
THE WARP DRIVE AND ANTIGRAVITYHomer G. EllisAbstrat. The warp drive envisioned by Alubierre that an move a spaeship faster than light an, withmodi�ation, levitate it as if it were lighter than light, even allow it to go below a blak hole's horizon andreturn unsathed. Wormhole-like versions of the author's `drainhole' (1973) might provide the drive, in theform of a by-pass of the spaeship omposed of a multitude of tiny topologial tunnels. The by-pass woulddivert the gravitational `ether' into a sink overing part of the spaeship's hull, onneted by the tunnels toa soure overing the remainder of the hull, to produe an ether ow like that of a river that disappearsunderground only to spring forth at a point downstream. This diversion would e�etively shield the spaeshipfrom external gravity.In a letter that appeared in 1994 in the journal Classial and Quantum Gravity Alubierre exhibiteda spae-time metri that desribes a surprising phenomenon ourring in a at, eulidean spae: aspherial region of the spae glides along geodesially with a presribed veloity vs(t) as if it were a(pratially) rigid body unattahed to the remainder of spae [1℄. The veloity, direted along the xaxis, is arbitrary as to magnitude and time dependene. In partiular, the speed of the moving regionan be anything from zero to many times the speed of a light pulse traveling on a parallel trak outsidethe sphere. The ability so to selet vs(t) makes possible long trips in short times at high speeds. Thetimes are measured to be the same by travelers inside the sphere and observers outside the sphere. Thespeeds are those measured by the external observers. The travelers, unless they look at �xed pointsoutside the sphere, will be unaware that they are moving, for everything inside, light inluded, behavesas if the sphere were at rest.This somewhat ounterintuitive motion of the spherial region involves a distortion of spae-timehighly loalized at the region's boundary. As Alubierre noted, a mehanism for produing that dis-tortion, however it might be designed, would �t well the pituresque name `warp drive' familiar fromsiene �tion. In this paper I shall show that suh a warp drive an be made to serve as an antigravitydevie, and shall desribe a topologial design that auses the idea of onstruting one to seem a littleless far-fethed than onventional wisdom would suggest.The spae-time metri that Alubierre exhibited ahieves its e�et by replaing the zero veloityof the motionless points of empty spae by the translational veloity vs(t), but only (to a near approxi-mation) inside a sphere of radius R, whih sphere we may for purposes of the present disussion take tobe the skin of a spaeship propelled by the warp drive (with us in it, let us say). This sphere enters onthe point at xs(t), whih moves so that d [xs(t)℄=dt = vs(t) at all times. The restrition of the motionto the x diretion, introdued for simpliity's sake, may be dispensed with. The spae-time produedby this distortion of at Minkowski spae-time has then the proper-time line element d� given byd�2 = dt2 � jdx� u(t;x) dtj2; (1)where u(t;x) := vs(t)f(rs(t;x)) and rs(t;x) := jx� xs(t)j, the funtion f being de�ned byf(r) := tanh(�(r +R))� tanh(�(r �R))2 tanh(�R) ; (2)so that, as � !1, f(r) tends to 1 if jrj < R but to 0 if jrj > R. Every spae-time path with 4-veloity[[ 1;u ℄℄, thus with 3-veloity dx=dt = u, is geodesi; outside the spaeship u � 0, inside u � vs (= vsat the enter). The funtion f interpolates between the exterior veloity 0 and the interior veloity vs,abruptly replaing the one with the other at the spaeship's skinny boundary, where rs(t;x) = R.Typeset by AMS-TEX



