
Problem 3. Let X = [[x, y, z]], a rectangular cartesian coordinate system for E
3. Let Π =

[[ρ, ϑ, ϕ]], a spherical polar coordinate system for E
3 related to X by

x = ρ (sin ϑ)(cos ϕ), ρ =
√

x2 + y2 + z2,

y = ρ (sin ϑ)(sin ϕ), and cos ϑ =
z

√

x2 + y2 + z2
,

z = ρ (cos ϑ), cos ϕ =
x

√

x2 + y2
and sinϕ =

y
√

x2 + y2
,

with ran Π = {[[ρ, ϑ, ϕ]] | 0 < ρ, 0 < ϑ < π, and −π < ϕ < π} and dom Π = E
3 −{P | y(P ) =

0 and x(P ) ≤ 0}. One can show that Π and X are C1-compatible (in fact, analytically com-

patible). Let M be the C1 manifold for which a minimal C1 atlas is {X}, and whose maximal

C1 atlas therefore has Π as well as X in it. Let E = {em} := {∂ρ, (1/ρ)∂ϑ, (1/ρ sin ϑ)∂ϕ}, and

Ω = {ωm} := {dρ, ρ dϑ, (ρ sin ϑ) dϕ}, the coframe system dual to the frame system E.
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and let d be the covariant differentiation whose 2-forms in the frame system E are the ωk
m,

so that dek = ωk
m ⊗ em and dωm = −ωk

m ⊗ ωk.

Let G be the euclidean metric on M. The representation of G in the coordinate system

X is G = dx ⊗ dx + dy ⊗ dy + dz ⊗ dz.

Let φ be a C2 scalar field of M. Let u = umem, a smooth vector field of M.

a. Show that G = ω1 ⊗ ω1 + ω2 ⊗ ω2 + ω3 ⊗ ω3.

b. Show that dG = 0.

c. Show that T = 0.

d. Let Div u := Tr du := (du) 2

1
. Compute Div u, in terms of Π, E, and Ω.

e. Let Grad φ := G−1dφ. Compute Grad φ, in terms of Π, E, and Ω.

f. Let Curl u := G−1(∗d∧(Gu)), where the ‘duality operator (field)’ ∗ is defined by

∗(ω2 ∧ ω3) = ω1, ∗(ω3 ∧ ω1) = ω2, and ∗(ω1 ∧ ω2) = ω3, extended linearly to the

other 2-forms of M. Compute Curl u, in terms of Π, E, and Ω.

g. Let ∇
2φ := Div(Grad φ). Compute ∇

2φ, in terms of Π, E, and Ω.


