupposeA is a commutative algebra. Then

dim(Aγ) = 1, for all γ ∈ Â.

The corresponding characterχγ : A → C is an algebra homomorphism, and we may
identify the labelγ with the characterχγ, so that

av= χγ(a)v = γ(a)v, for a ∈ A, v ∈ Aγ.

If A is a commutative subalgebra ofB andV is anB-module, then as aA-module

V =
⊕

γ∈Â

Vγ, whereVγ = {v ∈ V | av= γ(a)v, a ∈ A}.

The subspaceVγ is theγ-weight spaceof V, and ifVγ , 0 thenV has a weightγ.
For large subalgebrasA, such a decomposition can help construct the moduleV. For

example,
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1. If 0 , vγ ∈ Vγ, then{vγ}Vγ,0 is a linearly independent set of vectors. In particular,
if dim(Vγ) = 1 for all Vγ , 0, then{vγ} is a basis forV.

2. If V is irreducible, thenBVγ = V. Chapter 6 uses this idea to construct irreducible
modules of the Yokonuma algebra.

2.1.3 Characters in a group algebra

Let G be a finite group. Thegroup algebraCG is the algebra

CG = C-span{g ∈ G}

with basisG and multiplication determined by the group multiplicationin G. A G-
module Vis a vector space overC with a map

G× V −→ V
(g, v) 7→ gv

such that

(gg′)v = g(g′v), g(cv+ c′v′) = cgv+ c′gv′, for c, c′ ∈ C, g, g′ ∈ G, v, v′ ∈ V.

Note that there is a natural bijection

{CG-modules} ←→ {G-modules}
V 7→ V

,

so I will useG-modules andCG-modules interchangeably. Let̂G index the irreducible
CG-modules.

The inner product (2.1) onR[G] has an explicit expression

〈·, ·〉 : R[G] × R[G] −→ C

(χ, χ′) 7→
1
|G|

∑

g∈G

χ(g)χ′(g−1),

and ifU is a subgroup ofG, then induction is given by

IndG
U(χ) : G −→ C

g 7→
1
|U |

∑

x∈G
xgx−1∈U

χ(xgx−1).
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2.1.4 Hecke algebras

An idempotent e∈ CG is a nonzero element that satisfiese2 = e. Forγ ∈ Ĝ, let

eγ =
χγ(1)
|G|

∑

g∈G

χγ(g−1)g ∈ CG.

These are theminimal central idempotentsof CG, and they satisfy

1 =
∑

γ∈Ĝ

eγ, e2
γ = eγ, eγeµ = δγµeγ, CGeγ � dim(Gγ)Gγ.

In particular, as aG-module,
CG �

⊕

γ∈Ĝ

CGeγ.

Let U be a subgroup ofG with an irreducibleU-moduleM. The Hecke algebra
H(G,U,M) is the centralizer algebra

H(G,U,M) = EndCG(IndG
U(M)).

If eM ∈ CU is an idempotent such thatM � CUeM , then

IndG
U(M) = CG ⊗CU CUeM = CG⊗CU eM � CGeM

and the map

θM :eMCGeM
∼
−→ H(G,U,M)

eMgeM 7→ φg
where

φg : CGeM−→ CGeM

keM 7→ keMgeM,
(2.2)

is an algebra anti-isomorphism (i.e.θM(ab) = θM(b)θM(a)).
The following theorem connects the representation theory of G to the representation

theory ofH(G,U,M). Theorem 2.3 and the Corollary are in [CR81, Theorem 11.25].

Theorem 2.3 (Double Centralizer Theorem).Let V be a G-module and letH =

EndCG(V). Then, as a G-module,

V �
⊕

γ∈Ĝ

dim(Hγ)Gγ

if and only if, as anH-module,

V �
⊕

γ∈Ĝ

dim(Gγ)Hγ,

where{Hγ | γ ∈ Ĝ,Hγ
, 0} is the set of irreducibleH-modules.
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Corollary 2.4. Suppose U is a subgroup of G. Let M� CUeM be an irreducible U-
module. WriteH = H(G,U,M). Then the map

{G-submodules ofCGeM} −→ {H-modules}
V 7→ eMV

is a bijection that sends Gγ 7→ Hγ for every irreducible Gγ that is isomorphic to a
submodule ofIndG

U(M) (Gγ ֒→ IndG
U(M)).

2.2 Chevalley Groups

There are two common approaches used to define finite Chevalley groups. One strategy
considers the subgroup of elements in an algebraic group fixed under a Frobenius map
(see [Car85]). The approach here, however, begins with a pair (g,V) of a Lie algebrag
and ag-moduleV, and constructs the Chevalley group from a variant of the exponential
map. This perspective gives an explicit construction of theelements, which will prove
useful in the computations that follow (see also [Ste67]).

2.2.1 Lie algebra set-up

A finite dimensional Lie algebrag is a finite dimensional vector space overC with a
C-bilinear map

[·, ·] : g × g −→ g

(X,Y) 7→ [X,Y]

such that

(a) [X,X] = 0, for all X ∈ g,

(b) [X, [Y,Z]] + [Y, [Z,X]] + [Z, [X,Y]] = 0, for X,Y,Z ∈ g.

Note that ifA is any algebra, then the bracket [a, b] = ab− ba for a, b ∈ A gives a Lie
algebra structure toA.

A g-module is a vector spaceV with a map

g × V −→ V
(X, v) 7→ Xv

such that

(aX+ bY)v = aXv+ bYv, for all a, b ∈ C, X,Y ∈ g, v ∈ V,

X(av1 + bv2) = aXv1 + bXv2, for all a, b ∈ C, X ∈ g, v1, v2 ∈ V,

[X,Y]v = X(Yv) − Y(Xv), for all X,Y ∈ g, v ∈ V.
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A Lie algebrag actsdiagonallyonV if there exists a basis{v1, . . . , vr} of V such that

Xvi ∈ Cvi , for all X ∈ g andi = 1, 2, . . . , r.

The center ofg is

Z(g) = {X ∈ g | [X,Y] = 0 for all Y ∈ g}.

Let γ ∈ ĝ index the irreducibleg-modulesgγ. A Lie algebrag is reductiveif for every
finite-dimensional moduleV on whichZ(g) acts diagonally,

V =
⊕

γ∈ĝ

mγ(V)gγ, wheremγ(V) ∈ Z≥0.

If g is reductive, then

g = Z(g) ⊕ gs wheregs = [g, g] is semisimple.

Let g be a reductive Lie algebra. ACartan subalgebrah of g is a subalgebra satisfy-
ing

(a) hk = [hk−1, h] = 0 for somek ≥ 1 (h is nilpotent),

(b) h = {X ∈ g | [X,H] ∈ h,H ∈ h} (h is its own normalizer).

If hs is a Cartan subalgebra ofgs, thenh = Z(g) ⊕ hs is a Cartan subalgebra ofg. Let

h
∗ = HomC(h,C) and h

∗
s = HomC(hs,C).

As anhs-module,gs decomposes

gs � hs⊕
⊕

0,α∈h∗s

(gs)α, where (gs)α = 〈X ∈ gs | [H,X] = α(H)X,H ∈ hs〉.

The set ofrootsof gs is R= {α ∈ h∗ | α , 0, (gs)α , 0}. A set ofsimple rootsis a subset
{α1, α2, . . . , αℓ} ⊆ R of the roots such that

(a) Q ⊗C h∗s = Q-span{α1, α2, . . . , αℓ} with {α1, . . . , αℓ} linearly independent,

(b) Every rootβ ∈ R can be written asβ = c1α1 + c2α2 + · · · + cℓαℓ with either
{c1, . . . , cℓ} ⊆ Z≥0 or {c1, . . . , cℓ} ⊆ Z≤0.

Every choice of simple roots splits the set of rootsR into positive roots

R+ = {β ∈ R | β = c1α1 + c2α2 + · · · + cℓαℓ, ci ∈ Z≥0}
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andnegative roots

R− = {β ∈ R | β = c1α1 + c2α2 + · · · + cℓαℓ, ci ∈ Z≤0}.

In fact,R− = −R+.
Example. Consider the Lie algebragl2 = gl2(C) = {2 × 2 matrices with entries inC},
and bracket [·, ·] given by [X,Y] = XY− YX. Write

gl2 = Z(gl2) ⊕ sl2,

whereZ(gl2) = {
( c 0

0 c

)

| c ∈ C} andsl2 = {X ∈ gl2 | tr(X) = 0}. Also,

sl2 = {
( a 0

0 −a

)

| a ∈ C} ⊕
{( 0 0

c 0

)

| c ∈ C
}

⊕
{( 0 c

0 0

)

| c ∈ C
}

.

Let α ∈ h∗ = {
( a 0

0 b

)

| a, b ∈ C}∗ be the simple root given byα
( a 0

0 b

)

= a − b, so that
R+ = {α} andR− = {−α}.

2.2.2 From a Chevalley basis ofgs to a Chevalley group

For every pair of rootsα,−α, there exists a Lie algebra isomorphismφα : sl2→ 〈gα, g−α〉.
Under this isomorphism, let

Xα = φα
( 0 1

0 0

)

∈ (gs)α, Hα = φα
( 1 0

0 −1

)

∈ hs, X−α = φα
( 0 0

1 0

)

∈ (gs)−α.

Note that [Xα,X−α] = Hα. The following classical result can be found in [Hum72,
Theorem 25.2].

Theorem 2.5 (Chevalley Basis).There is a choice of theφα such that the set{Xα,Hαi |

α ∈ R, 1 ≤ i ≤ ℓ} is a basis ofgs satisfying

(a) Hα is aZ-linear combination of Hα1, Hα2,. . . , Hαℓ .

(b) Letα, β ∈ R such thatβ , ±α, and suppose l, r ∈ Z≥0 are maximal such

{β − lα, . . . , β − α, β, β + α, . . . , β + rα} ⊆ R.

Then

[Xα,Xβ] =

{

±(l + 1)Xα+β, if r ≥ 1,
0 otherwise.

A basis as in Theorem 2.5 is aChevalley basisof gs (For an analysis of the choices
involved see [Sam69] and [Tit66]).

Let V be a finite dimensionalg-module such thatV has aC-basis{v1, v2, . . . , vr} that
satisfies

(a) There exists aC-basis{H1, . . . ,Hn} of h such that
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(1) Hαi ∈ Z≥0-span{H1, . . . ,Hn},

(2) Hivj ∈ Zvj for all i = 1, 2, . . . , n and j = 1, 2, . . . , r.

(3) dimZ(Z-span{H1,H2, . . . ,Hn}) ≤ dimC(h).

(b)
Xn
α

n!
vi ∈ Z-span{v1, v2, . . . , vr } for α ∈ R, n ∈ Z≥0 andi = 1, 2, . . . , r.

(c) dimZ(Z-span{v1, v2, . . . , vr}) ≤ dimC(V).

(Condition (a) guarantees thatZ(g) acts diagonally. IfZ(g) = 0, then the existence of
such a basis is guaranteed by a theorem of Kostant [Hum72, Theorem 27.1]).

Let V be a finite dimensionalg-module that satisfies (a)-(c) above. ForH ∈ h, let
(

H
n

)

=
(H − 1)(H − 2) · · · (H − (n+ 1))

n!
∈ End(V).

As a transformation of the basisv1, v2, . . . , vr , the elementHi = diag(h1, h2, . . . , hr) ∈
End(V) with h j ∈ Z. Let y ∈ C∗. Temporarily abandon precision (i.e. allow infinite
sums) to obtain

∑

n≥0

(y− 1)n
(

Hi

n

)

= diag
(∑

n≥0

(y− 1)n
(
h1
n

)

,
∑

n≥0

(y− 1)n
(
h2
n

)

, . . . ,
∑

n≥0

(y− 1)n
(
hr

n

))

= diag(yh1, yh2, . . . , yhr ) ∈ End(V) (by the binomial theorem).

This computation motivates some of the definitions below.
Let

hZ = Z-span{H1,H2, . . . ,Hn}. (2.3)

The finite fieldFq with q elements has a multiplicative groupF∗q and an additive group
F+q . Let

Vq = Fq-span{v1, v2, . . . , vr}. (2.4)

Thefinite reductive Chevalley group GV ⊆ GL(Vq) is

GV = 〈xα(a), hH(b) | α ∈ R,H ∈ hZ, a ∈ Fq, b ∈ F
∗
q〉,

where

xα(a) =
∑

n≥0

an Xn
α

n!
, and (2.5)

hH(b) = diag(bλ1(H), bλ2(H), . . . , bλr (H)), whereHvi = λi(H)vi . (2.6)

Remarks.
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1. If we “allow” infinite sums, then

hHi (b) =
∑

n≥0

(b− 1)n
(

Hi

n

)

.

2. If g = gs, thenGV = 〈xα(t)〉.

Example. Suppose (as before)g = gl2 and let

V = C-span

{(

1
0

)

,

(

0
1

)}

be the naturalg-module given by matrix multiplication. Thenh has a basis

h =

{(

a 0
0 b

)

| a, b ∈ C

}

= C-span

{(

1 0
0 0

)

,

(

0 0
0 1

)}

.

By direct computation,

xα(t) =

(

1 t
0 1

)

and h( a 0
0 b

)(t) =

(

ta 0
0 tb

)

for a, b ∈ Z,

andGV = GL2(Fq) (the general linear group).

2.3 Some combinatorics of the symmetric group

This section describes some of the pertinent combinatorialobjects and techniques.

2.3.1 A pictorial version of the symmetric groupSn

Let si ∈ Sn be the simple reflection that switchesi andi + 1, and fixes everything else.
The groupSn can be presented by generatorss1, s2, . . . , sn−1 and relations

s2
i = 1, si si+1si = si+1si si+1, si sj = sj si , for |i − j| > 1.

Using two rows ofn vertices and strands between the top and bottom vertices, wemay
pictorially describe permutations in the following way. View

si as
•
···

• •

??
??

??
??

?

ith vertex
��?

??

•

��
��

��
��

� •
···

•

• • • • • •

.
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Multiplication in Sn corresponds to concatenation of diagrams, so for example,

s1

s2

•

??
??

?? •

��
��

�� •

• • •

• •

??
??

?? •

��
��

��

• • •

=

• • •

• • •

=
•

OOOOOOOOO •

��
��

�� •

��
��

��

• • •
= s2s1.

Therefore,Sn is generated bys1, s2, . . . , sn−1 with relations

• •

• •

=

• •

• •
,

• • •

• • •

=

• • •

• • •

,

• • • •

• • • •

=

• • • •

• • • •

.

2.3.2 Compositions, partitions, and tableaux

A compositionµ = (µ1, µ2, . . . , µr) is a sequence of positive integers. Thesizeof µ is
|µ| = µ1 + µ2 + · · · + µr , thelengthof µ is ℓ(µ) = r and

µ≤ = {µ≤1, µ≤2, . . . , µ≤r }, whereµ≤i = µ1 + µ2 + · · · + µi . (2.7)

If |µ| = n, thenµ is a composition of nand we writeµ |= n. View µ as a collection of
boxes aligned to the left. If a boxx is in theith row andjth column ofµ, then thecontent
of x is c(x) = i − j. For example, if

µ = (2, 5, 3, 4) = ,

then|µ| = 14,ℓ(µ) = 4, µ≤ = (2, 7, 10, 14), and the contents of the boxes are

0 1

-1 0 1 2 3

-2 -1 0

-3 -2 -1 0

.

Alternatively,µ≤ coincides with the numbers in the boxes at the end of the rows in the
diagram

1 2

3 4 5 6 7

8 9 10

11 12 13 14

.

A partition ν = (ν1, ν2, . . . , νr) is a composition whereν1 ≥ ν2 ≥ · · · ≥ νr > 0. If
|ν| = n, thenν is a partition of nand we writeν ⊢ n. Let

P = {partitions} and Pn = {ν ⊢ n}. (2.8)
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Supposeν ∈ P. Theconjugate partitionν′ = (ν′1, ν
′
2, . . . , ν

′
ℓ) is given by

ν′i = Card{ j | ν j ≥ i}.

In terms of diagrams,ν′ is the collection of boxes obtained by flippingν across its main
diagonal. For example,

if ν = , then ν′ = .

Supposeν, µ are partitions. Ifνi ≥ µi for all 1 ≤ i ≤ ℓ(µ), then theskew partitionν/µ
is the collection of boxes obtained by removing the boxes inµ from the upper left-hand
corner of the diagramλ. For example, if

ν = and µ = , then ν/µ = .

A horizontal stripν/µ is a skew shape such that no column contains more than one box.
Note that ifµ = ∅, thenν/µ is a partition.

A column strict tableau Q of shapeν/µ is a filling of the boxes ofν/µ by positive
integers such that

(a) the entries strictly increase along columns,

(b) the entries weakly increase along rows.

Theweight of Qis the composition wt(Q) = (wt(Q)1,wt(Q)2, . . .) given by

wt(Q)i = number ofi in Q.

For example,

Q =

1 1 3

1 2

3 3

5

has wt(Q) = (3, 1, 3, 0, 1).
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2.3.3 Symmetric functions

The symmetric groupSn acts on the set of variables{x1, x2, . . . , xn} by permuting the
indices. Thering of symmetric polynomials in the variables{x1, x2, . . . , xn} is

Λn(x) = { f ∈ Z[x1, x2, . . . , xn] | w( f ) = f ,w ∈ Sn}.

For r ∈ Z≥0, therth elementary symmetric polynomialis

er(x : n) =
∑

1≤i1<i2<···<ir≤n

xi1 xi2 · · · xir , where by conventioner(x : n) = 0, if r > n,

and therth power sum symmetric polynomialis

pr(x : n) = xr
1 + xr

2 + · · · + xr
n.

For any partitionν ∈ P, let

eν(x : n) = eν1(x : n)eν2(x : n) · · ·eνℓ(x : n)

pν(x : n) = pν1(x : n)pν2(x : n) · · · pνℓ(x : n).

TheSchur polynomial corresponding toν is

sν(x : n) = det(eν′i−i+ j(x : n)), (2.9)

for which Pieri’s rule gives

sν(x : n)s(n)(x : n) =
∑

horizontal stripγ/ν
|γ/ν|=n

sγ(x : n) [Mac95, I.5.16]. (2.10)

For eacht ∈ C, theHall-Littlewood symmetric functionis

Pν(x : n; t) =
∑

wν∈Snν

w




xν1

1 xν2
2 · · · x

νn
n

∏

νi>ν j

xi − txj

xi − xj





=
1

vν(t)

∑

w∈Sn

w




xν1

1 xν2
2 · · · x

νn
n

∏

i< j

xi − txj

xi − xj




,

wherevν(t) ∈ C is a constant as in [Mac95, III.2]; and they satisfy

Pν(x : n; 0) = sν(x : n), P(1n)(x : n; t) = en(x : n).

For t ∈ C,

Λn(x) = Z-span{eν(x : n)} = Z-span{sν(x : n)} = Z-span{Pν(x : n; t)}, (2.11)
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and if we extend coefficients toQ, then

Q ⊗ Λn(x) = Q-span{pν(x : n)}.

Note that forn > m there is a map

Λn(x) −→ Λm(x)
f (x1, x2, . . . , xn) 7→ f (x1, . . . , xm, 0, . . . , 0)

which sendssν(x : n) 7→ sν(x : m), eν(x : n) 7→ eν(x : m), etc. Let{x1, x2, . . .} be an
infinite set of variables. TheSchur function sν(x) is the infinite sequence

sν(x) = (sν(x : 1), sν(x : 2), sν(x : 3), . . .),

and one can define elementary symmetric functionser(x), power sum symmetric func-
tions pr(x), and Hall-Littlewood symmetric functionsPν(x; t), analogously. Thering of
symmetric functions in the variables{x1, x2, . . .} is

Λ(x) = Z-span{sν(x) | ν ∈ P},

and let
ΛC(x) = C-span{sν(x) | ν ∈ P}.

2.3.4 RSK correspondence

The classical RSK correspondence provides a combinatorialproof of the identity

∏

i, j>0

1
1− xiyj

=
∑

ν⊢n
n≥0

sν(x)sν(y) [Knu70]

by constructing for eachℓ ≥ 0 a bijection between the matricesb ∈ Mℓ(Z≥0) and the set
of pairs (P(b),Q(b)) of column strict tableaux with the same shape. The bijection is as
follows.

If P is a column strict tableau andj ∈ Z>0, let P ← j be the column strict tableau
given by the following algorithm

(a) Insertj into the the first column ofP by displacing the smallest number≥ j. If all
numbers are< j, then placej at the bottom of the first column.

(b) Iterate this insertion by inserting the displaced entryinto the next column.

(c) Stop when the insertion does not displace an entry.
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A two-line array

(

i1 i2 · · · in
j1 j2 · · · jn

)

is a two-rowed array withi1 ≤ i2 ≤ · · · ≤ in

and jk ≥ jk+1 if ik = ik+1. If b ∈ Mℓ(Z≥0), then let~b be the two-line array withbi j pairs
(

i
j

)

.
Forb ∈ Mℓ(Z≥0), suppose

~b =

(

i1 i2 · · · in
j1 j2 · · · jn

)

.