2 HOMER G. ELLISIf the points of spae are themselves not sitting still, rather are streaming along with ow veloityv(t;x), the same veloity interpolation takes the formu(t;x) := va(t;x)[1� f(rs(t;x))℄ + vs(t)f(rs(t;x)); (3)with va, the ambient veloity, equal to v. The veloity �eld [[ 1;u ℄℄ remains geodesi, but now outsidethe spaeship u � va, while inside still u � vs. This would be the situation if the spaeship wereimmersed in a gravitational �eld representable by a metridt2 � jdx� v(t;x) dtj2; (4)beause for this metri the geodesi 4-veloity [[ 1;v ℄℄ an be interpreted as that of a point of spaemoving with 3-veloity v (with respet to an immobile bakground spae, one has to say). Using ourwarp drive to distort this metri to that of equation (1), we an, with the hoie of vs at our disposal,navigate freely in the gravitational �eld, even stop at will to inspet our environs. The Shwarzshild�eld has suh a representation, for the Shwarzshild metri of an objet of ative gravitational massm, namely (1� 2m=�) dT 2 � (1� 2m=�)�1d�2 � �2d#2 � �2(sin#)2d'2; (5)is brought by the transformation T = t� Rp2m=� (1� 2m=�)�1 d� to the formdt2 � (d�+p2m=� dt)2 � �2d#2 � �2(sin#)2d'2; (6)and then, upon onversion of the spherial oordinates [[ �; #; ' ℄℄ to artesian, to the form (4) withv(t;x) = vSh(t;x) := �p2m=jxj (x=jxj). In this representation the aeleration of a radially movingtest partile is �r(� 12 jvShj2) (= �m=jxj2), so � 12 jvShj2 plays the role of Newtonian gravitationalpotential.With the ambient gravitational �eld thus aneled inside the spaeship we normally will oat about,bouning o� the bulkheads. When the novelty of this wears o�, we an gain the illusion of terra �rmaunder our feet by simulating the presene of Earth beneath the spaeship. All that is neessary is tomodify the interior veloity to vs(t) + vg(t;x), with vg de�ned byvg(t;x) := �p2g(R� (x� xs(t))�n) n; (7)in whih n, the `upward pointing' unit vetor normal to the spaeship's dek, is presumed to have a�xed diretion. That will give everything inside the spaeship and `above' the dek an aeleration �gntoward the dek. This aeleration, attributable to the spatial non-uniformity of vg(t;x), will be withrespet to the internal spae of the spaeship, unlike d [vs(t)℄=dt, whih, being spatially uniform insideand not in e�et outside, is an aeleration with respet only to the spae outside the ship and thereforegoes unnotied within.If the Shwarzshild objet is a blak hole, we an with our warp drive go below its horizon at� = 2m and ome bak up unsathed. The drive has only to work a little harder just below the horizon,where jvaj = jvShj > 1, than just above, where jvaj = jvShj < 1. To esape from under the horizonwe need only ommand the drive to give vs(t) a non-zero outward omponent. Nor will it matterthat the blak hole is rotating. From its expression in Boyer-Lindquist `Shwarzshild-like' oordinates[[T; �; #; ' ℄℄ [2℄ the Kerr rotating blak hole metri transforms todt2 � �1� a2(sin#)2��� (2m�)2��2 � d�+ p2m� (�2 + a2)� dt!2 � � d#2� "4am� (sin#)2p2m� (�2 + a2)�� # d�+ p2m� (�2 + a2)� dt!�d'� 2am��� dt�� �(�2 + a2)(sin #)2 + 2m�� a2(sin#)4��d'� 2am��� dt�2 ; (8)



THE WARP DRIVE AND ANTIGRAVITY 3with � = �2+a2(os#)2 and � = �2�2m�+a2, when the substitution T = t�Rp2m� (�2 + a2) ��1 d�is made [3℄. This has the formdt2 � ij(x)(dxi � vi(x) dt)(dxj � vj(x) dt); (9)with [[xi ℄℄ = [[ �; #; ' ℄℄, v� = �p2m� (�2 + a2)Æ�, v# = 0, and v' = 2am�Æ��. Although the spatialgeometry desribed by the metri ij is not at if a 6= 0, veloity interpolation like that above willreplae the veloity v by a veloity vs inside the spherial spaeship, the result being a metridt2 � ij(x)(dxi � ui(t; x) dt)(dxj � uj(t; x) dt); (10)where ui(t; x) := vai(x)[1� f(rs(t; x))℄ + vsi(t)f(rs(t; x)); (11)va = v, and rs(t; x) is the geodesi distane from the enter of the sphere at xs(t) to the point at x,measured by the metri ij . As in the eulidean ase, the veloity �eld �t + ui�i is geodesi, so thepoints of spae inside the ship will move in onert almost as a rigid body with veloity vs.For the non-rotating blak hole the volume expansion � at time t of the geodesi veloity �eld�t + ui�i is just the at-spae divergene of u, alulated from equation (3) with va = vSh. Figure 1is a shaded ontour plot of � restrited to an arbitrary plane through the x axis, with � = 8, R = 1,m = 5, xs(t) = [[ 4; 0; 0 ℄℄, and vs(t) = 0. Lowest (negative) values of � show as blak, highest (positive)values as white. The spaeship is holding its position with jxj = 4, well inside the blak hole's eventhorizon at jxj = 2m = 10. Figure 2 is like Figure 1, but with the plane �xed as the xy plane andvs(t) = [[ 0; 2; 0 ℄℄. The spaeship is at `periholion', passing the blak hole below the horizon along a path(vertial in the �gure) that is tangential to the sphere of symmetry at jxj = 4. These plots are analogsof the surfae plot of � shown in Figure 1 of Alubierre's letter.
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Figure 1. Spaceship at restnear a black hole. Figure 2. Spaceship passingnear the black hole.Alubierre reasoned that his spaeship moves along with veloity vs beause some unspei�edmehanism involving `exoti' matter ontinuously shrinks spae in front of it (where � < 0) and expandsspae behind it (where � > 0). That interpretation extended to the urrent development would saythat the blak and the white regions of the ontour plots are plaes where spae is shrinking (blak) orexpanding (white). An alternative way of desribing what is happening arises from an idea in [4℄. Inthat paper I attributed the gravity of the Shwarzshild �eld to the \internal, relative motions" of a\more or less substantial `ether', pervading all of spae-time". The veloity ve of this `ether' is just theveloity vSh given above, whih one reognizes as the veloity of an observer falling freely from restat x =1. The role of gravitational potential thus falls to the salar �eld � 12 jvej2, the negative of the`spei� kineti energy' of the ether.



4 HOMER G. ELLISAppliation of this `ether ow' piture to the present disussion would suggest that the blak regionsin Figure 1 indiate the presene of ether sinks, one at the Shwarzshild singularity and one spreadover the upper and some of the lower hemisphere of the spaeship's skin, whereas the white regionindiates an ether soure spread over the remainder of the lower hemisphere of the skin. The envelopingof the spaeship in this way by an ether sink and an ether soure of just the right strengths allows theether inside the spaeship to remain at rest, aloof from the headlong rush of the surrounding ether intothe sink at x = 0. Modi�ation of the strengths and loations of the enveloping sink and soure as inFigure 2 produes an outward veloity of the sink, the soure, and the ether inside the spaeship, thuspermits the ship to esape the blak hole. Far away from gravitating matter, as in Alubierre's example,ve � 0. The ether outside the spaeship is nearly at rest, but that ahead is drawn ontinuously into asink region at the front of the spaeship at a rate determined by the forward speed of the ship, whilethat behind is added to at a similar rate out of a soure region in bak. The ether inside the spaeshipmoves along in step with the sink and the soure. Having no internal, relative motion, it produes nogravity.Just what the `ether' might be is a question not addressed in [4℄. Whether one thinks of theether as a uid of some kind spread throughout spae, or as spae itself owing in time, or as just aonvenient �tion is largely a matter of taste | the mathematis is the same in every ase. The ideaof something owing does, however, suggest a way for the warp drive to be brought into existene.Creation of a � < 0 and a � > 0 region independent of one another, enveloping the spaeship and ableto drive it, would