Then the pair (P(b),Q(b)) is the final pair in the sequence

(∅, ∅) = (P0,Q0), (P1,Q1), (P2,Q2), . . . , (Pn,Qn) = (P(b),Q(b)),

where (Pk,Qk) is a pair of column strict tableaux with the same shape givenby

Pk = Pk−1 ← jk and
Qk is defined by sh(Qk) = sh(Pk) with
ik in the new box sh(Qk)/sh(Qk−1).

For example,

b =





1 1 0
0 0 2
0 1 0




corresponds to ~b =

(

1 1 2 2 3
2 1 3 3 2

)

and provides the sequence

(∅, ∅), ( 2 , 1 ), ( 1 2 , 1 1 ),
(

1 2

3
,

1 1

2

)

,
(

1 2

3 3
,

1 1

2 2

)

,
(

1 2 3

2 3
,

1 1 3

2 2

)

so that
(P(b),Q(b)) =

(
1 2 3

2 3
,

1 1 3

2 2

)

.
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Chapter 3

Unipotent Hecke algebras

3.1 The algebras

3.1.1 Important subgroups of a Chevalley group

Let G = GV be a Chevalley group defined with ag-moduleV as in Section 2.2.2.
Recall thatR+ is the set of positive roots according to some fixed set of simple roots
{α1, α2, . . . , αℓ} of g (Section 2.2.1). The groupG contains a subgroupU given by

U = 〈xα(t) | α ∈ R+, t ∈ Fq〉,

which decomposes as

U =
∏

α∈R+

Uα, where Uα = 〈xα(t) | t ∈ Fq〉,

with uniqueness of expression for any fixed ordering of the positive roots [Ste67, Lemma
18]. For eachα ∈ R+, the map

Uα

∼
−→ F+q

xα(t) 7→ t

is a group homomorphism.
Forα ∈ R, define the maps

sα : h∗ −→ h∗

γ 7→ γ − γ(Hα)α,
(3.1)

sα : h = Z(g) ⊕ hs −→ h

H + Hβ 7→ H + Hβ − β(Hα)Hα, for β ∈ R.
(3.2)

TheWeyl group of Gis W = 〈sα | α ∈ R〉 and has a presentation given by

W = 〈s1, s2, . . . , sℓ | s2
i = 1, (si sj)

mi j = 1, 1 ≤ i , j ≤ ℓ〉, mi j ∈ Z>0, si = sαi .

If w = si1 si2 · · · sir with r minimal, then thelengthof w is ℓ(w) = r.
Let hZ be as in (2.3). Ifq > 3, then the subgroup

T = 〈hH(t) | H ∈ hZ, t ∈ F
∗
q〉
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has its normalizer inG given by

N = 〈wα(t), h | α ∈ R, h ∈ T, t ∈ F∗q〉, wherewα(t) = xα(t)x−α(−t−1)xα(t).

If α ∈ R, thenhHα
(t) = wα(t)wα(1)−1. Write hα(t) = hHα

(t) andhi(t) = hαi (t).
There is a natural surjection fromN onto the Weyl groupW with kernelT given by

π : N −→ W
wα(t) 7→ sα, for α ∈ R, t ∈ F∗q,

h 7→ 1, for h ∈ T.
(3.3)

Supposev ∈ N. Then for each minimal expression

π(v) = si1 si2 . . . sir , with ℓ(π(v)) = r ,

there is a unique decomposition ofv as

v = v1v2 · · · vrvT , wherevk = wik(1) andvT ∈ T. (3.4)

Write
ξi = wi(1). (3.5)

3.1.2 Unipotent Hecke algebras

Let G be a finite Chevalley group. Fix a nontrivial homomorphismψ : F+q → C
∗. If

µ : R+ → Fq

α 7→ µα
satisfiesµα = 0 for all α not simple, (3.6)

then the map
ψµ : U −→ C∗

xα(t) 7→ ψ(µαt)
(3.7)

is a linear character ofU. In fact, with the exception of a few degenerate special cases
of G (which can be avoided ifq > 3), all linear characters ofU are of this form [Yok69a,
Theorem 1].

Theunipotent Hecke algebraH(G,U, ψµ) is

Hµ = EndCG(IndG
U(ψµ)). (3.8)

Using the anti-isomorphism (2.2), viewHµ as the subset ofCG

Hµ = eµCGeµ, where eµ =
1
|U |

∑

u∈U

ψµ(u
−1)u. (3.9)
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3.1.3 The choicesµ and ψ

This section assumes all linear characters ofU are of the formψµ for some nontrivial
homomorphismψ : F+q → C

∗ andµ as in (3.6).
The groupT normalizesUα, since

hxα(t)h
−1 = xα(α(h)t), for α ∈ R+, t ∈ Fq, h ∈ T, α(h) ∈ F∗q.

Thus, ifχ : U → C∗ is a linear character, then

hχ : U −→ C∗

xα(t) 7→ χ(hxα(t)h−1)

is a linear character for everyh ∈ T.

Proposition 3.1. Supposeχ : U → C∗ is a linear character. For every h∈ T,

IndG
U(χ) = IndG

U(hχ).

Proof. Recall that

IndG
U(hψµ)(g) =

1
|U |

∑

x∈G
xgx−1∈U

hψµ(xgx−1) =
1
|U |

∑

x∈G
xgx−1∈U

ψµ(hxgx−1h−1).

SinceT normalizesU, the sum over allx ∈ G such thatxgx−1 ∈ U is the same as the
sum overhx ∈ G such thathxgx−1h−1 ∈ U. Thus,

IndG
U(hψµ)(g) =

1
|U |

∑

x′∈G
x′gx′−1∈U

ψµ(x
′gx′−1) = IndG

U(ψµ)(g). �

Thetypeof a linear characterχ : U → C∗ is the setJ ⊆ {α1, α2, . . . , αℓ} such that

χ(xαi (t)) , 1 for all t ∈ Fq if and only if αi ∈ J.

A unipotent Hecke algebraH(G,U, χ) hastype Jif χ has typeJ.

Proposition 3.2.

(a) Fix a nontrivial homomorphismψ : F+q → C
∗. If ψ′ : F+q → C

∗ is a homomor-
phism, then there exists k∈ Fq such that

ψ′(t) = ψ(kt), for all t ∈ F+q .

(b) The linear charactersχ : U → C∗ andhχ : U → C∗ have the same type for any
h ∈ T.
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(c) Let J ⊆ {α1, α2, . . . , αℓ} and SJ = {type J linear characters of U}. Then the
number of T-orbits ofSJ is

|ZJ|(q− 1)|J|

|T |
, where ZJ = {h ∈ T | α(h) = 1, for α ∈ J}.

(d) The number of distinct (nonisomorphic) type J unipotentHecke algebras is at
most

|ZJ|(q− 1)|J|

|T |
.

Proof. (a) The map
F+q −→ Hom(F+q ,C

∗)

k 7−→
ψk :F+q → C∗

t 7→ ψ(kt)

is a group homomorphism, and the kernel is trivial becauseψ is nontrivial. Since
|Hom(F+q ,C)| = q, the map is also surjective.

(b) SinceUα � F
+
q , the restriction ofχ to Uα gives a linear character ofF+q . Part (a)

implies that for everyα ∈ R+ there existskα ∈ Fq such that

χ(xα(t)) = ψ(kαt)

Furthermore, ifχ has typeJ, thenkα , 0 if and only ifα ∈ J. Write

χ = ψ(k1,...,kℓ) whereki = kαi .

Sincehxα(t)h−1 = xα(α(h)t) for h ∈ T,

hχ = ψ(α1(h)k1,...,αℓ(h)kℓ),

andα(h)kα , 0 if and only ifkα , 0 if and only ifα ∈ J. Thus, the action ofT preserves
the type ofχ.

(c) Suppose a groupK acts on a setS. Then by [Isa94, Theorem 4.18] the number
of orbits of theK action is

1
|K|

∑

g∈K

Card{s ∈ S | g(s) = s}.

In this case,K = T acts on the set

S = SJ = {ψ(k1,k2,...,kℓ) | ki = 0, unlessαi ∈ J}.

Furthermore,

hψ(k1,k2,...,kℓ) = ψ(k1,k2,...,kℓ) if and only if αi(h) = 1 for all αi ∈ J.

Finally, |SJ| = (q− 1)|J|. �
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Examples.

1. If J = ∅, then|J| = 0 and|ZJ| = |T |, so there is a unique unipotent Hecke algebra
of typeJ; in this case,ψµ is trivial andHµ is the Yokonuma algebra.

2. A character isin general positionif it has typeJ = {α1, α2, . . . , αℓ}. In this case,ZJ

is the center ofG, and|J| = ℓ, so the number of typeJ unipotent Hecke algebras
is at most

|Z(G)|(q− 1)ℓ

|T |
.

3.1.4 A natural basis

The groupG has a double-coset decomposition

G =
⊔

v∈N

UvU, [Ste67,Theorem 4 andB = UT] (3.10)

and if

Nµ = {v ∈ N | eµveµ , 0}

= {v ∈ N | u, vuv−1 ∈ U impliesψµ(u) = ψµ(vuv−1)}
(3.11)

then the set{eµveµ | v ∈ Nµ} is a basis forHµ [CR81, Prop. 11.30].
Theorem 3.7 gives a set of relations similar to those of the Yokonuma algebra (Ex-

ample 1, below) for evaluating the product

(eµueµ)(eµveµ), with u, v ∈ Nµ.

in any unipotent Hecke algebraHµ.

Examples.

1. The Yokonuma Hecke algebra.If µα = 0 for all positive rootsα, thenψµ = 11 is the
trivial character andN11 = N. Let Tv = e11ve11 for v ∈ N, with Ti = Tξi (ξi as in (3.5)) and
TH(t) = ThH (t). If v ∈ N has a decompositionv = v1v2 · · · vrvT (as in (3.4)), then

Tv = Ti1Ti2 · · ·Tir TvT (See Chapter 6).

Thus, the Yokonuma algebraH11 has generatorsTi, Th for 1 ≤ i ≤ ℓ, h ∈ T (see
[Yok69b]) with relations,

T2
i = q−1THαi

(−1)+ q−1
∑

t∈F∗q

THαi
(t−1)Ti , 1 ≤ i ≤ ℓ,

TiT jTi · · ·
︸     ︷︷     ︸

mi j terms

= T jTiT j · · ·
︸     ︷︷     ︸

mi j terms

, (si sj)
mi j = 1,

TiTh = TsihTi , h ∈ T,

ThTk = Thk, h, k ∈ T.
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These relations give an “efficient” way to compute arbitrary products (e11ue11)(e11ve11)
in H11. There is a surjective map from the Yokonuma algebra onto theIwahori-Hecke
algebra that sendsTh 7→ 1 for all h ∈ T. “SettingTh = 1” in the Yokonuma algebra
relations recovers relations for the Iwahori-Hecke algebra,

T2
i = q−1 + q−1(q− 1)Ti , TiT j · · ·

︸  ︷︷  ︸

mi j terms

= T jTi · · ·
︸  ︷︷  ︸

mi j terms

.

Furthermore, there is a surjective map from the Iwahori Hecke algebra onto the Weyl
group given by mappingTi 7→ si andq 7→ 1. Thus, by “settingTi = si andq = 1” we
retrieve the Coxeter relations ofW,

s2
i = 1, si sj si · · ·

︸   ︷︷   ︸

mi j terms

= sj si sj · · ·
︸    ︷︷    ︸

mi j terms

.

For a more detailed discussion of the Yokonuma algebra, see Chapter 6.

2. The Gelfand-Graev Hecke algebra.By definition, if µα , 0 for all simple roots
α, thenψµ is in general position. In this case, the Gelfand-Graev character IndGU(ψµ)
is multiplicity free as aG-module ([Yok68],[Ste67, Theorem 49]). The correspond-
ing Hecke algebraHµ is therefore commutative. However, decomposing the prod-
uct (eµueµ)(eµveµ) into basis elements is more challenging than in the Yokonuma case
[Cha76, Cur88, Rai02].

3.2 Parabolic subalgebras ofHµ

Let ψµ : U → G be as in (3.7). Fix a subsetJ ⊆ {α1, α2, . . . , αℓ} such that

if µαi , 0, thenαi ∈ J.

For example, ifψµ is in general position, thenJ = {α1, α2, . . . , αℓ}, but if ψµ is trivial,
thenJ could be any subset.

Let

WJ = 〈si ∈W | αi ∈ J〉, PJ = 〈U,T,WJ〉 and RJ = Z-span{αi ∈ J} ∩ R.

ThenPJ has subgroups

LJ = 〈T,WJ,Uα | α ∈ RJ〉 and UJ = 〈Uα | α ∈ R+ − RJ〉 (3.12)

(a Levi subgroup and the unipotent radical ofPJ, respectively). Note that

UJLJ = PJ, UJ ∩ LJ = 1, and, in fact, PJ = UJ ⋊ LJ.
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Define the idempotents ofCU,

eµJ =
1

|LJ ∩ U |

∑

u∈LJ∩U

ψµ(u
−1)u and e′J =

1
|UJ|

∑

u∈UJ

u, (3.13)

so thateµ = eµJe′J.
The group homomorphisms

PJ −→ LJ

lu 7→ l
and

PJ −→ G
lu 7→ lu

for l ∈ LJ, u ∈ UJ,

induce maps

Inf PJ
LJ

:{LJ-modules} −→ {PJ-modules}
M 7→ e′JM

,

IndG
PJ

:{PJ-modules} −→ {G-modules}
M′ 7→ CG ⊗CPJ M′

whose composition is the map IndfG
LJ

. Note that in the special case whenCLJe is an
irreducibleLJ-module with corresponding idempotente, then

IndfG
LJ

: {LJ-modules} −→ {G-modules}
CLJe 7→ CGee′J.

The mapψµ : U → C∗ restricts to a linear character ResU
U∩LJ

(ψµ) : LJ ∩ U → C∗. To
make the notation less heavy-handed, writeψµ : LJ ∩ U → C∗, for ResUU∩LJ

(ψµ).

Lemma 3.3. Letψµ be as in (3.7). Then

IndG
U(ψµ) � IndfG

LJ
(IndLJ

U∩LJ
(ψµ)).

Proof. Recall IndGU(ψµ) � CGeµ. On the other hand,

IndLJ
U∩LJ

(ψµ) � CLJeµJ implies IndfGLJ
(IndLJ

U∩LJ
(ψµ)) � CGeµJe

′
J,

whereeµJ is as in (3.13). ButeµJe′J = eµ, so

IndG
U(ψµ) � CGeµ � CeµJe

′
J � IndfG

LJ
(IndLJ

U∩LJ
(ψµ)). �

Theorem 3.4.The map

θ : EndCLJ(IndLJ
U∩LJ

(ψµ)) −→ Hµ

eµJveµJ 7→ eµveµ, for v ∈ LJ ∩ Nµ,

is an injective algebra homomorphism.
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Proof. Let v ∈ N ∩ LJ. SinceeµJveµJ ∈ CLJ, e′J ∈ CUJ andLJ ∩ UJ = 1,

eµJveµJ = 0 if and only if e′JeµJveµJ = 0.

BecauseLJ normalizesUJ, botheµJ andv commute withe′J. Therefore,

eµJveµJ = 0 if and only if e′JeµJve′JeµJ = eµveµ = 0,

and
{eµJveµJ , 0} if and only if v ∈ Nµ ∩ LJ.

Consequently,θ is both well-defined and injective.
Consider

θ(eµJueµJ)θ(eµJveµJ) = eµueµeµveµ = eµJe
′
JueµJe

′
Jve′JeµJ.

Sinceu commutes withe′J,

θ(eµJueµJ)θ(eµJveµJ) = eµJe
′
JueµJve′JeµJ = eµueµJveµ

= θ(eµJueµJveµJ),

and soθ is an algebra homomorphism. �

Write
LJ = θ(EndCLJ(IndLJ

U∩LJ
(ψµ))) ⊆ Hµ (3.14)

TheLJ are “parabolic” subalgebras ofHµ in that they have a similar relationship to
the representation theory ofHµ as parabolic subgroupsPJ have with the representation
theory ofG.

3.2.1 Weight space decompositions forHµ-modules

An important special case of Theorem 3.4 is when

J = Jµ = {αi ∈ {α1, α2, . . . , αℓ} | µαi , 0},

so thatψµ has typeJµ. Write Lµ = LJµ , Wµ =WJµ , etc.

Corollary 3.5. The algebraLµ is a nonzero commutative subalgebra ofHµ.

Proof. As a character ofU ∩ Lµ, ψµ is in general position, so IndLµ
Lµ∩U(ψµ) is a Gelfand-

Graev module andLµ is a Gelfand-Graev Hecke algebra (and therefore commutative).
�
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SinceLµ is commutative, all the irreducible modules are one-dimensional; letL̂µ be
an indexing set for the irreducible modules ofLµ. SupposeV is anHµ-module. As an
Lµ-module,

V �
⊕

γ∈L̂µ

Vγ where Vγ = {v ∈ V | xv= γ(x)v, x ∈ Lµ}.

If γ ∈ L̂µ, thenVγ is theγ-weight spaceof V, andV has a weightγ if Vγ , 0. See
Chapter 6 for an application of this decomposition.
Examples

1. In the Yokonuma algebraψµ = 11, J11 = ∅ andL11 = e11CTe11.

2. In the Gelfand-Graev Hecke algebra case,Jµ = {α1, α2, . . . , αℓ} andLµ = Hµ

(confirming, but not proving, thatHµ is commutative).

3.3 Multiplication of basis elements

This section examines the decomposition of products in terms of the natural basis

(eµueµ)(eµveµ) =
∑

v′∈Nµ

cv′
uv (eµv

′eµ).

In particular, Theorem 3.7, below, gives a set of braid-likerelations (similar to those of
the Yokonuma algebra) for manipulating the products, and Corollary 3.9 gives a recur-
sive formula for computing these products.

3.3.1 Chevalley group relations

The relations governing the interaction between the subgroups N, U, andT will be
critical in describing the Hecke algebra multiplication inthe following section. They
can all be found in [Ste67].

The subgroup
U = 〈xα(t) | α ∈ R+, t ∈ Fq〉

has generators{xα(t) | α ∈ R+, t ∈ Fq}, with relations

xα(a)xβ(b)xα(a)−1xβ(b)−1 =
∏

γ=iα+ jβ∈R+

i, j∈Z>0

xγ(zγa
ib j), (U1)

xα(a)xα(b) = xα(a+ b), (U2)

wherezγ ∈ Z depends oni, j, α, β, but not ona, b ∈ Fq [Ste67]. Thezγ have been
explicitly computed for various types in [Dem65, Ste67] (See also Appendix A).
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The subgroupN has generators{ξi, hH(t) | i = 1, 2, . . . , ℓ, H ∈ hZ, t ∈ F∗q}, with
relations

ξ2
i = hi(−1), (N1)

ξiξ jξiξ j · · ·
︸      ︷︷      ︸

mi j terms

= ξ jξiξ jξi · · ·
︸      ︷︷      ︸

mi j terms

, where (si sj)
mi j = 1 in W, (N2)

ξihH(t) = hsi (H)(t)ξi, (N3)

hH(a)hH(b) = hH(ab), (N4)

hH(a)hH′(b) = hH′(b)hH(a), for H,H′ ∈ h, (N5)

hH(a)hH′(a) = hH+H′(a), for H,H′ ∈ h, (N6)

hH1(t1)hH2(t2) . . .hHk(tk) = 1, if t
λ j (H1)
1 · · · t

λ j (Hk)
k = 1 for all 1≤ j ≤ n, (N7)

whereλ j : h→ C depends onV as in (2.6).
The double-coset decomposition ofG (3.10) impliesG = 〈U,N〉. Thus,G is gener-

ated by{xα(a), ξi, hH(b) | α ∈ R+, a ∈ Fq, i = 1, 2, . . . , ℓ,H ∈ hZ, b ∈ F∗q} with relations
(U1)-(N7) and

ξi xα(t)ξ
−1
i = xsi (α)(ciαt), whereciα = ±1 (ciαi = −1) (UN1)

hxα(b)h−1 = xα(α(h)b), for h ∈ T, (UN2)

ξi xi(t)ξi = xi(t
−1)hi(t

−1)ξi xi(t
−1), wherexi(t) = xαi (t) andt , 0. (UN3)

where forα ∈ R andhH(t) ∈ T,

α(hH(t)) = tα(H). (3.15)

Fix aψµ : U → C∗ as in (3.7). Fork ∈ Fq, let

eα(k) =
1
q

∑

t∈Fq

ψ(−µαkt)xα(t) with the convention eα = eα(1). (3.16)

Note that for any given ordering of the positive roots, the decomposition

U =
∏

α∈R+

Uα implies eµ =
∏

α∈R+

eα. (3.17)

In particular, given anyα ∈ R+, we may choose the ordering of the positive roots to have
eα appear either first or last. Therefore, sinceeα is an idempotent,

eµeα = eµ = eαeµ. (3.18)

If w = si1si2 · · · sir ∈W with r minimal, then let

Rw = {α ∈ R+ | w(α) ∈ R−}

= {αir , sir (αir−1), . . . , sir sir−1 · · · si2(αi1)},
(3.19)

where the second equality is in [Bou02, VI.1, Corollary 2 of Proposition 17].
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Lemma 3.6. Let v∈ N, and let w= π(v) (with π : N →W as in (3.3)).

ξieα(k)ξ−1
i = esiα(ciαk), for α ∈ R+, 1 ≤ i ≤ n− 1, (E1)

veαv
−1 = ewα, for α < Rw, v ∈ Nµ, (E2)

heα(k)h−1 = eα(kα(h)−1), for h ∈ T, (E3)

eµxα(t) = ψ(µαt)eµ = xα(t)eµ. (E4)

Proof. (E1) Using relation (UN1), we have

ξieα(k)ξ−1
i =

1
q

∑

t∈Fq

ψ(−µαkt)ξi xα(t)ξ
−1
i =

1
q

∑

t∈Fq

ψ(−µαkt)xsiα(ciαt)

=
1
q

∑

t′∈Fq

ψ(−µαciαkt′)xsiα(t
′) = esiα(ciαk).

(E2) Supposeα < Rw. Sincev ∈ Nµ,

ψ(µαt) = ψµ(xα(t)) = ψµ(vxα(t)v
−1) = ψµ(xwα(kt)) (by (UN1))

= ψ(µwαkt), for somek =∈ Z,0.

In particular,µα = kµwα and we may conclude

veαv
−1 =

1
q

∑

t∈Fq

ψ(−µαt)xwα(kt) =
1
q

∑

t′∈Fq

ψ(−µαk−1t′)xwα(t
′) = ewα.

(E3) Sincehxα(t)h−1 = xα(α(h)t), we have

heα(k)h−1 =
1
q

∑

t∈Fq

ψ(−kt)xα(α(h)t) =
∑

t∈Fq

ψ(−ktα(h)−1)xα(t) = eα(kα(h)−1).

(E4) Note that

eαxα(t) =
1
q

∑

a∈Fq

ψ(−µαa)xα(a)xα(t) =
1
q

∑

a∈Fq

ψ(−µαa)xα(a+ t)

=
1
q

∑

a′∈Fq

ψ(−µα(a′ − t))xα(a
′) =

1
q

∑

a′∈Fq

ψ(−µαa′)ψ(µαt)xα(a
′)

= ψ(µαt)eα

Therefore, by (3.18),eµxα(t) = eµeαxα(t) = ψ(µαt)eµ. �
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3.3.2 Local Hecke algebra relations

Let u = u1u2 · · ·uruT ∈ N decompose according tosi1si2 . . . sir ∈W. For 1≤ k ≤ r define
constantsck = ±1 and rootsβk ∈ R+ by the equation

xβk(ckt) = (uk+1 · · ·ur)
−1xαik

(t)(uk+1 · · ·ur). (3.20)

Note thatRπ(u) = {β1, β2, . . . , βr} (see (3.19)). Definefu ∈ Fq[y1, y2, . . . , yr ] by

fu = −
µβ1c1

β1(uT)
y1 −

µβ2c2

β2(uT)
y2 − · · · −

µβr cr

βr(uT)
yr . (3.21)

and fork = 1, 2, . . . , r, let

uk(t) = ξik(t), where ξi(t) = ξi xi(t). (3.22)

Theorem 3.7. Let u = u1u2 · · ·uruT , v = v1v2 · · · vsvT ∈ Nµ decompose according to
si1si2 · · · sir ∈W and sj1 sj2 · · · sjs ∈W, respectively, as in (3.4). Then

(a)

(eµueµ)(eµveµ) =
1
qr

∑

t∈Fr
q

(ψ ◦ fu)(t) eµ
(

u1(t1)u2(t2) · · ·ur(tr)
)(

v1v2 · · · vs
)

heµ,

where h= vTv−1uTv ∈ T.

(b) The following local relations suffice to compute the product(eµueµ)(eµveµ).
∑

t∈Fq

(ψ ◦ f )(t)ξi(t)ξi = (ψ ◦ f )(0)ξ2
i +

∑

t∈F∗q

(ψ ◦ f )(t)xi(t
−1)ξihi(t)xi(t

−1), (H1)

ξi xα(t) = xsi (α)(ciαt)ξi, (H2)

xα(t)h = hxα(α(h)−1t), (H3)

eµxα(t) = ψ(µαt)eµ = xα(t)eµ, (H4)

(ψ ◦ f )(t)(ψ ◦ g)(t) = (ψ ◦ ( f + g))(t), for f , g ∈ Fq[y
±1
1 , . . . , y

±1
r ], t ∈ Fr

q, (H5)

hα(t)ξi = ξihsi (α)(t), (H6)

ξi(a)xα(b) =
∏

γ=mαi+nα∈R+

m,n≥0

xsiγ(cisi (γ)zγa
mbn)ξi(a), whereα , αi, (H7)

∑

a∈Fq

Φ(a)ξi(a)xi(b) =
∑

a∈Fq

Φ(a− b)ξi(a), for some mapΦ : Fq→ CG, (H8)

hα(a)hα(b) = hα(ab), (H9)

ξiξ jξiξ j · · ·
︸      ︷︷      ︸

mi j terms

= ξ jξiξ jξi · · ·
︸      ︷︷      ︸

mi j terms

, where mi j is the order of si sj in W. (H10)
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Proof. (a) Order the positive roots so that by (3.17)

eµueµveµ = eµu
(∏

α<Rw

eα
)

eβ1eβ2 · · ·eβr veµ (definitionβk)

= eµ
(∏

α<Rw

ewα

)

ueβ1eβ2 · · ·eβr veµ (Lemma 3.6,E2)

= eµueβ1eβ2 · · ·eβr veµ (Lemma 3.6, E4)

= eµu1u2 · · ·uruTeβ1eβ2 · · ·eβr veµ
= eµu1u2 · · ·ureβ1(

µβ1
β1(uT ))eβ2(

µβ2
β2(uT ) ) · · ·eβr (

µβr
βr (uT ) )uTveµ (Lemma 3.6,E3)

= eµu1eαi1
( µβ1

c1
β1(uT ))u2eαi2

( µβ2
c2

β2(uT ) ) · · ·ureαir
( µβr cr
βr (uT ) )uTveµ (Lemma 3.6,E1)

= eµu1eαi1
( µβ1

c1
β1(uT ))u2eαi2

( µβ2
c2

β2(uT ) ) · · ·ureαir
( µβr cr
βr (uT ) )v1 · · · vsvTv−1uTveµ

=
eµ
qr

∑

t1,...,tr∈Fq

ψ(− µβ1
c1t1

β1(uT ) )u1(t1) · · ·ψ(− µβr cr tr
βr (uT ) )ur(tr)v1 · · · vsheµ (definitioneα)

=
1
qr

∑

t∈Fr
q

(ψ ◦ fu)(t)eµu1(t1) · · ·ur(tr)v1 · · · vsheµ, (by (H5))

whereh = vTv−1uTv ∈ T, as desired.

(b) First, note that these relations are in fact correct (thoughnot necessarily sufficient):
(H1) comes from (UN3); (H2) comes from (UN1); (H3) comes from (UN2); (H4)
comes from (E4); (H5) comes from the multiplicativity ofψ; (H6) comes from (N3);
(H7) comes from (U1) and (UN1); (H8) comes from (U2); (H9) is (N4); and (H10) is
(N2). It therefore remains to show sufficiency.

By (a) we may write

(eµueµ)(eµveµ) =
1
qr

∑

t∈Fr
q

(ψ ◦ f )(t)eµu1(t1) · · ·ur(tr)v1 · · · vsheµ

for some f ∈ Fq[y1, . . . , yr ] and h ∈ T. Saytk is resolvedif the only part of the sum
depending ontk is (ψ ◦ f ). The product isreducedwhen all thetk are resolved. I will
show how to resolvetr and the result will follow by induction.

Use relation (H2) to define the constantd and the rootγ ∈ R by

(v1v2 · · · vs)
−1xαir

(t)(v1v2 · · · vs) = xγ(dt) (whereℓ(π(v)) = s). (3.23)

There are two possible situations:

Case 1.γ ∈ R+,

Case 2.γ ∈ R−.
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In Case 1,

(eµueµ)(eµveµ) =
1
qr

∑

t∈Fr
q

(ψ ◦ f )(t)eµu1(t1) · · ·ur xir (tr)
−−−−→

v1 · · · vsheµ (by (a))

=
1
qr

∑

t∈Fr
q

(ψ ◦ f )(t)eµu1(t1) · · ·ur−1(tr−1)urv1 · · · vsxγ(dtr)
−−−−−→

heµ (by (H2))

=
1
qr

∑

t∈Fr
q

(ψ ◦ f )(t)eµu1(t1) · · ·ur−1(tr−1)urv1 · · · vshxγ(dγ(h)−1tr)eµ (by (H3))

=
1
qr

∑

t∈Fr
q

(ψ ◦ f )(t)eµu1(t1) · · ·ur−1(tr−1)urv1 · · · vshψ(µγdγ(h)−1tr)eµ (by (H4))

=
1
qr

∑

t∈Fr
q

(ψ ◦ f )(t)eµu1(t1) · · ·ur−1(tr−1)urv1 · · · vsh(ψ ◦ µγdγ(h)−1yr)(tr)
←−−−−−−−−−−−−−−−−−−

eµ

=
1
qr

∑

t∈Fr
q

(ψ ◦ g)(t)eµu1(t1) · · ·ur−1(tr−1)urv1 · · · vsheµ, (by (H5))

whereg = f + µγdγ(h)−1yr . We have resolvedtr in Case 1.
In Case 2,γ ∈ R−, so we can no longer movexir (tr) past thevj. Instead,

(eµueµ)(eµveµ)

=
eµ
qr

∑

t∈Fr
q

(ψ ◦ f )(t)u1(t1) · · ·ur−1(tr−1)ur xir (tr)uru
−1
r v1 · · · vsheµ

=
eµ
qr

∑

t′∈Fr−1
q

u1(t1) · · ·ur−1(tr−1)
∑

tr∈Fq

(ψ ◦ f )(t′, tr)ur xir (tr)uru
−1
r v1 · · · vsheµ

=
eµ
qr

∑

t′∈Fr−1
q

u1(t1) · · ·ur−1(tr−1)(ψ ◦ f )(t′, 0)u2
r u
−1
r v1 · · · vsheµ (by (H1))

+
eµ
qr

∑

t′∈Fr−1
q

u1(t1) · · ·ur−1(tr−1)
∑

tr∈F∗q

(ψ ◦ f )(t′, tr)xir (t
−1
r )hir (t

−1
r )ur xir (t

−1
r )

−−−−−→
u−1

r v1 · · · vsheµ

=
eµ
qr

∑

t′∈Fr−1
q

u1(t1) · · ·ur−1(tr−1)(ψ ◦ f )(t′, 0)
←−−−−−−−−−−

urv1 · · · vsheµ

+
eµ
qr

∑

t′∈Fr−1
q

u1(t1) · · ·ur−1(tr−1)
∑

tr∈F∗q

(ψ ◦ g)(t′, tr)xir (t
−1
r )hir (−tr)
−−−−−→

v1 · · · vsheµ,

(by (H2,H3,H4))
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whereg = f − µγdγ(h)−1y−1
r (same as in the analogous steps in Case 1).

=
eµ
qr

∑

t′∈Fr−1
q

(ψ ◦ f )(t′, 0)u1(t1) · · ·ur−1(tr−1)urv1 · · · vsheµ

+
eµ
qr

∑

t′∈Fr−1
q

u1(t1) · · ·ur−1(tr−1)
∑

tr∈F∗q

(ψ ◦ g)(t′, tr)xir (t
−1
r )

←−−−−−−−−−−−−−−−−−
v1 · · · vshγ(−tr)heµ, (by (H6))

=
eµ
qr

∑

t′∈Fr−1
q

(ψ ◦ f )(t′, 0)u1(t1) · · ·ur−1(tr−1)urv1 · · · vsheµ

+
eµ
qr

∑

t′∈Fr−1
q

tr∈F∗q

(ψ ◦ ϕ(g))(t′, tr)
(∏

β∈R+

xβ(aβ(t, tr))
←−−−−−−−−−

)

u1(t1) · · ·ur−1(tr−1)v1 · · · vsh
′eµ

(by (H7,H8))

whereϕ : Fq[y1, . . . , yr ] → Fq[y1, . . . , yr ] catalogues the substitutions tog due to (H8),
the aβ(y1, y2, . . . , y−1

r ) ∈ Fq[y1, . . . , yr−1, yr ] are determined by repeated applications of
(H7) and (H8), andh′ = hγ(−tr)h ∈ T.

=
1
qr

∑

t′∈Fr−1
q

(ψ ◦ f )(t′, 0)eµu1(t1) · · ·ur−1(tr−1)urv1 · · · vsheµ

+
1
qr

∑

t′∈Fr−1
q

tr ∈F∗q

(ψ ◦ ϕ(g))(t′, tr)eµ
(∏

β∈R+

ψ(µβaβ(t, tr))
←−−−−−−−−−−−

)

u1(t1) · · ·ur−1(tr−1)v1 · · · vsh
′eµ

(by (H4))

=
1
qr

∑

t′∈Fr−1
q

(ψ ◦ f )(t′, 0)eµu1(t1) · · ·ur−1(tr−1)urv1 · · · vsheµ

+
1
qr

∑

t′∈Fr−1
q

tr∈F∗q

(ψ ◦ g2)(t
′, tr)eµu1(t1) · · ·ur−1(tr−1)v1 · · · vsh

′eµ, (by (H5))

whereg2 = ϕ(g)+
∑

β∈R+ µβaβ(y1, . . . , yr−1, y−1
r ). Now tr is resolved for Case 2, as desired.

�

Lemma 3.8 (Resolvingtk). Let u= u1u2 · · ·uk ∈ N decompose according to si1si2 · · · sik

(with uT = 1). Suppose v∈ N and f ∈ Fq[y1, y2, . . . , yk]. defineγ ∈ R and d∈ C by the
equation v−1xik(t)v = xγ(dt). Then
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Case 1 If ℓ(π(ukv)) > ℓ(π(v)), then
∑

t∈Fk
q

(ψ ◦ f )(t)eµu1(t1) · · ·uk(tk)veµ

=
∑

t∈Fk
q

(ψ ◦ ( f + µγdcγyk))(t)eµu1(t1) · · ·uk−1(tk−1)ukveµ.

Case 2 If ℓ(π(ukv)) < ℓ(π(v)), then
∑

t∈Fk
q

(ψ ◦ f )(t)eµu1(t1) · · ·uk(tk)veµ =
∑

t∈Fkq,

tk=0

(ψ ◦ f )(t)eµu1(t1) · · ·uk−1(tk−1)ukveµ

+
∑

t∈Fkq,

tk∈F
∗
q

(ψ ◦ (ϕk( f ) − µγdy−1
k ))(t)eµu1(t1) · · ·uk−1(tk−1)hik(t

−1
k )veµ,

whereϕk : Fq[y±1
1 , . . . , y

±1
k ] → Fq[y±1

1 , . . . , y
±1
k ] is given by

∑

t∈Fkq
tk∈F
∗
q

(ψ ◦ f )(t)eµu1(t1) · · ·uk−1(tk−1)xik(t
−1
k )

←−−−−−
=
∑

t∈Fkq
tk∈F
∗
q

(ψ ◦ ϕk( f ))(t)eµu1(t1) · · ·uk−1(tk−1).

Proof. This Lemma putsv in the place ofuTv in the proof of Theorem 3.7, (b), and
summarizes the steps taken in Case 1 and Case 2. �

3.3.3 Global Hecke algebra relations

Fix u = u1u2 · · ·uruT ∈ Nµ, decomposed accordingsi1si2 · · · sir ∈W (see (3.4)). Suppose
v′ ∈ Nµ and letv = uTv′.

For 0≤ k ≤ r, let τ = (τ1, τ2, . . . , τr−k) be such thatτi ∈ {+0,−0, 1}, where+0, −0,
and 1 are symbols. Ifτ hasr − k elements, then thecolengthof τ is ℓ∨(τ) = k. For
example, ifr = 10 andτ = (−0, 1,+0,+0, 1, 1), thenℓ∨(τ) = 4. Fori ∈ {+0,−0, 1}, let

(i, τ) = (i, τ1, τ2, · · · , τr−k).

By convention, ifℓ∨(τ) = r, thenτ = ∅.
Supposeℓ∨(τ) = k. Define

Ξτ(u, v) =
1
qr

∑

t∈Fτq

(ψ ◦ f τ)(t)eµu1(t1) · · ·uk(tk)v
τ(t)eµ, (3.24)
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where

Fτq =






t ∈ Fr
q | for k < i ≤ r,

if τi−k = +0, thenti ∈ Fq,

if τi−k = −0, thenti = 0,
if τi−k = 1, thenti ∈ F∗q.






; (3.25)

vτ(t) = hik+1(tk+1)
τ1u1−τ1

k+1 · · ·hir (tr)
τr−ku1−τr−k

r v, (3.26)

with +0 = −0 = 0 ∈ Z, 1 = 1 ∈ Z in (3.26); andf τ is defined recursively by

f ∅ = fu = −
µβ1c1

β1(uT)
y1 −

µβ2c2

β2(uT)
y2 − · · · −

µβr cr

βr(uT)
yr , (as in (3.21)), (3.27)

f (i,τ) =

{

f τ + µγτdτyk, if i = ±0,
ϕk( f τ) − µγτdτy

−1
k , if i = 1,

(3.28)

where (vτ)−1xαik
(t)vτ = xγτ(dτt) and the mapϕk is as in Lemma 3.8, Case 2.

Remarks.

1. By (3.24) and Theorem 3.7 (a),Ξ∅(u, v) = (eµueµ)(eµv′eµ) (recall,v = uTv′).

2. If ℓ∨(τ) = 0 so thatτ is a string of lengthr, then

(a) Ξτ(u, v) =
1
qr

∑

t∈Fτq

(ψ ◦ f τ)(t)eµv
τeµ has no remaining factors of the formuk(tk),

(b) Ξτ(u, v) = 0 unlessvτ(t) ∈ Nµ for somet ∈ Fq.

The following corollary gives relations for expandingΞτ(u, v) (beginning withΞ∅(u, v))
as a sum of terms of the formΞτ

′

with ℓ∨(τ′) = ℓ∨(τ) − 1. When each term has colength
0 (or lengthr), then we will have decomposed the product (eµueµ)(eµv′eµ) in terms of
the basis elements ofHµ.

In summary, while we computef τ recursively byremovingelements fromτ, we
compute the product (eµueµ)(eµv′eµ) by progressivelyaddingelements toτ.

Corollary 3.9 (The Global Alternative). Let u, v′ ∈ Nµ such that u= u1u2 · · ·uruT

decomposes according to a minimal expression in W. Let v= uTv′. Then

(a) (eµueµ)(eµv′eµ) = Ξ∅(u, v)

(b) If ℓ∨(τ) = k, then

Ξτ(u, v) =

{

Ξ(+0,τ)(u, v), if ℓ(π(ukvτ)) > ℓ(π(vτ)),
Ξ(−0,τ)(u, v) + Ξ(1,τ)(u, v), if ℓ(π(ukvτ)) < ℓ(π(vτ)).
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Proof. (a) follows from Remark 1.
(b) Supposeℓ∨(τ) = k. Note that

Ξτ(u, v) =
1
qr

∑

t∈Fτq

(ψ ◦ f τ)(t)eµu1(t1) · · ·uk(tk)v
τeµ

=
1
qr

∑

t′′∈(Fr−k
q )τ

∑

t′∈Fk
q

(ψ ◦ f τ)(t′, t′′)eµu1(t1) · · ·uk(tk)v
τeµ

where (Fr−k
q )τ = {(tk+1, . . . , tr) ∈ Fr−k

q | restrictions according toτ} (as in (3.25)). Apply
Lemma 3.8 to the inside sum withf := f τ, v := vτ. Note that the Lemma relations imply

{t′ ∈ Fk
q} becomes






{t′ ∈ Fk
q}, if in Case 1,

{t′ ∈ Fk
q | tk = 0}, if in Case 2, first sum,

{t′ ∈ Fk
q | tk ∈ F∗q}, if in Case 2, second sum,

f τ becomes






f (+0,τ), if in Case 1,
f (−0,τ), if in Case 2, first sum,
f (1,τ), if in Case 2, second sum.

vτ becomes






v(+0,τ), if in Case 1,
v(−0,τ), if in Case 2, first sum,
v(1,τ), if in Case 2, second sum.

Thus,

Ξτ(u, v) =

{

Ξ(+0,τ)(u, v), if Case 1,
Ξ(−0,τ)(u, v) + Ξ(1,τ)(u, v), if Case 2,

as desired. �
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Chapter 4

A basis with multiplication in the
G = GLn(Fq) case

4.1 Unipotent Hecke algebras

4.1.1 The groupGLn(Fq)

Let G = GLn(Fq) be the general linear group over the finite fieldFq with q elements.
Define the subgroups

T =

{

diagonal
matrices

}

, N =

{

monomial
matrices

}

,

W =

{

permutation
matrices

}

, and U =










1 ∗. . .
0 1









,

(4.1)

where a monomial matrix is a matrix with exactly one nonzero entry in each row and
column (N = WT). If necessary, specify the size of the matrices by a subscript such as
Gn, Un, Wn, etc. If a ∈ Gm andb ∈ Gn are matrices, then leta⊕ b ∈ Gm+n be the block
diagonal matrix

a⊕ b =

(

a 0
0 b

)

.