require aumulation of a onsiderable amount of attrative ative gravitational massin front of the ship and a hard-to-imagine independent aumulation of a similar amount of repulsiveative gravitational mass behind it. But should these regions be an ether soure and an ether sink,onneted so that the ether disappearing into the sink reappears at the soure in the manner that ariver disappears underground only to spring forth at a point downstream, then perhaps they an bereated more easily.In the ether ow paper, to remedy the undesirable destrution of ether by the singularity at theblak hole sink, I proposed an alternative to the Shwarzshild blak hole, and termed it a `drainhole'.The drainhole is a stati solution of the usual oupled Einstein{salar-�eld equations, but with non-standard oupling polarity. Its metri, dependent on a mass parameter m and a parameter n > jmj,takes the spherially symmetri, radial ether ow form, analogous to the form (6) of the Shwarzshildmetri in spherial oordinates,dt2 � (d�� ve�(�)dt)2 � r2(�)d#2 � r2(�)(sin #)2d'2; (12)where r(�) =p�2 � 2m�+ n2 exp�mn �(�)� (13)and ve�(�) = �sgn(m) �1� exp��2mn �(�)��1=2 ; (14)with �(�) = npn2 �m2 ��2 � tan�1� ��mpn2 �m2�� (15)(� here orresponds to � + m in [4℄, and ranges from �1 to 1). If m > 0, then r(�) � � andve�(�) � �p2m=�, as � ! 1, so the drainhole's behavior is asymptoti to that of the blak hole as� ! 1. Unlike the blak hole, however, the drainhole is geodesially omplete. Where the blak holehas two asymptotially at outer regions, onneted for a short time by a `throat' at the horizon, andtwo inner regions, eah with a entral singularity where urvatures beome in�nite, the drainhole hasonly two asymptotially at regions (one where � ! 1, the other where � ! �1) onneted by athroat for as long as the drainhole exists, and has no singularity or horizon at all.In the blak hole the ether ow aeleration is everywhere inward, so the blak hole is gravitationallyattrative on both sides. Contrarily, the Shwarzshild white hole, whose metri is given by (5) withm < 0, an only repel gravitationally. It onsequently is not suseptible to an ether ow desription,



THE WARP DRIVE AND ANTIGRAVITY 5there being no possibility of an observer's falling freely from (or to) rest at jxj = 1, and therefore novetor �eld orresponding to the vSh of the blak hole. Nevertheless, aumulation of small blak holesin front of the spaeship and small white holes, if suh ould be produed, behind it would reate awarp drive onsisting of multiple sinks in front, taking in ether with no plae to put it, and unrelatedmultiple repellers in bak, somehow fabriating new spae out of nothing and pushing it away by amehanism unknown.A drainhole an be thought of as a happy union of a blak hole and a white hole in whih the (w)holeis better than the sum of its parts. The aeleration of the radially owing ether in a drainhole is givenby d2�=dt2 = d [ve�(�)℄=dt = �m=r2(�). The drainholes with m < 0 are metrially indistinguishablefrom those with m > 0. In eah the ether ows from one asymptotially at region, through the throat,and out into the other, aelerating at every point in the diretion of the ow, whih is inward (towardthe throat) on the `high' side, where �=2m > 1, and outward (away from the throat) on the `low' side,where �=2m < 1. The ether omes out faster than it went in, and ows the faster the farther out ittravels. Thus the drainhole appears on the high side as a gravitationally attrating ether sink, and onthe low side as a gravitationally repelling ether soure. Not only that, but the strength of the repulsionexeeds that of the attration, by a perentage alulable as approximately �m=n if 0 < m� n. Whatis more, to keep the drainhole throat open does not require that the ether ow rapidly, or even at all| the throat's smallest possible