Let xi j (t) ∈ U be the matrix witht in position (i, j), ones on the diagonal and zeroes
elsewhere; writexi(t) = xi,i+1(t). Let hεi(t) ∈ T denote the diagonal matrix witht in the
ith slot and ones elsewhere, and letsi ∈ W ⊆ N be the identity matrix with theith and
(i + 1)st columns interchanged. That is,

xi(t) = Idi−1 ⊕
( 1 t

0 1

)

⊕ Idn−i−1, hεi (t) = Idi−1 ⊕ (t) ⊕ Idn−i ,

si = Idi−1⊕
( 0 1

1 0

)

⊕ Idn−i−1,
(4.2)

whereIdk is thek× k identity matrix. Then

W = 〈s1,s2, . . . sn−1〉, T = 〈hεi (t) | 1 ≤ i ≤ n, t ∈ F∗q〉, N =WT,

U = 〈xi j (t) | 1 ≤ i < j ≤ n, t ∈ Fq〉, G = 〈U,W,T〉.
(4.3)
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The Chevalley group relations forG are (see also Section 3.3.1)

xi j (a)xrs(b) = xi j (b)xrs(a)xis(δ jr ab)xr j (−δisab), (i, j) , (r, s), (U1)

xi j (a)xi j (b) = xi j (a+ b), (U2)

s2
i = 1, (N1)

si si+1si = si+1si si+1 and si sj = sj si , |i − j| > 1, (N2)

hεi (b)hεi (a) = hεi (ab), (N4)

hε j (b)hεi (a) = hε j (b)hεi (a), (N5)

sr xi j (t) = xsr (i)sr ( j)(t)sr , (UN1)

xi j (a)hεr (t) = hεr (t)xi j (t
−δri tδr j a), (UN2)

si xi(t)si = xi(t
−1)si xi(−t)hεi (t)hεi+1(−t−1), t , 0, (UN3)

whereδi j is the Kronecker delta.

4.1.2 A pictorial version ofGLn(Fq)

For the results that follow, it will be useful to view these elements ofCG as braid-like di-
agrams instead of matrices. Consider the following depictions of elements by diagrams
with vertices, strands between the vertices, and various objects that slide around on the
strands. View

si as
•
···

• •

??
??

??
??

?

ith vertex
��?

??

•

��
��

��
��

� •
···

•

• • • • • •

, (4.4)

hεi (t) as
•

1 ···

•

1

•

t

ith vertex

��9
99

•

1 ···

•

1

• • • • •

, (4.5)

xi j (ab) as
•
···

• •
−→a
◦

ith vertex
��?

??

•
···

• •
◦
b
←−

jth vertex
����
•
···

•

• • • • • • • •

, (4.6)

where each diagram has two rows ofn vertices. Multiplication inG corresponds to the
concatenation of two diagrams; for example,s2s1 is

s2s1 =

s1

s2

•

??
??

?? •

��
��

�� •

• • •

• •

??
??

?? •

��
��

��

• • •

=

• • •

• • •

=
•

OOOOOOOOO •

��
��

�� •

��
��

��

• • •
.
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In the following Chevalley relations, curved strands indicate longer strands, so for ex-
ample (UN1) indicates that−→a

◦
and ◦

b
←−

slide along the strands they are on (no matter how
long). The Chevalley relations are

•

−→a
◦

•
−→
1
◦

◦
1
←−

•
◦
b
←−

• • •

=

•
−→a
◦

•
◦
1
←−

•

−→a
◦

−→
1
◦

◦
b
←−

◦
b
←−

• • •

(U1)

•
−→
1
◦

−→
1
◦

•
◦
a
←−

◦
b
←−

• •

=

•

−→
1
◦

•

◦
a+b
←−−

• •

(U2)

• •

• •

=

• •

• •

(N1)

• • •

• • •

=

• • •

• • •

and

• • • •

• • • •

=

• • • •

• • • •

(N2)

•
a

b
•

=

•

ab

•

(N4)

•
a

•

b

• •

=

•

a

•
b

• •

(N5)

•−→a
◦

• ◦
b
←−

• •

=

•

−→a
◦

•

◦
b
←−• •

(UN1)

•

−→a
◦

r •
◦
b
←−

s

• •

=

•
−−−−→
ar−1
◦

•
◦
bs
←−

•r •s

(UN2)

•

◦
b
←−

•

−→a
◦

• •

=

•
−→
b
◦

ab
•
◦
−a
←−

−(ab)−1

•

−−−→
b−1
◦

•

◦

a−1
←−−−

ab, 0. (UN3)

4.1.3 The unipotent Hecke algebraHµ

Fix a nontrivial group homomorphismψ : F+q → C
∗ , and a map

µ :{(i, j) | 1 ≤ i < j ≤ n} −→ Fq

(i, j) 7→ µi j
with µi j = 0 for j , i + 1. (4.7)

Then
ψµ : U −→ C∗

xi j (t) 7→ ψ(µi j t)
(4.8)

is a group homomorphism. Sinceµi j = 0 for all j , i + 1, write

µ = (µ(1), µ(2), . . . , µ(n−1), µ(n)), whereµ(i) = µi,i+1 andµ(n) = 0. (4.7)
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The unipotent Hecke algebraHµ of the triple (G,U, ψµ) is

Hµ = EndG

(

IndG
U(ψµ)

)

� eµCGeµ, where eµ =
1
|U |

∑

u∈U

ψµ(u
−1)u. (4.9)

Thetypeof a linear characterψµ : U → C∗ is the compositionν such that

µ(i) = 0 if and only if i ∈ ν≤ (with ν≤ as in Section 2.3.2).

Proposition 4.1. Let ν be a composition. Supposeχ andχ′ are two typeν linear char-
acters of U. Then

H(G,U, χ) � H(G,U, χ′).

Proof. Note that forh = diag(h1, h2, . . . , hn) ∈ T,

hxi j (t)h
−1 = xi j (hih

−1
j t) for 1 ≤ i < j ≤ n, t ∈ Fq.

Thus,T normalizesUi j = 〈xi j (t) | t ∈ Fq〉 and acts on linear characters ofU by

hχ(u) = χ(huh−1), for h ∈ T, u ∈ U.

This action preserves the type ofχ. The map

IndG
U(χ) � CGeχ

∼
−→ CGeχ′ � IndG

U(χ′)
geχ 7→ gheχ′

whereχ′ = hχ for h ∈ T,

is aG-module isomorphism, soH(G,U, χ) � H(G,U, hχ). It therefore suffices to prove
thatT acts transitively on the linear characters of typeµ.

By Proposition 3.2 (c), the number ofT-orbits of typeµ linear characters is

|Zµ|(q− 1)n−ℓ(µ)

|T |
=
|{h ∈ T | hxi(t)h−1 = xi(t), µ(i) , 0}|(q− 1)n−ℓ(µ)

(q− 1)n

=
(q− 1)ℓ(µ)(q− 1)n−ℓ(µ)

(q− 1)n

= 1.

ThereforeT acts transitively on the typeµ linear characters ofU. �

Proposition 4.1 implies that given any fixed characterψ : F+q → C
∗, it suffices to

specify the type of the linear characterψµ. Note that the map (given by example)
{

Compositions
µ = (µ1, µ2, . . . , µℓ) |= n

}

←→

{

µ = (µ(1), µ(2), . . . , µ(n))
µ(i) ∈ {0, 1} andµ(n) = 0

}

µ =

1 0

1 1 1 1 0

1 1 0

1 1 1 0

↔ (1, 0, 1, 1, 1, 1, 0, 1, 1, 0, 1,1,1, 0)
(4.10)
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is a bijection. In the following sections identify the compositionsµ = (µ1, . . . , µℓ) with
the mapµ = (µ(1), . . . , µ(n)) using this bijection.

The classical examples of unipotent Hecke algebras are the Yokonuma algebraH(1n)

[Yok69b] and the Gelfand-Graev Hecke algebraH(n) [Ste67].

4.2 An indexing for the standard basis ofHµ

The groupG has a double-coset decompositionG =
⊔

v∈N UvU, so if

Nµ = {v ∈ N | eµveµ , 0}

= {v ∈ N | u, vuv−1 ∈ U impliesψµ(u) = ψµ(vuv−1)}
(4.11)

then the isomorphism in (4.9) implies that the set{eµveµ | v ∈ Nµ} is a basis forHµ

[CR81, Prop. 11.30].
Supposea ∈ Mℓ(Fq[X]) is anℓ × ℓ matrix with polynomial entries. Letd(ai j ) be the

degree of the polynomialai j . Define thedegree row sumsand thedegree column sums
of a to be the compositions

d→(a) = (d→(a)1, d
→(a)2, . . . , d

→(a)ℓ) and d↓(a) = (d↓(a)1, d
↓(a)2, . . . , d

↓(a)ℓ),

where

d→(a)i =

ℓ∑

j=1

d(ai j ) and d↓(a) j =

ℓ∑

i=1

d(ai j ).

Let

Mµ = {a ∈ Mℓ(µ)(Fq[X]) | d→(a) = d↓(a) = µ, ai j monic,ai j (0) , 0}. (4.12)

For example,





X + 1 1 1 X + 2
X + 3 X3 + 2X + 3 1 X + 2

1 X2 + 4X + 2 X + 2 1
1 1 X2 + 3X + 1 X2 + 2





(1+0+0+1=2)

(1+3+0+1=5)

(0+2+1+0=3)

(0+0+2+2=4)

(1+1+0+0=2) (0+3+2+0=5) (0+0+1+2=3) (1+1+0+2=4)

∈ M(2,5,3,4). (∗)

Suppose (f ) = (a0 + a1Xi1 + a2Xi2 + · · · + arXir + Xn) ∈ M(n) is a 1× 1 matrix with
a0, a1, . . . , ar , 0. Let

v( f ) =

•
( f )

•

= w(n)(w(i1)a0 ⊕ w(i2−i1)a1 ⊕ · · · ⊕ w(n−ir )ar) ∈ N, (4.13)
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where

w(k) =

•

TTTTTTTTTTTTTTTTTTT •

MMMMMMMMMMMM •

22
22

22
2 · · · •

qqqqqqqqqqqq •

jjjjjjjjjjjjjjjjjjj

• • · · · • • •

∈Wk,

and by conventionv(1) is the empty strand (not a strand). For example,v(a+bX3+cX4+X6) is

•
(a+bX3+cX4+X6)

•

=

•

OOOOOOOOOOOOO
a

•
a

•

ooooooooooooo
a

•
b

•

??
??

??
??

?
c

•

��
��

��
��

�
c

• • • • • •

•

YYYYYYYYYYYYYYYYYYYYYYYYYYYYY •

TTTTTTTTTTTTTTTTTTT •

??
??

??
??

? •

��
��

��
��

� •

jjjjjjjjjjjjjjjjjjj •

eeeeeeeeeeeeeeeeeeeeeeeeeeeee

• • • • • •

=

•

TTTTTTTTTTTTTTTTTTT
a

•

TTTTTTTTTTTTTTTTTTT
a

•

TTTTTTTTTTTTTTTTTTT
a

•

��
��

��
��

�
b

•

gggggggggggggggggggggggg
c

•

gggggggggggggggggggggggg
c

• • • • • •

.

For eacha ∈ Mµ define a matrixva ∈ N pictorially by

va =

•

ZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZ
(aℓ1)
· · · •

QQQQQQQQQQQQQQQQQQQQQQQQQQQ
(a21)

•
(a11)

�
�
�
�
�
� •

WWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWWW
(aℓ2)
· · · •

(a22)
•

mmmmmmmmmmmmmmmmmmmmmmmmmmm
(a12)

�
�
�
�
�
� · · ·

�
�
�
�
�
� •

(aℓℓ)
· · · •

ggggggggggggggggggggggggggggggggggggggggg
(a2ℓ)

•

ddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddd
(a1ℓ)

• · · · • • • · · · • • · · · • · · · • •

, (4.14)

whereai j is the (i, j)th entry ofa, and the top vertex associated withai j goes to the
bottom vertex associated witha ji . Note that ifai j = 1, then both its strand and corre-
sponding vertices vanish. The fact thata ∈ Mµ guarantees that we are left with two rows
of exactlyn vertices.

For example, ifa is as in (∗), thenva is

•
(3+X)

VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVV •
(1+X)

•
(2+4X+X2)

VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVV •
(3+2X+X3)

•
(1+3X+X2)

TTTTTTTTTTTTTTTTTTTTTTTTTT •
(2+X)

•
(2+X2)

•
(2+X)

ddddddddddddddddddddddddddddddddddddddddddddddddddddddd •
(2+X)

ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

• • • • • • • • •
�
�
�
�
�

�
�
�
�
�

�
�
�
�
�

=

•
[3]

TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT •
[1]

•
[2

VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVV •
4]

RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR •
[3

//
//

//
//

//
//

/ •
2

��
��

��
��

��
��

��
��

� •
2]

��
��

��
��

��
��

��
��

� •
[1

TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT •
3]

OOOOOOOOOOOOOOOOOOOOOOOOOO •
[2]

��
��

��
��

��
��

��
��

� •
[2

•
2]

•
[2]

eeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee •
[2]

ddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddddd

• • • • • • • • • • • • • •
�
�
�
�
�
�

�
�
�
�
�
�

�
�
�
�
�
�

.
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Viewed as a matrix,

va =

µ1 columns
︷                   ︸︸                   ︷

µ2 columns
︷                   ︸︸                   ︷

µ3 columns
︷                   ︸︸                   ︷ · · ·





0
0

0
· · ·

v(a13)

_____
0

v(a12)

_______________

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

0 0 0

v(a11)

_________________________

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

0 0 0 0 0

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

0
0 0

0 0
0 · · ·

v(a23)

________
0 0

v(a22)

_________________
0

�
�
�
�
�
�
�
�
�
�
�
�
�
�

0 0 0 0

v(a21)

___________________________
0

�
�
�
�
�
�
�
�
�
�
�
�

0 0 0 0 0 0 0

�
�
�
�
�
�
�
�
�
�
�

0
0 0

0 0 0
0 0 0 · · ·

v(a33)

__________
0 0 0

v(a32)

____________________
0 0

�
�
�
�
�
�
�

0 0 0 0 0

v(a31)

______________________________
0 0

�
�
�
�
�
�

0 0 0 0 0 0 0 0 0

�
�
�
�

... 0 0 0 ... 0 0 0 ... 0 0 0 . . .










µ
1

row
s






µ
2

row
s






µ
3

row
s

...

Theorem 4.2.Let Nµ be as in (4.11) and Mµ be as in (4.12). The map

Mµ −→ Nµ

a 7→ va,

given by (4.14) is a bijection.

Remark. Whenµ = (n) this theorem says that the map (f ) 7→ v( f ) of (4.13) is a bijection
betweenM(n) andN(n).

Proof. Using the remark following the theorem, it is straightforward to reconstructa
from va. Therefore the map is invertible, and it suffices to show

(a) the map is well-defined (va ∈ Nµ),

(b) the map is surjective.

To show (a) and (b), we investigate the diagrams of elements in Nµ. Supposev ∈ Nµ.
Let

vi be the entry above theith vertex ofv,

v(i) be the number of the bottom vertex connected to theith top vertex,
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so that{v1, v2, . . . , vn} are the labels above the vertices ofv and (v(1), v(2), . . . , v(n)) is
the permutation determined the diagram (and ignoring the labelsvi). By (4.8),

ψµ(xi j (t)) =

{

ψ(t), if j = i + 1 andµ(i) = 1,
1, otherwise.

(A)

Recall thatv ∈ Nµ if and only if u, vuv−1 ∈ U impliesψµ(u) = ψµ(vuv−1). That is,v ∈ Nµ

if and only if for all 1≤ i < j ≤ n such thatv(i) < v( j),

ψµ(xi j (t)) = ψµ(vxi j (t)v
−1)

= ψµ(xv(i)v( j)(vitv
−1
j ))

=

{

ψ(vitv−1
j ), if v( j) = v(i) + 1 andµ(v(i)) = 1,

1, otherwise.
(B)

Compare (A) and (B) to obtain thatv ∈ Nµ if and only if for all 1≤ i < j ≤ n such that
v(i) < v( j),

(i) If µ(i) = 1 andµ(v(i)) = 0, then j , i + 1,

(ii) If µ(i) = 0 andµ(v(i)) = 1, thenv( j) , v(i) + 1,

(iii) If µ(i) = µ(v(i)) = 1, then j = i + 1 if and only ifv( j) = v(i) + 1,

(iii) ′ If µ(i) = µ(v(i)) = 1 andv( j) = v(i) + 1, thenvi = vi+1.

We can visualize the implications of the conditions (i)−(iii) ′ in the following way. Par-
tition the vertices ofv ∈ Nµ by µ. For example,µ = (2, 3, 1) partitionsv according
to

•
v1

•
v2

�
�
�
� •

v3
•
v4

•
v5

�
�
�
� •

v6

• • • • • •

.

Suppose theith top vertex is not next to a dotted line and thev(i)th bottom vertex is
immediately to the left of a dotted line. Then condition (i) implies thatv(i +1) < v(i), so

•
vi
•

��

vi+1

�
�
�
�
�

•

(I)

Similarly, condition (ii) implies

•
vi

�
�
�
�
�

•

??

•

(II)
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and conditions (iii) and (iii)′ imply

•
vi
•

��

vi+1

•

??

•

or

•
vi
•
vi

• •

(vi+1 = vi in the second). (III)

In the caseµ = (n) condition (III) implies that everyv ∈ N(n) is of the form

•

TTTTTTTTTTTTTTTTTTTTTTTTTT
a1
•

TTTTTTTTTTTTTTTTTTTTTTTTTT
a1
··· •

TTTTTTTTTTTTTTTTTTTTTTTTTT
a1
•

,,
,,

,,
,,

,,
a2
•

,,
,,

,,
,,

,,
a2
··· •

,,
,,

,,
,,

,,
a2
· · · •

jjjjjjjjjjjjjjjjjjjjjjjjjj
ar
•

jjjjjjjjjjjjjjjjjjjjjjjjjj
ar
··· •

jjjjjjjjjjjjjjjjjjjjjjjjjj
ar

• • ··· • · · · • • ··· • • • ··· •

= w(n)(a1w(i1) ⊕ a2w(i2) ⊕ · · · ⊕ arw(ir )),

where (i1, i2, . . . , ir) |= n, ai ∈ F
∗
q, andw(k) ∈ Wk is as in (4.13). In fact, this observation

proves that the map (f ) 7→ v( f ) is a bijection betweenM(n) andN(n) (mentioned in the
remark).

Note that since the diagramsva satisfy (I), (II) and (III),va ∈ Nµ, proving (a). On the
other hand, (I), (II) and (III) imply that eachv ∈ Nµ must be of the formv = va for some
a ∈ Mµ, proving (b). �

Remark: This bijection will prove useful in developing a generalization of the RSK
correspondence in Chapter 5.

Let
mµ = {a ∈ Mℓ(Z≥0) | row-sums and column-sums areµ}

and fora ∈ mµ, let
ℓ(a) = Card{ai j , 0 | 1 ≤ i, j ≤ ℓ}

Corollary 4.3. Letµ |= n. Then

dim(Hµ) =
∑

a∈mµ

(q− 1)ℓ(a)qn−ℓ(a)

Proof. Theorem 4.2 gives
dim(Hµ) = |Mµ|.

We can obtain a matrix ¯a ∈ Mµ from a matrixa ∈ mµ by selecting for each 1≤ i, j ≤
ℓ(µ), a monic polynomialfi j with nonzero constant term and degreeai j . Conversely,
everyā ∈ Mµ arises uniquely out of such a construction.

For a fixeda ∈ mµ, the total number of ways to choose appropriate polynomialsis
∏

1≤i, j≤ℓ
ai j ,0

Card{ f ∈ Fq[X] | f monic, f (0) = 0 andd( f ) = ai j } = (q− 1)ℓ(a)qn−ℓ(a).

The result follows by summing over alla ∈ mµ. �
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4.3 Multiplication in Hµ

This section examines the implications of the unipotent Hecke algebra multiplication
relations from Chapter 3 in the caseG = GLn(Fq). The final goal is the algorithm given
in Theorem 4.5.

4.3.1 Pictorial versions ofeµveµ

Note that the map

π : N =WT−→ W
wh 7→ w, for w ∈W, h ∈ T,

(4.15)

is a surjective group homomorphism. SinceW ⊆ N, adjust the decomposition of (3.4)
as follows. Letu ∈ N with π(u) = si1 · · · sir for r minimal. Thenu has a unique
decomposition

u = u1u2 . . .uruT, whereuk = sik, uT ∈ T. (4.16)

For t ∈ Fq, write uk(t) = sik xik(t).
Fix a compositionµ. The decomposition

U =
∏

1≤i< j≤n

Ui j where Ui j = 〈xi j (t) | t ∈ Fq〉,

implies

eµ =
∏

1≤i< j≤n

ei j (1), where ei j (k) =
1
q

∑

t∈Fq

ψ(−µi j kt)xi j (t). (4.17)

Pictorially, let

uk as
•
···

• •

k
??

??

??
??

ikth vertex
��?

?

•
��

��

��
��

•
···

•

• • • • • •

(4.18)

uk(tk) as
•
···

• •

k

??
??

??
??

ikth vertex
��?

?

•
��
��

��
��

•
···

•

• • • • • •

(4.19)

ei j (k) as
•

· · ·

• •

•

ith vertex
��?

??

· · · •

•

jth vertex
����
•

· · ·

•

• • • · · · • • •

k/o/o/o /o/o/o , (4.20)

eµ as
• • • • •

• µ(1) • µ(2) • · · · • µ(n−1) •

• • • • •

. (4.21)



47

Examples:
1. If u = u1u2 · · ·u8uT ∈ N decomposes according tos3s1s2s3s1s4s2s3 ∈ W with uT =

diag(a, b, c, d, e), then

u =

•
a

•

??
??

??
??

b
• AA
A
c

•
��

�
d

•
e

8

�� LLL
LL

7

ppppp ==
6

rrr
rr

5
==

4

ppppp

3

ppppp
NNNNN

2

��
� AA

A 1

}}
} >>

>

• • • • •

, u1(t1)u2(t2) · · ·u8(t8)uT =

•
a

•

??
??

??
??

b
• AA

AA
c

•
��

�
d

•
e

8

��
� LLL

LL

7

ppppp ==
= 6

rrr
rr

5
==

= 4

ppppp

3

ppppp
NNNNN

2

��
� AA

AA 1

}}
}} >>

>

• • • • •

and

eµueµ =

• µ(1)
a

• µ(2)
b

• µ(3)
c

• µ(4)
d

•
e

• •

??
??

??
?? • AA

A •
��

� •
8

�� LLL
LL

7

ppppp ==
6

rrr
rr

5
==

4

ppppp

3

ppppp
NNNNN

2

��
� AA

A 1

}}
} >>

>

• µ(1) • µ(2) • µ(3) • µ(4) •

.

2. If n = 5, then (4.17) implies

• µ(1) • µ(2) • µ(3) • µ(4) • =

• 1/o /o • • • •
• 1/o/o/o /o/o/o •
• 1/o/o/o/o/o /o/o/o/o/o •
• 1/o/o/o/o/o/o/o /o/o/o/o/o/o/o •

• 1/o /o •
• 1/o/o/o /o/o/o •
• 1/o/o/o/o/o /o/o/o/o/o •

• 1/o /o •
• 1/o/o/o /o/o/o •

• • • • 1/o /o •

(eµ = e45(1)e35(1)e34(1)e25(1)e24(1)e23(1)e15(1)e14(1)e13(1)e12(1)).
The elementsei j (k) also interact withU andN as follows (see also Section 3.3.1)

srei j (k)sr = esr (i)sr ( j)(k), (E1)

eµvei j (1) = eµv, v ∈ Nµ, (πv)(i) < (πv)( j), (E2)

ei j (k)hεr (t) = hεr (t)ei j (t
δri t−δr j k), (E3)

eµxi j (t) = ψ(µi j t)eµ = xi j (t)eµ, (E4)

or pictorially,

•
•

•
•

• •

k/o/o /o/o

=

•

•

•

•
• •

k/o/o /o/o

(E1)

•

•

r •

•

s

• •

k/o/o /o/o =

•

•

•

•

•r •s

krs−1/o /o (E3)
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•

−→a
◦

•
◦
b
←−

• k •

= ψ(kab)
• •

• k •

and
•

−→a
◦

k •
◦
b
←−

• •

= ψ(kab)
• k •

• •

(E4)

and forv ∈ Nµ,

•
· · ·

•
•
· · · •

• · · ·
•

• • • •

v

• · · · • µ(i) · · · µ( j−1) • · · · •

1/o/o/o /o/o/o

=

•
· · ·

• · · · •
· · ·

•

• • • •

v

• · · · • µ(i) · · · µ( j−1) • · · · •

(E2)

Supposeu = u1u2 · · ·uruT ∈ Nµ with uT = diag(h1, h2, . . . , hn). Then using (4.17),
(E3), (E1) and (E2), we can rewriteeµueµ as

• µ(1)

h1

• µ(2)

h2

• µ(3)

h3

· · ·µ(n−1) •

hn
• • •

· · ·
•

u1u2 · · ·ur

• µ(1) • µ(2) • µ(3) · · · µ(n−1)•

=
1
qr

∑

t∈Fr
q

(ψ ◦ fu)(t)

•
h1

•
h2

•
h3 · · ·

•
hn

u1(t1)u2(t2) · · ·ur(tr)

• µ(1) • µ(2) • µ(3) · · · µ(n−1)•

(4.22)

where fu ∈ Fq[y1, y2, . . . , yr ] is given by

fu(y1, y2, . . . , yr) = −µi1 j1hi1h
−1
j1 y1 − µi2 j2hi2h

−1
j2 y2 − · · · − µir jr hir h

−1
jr yr , (4.23)

for (ik, jk) = (a, b), if the kth crossing inu crosses the strands coming from theath and
bth top vertices.
Example (continued). Supposeu = u1u2 · · ·u8uT ∈ N decomposes according to
s3s1s2s3s1s4s2s3 ∈ W anduT = diag(a, b, c, d, e) ∈ T (as in Example 1 above). Consider
the ordering

eµ =

• • • 1/o /o • •
• 1/o/o/o /o/o/o •

• 1/o/o/o /o/o/o •
• 1/o/o/o/o/o/o /o/o/o/o/o/o •

• 1/o/o/o/o/o /o/o/o/o/o •
• 1/o/o/o/o/o/o/o/o /o/o/o/o/o/o/o/o •

• 1/o /o •
• 1/o /o •

• 1/o /o •

• 1/o/o/o/o /o/o/o/o • • •

,
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or eµ = e13(1)e23(1)e12(1)e45(1)e15(1)e25(1)e14(1)e35(1)e24(1)e34(1). Then

eµueµ = eµue13(1)e23(1)
←−−−−−−−−−−

e12(1)e45(1)e15(1)e25(1)e14(1)e35(1)e24(1)e34(1)

= eµue12(1)e45(1)e15(1)e25(1)e14(1)e35(1)e24(1)e34(1) (by (E2))

= eµu1u2 . . .u8uTe12(1)e45(1)e15(1)e25(1)e14(1)e35(1)e24(1)e34(1)
←−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

= eµu1u2 . . .u8e12(
a
b

)e45(
d
e

)e15(
a
e

)e25(
b
e

)e14(
a
d

)e35(
c
e
)e24(

b
d

)e34(
c
d

)
←−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

uT (by (E3))

= eµu1e34(
a
b

)u2e12(
d
e

)u3e23(
a
e

)u4e34(
b
e

)u5e12(
a
d

)u6e45(
c
e
)u7e23(

b
d

)u8e34(
c
d

)uT (by (E1))

=
eµ
q8

∑

t∈F8
q

(ψ ◦ f )(t)u1x34(
a
b

t1)u2x12(
d
e

t2)u3x23(
a
e

t3) · · ·u8x34(
c
d

t8)uT ,

where by (4.17) ,f = −y1 − y2 − y8. Therefore, by renormalizing

eµueµ =
eµ
q8

∑

t′∈F8
q

(ψ ◦ fu)(t
′)u1x34(t1)u2x12(t2)u3x23(t3) · · ·u8x34(t8)uT

=
eµ
q8

∑

t′∈F8
q

(ψ ◦ fu)(t
′)u1(t1)u2(t2)u3(t3) · · ·u8(t8)uT ,

where fu = −ba−1y1 − ed−1y2 − dc−1y8. Pictorially, by sliding theei j (1) down along the
strands until they get stuck, this computation gives

eµueµ =

• µ(1)
a

• µ(2)
b

• µ(3)
c

• µ(4)
d

•
e

• •

??
??

??
?? • AA

A •
��

� •
8

�� LLL
LL

7

ppppp ==
6

rrr
rr

5
==

4

ppppp

3

ppppp
NNNNN

2

��
� AA

A 1

}}
} >>

>

• µ(1) • µ(2) • µ(3) • µ(4) •

=
1
q8

∑

t∈F8
q

(ψ ◦ fu)(t)

•
a

•

??
??

??
??

b
• AA

AA
c

•
��

�
d

•
e

8

��
� LLL

LL

7

ppppp ==
= 6

rrr
rr

5
==

= 4

ppppp

3

ppppp
NNNNN

2

��
� AA

AA 1

}}
}} >>

>

• µ(1) • µ(2) • µ(3) • µ(4) •

(4.24)

wherefu = −ba−1y1−ed−1y2−dc−1y8 (as in (4.23)), since (i1, j1) = (1, 2), (i2, j2) = (4, 5),
(i3, j3) = (1, 5), etc.

4.3.2 Relations for multiplying basis elements.

Let u = u1u2 · · ·uruT ∈ Nµ decompose according to a minimal expression inW as in
(4.16). Letv ∈ Nµ and use (N3) and (N4) to writeuTv = w·diag(a1, a2, · · · , an) for some
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w = π(v) ∈W (see (4.7)). Then use (4.22) to write

(eµueµ)(eµveµ) =
1
qr

∑

t∈Fr
q

(ψ ◦ fu)(t)

• µ(1)

a1

• µ(2)

a2

• µ(3)

a3

· · ·µ(n−1) •
an

• • • •

w
_____________

u1(t1)u2(t2) · · ·ur(tr)

• µ(1) • µ(2) • µ(3) · · ·µ(n−1) •

(4.25)

(This form corresponds toΞ∅(u, uTv) of Corollary 3.9).

Example (continued). If u is as in (4.24) andv = s2s3s2s1s2 ·diag(f , g, h, i, j) ∈ N, then

(eµueµveµ) =
1
q8

∑

t∈F8
q

(ψ ◦ fu)(t)

• µ(1)
f d

• µ(2)
gc

• µ(3)
ah

• µ(4)
bi

•
e j

•

UUUUUUUUUUUUUUUUUU •

BB
BB

BB
BB •

nnnnnnnnnnnnn •

nnnnnnnnnnnnn •

• •

<<
<<

<<
<< •

>>
>> •

��
�� •

8

��
�

JJ
JJ

J

7

rrrrr
::

: 6

tt
tt

t

5
::

: 4

rrrrr

3

rrrrr
LLLLL

2

��
�� >>

>> 1

��
�� ;;

;;

• µ(1) • µ(2) • µ(3) • µ(4) •

.

Consider the crossing in (4.25) corresponding tour(tr). There are two possibilities.

Case 1 the strands that cross atr do not cross again as they go up to the top of the
diagram (ℓ(urw) > ℓ(w)),

Case 2 the strands that cross atr cross once on the way up to the top of the diagram
(ℓ(urw) < ℓ(w)).

In the first case,

eµueµveµ =
1
qr

∑

t∈Fr
q

(ψ ◦ fu)(t)

• ···

a1

• µ(i)

ai

· · · µ( j−1) •
aj

··· •
an

• • • •

w
____________

r

____________

u1(t1) · · ·ur−1(tr−1)

• µ(1) • µ(2) • µ(3) · · ·µ(n−1) •

,
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so (UN1), (UN2) and (E4) imply

eµueµveµ =
1
qr

∑

t∈Fr
q

(ψ ◦ f (+0))(t)

• µ(1)

a1

• µ(2)

a2

• µ(3)

a3

· · ·µ(n−1) •
an

• • • •

urw
____________

u1(t1) · · ·ur−1(tr−1)

• µ(1) • µ(2) • µ(3) · · ·µ(n−1) •

(4.26)

where f (+0) = fu + µi j a ja−1
i yr .

In the second case,

eµueµveµ =
1
qr

∑

t∈Fr
q

(ψ ◦ fu)(t)

• ···

a1

• µ(i)

ai

· · · µ( j−1) •
aj

··· •
an

• • • •

w
_____________

r

_____________

u1(t1) · · ·ur−1(tr−1)

• µ(1) • µ(2) • µ(3) · · ·µ(n−1) •

.

Use (UN3) and (N1) to split the sum into two parts corresponding totr = 0 andtr , 0,

eµueµveµ =
1
qr

∑

t∈Frq
tr=0

(ψ ◦ f (−0))(t)

• ···

a1

• µ(i)

ai

· · · µ( j−1) •
aj

··· •
an

• • • •

urw
_____________

_____________

u1(t1) · · ·ur−1(tr−1)

• µ(1) • µ(2) • µ(3) · · ·µ(n−1) •

+
1
qr

∑

t∈Frq
tr∈F∗q

(ψ ◦ fu)(t)

• ···

a1

• µ(i)

ai tr

· · · µ( j−1) •
−aj t−1

r

··· •
an

• •

−→
−1
◦

•

◦
tr
←−

•

w
_____________

r
−→
1
◦

◦

t−1
r
←−− _____________

u1(t1) · · ·ur−1(tr−1)

• µ(1) • µ(2) • µ(3) · · ·µ(n−1) •
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where f (−0) = fu. Now use (UN1), (UN2), (U2), (U1) and (E4) on the second sum toget

eµueµveµ =
1
qr

∑

t∈Frq
tr=0

(ψ ◦ f (−0))(t)

• µ(1)

a1

• µ(2)

a2

• µ(3)

a3

· · ·µ(n−1) •
an

• • • •

urw
____________

u1(t1) · · ·ur−1(tr−1)

• µ(1) • µ(2) • µ(3) · · ·µ(n−1) •

+
1
qr

∑

t∈Frq
tr∈F∗q

(ψ ◦ f (1))(t)

• ···
a1

• µ(i)

ai tr

· · · µ( j−1) •
−aj t−1

r

··· •
an

• • • •

w
____________

u1(t1) · · ·ur−1(tr−1)

• µ(1) • µ(2) • µ(3) · · ·µ(n−1)•

(4.27)

where f (1) = ϕr( fu) + µi j a ja−1
i y−1

r , andϕr( f ) is defined by

∑

t∈Frq
tr ∈F∗q

(ψ ◦ f )(t) r
−→
1
◦

◦

t−1
r
←−− ____________

u1(t1) · · ·ur−1(tr−1)

• µ(1) • µ(2) • µ(3) · · ·µ(n−1) •

=
∑

t∈Frq
tr∈F∗q

(ψ ◦ ϕr( f ))(t) r

____________

u1(t1) · · ·ur−1(tr−1)

• µ(1) • µ(2) • µ(3) · · ·µ(n−1) •

. (∗)

Remarks:

(a) We could have applied these steps for anyf , u, andv, so we can iterate the process
with each sum.

(b) The most complex step in these computations is determining ϕr . The following
section will develop an efficient algorithm for computing the right-hand side of
(∗).

4.3.3 Computingϕk via painting, paths and sinks.

Painting algorithm (uk ). Supposeu = u1u2 · · ·ur ∈ N decomposes according to
si1si2 · · · sik ∈W (assumeuT = 1). Paint flows down strands (by gravity). Each step is il-
lustrated with the exampleu = u1u2 · · ·u8, decomposed according tos3s1s2s3s1s4s2s3 ∈

W.
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(1) Paint the left [respectively right] strand exitingk red [blue] all the way to the
bottom of the diagram.

• •

>>
>>

>>
>>

> •
@@

@@ •
��
�� •

8

��
�

��
�

7

qqq
qqq

qqq
qqq <<

< 6

sssss

5
<<

< 4

qqq
qqq

3

qqq
qqq MMM

MMM

2

��
�� @@

@@
@@

@@
1

~~
~~ ==

==

• • • • •

where red is , blue is , and k is 8 .

(2) For each crossing that the red [blue] strand passes through, paint the right [left]
strand (if possible) red [blue] until that strand either reaches the bottom or crosses
the blue [red] strand of (1).
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�� •

8

��
�

��
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qqqqqq
qqq <<

<
<<
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5
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<
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< 4
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qqq

3
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qqq MMM
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2
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1
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~~~~
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==

==

• • • • •

• •
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> •
@@

@@ •
��

�� •

8
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�
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�

7

qqq
qqqqqq
qqq <<

<
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< 6

5
<<

<
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< 4

3
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MMM
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1

~~
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~~ ==

==
==

==

• • • • •
(4.28)

Let

uk
= u1(t1)u2(t2) · · ·uk(tk) painted according to the above algorithm (4.29)

Sinks and paths. The diagramuk has acrossed sink atj if j is a crossing between a
red strand and a blue one, or

· ·

j

Note that sinceu is decomposed according to a minimal expression inW, there will be
no crossings of the form

· ·

j
(since

· ·

j
would imply

j′
????

j

for somej′ ≥ j.)

The diagramuk has abottom sink at jif a red strand entersjth bottom vertexanda blue
strand enters the (j + 1)st bottom vertex, or

· ·

•

jth vertex

??����
•

( j + 1)st vertex

__????
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A red [respectively blue] path pfrom a sinks (either crossed or bottom) inuk is an
increasing sequence

j1 < j2 < · · · < j l = k,

such that inuk

(a) jm is directly connected (no intervening crossings) tojm+1 by a red [blue] strand,

(b) if s is a crossed sink, thenj1 = s,

(b′) if s is a bottom sink, then

• in a red path, thesth bottom vertex connects to the crossingj1 with a red
strand.

• in a blue path, the (s+ 1)st bottom vertex connects to the crossingj1 with a
blue strand.

Let

P=(u
k
, s) =

{

red paths from
s in uk

}

and P:(u
k
, s) =

{

blue paths from
s in uk

}

(4.30)

Theweightof a pathp is

wt(p) =






∏

p switches
strands ati

yi , if p ∈ P=(u
k , s),

∏

p switches
strands ati

(−yi), if p ∈ P:(u
k , s).

(4.31)

Each sinks in uk (either crossedj or bottom j) has an associated polynomialgs ∈

Fq[y1, y2, . . . , yk−1, y−1
k ] given by

gs =
∑

p∈P=(u k ,s)

p′∈P:(u
k ,s)

wt(p)y−1
k wt(p′). (4.32)

Example (continued). If u = u1u2 · · ·u8 decomposes according tos3s1s2s3s1s4s2s3 (as
in (4.28)), then

P=(u
8
, 4) =






8

��
�
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�

7

pppppp
pppppp

5
==

=
==

=

3

NNNNNN

NNNNNN

1

>>
>>
>>

>>

•

,

8

��
�

��
�

7
==

=
==

=

4

1

>>
>>
>>

>>

•






P:(u
8
, 4) =






8

6

•





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with wt(1 < 3 < 5 < 7 < 8) = y5, wt(1 < 4 < 7 < 8) = y1y7, and wt(6< 8) = 1. The
corresponding polynomial is

g4 = y5y
−1
8 + y1y7y

−1
8 . (4.33)

Lemma 4.4. Let u= u1u2 · · ·ur andϕr be as in (4.27) and (∗); suppose ur is painted as
above. Then

ϕr( f ) = f
∣
∣
∣
∣
∣
{yj 7→yj−g j |

j a crossed sink}
+

∑

j a bottom
sink

µ( j)g j.

Proof. In the painting,

•

•
marks a strand travelled by

•
−→a
◦

•

and •

•
marks a strand travelled by

•
◦
a
←−

•
.

Substitutions due to crossed sinks correspond to the normalizations in relation (U2), and
the sum over bottom sinks comes from applications of relation (E4). �

Example (continued)Recallu = s3s1s2s3s1s4s2s3. Thenu8 has crossed sinks at2 , 3 ,
and 4 . The only bottom sink is at 4. Therefore,

ϕ8( f ) = f
∣
∣
∣ y4 7→y4−g

4
y3 7→y3−g

3
y2 7→y2−g

2

+ µ(4)g4 = f
∣
∣
∣ y4 7→y4+y7y−1

8 y6

y3 7→y3+y5y−1
8 y6

y2 7→y2+y−1
8 y6

+ µ(4)(y5y
−1
8 + y1y7y

−1
8 ).

(for example,g4 was computed in (4.33)).

4.3.4 A multiplication algorithm

Theorem 4.5 (The algorithm). Let G = GLn(Fq) and u, v ∈ Nµ. An algorithm for
multiplying eµueµ and eµveµ is

(1) Decompose u= u1u2 · · ·uruT according to some minimal expression in W (as in
(4.16)).

(2) Put eµueµveµ into the form specified by (4.25), with uTv = w · diag(a1, a2, . . . , an)
(w = π(v) ∈W).

(3) Complete the following

(a) If ℓ(urw) > ℓ(w), then apply relation (4.26).
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(b) If ℓ(urw) < ℓ(w), then apply relation (4.27), using(u1u2 · · ·ur)
r and Lemma

4.4 to computeϕr .

(4) If r > 1, then reapply (3) to each sum with r:= r − 1 and with

(a) w := urw, after using (3a) or using (3b), in the first sum,

(b) w := w, after using (3b), in the second sum.