onstrition, whih ours when the ether is not owing, that is, whenm = 0 so that ve� = 0, is a two-sphere of area 4�n2. All of this is established in [4℄.Drainholes allowed to evolve an appear and disappear. In [5℄ I derived a solution of the oupledEinstein{salar-�eld equations in the form of a spae-time manifold Ma omprising, if the parametera 6= 0, two asymptotially at regions onneted by a throat that onstrits to a point and immediatelyreopens and begins to enlarge (a phenomenon pre�gurative of the `salar �eld ollapse' studied later in[6{10℄). The metri is dt2 � d�2 � r2(t; �)d#2 � r2(t; �)(sin#)2d'2, with r2(t; �) = a2t2 + (1 + a2)�2.Combining the t > � region of Ma for a 6= 0 and the t < � region of M0 produes a drainhole in whihthe throat is absent when t � 0, but present when t > 0. Combining the t < � region of Ma and thet > � region of M0 produes a drainhole in whih the throat is present when t < 0, but absent whent � 0. The ether is at rest, but the existene of analogous solutions with the ether owing is plausible.If small wormhole-like versions of these drainholes ould be manufatured in great numbers, withtheir high sides distributed over one fae of a losed vessel of spherial (or perhaps spheroidal!) shape,and their low sides spread over the opposite fae, the result would be an ether by-pass of the vesselonsisting of a multitude of tiny topologial tunnels. With suh an ether by-pass the vessel ould beshielded from the external gravity embodied in the ow of the ether, and ould beome a gravity defyingspaeship | in short, a warp drive would exist. It is easy enough to imagine the mathematial existeneof suh a diverted-ether-ow spae-time on�guration (imagine the spatial topology with the veloity�eld of the ow painted on), but onrete physial existene is another matter. One is tempted tospeulate that something as oneptually simple as a generator of partile-antipartile pairs, oupled toan aelerator to separate the partiles and the antipartiles and spread them over opposite faes of thevessel, would do the job. This, though, presumes more than is known by Earthlings about the ativegravitational masses of suh things as eletrons and positrons.Whatever the means by whih suh a warp drive might be realized | if realized one ever shouldbe | it is worthy of note that one in existene the drive would be able to levitate a heavily loadedvessel almost as easily as it would the vessel alone. To levitate an empty vessel on Earth, whoseative gravitational mass ME is treated as onentrated at its enter a distane RE below its surfae,the drive must merely provide a by-pass for ether owing downward with veloity p2ME=RE, whih isEarth's esape veloity of about 1:1�104 m s�1, and aelerationME=RE2, Earth's surfae gravitationalaeleration of about 9.8 m s�2. A argo weighing many tons would onstitute an ether sink inside thespaeship, but one whose gravitational esape veloity would be negligible in omparison to Earth's. Itwould inrease the ether veloity and aeleration above the vessel by relatively insigni�ant amounts,and would derease them by similar amounts below the vessel. The hange in burden on the drive wouldbe slight. On the other hand, to progress from supporting the vessel against the Earth's gravitationalpull to zooming it along through spae at the speed of light ould require a onsiderable inrease inthe drive's eÆieny. Its tiny topologial tunnels would be required to pass ether at 3:0� 108 m s�1,instead of a paltry 1:1� 104 m s�1. Maintaining the veloity through the tunnels at the speed of light,