(5) Set all diagrams not in Nµ to zero.

Sample computation.Supposen = 3 andµ(i) = 1 for all 1 ≤ i ≤ 3 (i.e.. the Gelfand-
Graev case). Then

Nµ =






•
a
•
a
•
a

• • •

,

•

22
22

22
2
a
•

22
22

22
2
a
•

zzz
zz

zz
zz

b

• • •

,

•

DDD
DD

DD
DD

a
•

��
��
��
�
b
•

��
��
��
�
b

• • •

,

•

DDD
DD

DD
DD

a
•
b
•

zz
zz

zz
zz

z
c

• • •

| a, b, c ∈ F∗q






Suppose

u =
•

DDD
DD

DD
DD

a
•
b
•

zzz
zzz

zz
z
c

• • •

and v =
•

DDD
DD

DD
DD

d
•

��
��
��
�
e
•

��
��
��
�
e

• • •

.

1. Theorem 4.5 (1):Let u = u1u2u3uT ∈ Nµ decompose according tos2s1s2 ∈ W, with
uT = diag(a, b, c).

2. Theorem 4.5 (2):By (4.25)

(eµ
•

JJJJJJ
JJJJJ

a
•
b
•

ttttttt
tttt

c

• • •

eµ)(eµ
•

JJJJJJJJJJJd •

��
��

��
��
e
•

��
��

��
��
e

• • •

eµ) =
1
q3

∑

t∈F3
q

(ψ ◦ fu)(t)

•
cd

1 •
ae

1 •
be

• • •

3

lllllll

2

RRRRRRR

1

vv
vv

• 1 • 1 •

with uTv = s2s1 · diag(cd, ae, be) (sow = s2s1), and fu = −b
ay1 −

c
by3 (as in (4.23)).

3. Theorem 4.5 (3b):Sinceℓ(u3w) < ℓ(w), paintu1(t1)u2(t2)u3(t3) to get (u1u2u3)
3 (as

in (4.29)),

=
1
q3

∑

t∈F3
q

(ψ ◦ fu)(t)

•
cd

1 •
ae

1 •
be

• • •

3

lllllll
lllllll

2

RRRRRRR

RRRRRRR

1

• 1 • 1 •
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Now apply (4.27),

=
1
q3

∑

t∈F3q
t3=0

(ψ ◦ f (−0))(t)

•
cd

1 •
ae

1 •
be

• • •

2

RRRRRRR

1

vv
vv

• 1 • 1 •

+
1
q3

∑

t∈F3q
t3∈F

∗
q

(ψ ◦ f (1))(t)

•
cdt3

1 •
ae

1 •
−bet−1

3• • •

2

RRRRRRR

1

vv
vv

• 1 • 1 •

where f (−0) = −b
ay1 −

c
by3 and by Lemma 4.4,

f (1) = ϕ3( fu) + µ13
be
cd

y−1
3 = −

b
a

y1 +
b
a

y2y
−1
3 −

c
b

y3 + y−1
3 .

4. Theorem 4.5 (4):Setr := 2 with w := urw = s1 in the first sum andw := w in the
second sum.

5. Theorem 4.5 (3a) (3b):In the first sum,ℓ(u2s1) < ℓ(s1), so paintu1(t1)u2(t2) to get
(u1u2)

2 . In the second sum,ℓ(u2s2s1) > ℓ(s2s1), so apply (4.26),

=
1
q3

∑

t∈F3q
t3=0

(ψ ◦ f (−0))(t)

•
cd

1 •
ae

1 •
be

• • •

2

1

• 1 • 1 •

+
1
q3

∑

t∈F3q
t3∈F

∗
q

(ψ ◦ f (+0,1))(t)

•
cdt3

1 •
ae

1 •
−bet−1

3• • •

1

CC
CC

vv
vv

• 1 • 1 •

where f (+0,1) = −b
ay1 +

b
ay2y−1

3 −
c
by3 + y−1

3 − µ(3)
b
ay2y−1

3 = −
b
ay1 −

c
by3 + y−1

3 . Now apply
(4.27) to the first sum,

=
1
q3

∑

t∈F3q
t2=t3=0

(ψ ◦ f (−0,−0))(t)

•
cd

1 •
ae

1 •
be

• • •

1

vv
vv

• 1 • 1 •

+
1
q3

∑

t∈F3q
t2∈F

∗
q,t3=0

(ψ ◦ f (1,−0))(t)

•
cdt2

1 •
−aet−1

2
1 •

be
• •

		
		

		
		

		
		

	 •

1

vv
vv

• 1 • 1 •

+
1
q3

∑

t∈F3q
t3∈F

∗
q

(ψ ◦ f (+0,1))(t)

•
cdt3

1 •
ae

1 •
−bet−1

3• • •

1

CC
CC

vv
vv

• 1 • 1 •

where f (−0,−0) = −b
ay1 −

c
by3 and f (1,−0) = ϕ( f (−0)) + µ(1)

ae
cdy−1

2 = −
b
ay1 − y−1

2 y1 +
ae
cdy−1

2 .

6. Theorem 4.5 (4):Setr = 1 with w := u2s1 = 1 in the first sum,w := s1 in the second
sum, andw := s1s2s1 in the third sum.
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7. Theorem 4.5 (3a) (3a) (3b):In the first sumℓ(s21) > ℓ(1), so apply (4.26); in the
second sumℓ(s2s1) > ℓ(s1), so apply (4.26); in the third sum,ℓ(s2s1s2s1) < ℓ(s1s2s1), so
paintu1(t1) to getu1

1 ,

=
1
q3

∑

t∈F3q
t2=t3=0

(ψ ◦ f (+0,−0,−0))(t)

•
cd

1 •
ae

1 •
be

• •

99
99

99
99

99 •

��
��

��
��

��

• 1 • 1 •

+
1
q3

∑

t∈F3q
t2∈F

∗
q,t3=0

(ψ ◦ f (+0,1,−0))(t)

•
cdt2

1 •
−aet−1

2
1 •

be
•

LLLLLLLLLLLLLLL •

��
��

��
��

�� •
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��

��
��

��

• 1 • 1 •

+
1
q3

∑

t∈F3q
t3∈F

∗
q

(ψ ◦ f (+0,1))(t)

•
cdt3

1 •
ae

1 •
−bet−1

3• • •

1

vv
vvvv
vv

• 1 • 1 •

where f (+0,−0,−0) = −b
ay1 −

c
by3 +

b
ay1 = −

c
by3 and f (+0,1,−0) = −b

ay1 +
ae
cdy−1

2 − y−1
2 y1. Now

apply (4.27) to the third sum

=
1
q3

∑

t∈F3q
t2=t3=0

(ψ ◦ f (+0,−0,−0))(t)

•
cd

1 •
ae

1 •
be

• •

99
99

99
99

99 •

��
��

��
��

��

• 1 • 1 •

+
1
q3

∑

t∈F3q
t2∈F

∗
q,t3=0

(ψ ◦ f (+0,1,−0))(t)

•
cdt2

1 •
−aet−1

2
1 •

be
•

LLLLLLLLLLLLLLL •

��
��

��
��

��
•

��
��

��
��

��

• 1 • 1 •

+
1
q3

∑

t∈F3q
t1=0,t3∈F

∗
q

(ψ ◦ f (−0,+0,1))(t)

•
cdt3

1 •
ae

1 •
−bet−1

3•

<<
<<

<<
<<

<< •

99
99

99
99

99 •

• 1 • 1 •

+
1
q3

∑

t∈F3q
t1,t3∈F

∗
q

(ψ ◦ f (1,+0,1))(t)

•
cdt1t3

1 •
−aet−1

1
1 •
−bet−1

3•

LLLLLLLLLLLLLLL • •

• 1 • 1 •

where f (−0,+0,1) = − c
by3 + y−1

3 and

f (1,+0,1) = ϕ1( f (+0,1)) + µ(1)
ae
cd

y−1
1 y−1

3 = −
b
a

y1 −
c
b

y3 + y−1
3 + y−1

1 +
ae
cd

y−1
1 y−1

3 .

8. Theorem 4.5 (5):The first sum contains no elements ofNµ, so set it to zero. The
second sum contains elements ofNµ whenbe= −aet−1

2 , so sett2 = −a
b. The third sum

contains elements ofNµ whencdt3 = ae, so sett3 = ae
cd. All the terms in the fourth sum
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are basis elements.

= 0+
1
q3

∑

t∈F3q
t2=−

a
b ,t3=0

(ψ ◦ f (+0,1,−0))(t)

•
−ab−1cd

1 •
be

1 •
be

•

JJJJJJJJJJJJJJJ •

��
��

��
��

��
� •

��
��

��
��

��

• 1 • 1 •

+
1
q3

∑

t∈F3q
t1=0,t3=

ae
cd

(ψ ◦ f (−0,+0,1))(t)

•
ae

1 •
ae

1 •
−a−1bcd

•

99
99

99
99

99
9 •

66
66

66
66

66 •

• 1 • 1 •

+
1
q3

∑

t∈F3q
t1,t3∈F

∗
q

(ψ ◦ f (1,+0,1))(t)

•
cdt1t3

1 •
−aet−1

1

1 •
−bet−1

3•

JJJJJJJJJJJJJJJ • •

• 1 • 1 •

=
1
q2
ψ(−

be
cd

)

•
−ab−1cd

1 •
be

1 •
be

•

JJJJJJJJJJJJJJJ •

��
��

��
��

��
� •

��
��

��
��

��

• 1 • 1 •

+
1
q2
ψ(−

ae
bd
+

cd
ae

)

•
ae

1 •
ae

1 •
−a−1bcd

•

99
99

99
99

99
9 •

66
66

66
66

66 •

• 1 • 1 •

+
1
q2

∑

t1,t3∈F∗q

ψ(−
b
a

t1 −
c
b

t3 + t−1
3 + t−1

1 +
ae
cd

t−1
1 t−1

3 )

•
cdt1t3

1 •
−aet−1

1

1 •
−bet−1

3•

JJJJJJJJJJJJJJJ • •

• 1 • 1 •

.
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Chapter 5

Representation theory in the
G = GLn(Fq) case

This chapter examines the representation theory of unipotent Hecke algebras when
G = GLn(Fq). The combinatorics associated with the representation theory ofGLn(Fq)
generalizes the tableaux combinatorics of the symmetric group, and one of the main
results of this chapter is to also give a generalization of the RSK correspondence (see
Section 2.3.4).

Fix a homomorphismψ : F+q → C
∗. Recall that for any compositionµ |= n, Hµ is

a unipotent Hecke algebra (see Chapter 4). A fundamental result concerning Gelfand-
Graev Hecke algebras is

Theorem 5.1 ([GG62],[Yok68],[Ste67]).For all n > 0,H(n) is commutative.

and it will follow from Theorem 5.7, via the representation theory of unipotent Hecke
algebras.

5.1 The representation theory ofHµ

LetS be a set. AnS-partition λ = (λ(s1), λ(s2), . . .) is a sequence of partitions indexed by
the elements ofS. Let

PS = {S-partitions}. (5.1)

The following discussion defines two setsΘ andΦ, so thatΘ-partitions index the irre-
ducible characters ofG andΦ-partitions index the conjugacy classes ofG.

Let Ln = Hom(F∗qn,C∗) be the character group ofF∗qn. If γ ∈ Lm, then let

γ(r) : F∗qmr −→ C∗

x 7→ γ(x1+qr+q2r+···+qm(r−1)
)

Thus ifn = mr, then we may viewLm ⊆ Ln by identifyingγ ∈ Lm with γ(r) ∈ Ln. Define

L =
⋃

n≥0

Ln.
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TheFrobenius mapsare

F : F̄q → F̄q

x 7→ xq and
F : L → L

γ 7→ γq ,

whereF̄q is the algebraic closure ofFq.
The map

{F-orbits ofF̄∗q} −→ { f ∈ Fq[t] | f is monic, irreducible, andf (0) , 0}

{x, xq, xq2
, . . . , xqk−1

} 7→ fx =

k−1∏

i=1

(t − xqi
), wherexqk

= x ∈ F̄∗q

is a bijection such that the size of theF-orbit of x equals the degreed( fx) of fx. Let

Φ =

{

f ∈ C[t] |
f is monic, irreducible
and f (0) , 0

}

and Θ = {F-orbits inL}. (5.2)

If η is aΦ-partition andλ is aΘ-partition, then let

|η| =
∑

f∈Φ

d( f )|η( f )| and |λ| =
∑

ϕ∈Θ

|ϕ||λ(ϕ)|

be thesizeof η andλ, respectively. Let the setsPΦ andPΘ be as in (5.1) and let

PΦn = {η ∈ P
Φ | |η| = n} and PΘn = {λ ∈ P

Θ | |λ| = n}. (5.3)

Theorem 5.2 (Green [Gre55]).Let Gn = GLn(Fq).

(a) PΦn indexes the conjugacy classes Kη of Gn,

(b) PΘn indexes the irreducible Gn-modules Gλn.

Supposeλ ∈ PΘ. A column strict tableau P= (P(ϕ1),P(ϕ2), . . .) of shapeλ is a column
strict filling of λ by positive integers. That is,P(ϕ) is a column strict tableau of shape
λ(ϕ). Write sh(P) = λ. Theweight of Pis the composition wt(P) = (wt(P)1,wt(P)2, . . .)
given by

wt(P)i =
∑

ϕ∈Θ

|ϕ|

(

number of
i in P(ϕ)

)

.

If λ ∈ PΘ andµ is a composition, then let

Ĥλ
µ = {column strict tableauxP | sh(P) = λ,wt(P) = µ} (5.4)

and
Ĥµ = {λ ∈ P

Θ | Ĥλ
µ is not empty}. (5.5)

The following theorem is a consequence of Theorem 2.3 and a theorem proved by
Zelevinsky [Zel81] (see Theorem 5.5). A proof of Zelevinsky’s theorem is in Section
5.3.

Theorem 5.3.The setĤµ indexes the irreducibleHµ-modulesHλ
µ and

dim(Hλ
µ ) = |Ĥλ

µ |.
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5.2 A generalization of the RSK correspondence

For a compositionµ |= n, let Nµ be as in (4.11) andMµ as in (4.12).
The (Hµ,Hµ)-bimodule decomposition

Hµ �

⊕

λ∈Ĥµ

Hλ
µ ⊗ H

λ
µ implies |Nµ| = dim(Hµ) =

∑

λ∈Ĥµ

dim(Hλ
µ )2 =

∑

λ∈Ĥµ

|Ĥλ
µ |

2.

Theorem 5.4, below, gives a combinatorial proof of this identity.
Encode each matrixa ∈ Mµ as aΦ-sequence

(a( f1), a( f2), . . .), fi ∈ Φ,

wherea( f ) ∈ Mℓ(µ)(Z≥0) is given by

a( f )
i j = highest power off dividing ai j .

Note that this is an entry by entry “factorization” ofa such that

ai j =
∏

f∈Φ

f a( f )
i j .

Recall from Section 2.3.4 the classical RSK correspondence

Mℓ(Z≥0) −→

{

Pairs (P,Q) of column strict
tableaux of the same shape

}

b 7→ (P(b),Q(b)).

Theorem 5.4.For a ∈ Mµ, let P(a) and Q(a) be theΦ-column strict tableaux given by

P(a) = (P(a( f1)),P(a( f2)), . . .) and Q(a) = (Q(a( f1)),Q(a( f2)), . . .) for fi ∈ Φ.

Then the map

Nµ −→ Mµ −→






Pairs (P,Q) of Φ-column
strict tableaux of the same
shape and weightµ






v 7→ av 7→ (P(av),Q(av)),

is a bijection, where the first map is the inverse of the bijection in Theorem 4.2.

By the construction above, the map is well-defined, and sinceall the steps are invert-
ible, the map is a bijection.
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Example. supposeµ = (7, 5, 3, 2) and f , g, h ∈ Φ are such thatd( f ) = 1, d(g) = 2, and
d(h) = 3. Then

av =





g f2h 1 1
h 1 g 1
1 1 f f 2

g 1 1 1





∈ M

corresponds to the sequence

(a( f1)
v , a( f2)

v , . . .) =









0 2 0 0
0 0 0 0
0 0 1 2
0 0 0 0





( f )

,





1 0 0 0
0 0 1 0
0 0 0 0
1 0 0 0





(g)

,





0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0





(h)


and

(P(av),Q(av)) =

(

2 2 4

3 4

( f )

,
1 1

3

(g)

,
1 2

(h)
) (

1 1 3

3 3

( f )

,
1 4

2

(g)

,
1 2

(h)
)

.

5.3 Zelevinsky’s decomposition ofIndG
U(ψµ)

This section proves the theorem

Theorem 5.5 (Zelevinsky [Zel81]).Let U be the subgroup of unipotent upper-triangular
matrices of G= GLn(Fq), µ |= n andψµ be as in (4.8). Then

IndG
U(ψµ) =

⊕

λ∈Ĥµ

Card(Ĥλ
µ )Gλ.

Theorem 5.3 follows from this theorem and Theorem 2.3. The proof of Theorem 5.5
is in 3 steps.

(1) Establish the necessary connection between symmetric functions and the repre-
sentation theory ofG.

(2) Prove Theorem 5.5 for the case whenℓ(µ) = 1.

(3) Generalize (2) to arbitraryµ.

The proof below uses the ideas of Zelevinsky’s proof, but explicitly uses symmetric
functions to prove the results. Specifically, the followingdiscussion through the proof
of Theorem 5.7 corresponds to [Zel81, Sections 9-11] and Theorem 5.5 corresponds to
[Zel81, Theorem 12.1].
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5.3.1 Preliminaries to the proof (1)

Let µ |= n andG = Gn. The group

Pµ =










g1 ∗

g2

. . .

0 gℓ





| gi ∈ Gµi = GLµi(Fq)






(5.6)

has subgroups

Lµ = Gµ1 ⊕Gµ2 ⊕ · · · ⊕Gµℓ and Uµ =










Idµ1 ∗

Idµ2

. . .

0 Idµℓ










, (5.7)

whereIdk is thek × k identity matrix. Note thatPµ = LµUµ andPµ = NG(Uµ). The
indflation mapis a composition of the inflation map and the induction map,

IndfG
Lµ : R[Lµ] −→ R[Pµ] −→ R[G]

χ 7→ Inf Pµ
Lµ

(χ) 7→ IndG
Pµ(Inf Pµ

Lµ
(χ)),

where
Inf

Pµ
Lµ

(χ) : Pµ → C

lu 7→ χ(l),
for l ∈ Lµ andu ∈ Uµ.

Supposeλ ∈ PΘ andη ∈ PΦ (see (5.3)). Letχλ be the irreducible character corre-
sponding to the irreducibleG-moduleGλ and letκη be the characteristic function corre-
sponding to the conjugacy classKη (see Theorem 5.2), given by

κη(g) =

{

1, if g ∈ Kη,

0, otherwise,
for g ∈ G|η|.

Define

R=
⊕

n≥0

R[Gn] = C-span{χλ | λ ∈ PΘ} = C-span{κη | η ∈ PΦ}.

The spaceR has an inner product defined by

〈χλ, χν〉 = δλν,

and multiplication

χλ ◦ χν = IndfGr+s
L(r,s)

(χλ ⊗ χν), for λ ∈ PΘr , ν ∈ P
Θ
s . (5.8)
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For eachϕ ∈ Θ, let {Y(ϕ)
1 ,Y(ϕ)

2 , . . .} be an infinite set of variables, and let

ΛC =
⊗

ϕ∈Θ

ΛC(Y
(ϕ)),

whereΛC(Y(ϕ)) is the ring of symmetric functions in{Y(ϕ)
1 ,Y(ϕ)

2 , . . .} (see Section 2.3.3).
For eachf ∈ Φ, define an additional set of variables{X( f )

1 ,X( f )
2 , . . .} such that the sym-

metric functions in theY variables are related to the symmetric functions in theX vari-
ables by the transform

pk(Y
(ϕ)) = (−1)k|ϕ|−1

∑

x ∈ F∗
qk|ϕ|

ξ(x)p k|ϕ|
d( fx)

(X( fx)), (5.9)

whereξ ∈ ϕ, fx ∈ Φ is the irreducible polynomial that hasx as a root, andpa
b
(X( f )) = 0

if a
b < Z≥0. Then

ΛC =
⊗

f∈Φ

ΛC(X
( f )).

For ν ∈ P, let sν(Y(ϕ)) be the Schur function andPν(X( f ); t) be the Hall-Littlewood
symmetric function (as in Section 2.3.3). Define

sλ =
∏

ϕ∈Θ

sλ(ϕ)(Y(ϕ)) and Pη = q−n(η)
∏

f∈Φ

Pη( f )(X( f ); q−d( f )), (5.10)

wheren(η) =
∑

f∈Φ d( f )n(η( f )) and for a compositionµ, n(µ) =
∑ℓ(µ)

i=1 (i − 1)µi. The ring

ΛC = C-span{sλ | λ ∈ P
Θ} = C-span{Pη | η ∈ P

Φ}

has an inner product given by
〈sλ, sν〉 = δλν.