6 HOMER G. ELLISone attained, ould be no more taxing than allowing a owing river to keep on owing. Attaining thatveloity in a reasonable time would present the diÆulty. To go from rest to traveling at lightspeed inan hour, a day, or a year would, aording to the time-honored formula v = at, demand that the etherbe onstantly aelerated through the tunnels at about 8:3� 104 m s�2, 3:5� 103 m s�2, or 9.5 m s�2,respetively. The ether aeleration just suÆient for levitation at Earth's surfae thus would produelightspeed only after about one year. This aeleration, if sustained for 50 light-years and reversed foranother 50, would ause a one-way trip of 100 light-years to last 20 (= 2p2 � 50) years. If lightspeedould be attained in a day, the time required would be 20=p365 (� 1:05) years; if in an hour, 20=p8760years (� 78 days).The maximum aeleration of the ether through a stati drainhole ours where the throat is mostonstrited, that is, at � = 2m, where r has its minimum value. The magnitude of the aelerationthere is jmj=r2(2m), a number of the order of jmj=n2 whatever the relative sizes of m and n. To put afae on this number, suppose m = mneutron � 1:2� 10�54 m (the rest mass | and presumably a loseapproximation to the ative gravitational mass | of the neutron in units in whih G =  = 1, whihhave been assumed here) and n = nPla � 1:6�10�35 m (the Plank distane). From (12) one �nds thatfor light rays (d�=dt � ve�(�))2 + r2(�)(d#=dt)2 + r2(�)(sin #)2(d'=dt)2 = 1, so that the speed of lightwith respet to the ether, thus with respet to an observer in radial free fall through the drainhole, isindeed 1. This makes 1 m � 3:3�10�9 s, so that nPla � 5:3�10�44 s, and therefore m=n2 � 4:3�1032m s�2. If, on the other hand, n = neletron � 2:8 � 10�15 m (the lassial radius of the eletron),then m=n2 � 1:3 � 10�8 m s�2. Thus tiny topologial tunnels of radius nPla would likely produe afar stronger drive than tunnels of radius neletron, provided they ould be reated and distributed inquantities suÆient to divert all of the ether owing into the spaeship's hull.At this point we are o� the end of the good highway built on �rm mathematis, and at risk ofwandering lost in the desert. We had best retreat to the pavement and see what an be done to extendit beyond the horizon. Perhaps we shall be able only to survey a mathematial route on whih we annever pour the onrete of physial existene. Even so, a warp drive would be suh a marvelous thingto possess that one annot help longing for its reation. Should we not set our minds to the task? Andif we are not alone in the Universe, is it not likely that others already have set theirs, perhaps to goode�et? Referenes1. M. Alubierre, The warp drive: hyper-fast travel within general relativity, Class. Quantum Grav. 11 (1994), L73{L79.2. R. H. Boyer and R. W. Lindquist, Maximal analyti extension of the Kerr metri, J. Math. Phys. 8 (1967), 265{281.3. P. V. Pryse, private ommuniation (1982).4. H. G. Ellis, Ether ow through a drainhole: A partile model in general relativity, J. Math. Phys. 14 (1973), 104{118.5. H. G. Ellis, The evolving, owless drainhole: A nongravitating-partile model in general relativity theory, Gen. Rel.Grav. 10 (1979), 105{123.6. M. D. Roberts, Gravitational ollapse forms a soliton, Class. Quantum Grav. 2 (1985), L69{L70.7. D. Christodoulou, A mathematial theory of gravitational ollapse, Comm. Math. Phys. 109 (1987), 613{647.8. M. W. Choptuik, Universality and saling in gravitational ollapse of a massless salar �eld, Phys. Rev. Lett. 70(1993), 9{12.9. H. P. de Oliveira and E. S. Cheb-Terrab, Self-similar ollapse of onformally oupled salar �elds, Class. QuantumGrav. 13 (1996), 425{432.10. R. S. Hamad�e and J. M. Stewart, The spherially symmetri ollapse of a massless salar �eld, Class. Quantum Grav.13 (1996), 497{512. First version: February, 1996Revised: July, 1996Revised: Marh, 2001Homer G. EllisDepartment of MathematisUniversity of Colorado at Boulder395 UCBBoulder, Colorado 80309-0395Telephone: (303) 492-7754 (oÆe); (303) 499-4027 (home)Email: ellis�eulid.olorado.eduFax: (303) 492-7707