Theorem 5.6 (Green [Gre55],Macdonald [Mac95]).The linear map

ch : R −→ ΛC

χλ 7→ sλ, for λ ∈ PΘ

κη 7→ Pη, for η ∈ PΦ,

is an algebra isomorphism that preserves the inner product.

A unipotent conjugacy class Kη is a conjugacy class such thatη( f ) = ∅ unlessf =
t − 1. Let

U = C-span{κη | η( f ) = ∅, unlessf = t − 1} ⊆ R

be the subalgebra of unipotent class functions. Note that by(5.10) and Theorem 5.6,

ch(U) = ΛC(X
(t−1)).
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Consider the projectionπ : R→ U which is an algebra homomorphism given by

(πχλ)(g) =

{

χλ(g), if g ∈ G is unipotent,
0, otherwise,

λ ∈ PΘ.

Thenπ̃ = ch◦ π ◦ ch−1 : ΛC → ΛC(X(t−1)) is given by

π̃(pk(Y
(ϕ))) = π̃





(−1)k|ϕ|−1
∑

x ∈ F∗
qk|ϕ|

ξ(x)p k|ϕ|
d( fx)

(X( fx))





(by (5.9))

= (−1)k|ϕ|−1ξ(1)pk|ϕ|
1

(X(t−1)) + 0

= (−1)k|ϕ|−1pk|ϕ|(X
(t−1)).

(5.11)

5.3.2 The decomposition ofIndG
U(ψ(n)) (2)

The representation IndG
U(ψ(n)) is the Gelfand-Graev module, and with Theorem 2.3, The-

orem 5.7, below, proves thatH(n) is commutative.

Theorem 5.7. Let U be the subgroup of unipotent upper-triangular matrices of G =
GLn(Fq). Then

ch(IndG
U(ψ(n))) =

∑

λ∈PΘn
ht(λ)=1

sλ, whereht(λ) = max{ℓ(λ(ϕ)) | ϕ ∈ Θ}.

Proof. Let

Ψ : R −→ C

χλ 7→ 〈χλ, IndG
U(ψ(n))〉

and Ψ̃ : ΛC
ch−1

−→ R
Ψ
−→ C. (5.12)

For any finite groupH andγ, χ ∈ R[H], let

1H : H → C
h 7→ 1

, eH =
1
|H|

∑

h∈H

h, and 〈χ, γ〉H =
1
|H|

∑

h∈H

χ(h)γ(h−1).

The proof is in six steps.

(a) Ψ̃(ek(Y(1))) = δk1, where 1= 1F∗q,

(b) Ψ(χλ) = dim(e(n)Gλ) for λ ∈ PΘ,

(c) Ψ̃( f g) = Ψ̃( f )Ψ̃(g) for all f , g ∈ ΛC(Y(1)), where 1= 1F∗q.

(d) Ψ ◦ π = Ψ,
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(e) Ψ̃( f (Y(ϕ))) = Ψ̃( f (Y(1))) for all f ∈ ΛC(Y(ϕ)),

(f) Ψ̃(sλ) = δht(λ)1.

(a) An argument similar to the argument in [Mac95, pgs. 285-286] shows that

ch−1(ek(Y
(1))) = 1Gk

(see [HR99, Theorem 4.9 (a)] for details). Therefore, by Frobenius reciprocity and the
orthogonality of characters,

Ψ̃(ek(Y
(1))) = 〈1Gk, IndG

U(ψ(n))〉 = 〈1Uk, ψ(n)〉Uk = δk1.

(b) Since there exists an idempotente such thatGλ
� CGeand IndGU(ψ(n)) � CGe(n),

the map
e(n)CGe −→ HomG(Gλ,CGe(n))

e(n)ge 7→
γg : CGe → CGe(n)

xe 7→ xege(n)

is a vector space isomorphism (using an argument similar to the proof of [CR81, (3.18)]).
Thus,

Ψ(χλ) = 〈χλ, IndG
U(ψ(n))〉 = dim(HomG(Gλ, IndG

U(ψ(n))))

= dim(e(n)CGe) = dim(e(n)G
λ).

(c) By (a),Ψ̃(er(Y(1)))Ψ̃(es(Y(1))) = δr1δs1. It therefore suffices to show that

Ψ̃(er(Y
(1))es(Y

(1))) = δr1δs1, (sinceΛC(Y
(1)) = C[e1(Y

(1)), e2(Y
(1)), . . .]).

Supposer + s= n and letP = P(r,s). Then

Ψ̃(er(Y
(1))es(Y

(1))) = Ψ(IndGn
P (1P)) = dim(e(n)CGeP).

SinceT ⊆ P, eP = e(1n)eP, G =
⊔

v∈N UvU, andN =WT,

e(n)CGeP = e(n)CGe(1n)eP = C-span{e(n)we(1n)eP | w ∈ W}.

If there exists 1≤ i ≤ n such thatw(i + 1) = w(i) + 1, then

e(n)we(1n) = e(n)wxi,i+1(t)e(1n) = e(n)xw(i),w(i)+1(t)we(1n) = ψ(t)e(n)we(1n).

Therefore,e(n)we(1n) = 0 unlessw = w(n). If r > 1 of s > 1, then there exists 1≤ i ≤ n
such thatxi+1,i(t) ∈ P(r,s), so

e(n)w(n)eP = e(n)w(n)xi+1,i(t)eP = e(n)xn−i,n−i+1(t)w(n)eP = ψ(t)e(n)w(n)eP = 0.
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In particular,
dim(e(n)CGeP) = 0.

If r = s= 1, thenP(1,1) is upper-triangular, so

e(2)w(2)eP , 0

and dim(e(2)CGeP) = 1, givingΨ̃(er(Y(1))es(Y(1))) = δr1δs1.
(d) By Frobenius reciprocity,

〈χλ, IndGn
Un

(ψ(n))〉 = 〈ResGn
Un

(χλ), ψ(n)〉Un

= 〈ResGn
Un

(π(χλ)), ψ(n)〉Un = 〈π(χλ), IndGn
Un

(ψ(n))〉,

soΨ = Ψ ◦ π.
(e) Induct onn, using (c) and the identity

(−1)n−1pn(Y
(1)) = nen(Y

(1)) −
n−1∑

r=1

(−1)r−1pr(Y
(1))en−r(Y

(1)), [Mac95, I.2.11′]

to obtainΨ̃(pn(Y(1))) = 1. Note that

Ψ̃(pn(Y
(ϕ))) = Ψ̃(π(pn(Y

(ϕ)))) = Ψ̃((−1)|ϕ|n−1p|ϕ|n(X
(t−1))) = Ψ̃(π(p|ϕ|k(Y

(1))))

= Ψ̃(p|ϕ|k(Y
(1))) = 1 = Ψ̃(pk(Y

(1))).

SinceΨ̃ is multiplicative onΛC(Y(1)),

Ψ̃(pν(Y
(ϕ))) = 1 = Ψ̃(pν(Y

(1))), for all partitionsν.

In particular, sincẽΨ is linear andΛC(Y(ϕ)) = C-span{pν(Y(ϕ))},

Ψ̃( f (Y(ϕ))) = Ψ̃( f (Y(1))), for all f ∈ ΛC(Y
(ϕ)).

Note that (e) also implies that̃Ψ is multiplicative on all ofΛC.
(f) Note that

Ψ̃(sλ) = Ψ̃





∏

ϕ∈Θ

sλ(ϕ)(Y
(ϕ))




= Ψ̃





∏

ϕ∈Θ

sλ(ϕ)(Y
(1))




=

∏

ϕ∈Θ

Ψ̃(sλ(ϕ)(Y
(1))),

where the last two equalities follow from (e) and (c), respectively. By definitionsν(Y(1)) =
det(eν′i−i+ j(Y(1))), so

Ψ̃(sν(Y
(1))) =

{

1, if ℓ(ν) = 1,
0, otherwise,

implies
ch(IndG

U(ψ(n))) =
∑

λ∈PΘn

Ψ̃(sλ)sλ =
∑

λ∈PΘn
ht(λ)=1

sλ. �
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5.3.3 Decomposition ofIndG
U(ψµ) (3)

Supposeλ, ν ∈ PΘ. A column strict tableau P of shapeλ and weightν is a column strict
filling of λ such that for eachϕ ∈ Θ,

sh(P(ϕ)) = λ(ϕ) and wt(P(ϕ)) = ν(ϕ).

We can now prove the theorem stated at the beginning of this section:

Theorem 5.5 ([Zel81])Let U be the subgroup of unipotent upper-triangular matrices of
G = GLn(Fq), µ |= n andψµ be as in (4.8). Then

IndG
U(ψµ) =

⊕

λ∈Ĥµ

Card(Ĥλ
µ )Gλ.

Proof. Note that
Ind

Pµ
U (ψµ) � CPµeµ = CPµe[µ]e

′
[µ] ,

where

e[µ] =
1

|U ∩ Lµ|

∑

u∈U∩Lµ

ψµ(u
−1)u and e′[µ] =

1
|Uµ|

∑

u∈Uµ

u. (5.13)

Thus,

IndPµ
U (ψµ) � Inf Pµ

Lµ

(

IndLµ
U∩Lµ

(ψµ)
)

� Inf
Pµ
Lµ

(

Ind
Gµ1
Uµ1

(ψ(µ1)) ⊗ Ind
Gµ2
Uµ2

(ψ(µ2)) ⊗ · · · ⊗ Ind
Gµℓ

Uµℓ
(ψ(µℓ))

)

In particular, by the definition of multiplication inR (5.8),

Γµ = ch(IndG
U(ψµ)) = Γµ1Γµ2 · · ·Γµℓ , where Γµi =

∑

λ∈PΘµi
,ht(λ)=1

sλ.

Pieri’s rule (2.10) implies that forλ ∈ PΘr , ν ∈ PΘs and ht(ν) = 1,

sλsν =
∑

γ∈PΘr+s,|Ĥ
γ/λ
ν |,0

sγ, so Γµ =
∑

λ∈PΘ

Kλµsλ,

where

Kλµ = Card{∅ = γ0 ⊂ γ1 ⊂ γ2 ⊂ · · · ⊂ γℓ = λ | |Ĥ
γi+1/γi

(µi+1) | = 1}

= Card{column strict tableaux of shapeλ and weightµ} = |Ĥλ
µ |.

By Green’s Theorem (Theorem 5.6), ch is an isomorphism, so

IndG
U(ψµ) = ch−1(Γµ) =

∑

λ∈Ĥµ

|Ĥλ
µ |ch−1(sλ) =

⊕

λ∈Ĥµ

Card(Ĥλ
µ )Gλ. �
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5.4 A weight space decomposition ofHµ-modules

Let µ = (µ1, µ2, . . . , µℓ) |= n and letPµ, Lµ andUµ be as in (5.6) and (5.7). Recall that

eµ =
1
|U |

∑

u∈U

ψµ(u
−1)u.

Theorem 5.8.For a ∈ Mµ, let Ta = eµvaeµ with va as in (4.14). Then the map

H(µ1) ⊗ H(µ2) ⊗ · · · ⊗ H(µℓ) −→ Hµ

T( f1) ⊗ T( f2) ⊗ · · · ⊗ T( fℓ) 7→ T( f1)⊕( f2)⊕···⊕( fℓ), for ( fi) ∈ M(µi )

is an injective algebra homomorphism with imageLµ = eµPµeµ = eµLµeµ.

Proof. Note that

T( f1) ⊗ · · · ⊗ T( fℓ) =
1

|U ∩ Lµ|2

∑

xi ,yi∈Uµi





ℓ∏

i=1

ψµ(x
−1
i y−1

i )



 x1v( f1)y1 ⊗ · · · ⊗ xℓv( fℓ)yℓ.

SinceU = (Lµ ∩ U)(Uµ), Lµ ∩ U � Uµ1 × Uµ2 × · · · × Uµℓ, andψµ is trivial onUµ,

T( f1)⊕( f2)⊕···⊕( fℓ) =
1
|U |2

∑

x,y∈U

ψµ(x
−1y−1)x(v( f1) ⊕ v( f2) ⊕ · · · ⊕ v( fℓ))y

=
1

|U ∩ Lµ|2

∑

xi ,yi∈Uµi

ψµ(x
−1
1 y−1

1 ⊕ · · · ⊕ x−1
ℓ y−1

ℓ )e′[µ] x1v( f1)y1 ⊕ · · · ⊕ xℓv( fℓ)yℓe
′
[µ] ,

wheree′[µ] is as in (5.13). SinceLµ ⊆ NG(Uµ), the idempotente′[µ] commutes with
x1v( f1)y1 ⊕ · · · ⊕ xℓv( fℓ)yℓ and

T( f1)⊕( f2)⊕···⊕( fℓ) =
e′[µ]

|L ∩ U |2

∑

xi ,yi∈Uµi





ℓ∏

i=1

ψµ(x
−1
i y−1

i )



 x1v( f1)y1 ⊕ · · · ⊕ xℓv( fℓ)yℓ.

Consequently, the map multiplies bye′[µ] and changes⊗ to ⊕, so it is an algebra homo-
morphism. Since the map sends basis elements to basis elements, it is also injective. �

Remark. This is theGLn(Fq) version of Corollary 3.5.
Let Lµ be as in Theorem 5.8. By Theorem 5.1 eachH(µi ) is commutative, soLµ is

commutative and all the irreducibleLµ-modulesLγµ are one-dimensional. Theorem 5.3
implies that

Ĥ(µi ) = {Θ-partitionsλ | |λ| = µi , ht(λ) = 1}

indexes the irreducibleH(µi )-modules. Therefore, the set

L̂µ = Ĥ(µ1) × Ĥ(µ2) × · · · × Ĥ(µℓ) = {γ = (γ1, γ2, . . . , γℓ) | γi ∈ Ĥ(µi )} (5.14)
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indexes the irreducibleLµ-modules. Identifyγ ∈ L̂µ with the mapγ : Lµ → C such that

yv= γ(y)v, for all y ∈ Lµ, v ∈ L
γ
µ.

Forγ ∈ L̂µ, theγ-weight space Vγ of anHµ-moduleV is

Vγ = {v ∈ V | yv= γ(y)v, for all y ∈ Lµ}.

Then
V �

⊕

γ∈L̂µ

Vγ.

Letλ ∈ PΘ andγ ∈ L̂µ. A column strict tableau P of shapeλ and weightγ is column
strict filling of λ such that for eachϕ ∈ Θ,

sh(P(ϕ)) = λ(ϕ) and wt(P(ϕ)) = (|γ(ϕ)
1 |, |γ

(ϕ)
2 |, . . . , |γ

(ϕ)
ℓ
|),

where|γ(ϕ)
i | is the number of boxes in the partitionγ(ϕ)

i (which has length 1). Let

Ĥλ
γ = {P ∈ H

λ
µ | sh(P) = λ,wt(P) = γ}.

For example, suppose

λ =
(

(ϕ1)
,

(ϕ2)
,

(ϕ3)
)

and
γ =

(
(ϕ1), (ϕ2), (ϕ3)

)

⊗
(

(ϕ1), (ϕ3)
)

⊗
(

(ϕ1), (ϕ2)
)

⊗
(

(ϕ2)
)

.

Then

Ĥλ
γ =






(
1 1 3
2 2

(ϕ1)
, 1 3

4
(ϕ2)
, 1

2
(ϕ3)

)

,
(

1 1 3
2 2

(ϕ1)
, 1 4

3
(ϕ2)
, 1

2
(ϕ3)

)

(
1 1 2
2 3

(ϕ1)
, 1 3

4
(ϕ2)
, 1

2
(ϕ3)

)

,
(

1 1 2
2 3

(ϕ1)
, 1 4

3
(ϕ2)
, 1

2
(ϕ3)

)





.

Theorem 5.9.LetHλ
µ be an irreducibleHµ-module andγ ∈ L̂µ. Then

dim(Hλ
µ )γ = Card(Ĥλ

γ ).

Proof. By Theorem 2.3 and Proposition 2.2,

dim((Hλ
µ )γ) = 〈ResHµ

Lµ
(Hλ

µ ),Lγµ〉 = 〈ResGPµ(G
λ),Pγ

µ〉 = 〈G
λ, IndG

Pµ(P
γ
µ)〉,

wherePγ
µ = Inf Pµ

Lµ
(Lγµ). Therefore,

dim((Hλ
µ )γ) = cλγ, where sγ1sγ2 · · · sγℓ =

∑

λ∈PΘ

cλγsλ.

Pieri’s rule (2.10) impliescλγ = |Ĥ
λ
γ |. �
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Chapter 6

The representation theory of the
Yokonuma algebra

6.1 General type

Let 11 :U → C∗ be the trivial character, and let

e11 =
1
|U |

∑

u∈U

u ∈ CG (6.1)

be the idempotent so that IndG
U(11)� CGe11. Then the Yokonuma algebra

H11 = EndCG(CGe11) � e11CGe11

has a basis

{e11ve11 | v ∈ N}, indexed by N = 〈ξi, h | i = 1, 2, . . . , ℓ, h ∈ T〉,

whereξi = wi(1) = xi(1)x−αi (−1)xi(1), andT = 〈hH(t) | H ∈ hZ〉. Recall thathi(t) =
hHαi

(t).
The map

CT −→ H11

h 7→ e11he11

is an injective algebra homomorphism (see Chapter 3 (E3)). For v ∈ N, write

Tv = e11ve11 ∈ H11, with Ti = Tξi , and h = Th, h ∈ T.

Theorem 6.1 (Yokonuma).H11 is generated by Ti, i = 1, . . . , ℓ, and h∈ T with relations

Tih = si(h)Ti ,

T2
i = q−1hi(−1)+ q−1

∑

t∈F∗q

hi(t)Ti ,

TiT jTi · · ·
︸     ︷︷     ︸

mi j

= T jTiT j · · ·
︸     ︷︷     ︸

mi j

, where mi j is the order of si sj in W,

ThTk = Thk, h, k ∈ T.
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Proof. Consider the productξiξ j ∈ N for i , j. Note that

e11ξiξ je11 = e11

(∏

α,αi

eα
)

ξiξ jeαi e11 (by (3.17))

= e11ξi

(∏

α,αi

eα
)

eαi eξ je11 (by Chapter 3, (E1))

= e11ξie11ξ je11 = (e11ξie11)(e11ξ je11).

Thus, ifv = v1v2 · · · vrvT ∈ N decomposes according tosi1 si2 · · · sir ∈W (see (3.4)), then

Tv = e11v1v2 · · · vrvTe11 = Ti1Ti2 · · ·Tir vT . (6.2)

The Yokonuma algebra is therefore generated byTi, i = 1, 2, . . . , ℓ, andh ∈ T.
The necessity of the relations is a direct consequence of (6.2), (N3), (UN3), and (N2)

(the last three are from Chapter 3). For sufficiency, use a similar argument to the one
used in the proof of Theorem 3.5 in [IM65]. �

6.1.1 A reduction theorem

Let T̂ index the irreducibleCT-modules. SinceT is abelian, all the irreducible modules
are one-dimensional, and we may identify the labelγ ∈ T̂ of Vγ = C-span{vγ} with the
homomorphismγ : T → C∗ given by

hvγ = γ(h)vγ, for h ∈ T.

SupposeV is anH11-module. As aT-module

V =
⊕

γ∈T̂

Vγ, whereVγ = {v ∈ V | hv= γ(h)v, h ∈ T}.

Note that

H11 =
⊕

γ∈T̂

H11τγ, where τγ =
1
|T |

∑

h∈T

γ(h−1)h. (6.3)

Recall the surjectionπ : N →W of (3.3). Use this map to identify

w = si1 si2 . . . sir ∈W ←→ w = ξi1ξi2 . . . ξir ∈ N, for r minimal. (6.4)

Thus, theW-action onT̂

(wγ)(h) = γ(w−1(h)), for w ∈ W, h ∈ T, andγ ∈ T̂,
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implies that forγ ∈ T̂, vγ ∈ Vγ,

hTwvγ = Tww−1(h)vγ = γ(w−1h)Twvγ for all h ∈ T.

Thus,
Tw(Vγ) ⊆ Vwγ. (6.5)

Let
Wγ = {w ∈W | w(γ) = γ}

and
Tγ = τγH11τγ = C-span{τγTwτγ | w ∈Wγ}. (6.6)

Remarks

1. Since the identity ofH11 is e11 and the identity ofTγ is τγ, the algebraTγ is not a
subalgebra ofH11. In fact,Tγ � EndH11(IndH11

CT(γ)).

2. If V is anH11-module, then

τγV = Vγ, and so TγV = TγVγ.

In particular,Vγ is anTγ-module.

Theorem 6.2.Let V be an irreducibleH11-module such that Vγ , 0. Then

(a) Vγ is an irreducibleTγ-module;

(b) if M is an irreducibleTγ-module, thenH11 ⊗Tγ M is an irreducibleH11-module;

(c) the map
IndH11

Tγ
(Vγ) = H11 ⊗Tγ Vγ

∼
−→ V

Tw ⊗ vγ 7→ Twvγ

is anH11-module isomorphism.

Proof. (a) Let 0, vγ ∈ Vγ. The irreducibility ofV implies thatH11vγ = V, so for any
v ∈ Vγ, there exist elementscw,ν ∈ C such that

v =
∑

w∈W
ν∈T̂

cw,νTwτνvγ (by (6.3))

=
∑

w∈W

cw,γTwτγvγ (by the orthogonality of characters ofT)

=
∑

w∈Wγ

cw,γτγTwτγvγ. (by (6.5) and sincev ∈ Vγ)
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Since an arbitrarily chosenv is contained inTγvγ, we haveTγvγ = Vγ, makingVγ an
irreducibleTγ-module.

(b) SupposeM is an irreducibleTγ-module. Let

V = IndH11
Tγ

(M) = H11 ⊗Tγ M

= C-span{Twτν ⊗ v | w ∈W, ν , γ ∈ T̂, v ∈ M}

= C-span{Tw ⊗ v | w ∈W/Wγ, v ∈ M}

where the last equality follows from

τν ⊗ v = τν ⊗ τγv = τντγ ⊗ v = 0⊗ v, for ν , γ.

Note thatVγ = C-span{e11 ⊗ v | v ∈ M} � M. In particular,Vγ is an irreducible
Tγ-module andH11Vγ = V.

SupposeV has a nontrivialH11-submoduleV′. SinceV is induced fromVγ, there
must by someTw ∈ H11 such that

Tw(V′) ∩ Vγ , 0.

But V′ is anH11-module, soV′ ∩ Vγ , 0. As an irreducibleTγ-moduleVγ ⊆ V′, and by
the construction ofV,

H11V
′ ⊇ H11Vγ = V.

Therefore,V contains no nontrivial,propersubmodules, makingV an irreducibleH11-
module.

(c) Follows from the proof of (b). �

Let T̂/W be the set ofW-orbits inT̂. Identify T̂/W with a set of orbit representatives,
and forγ ∈ T̂/W, let T̂γ index the irreducible modules ofTγ.

Corollary 6.3. The map
{

Irreducible
H11-modules

}

←→

{

Pairs (γ, λ),
γ ∈ T̂/W, λ ∈ T̂γ

}

IndH11
Tγ

(T λ
γ ) ↔ (γ, λ)

is a bijection.

6.1.2 The algebrasTγ
Let B = UT be a Borel subgroup ofG. Since

B −→ T
uh 7→ h
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is a surjective homomorphism,γ : T → C∗ extends to a linear characterγ of B given by
γ(uh) = γ(h). Note that

e11τγ =
1
|B|

∑

b∈B

γ(b−1)b (e11 as in (6.1)).

Thus,
Tγ = τγe11CGe11τγ � EndCG(IndG

B(γ)) = H(G, B, γ),

where ifγ is the trivial character 1B, thenH(G, B, 1B) is the Iwahori-Hecke algebra.

Proposition 6.4. Letγ ∈ T̂ be such that Wγ is generated by simple reflections. ThenTγ
is presented by generators{Ti | si ∈Wγ} with relations

T2
i =

{

q−1 + q−1(q− 1)Ti , if γ(hαi (t)) = 1 for all t ∈ F∗q,
γ(hαi (−1))q−1, otherwise,

TiT jTi · · ·
︸     ︷︷     ︸

mi j

= T jTiT j · · ·
︸     ︷︷     ︸

mi j

, where mi j is the order of si sj in W.

Proof. This follows from Theorem 6.1 and
(∑

t∈F∗q

hαi (t)
)

τγ =
∑

t∈F∗q

γ(hαi (t))τγ =

{

(q− 1)τγ, if γ(hαi (t)) = 1 for all t ∈ F∗q,
0, otherwise.

�

6.2 TheG = GLn(Fq) case

6.2.1 The Yokonuma algebra and the Iwahori-Hecke algebra

If ψµ = 11 is the trivial character ofU, thenµ = (1n). Let Ti = e11sie11 and recall that
hε j (t) = Id j−1 ⊕ (t) ⊕ Idn− j . In the caseG = GLn(Fq), H11 has generatorsTi, hε j (t), for
1 ≤ i < n, 1≤ j ≤ n andt ∈ F∗q with relations

T2
i = q−1 + q−1hεi (−1)

∑

t∈F∗q

hεi (t)hεi+1(t
−1)Ti ,

TiTi+1Ti = Ti+1TiTi+1, TiT j = T jTi , |i − j| > 1,

hε j (t)Ti = Tihε j′
(t), where j′ = si( j),

hεi (a)hεi (b) = hεi (ab), hεi (a)hε j (b) = hε j (b)hεi (a), a, b ∈ F∗q.

The Yokonuma algebra has a decomposition

H11 =
⊕

γ∈T̂

H11τγ, where τγ =
1
|T |

∑

h∈T

γ(h−1)h.
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Fix a total ordering≤ on the set̂F∗q = {ϕ1, ϕ2, . . . , ϕq−1} of linear characters ofF∗q,
such thatϕ1 : F∗q → C

∗ is the trivial character. Supposeγ ∈ T̂. Since〈hεi (t) | t ∈ F∗q〉 �
F∗q,

γ(h) = γ(hε1(h1))γ(hε2(h2)) · · ·γ(hεn(hn)), whereh = diag(h1, h2, . . . , hn) ∈ T,

= γ1(h1)γ2(h2) · · ·γn(hn), whereγi ∈ F̂
∗
q.

Thus, everyγ ∈ T̂ can be writtenγ = ϕi1 ⊗ ϕi2 ⊗ · · · ⊗ ϕin.
Let ν = (ν1, ν2, . . . , νn) |= n with νi ≥ 0. Write

γν = ϕ1 ⊗ · · · ⊗ ϕ1
︸         ︷︷         ︸

ν1 terms

⊗ϕ2 ⊗ · · · ⊗ ϕ2
︸         ︷︷         ︸

ν2 terms

⊗ · · · ⊗ ϕn ⊗ · · · ⊗ ϕn
︸         ︷︷         ︸

νn terms

and τν = τγν . (6.7)

Note that theγν are orbit representatives of theW-action inT̂. Let

Wν = {w ∈W | w(γν) = γν} =Wν1 ⊕Wν2 ⊕ · · · ⊕Wνn,

Tν = τνH11τν = C-span{τνTwτν | w ∈Wν}.

Note thatWν is generated by its simple reflections.
If si is in thekth factor ofWν =Wν1 ⊕Wν2 ⊕ · · · ⊕Wνn, then write

si ∈Wνk.

Lemma 6.5. Let ν |= n andνTw = τνTwτν for w ∈ Wν. ThenTν is presented by genera-
tors

{νTi | si ∈Wν}

with relations

νT2
i = q−1 + ϕk(−1)q−1(q− 1)νTi , for si ∈Wνk

νTi
νTi+1

νTi =
νTi+1

νTi
νTi+1

νTi
νT j =

νT j
νTi , for |i − j| > 1.

Proof. Note that ifsi ∈ Wν thenγν(hεi (t)) = γν(hεi+1(t)). Thus, the lemma follows from
the Yokonuma algebra relations. �

TheIwahori-Hecke algebraT ⊆ H11 is the algebra

Tn = H(n), (recallϕ1 is the trivial character).

In Tn, write
I i = τ(n)Tiτ(n).
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Corollary 6.6. Let ν = (ν1, . . . , νn) |= n. Index the generators Ii ofTνk by {i | si ∈Wνk}.
Then the map

Tν
∼
−→ Tν1 ⊗ Tν2 ⊗ · · · ⊗ Tνn

νTi 7→ ϕk(−1) 1⊗ · · · ⊗ 1
︸      ︷︷      ︸

k− 1 terms

⊗I i ⊗ 1⊗ · · · ⊗ 1
︸      ︷︷      ︸

n− k terms

, for si ∈Wνk,

is an algebra isomorphism.

Proof. Let
ν(k) = (0, . . . , 0

︸  ︷︷  ︸

k− 1 terms

, νk, 0, . . . , 0
︸  ︷︷  ︸

n− k terms

) |= νk.

Then the map
Tν(k) −→ Tνk

ν(k)
Ti 7→ ϕk(−1)I i

is an algebra isomorphism by Lemma 6.5. Corollary 6.6 follows by applying this map
to tensor products. �

6.2.2 The representation theory ofTν
By Corollary 6.6, understanding the representation theoryof Tν is the same as under-
standing the representation theory of the Iwahori-Hecke algebrasTνi .

Let µ ⊢ n be a partition. Astandard tableau of shapeµ is a column strict tableau of
shapeµ and weight (1n) (i.e. every number between from 1 ton appears exactly once).
SupposeP is a standard tableau of shapeµ. Let

cP(i) = the content of the box containingi,

CP(i) =
q− 1

1− qcP(i)−cP(i+1)
.

(6.8)

Theorem 6.7 ([Hoe74, Ram97, Wen88]).Let G= GLn(Fq). Then

(a) The irreducibleTn-modulesT µ
n are indexed by partitionsµ ⊢ n,

(b) dim(T µ
n ) = Card{standard tableau P| sh(P) = µ},

(c) LetT µ
n = C-span{vP | sh(P) = µ,wt(P) = (1n)}. Then

I ivP = q−1CP(i)vP + q−1(1+CP(i))vsi P

where vsi P = 0 if siP is not a column strict tableau.
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Recall from Chapter 5, an̂F∗q-partitionλ = (λ(ϕ1), λ(ϕ2), . . . , λ(ϕq−1)) is a sequence of
partitions indexed bŷF∗q. Let

|λ| = |λ(ϕ1)| + |λ(ϕ2)| + · · · + |λ(ϕq−1)| = total number of boxes,

Let ν = (ν1, ν2, . . . , νn) |= n with νi ≥ 0 andγν as in (6.7). Astandardν-tableau

Q = (Q(ϕ1),Q(ϕ2), . . . ,Q(ϕq−1))

of shapeλ is a column strict filling ofλ by the numbers 1, 2, 3, . . . , n such that

(a) each number appears exactly once,

(b) j ∈ Q(ϕk) if sj ∈Wνk.

Let

T̂ λ
ν = {standardν-tableauQ | sh(Q) = λ}, (6.9)

T̂ν = {F̂
∗
q-partitionλ | T̂ λ

ν , ∅}

= {F̂∗q-partitionλ | |λ(ϕi )| = |νi |}. (6.10)

Example. If ν = (3, 0, 1, 0), thenγν = ϕ1 ⊗ ϕ1 ⊗ ϕ1 ⊗ ϕ3. The setT̂ν is
{(

(ϕ1), ∅(ϕ2), (ϕ3), ∅(ϕ4)
)

,
(

(ϕ1)
, ∅(ϕ2), (ϕ3), ∅(ϕ4)

)

,
( (ϕ1)

, ∅(ϕ2), (ϕ3), ∅(ϕ4)
)}

,

and, for example,

T̂
( (ϕ1), (ϕ3))
ν =

{(
1 2
3

(ϕ1)
, ∅(ϕ2), 4(ϕ3), ∅(ϕ4)

)

,
(

1 3
2

(ϕ1)
, ∅(ϕ2), 4(ϕ3), ∅(ϕ4)

)}

.

Let Q ∈ T̂ λ
ν . Supposesj ∈Wνk so thatj ∈ Q(ϕk). Write

Q j = ϕk, (6.11)

cQ( j) = the content of the box containingj in Q(ϕk), (6.12)

CQ( j) =
q− 1

1− qcQ( j)−cQ( j+1)
(6.13)

Corollary 6.8. Let ν = (ν1, ν2, . . . , νn) |= n withνi ≥ 0 andℓ(ν) = n. Then

(a) The irreducibleTν-modulesT λ
ν are indexed byλ ∈ T̂ν.

(b) dim(T λ
ν ) = Card(T̂ λ

ν ).

(c) LetT λ
ν = C-span{vQ | Q ∈ T̂ λ

ν }. Then

νTivQ = q−1Q j(−1)CQ(i)vQ + q−1Q j(−1)(1+CQ(i))vsi Q,

where vsi Q = 0 if siQ is not a column strict tableau.

Proof. Transfer the explicit action of Theorem 6.7 across the isomorphismTν � Tν1 ⊗

Tν2 ⊗ · · · ⊗ Tνn of Corollary 6.6. �



80

6.2.3 The irreducible modules ofH11

The goal of this section is to construct the irreducibleH11-modules. According to Corol-
lary 6.3 and (6.7), the map

{

Pairs (ν, λ), ν |= n,
νi ≥ 0, ℓ(ν) = n, λ ∈ T̂ν

}

←→

{

Irreducible
H11-modules

}

(ν, λ) ↔ IndH11
Tν

(T λ
ν )

(6.14)

is a bijection.
Let W/ν be the set of minimal length coset representatives ofW/Wν. Then

IndH11
Tν

(T λ
ν ) = H11 ⊗Tν T

λ
ν

= C-span{Tw ⊗ vQ | w ∈W/ν, sh(Q) = λ,wt(Q) = γν}. (6.15)

Note that the map
{

Pairs (w,Q),
w ∈W/ν, Q ∈ T̂λ

ν

}

←→ {tableauQ | sh(Q) = λ,wt(Q) = (1n)}

(w,Q) 7→ wQ
(6.16)

is a bijection (sincew ∈ W/ν impliesw preserves the relative magnitudes of the entries
in Q(ϕ) for all ϕ). For example, under this bijection

(•

22
22

22
2 •

DD
DD

DD
DD

D •

MMMMMMMMMMMM •

MMMMMMMMMMMM •

zzz
zzz

zz
z •

��
��
��
� •

hhhhhhhhhhhhhhhhhhhhhh

• • • • • • •

,
(

1 3
2 4

(ϕ1)
, 5

6

(ϕ2)
, 7 (ϕ3)

)
)

↔
(

2 6
4 7

(ϕ1)
, 3

5

(ϕ2)
, 1 (ϕ3)

)

(since 2< 3 in Q(ϕ1) on the left side, 4< 6 in Q(ϕ1) on the right side). Write

vwQ = Tw ⊗ vQ.

If |λ| = n, then let

Ĥλ
11 = { tableauQ | sh(Q) = λ,wt(Q) = (1n)}, (6.17)

Ĥ11 = {F̂
∗
q-partitionsλ | |λ| = n}. (6.18)

Remarks.

1. In the notation of Chapter 5,

Ĥ11 = {Θ-partitionλ | Ĥλ
11 , ∅}.

2. The map
{

Pairs (ν, λ), ν |= n,
νi ≥ 0, ℓ(ν) = n, λ ∈ T̂ν

}

←→ Ĥ11

(ν, λ) ↔ λ

is a bijection, so by (6.14),̂H11 indexes the irreducibleH11-modules.
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SupposeQ is a tableau of shapeλ and weight (1n). As in (6.11)-( 6.13), ifQ(ϕ) has
the box containingj, then write

Q j = ϕ,

cQ( j) = the content of the box containingj in Q(ϕ),

CQ( j) =
q− 1

1− qcQ( j)−cQ( j+1)
.

Theorem 6.9.

(a) The irreducibleH11-modulesHλ
11 are indexed byλ ∈ Ĥ11.

(b) dim(Hλ
11) = Card(Ĥλ

11).

(c) LetHλ
11 = C-span{vQ | Q ∈ Ĥλ

11} as in (6.15) and (6.17). Then

hvQ = Q1(h1)Q2(h2) · · ·Qn(hn)vQ, for h = diag(h1, h2, . . . , hn) ∈ T,

TivQ =






q−1vsi Q, if Qi ≻ Qi+1,
Qi(−1)q−1CQ(i)vQ + Qi(−1)q−1(1+CQ(i))vsi Q, if Qi = Qi+1,
vsi Q, if Qi ≺ Qi+1,

where vsi Q = 0 if siQ is not a column strict tableau.

Proof. (a) follows from Remark 2, and (b) follows from (6.15) and (6.17).
(c) Directly compute the action ofH11 on

Hλ
11 = IndH11

Tν
(T λ

ν ) = C-span{Tw ⊗ vQ | w ∈W/λ̃,Q ∈ T̂ λ
ν }

For 1≤ i < n, if ℓ(siw) < ℓ(w), then

TiTw ⊗ vQ = T2
i Tsiw ⊗ vQ

= q−1Tsiw ⊗ vQ + q−1hεi (−1)
∑

t∈F∗q

hεi (t)hεi+1(t
−1)Tw ⊗ vQ

= q−1Tsiw ⊗ vQ + q−1(wQ)i(−1)
∑

t∈F∗q

(wQ)i(t)(wQ)i+1(t
−1)Tw ⊗ vQ

Sinceℓ(siw) < ℓ(w) can hold only if (wQ)i , (wQ)i+1, the orthogonality of characters
implies

TiTw ⊗ vQ = q−1Tsiw ⊗ vQ + 0. (6.19)

If ℓ(siw) > ℓ(w), then there are two cases:
Case 1:ℓ(siwsj) < ℓ(siw) for somesj ∈Wγ̃,
Case 2:ℓ(siwsj) > ℓ(siw) for all sj ∈Wγ̃.
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In Case 1,

TiTw ⊗ vQ = Tsiw ⊗ vQ = Tsiwsj T j ⊗ vQ = Tsiwsj ⊗ T jvQ

= Tsiwsj ⊗ Q j(−1)q−1CQ( j)vQ + Q j(−1)q−1(1+CQ( j))vsj Q

= Q j(−1)q−1CQ( j)Tsiwsj ⊗ vQ + Q j(−1)q−1(1+CQ( j))Tsiwsj ⊗ vsj Q. (6.20)

In Case 2,
TiTw ⊗ vQ = Tsiw ⊗ vQ. (6.21)

Make the identification of (6.16) in equations (6.19), (6.20), and (6.21) to obtain the
H11-action onHλ

11. �

Sample Computations. If n = 10 forH11, then

T1v(

3 5 10
4 7

(ϕ1)
,

1 6
8

(ϕ2)
,

2
9

(ϕ3)
) = v(

3 5 10
4 7

(ϕ1)
,

2 6
8

(ϕ2)
,

1
9

(ϕ3)
),

T2v(

3 5 10
4 7

(ϕ1)
,

1 6
8

(ϕ2)
,

2
9

(ϕ3)
) = q−1v(

2 5 10
4 7

(ϕ1)
,

1 6
8

(ϕ2)
,

3
9

(ϕ3)
),

T3v(

3 5 10
4 7

(ϕ1)
,

1 6
8

(ϕ2)
,

2
9

(ϕ3)
) = −ϕ1(−1)q−1v(

3 5 10
4 7

(ϕ1)
,

1 6
8

(ϕ2)
,

2
9

(ϕ3)
) + 0,

T4v(

3 5 10
4 7

(ϕ1)
,

1 6
8

(ϕ2)
,

2
9

(ϕ3)
) =

ϕ1(−1)q
q+ 1

v(

3 5 10
4 7

(ϕ1)
,

1 6
8

(ϕ2)
,

2
9

(ϕ3)
)

+ ϕ1(−1)

(

q−1 +
q

q+ 1

)

v(

3 4 10
5 7

(ϕ1)
,

1 6
8

(ϕ2)
,

2
9

(ϕ3)
).

A Character TableH11 for n = 2:

H11

a b
• •

• •

a b
•

>>
>> •

��
��

• •

( (ϕi )) ϕi(ab) ϕi(−ab)

( (ϕi ))
ϕi(ab) −ϕi(−ab)q−1

( (ϕi ), (ϕ j )) ϕi(a)ϕ j(b) + ϕi(b)ϕ j(a) 0
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Appendix A

Commutation Relations

The following relations are lifted directly from [Dem65, Proposition 5.4.3]. LetG be a
finite Chevalley group over a finite fieldFq with q elements, defined as in Section 2.2.2.
Let R= R+ ∩ R− be as in Section 2.2.1. Letα, β ∈ R such that

β , −α and |α(Hβ)| ≤ |β(Hα)|.

Let l, r ∈ Z≥0 be maximal such that

{β − lα, . . . , β − α, β, β + α, . . . , β + rα} ⊆ R.

Note thatl + r ≤ 3 [Hum72, Section 9.4]. Thus, the following analysis includes all the
possiblel andr values forα andβ.

• r = 0 implies
xβ(b)xα(a) = xα(a)xβ(b),

• l = 0 andr = 1 implies

xβ(b)xα(a) = xα(a)xβ(b)xα+β(±ab),

• l = 0 andr = 2 implies

xβ(b)xα(a) = xα(a)xβ(b)xα+β(±ab)x2α+β(±a2b),

• l = 0 andr = 3 implies

xβ(b)xα(a) = xα(a)xβ(b)xα+β(±ab)x2α+β(±a2b)x3α+β(±a3b)x3α+2β(±a3b2),

• l = 1 andr = 1 implies

xβ(b)xα(a) = xα(a)xβ(b)xα+β(±2ab),

• l = 1 andr = 2 implies

xβ(b)xα(a) = xα(a)xβ(b)xα+β(±2ab)x2α+β(±3a2b)xα+2β(±3ab2),

• l = 2 andr = 1 implies

xβ(b)xα(a) = xα(a)xβ(b)xα+β(±3ab),

wherea, b ∈ Fq and±1 depends in part on the original choice of Chevalley basis made
in Section 2.2.2.
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